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Preface

The Standard Model of particle physics represents one of the triumphs of modern
physics. With the discovery of the Higgs boson at the LHC, all of the particles in the
Standard Model have now been observed. The main aim of this book is to provide
a broad overview of our current understanding of particle physics. It is intended to
be suitable for final-year undergraduate physics students and also can serve as an
introductory graduate-level text. The emphasis is very much on the modern view
of particle physics with the aim of providing a solid grounding in a wide range of
topics.

Our current understanding of the sub-atomic Universe is based on a number of
profound theoretical ideas that are embodied in the Standard Model of particle
physics. However, the development of the Standard Model would not have been
possible without a close interplay between theory and experiment, and the struc-
ture of this book tries to reflects this. In most chapters, theoretical concepts are
developed and then are related to the current experimental results. Because parti-
cle physics is mostly concerned with fundamental objects, it is (in some sense) a
relatively straightforward subject. Consequently, even at the undergraduate level,
it is quite possible to perform calculations that can be related directly to the recent
experiments at the forefront of the subject.

Pedagogical approach

In writing this textbook I have tried to develop the subject matter in a clear and
accessible manner and thought long and hard about what material to include. Whilst
the historical development of particle physics is an interesting topic in its own right,
it does not necessarily provide the best pedagogical introduction to the subject. For
this reason, the focus of this book is on the contemporary view of particle physics
and earlier experimental results are discussed only to develop specific points. Sim-
ilarly, no attempt is made to provide a comprehensive review of the many experi-
ments, instead a selection of key measurements is used to illustrate the theoretical
concepts; the choice of which experimental measurements to include is primarily
motivated by the pedagogical aims of this book.

This textbook is intended to be self-contained, and only a basic knowledge of
quantum mechanics and special relativity is assumed. As far as possible, I have tried
to derive everything from first principles. Since this is an introductory textbook, the
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mathematical material is kept as simple as possible, and the derivations show all
the main steps. I believe that this approach enables students relatively new to the
subject to develop a clear understanding of the underlying physical principles; the
more sophisticated mathematical trickery can come later. Calculations are mostly
performed using helicity amplitudes based on the explicit Dirac—Pauli representa-
tion of the particle spinors. I believe this treatment provides a better connection
to the underlying physics, compared to the more abstract trace formalism (which
is also described). Some of the more-challenging material is included in optional
starred sections. When reading these sections, the main aim should be to under-
stand the central concepts, rather than the details.

The general structure of this book is as follows: Chapters 1-5 introduce the
underlying concepts of relativistic quantum mechanics and interaction by particle
exchange; Chapters 6—12 describe the electromagnetic, strong and weak interac-
tions; and Chapters 13—18 cover major topics in modern particle physics. This
textbook includes an extensive set of problems. Each problem is graded according
to the relative time it is likely to take. This does not always reflect the difficulty
of the problem and is meant to provide a guide to students, where for example a
shorter graded problem should require relatively little algebra. Hints and outline
solutions to many of the problems are available at www.cambridge.org/MPP.

For instructors

This book covers a wide range of topics and can form the basis of a long course
in particle physics. For a shorter course, it may not be possible to fit all of the
material into a single semester and certain sections can be omitted. In this case,
I would recommend that students read the introductory material in Chapters 1-3
as preparation for a lecture course. Chapters 4—8, covering the calculations of the
e*e”™ — u'u” annihilation and e”p scattering cross sections, should be considered
essential. Some of the material in Chapter 9 on the quark model can be omitted,
although not the discussion of symmetries. The material in Chapter 14 stands alone
and could be omitted or covered only partially. The material on electroweak unifi-
cation and the tests of the Standard Model, presented in Chapters 15 and 16, repre-
sents one of the highlights of modern particle physics and should be considered as
core. The chapter describing the Higgs mechanism is (necessarily) quite involved
and it would be possible to focus solely on the properties of the Higgs boson and
its discovery, rather than the detailed derivations.

Fully worked solutions to all problems are available to instructors, and these can
be found at www.cambridge.org/MPP. In addition, to aid the preparation of new
courses, PowerPoint slides covering most of the material in this book are available
at the same location, as are all of the images in this book.


www.cambridge.org/MPP
www.cambridge.org/MPP
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Introduction

The purpose of this chapter is to provide a brief introduction to the Standard
Model of particle physics. In particular, it gives an overview of the fundamen-
tal particles and the relationship between these particles and the forces. It also
provides an introduction to the interactions of particles in matter and how they
are detected and identified in the experiments at modern particle colliders.

1.1 The Standard Model of particle physics

Particle physics is at the heart of our understanding of the laws of nature. It is
concerned with the fundamental constituents of the Universe, the elementary par-
ticles, and the interactions between them, the forces. Our current understanding is
embodied in the Standard Model of particle physics, which provides a unified pic-
ture where the forces between particles are themselves described by the exchange
of particles. Remarkably, the Standard Model provides a successful description
of all current experimental data and represents one of the triumphs of modern
physics.

1.1.1 The fundamental particles

In general, physics aims to provide an effective mathematical description of a phys-
ical system, appropriate to the energy scale being considered. The world around us
appears to be formed from just a few different particles. Atoms are the bound states
of negatively charged electrons (e™) which orbit around a central nucleus com-
posed of positively charged protons (p) and electrically neutral neutrons (n). The
electrons are bound to the nucleus by the electrostatic attraction between opposite
charges, which is the low-energy manifestation of the fundamental theory of elec-
tromagnetism, namely Quantum Electrodynamics (QED). The rich structure of the
properties of the elements of the periodic table emerges from quantum mechan-
ics, which dictates the precise electronic structure of the different atoms. In the
atomic nucleus, the protons and neutrons are bound together by the strong nuclear
force, which is a manifestation of the fundamental theory of strong interactions,
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The Universe at different energy scales, from atomic physics to modern particle physics at the TeV scale.

called Quantum Chromodynamics (QCD). The fundamental interactions of parti-
cle physics are completed by the weak force, which is responsible for the nuclear
[3-decays of certain radioactive isotopes and the nuclear fusion processes that fuel
the Sun. In both nuclear 3-decay and nuclear fusion, another particle, the nearly
massless electron neutrino (v.) is produced. Almost all commonly encountered
physical phenomena can be described in terms of the electron, electron neutrino,
proton and neutron, interacting by the electromagnetic, strong and weak forces.
The picture is completed by gravity, which although extremely weak, is always
attractive and is therefore responsible for large-scale structure in the Universe. This
is an appealingly simple physical model with just four “fundamental” particles
and four fundamental forces. However, at higher energy scales, further structure
is observed, as indicated in Figure 1.1. For example, the protons and neutrons
are found to be bound states of (what are believed to be) genuinely fundamen-
tal particles called quarks, with the proton consisting of two up-quarks and a
down-quark, p(uud), and the neutron consisting of two down-quarks and an
up-quark, n(ddu).

The electron, the electron neutrino, the up-quark and down-quark are known
collectively as the first generation. As far as we know, they are elementary particles,
rather than being composite, and represent the basic building blocks of the low-
energy Universe. However, when particle interactions are studied at the energy
scales encountered in high-energy particle colliders, further complexity is revealed.
For each of the four first-generation particles, there are exactly two copies which
differ only in their masses. These additional eight particles are known as the second
and third generations. For example, the muon (™) is essentially a heavier version
of the electron with mass my, ~ 200 m., and the third generation tau-lepton (t7) is
an even heavier copy with my = 3500 m.. Apart from the differences in masses,
which have physical consequences, the properties of the electron, muon and tau-
lepton are the same in the sense that they possess exactly the same fundamental
interactions.

It is natural to ask whether this pattern is repeated and that there are further gen-
erations of particles. Perhaps surprisingly, this seems not to be the case; there is
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Table1.1 The twelve fundamental fermions divided into quarks and leptons.

The masses of the quarks are the current masses.

Leptons Quarks
Particle (0] mass/GeV Particle (0] mass/GeV
First electron (e?) -1 0.0005 down d -1/3 0.003
generation  neutrino (Ve) 0 <10~ up (w) +2/3 0.005
Second muon (w) -1 0.106 strange (s) -1/3 0.1
generation  neutrino (Vw) 0 <107 charm (c) +2/3 1.3
Third tau () -1 1.78 bottom (b) -1/3 4.5
generation  neutrino (Vo) 0 <107 top (t) +2/3 174
First generation Ve e d u
Vi u s c

Second generation

Third generation v :b

The particlesin the three generations of fundamental fermions with the masses indicated by imagined spher-
ical volumes of constant density. In reality, fundamental particles are believed to be point-like.

strong experimental evidence that there are just three generations; hence the matter
content of the Universe appears to be in the form of the twelve fundamental spin-
half particles listed in Table 1.1. There is a subtlety when it comes to the description
of the neutrinos; the ve, v, and v, are in fact quantum-mechanical mixtures of the
three fundamental neutrino states with well-defined masses, labelled simply vy, v2
and v3. This distinction is only important in the discussion of the behaviour of
neutrinos that propagate over large distances, as described in Chapter 13. Whilst
it is known that the neutrinos are not massless, the masses are sufficiently small
that they have yet to be determined. From the upper limits on the possible neutrino
masses, it is clear that they are at least nine orders of magnitude lighter than the
other fermions. Apart from the neutrinos, the masses of the particles within a par-
ticular generation are found to be rather similar, as illustrated in Figure 1.2. Whilst
it is likely that there is some underlying reason for this pattern of masses, it is not
currently understood.
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Table1.2 The forces experienced by different particles.

strong electromagnetic weak
down-t d b
Quarks own-type S Y
up-type u © t
harged = - - v v
Leptons ¢ arge © W v
neutrinos Ve Vau vy v

The dynamics of each of the twelve fundamental fermions are described by the
Dirac equation of relativistic quantum mechanics, which is the subject of Chapter 4.
One important consequence of the Dirac equation is that for each of the twelve
fermions there exists an antiparticle state with exactly the same mass, but opposite
charge. Antiparticles are denoted either by their charge or by a bar over the corre-
sponding particle symbol. For example, the anti-electron (which is known as the
positron) is denoted by e*, and the anti-up-quark is written u.

Quarks and leptons

The particles interact with each other through the four fundamental forces, grav-
ity, electromagnetism, the strong force and the weak force. The gravitational force
between two individual particles is extremely small and can be neglected in the dis-
cussion of particle interactions. The properties of the twelve fundamental fermions
are categorised by the types of interaction that they experience, as summarised
in Table 1.2. All twelve fundamental particles “feel” the weak force and undergo
weak interactions. With the exception of the neutrinos, which are electrically neu-
tral, the other nine particles are electrically charged and participate in the electro-
magnetic interaction of QED. Only the quarks carry the QCD equivalent of electric
charge, called colour charge. Consequently, only the quarks feel the strong force.
Because of the nature of the QCD interaction, quarks are never observed as free
particles, but are always confined to bound states called hadrons, such as the pro-
ton and neutron. Because the quarks feel the strong force, their properties are very
different from those of the electron, muon, tau-lepton and the neutrinos, which are
collectively referred to as the leptons.

1.1.2 The fundamental forces

In classical electromagnetism, the electrostatic force between charged particles can
be described in terms of a scalar potential. This classical description of a force
arising from a potential is unsatisfactory on a number of levels. For example, when
an electron scatters in the electrostatic potential of a proton, there is a transfer of
momentum from one particle to the other without any apparent mediating body.
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e e e

The scattering of two electrons in QED by the exchange of a photon. With time running from left to right, the
diagrams indicate the two possible time-orderings.

Regarding this apparent action-at-a-distance, Newton famously wrote “If is incon-
ceivable that inanimate brute matter should, without the mediation of something
else which is not material, operate upon and affect other matter without mutual
contact”. Whilst it is convenient to express classical electromagnetism in terms of
potentials, it hides the fundamental origin of the electromagnetic interaction.

In modern particle physics, each force is described by a Quantum Field Theory
(QFT). In the case of electromagnetism this is the theory of Quantum Electro-
dynamics (QED), where the interactions between charged particles are mediated
by the exchange of virfual photons; the meaning of the term virtual is explained in
Chapter 5. By describing a force in terms of particle exchange, there is no longer
any mysterious action at a distance. As an example, Figure 1.3 shows the interac-
tion between two electrons by the exchange of a photon. In the first diagram, the
upper electron emits a photon, which at a later time is absorbed by the lower elec-
tron. The effect is to transfer momentum from one electron to the other, and it is
this transfer of momentum which manifests itself as a force. The second diagram
shows the other possible time-ordering with the lower electron emitting the photon
that is subsequently absorbed by the upper electron. Since the exchanged particle
is not observed, only the combined effect of these two time-ordered diagrams is
physically meaningful.

Each of the three forces of relevance to particle physics is described by a QFT
corresponding to the exchange of a spin-1 force-carrying particle, known as a
gauge boson. The familiar spin-1 photon is the gauge boson of QED. In the case
of the strong interaction, the force-carrying particle is called the gluon which, like
the photon, is massless. The weak charged-current interaction, which is responsi-
ble for nuclear [3-decay and nuclear fusion, is mediated by the charged W* and W~
bosons, which are approximately eighty times more massive than the proton. There
is also a weak neutral-current interaction, closely related to the charged current,
which is mediated by the electrically neutral Z boson. The relative strengths of
the forces associated with the different gauge bosons are indicated in Table 1.3. It
should be noted that these numbers are only indicative as the strengths of the forces
depend on the distance and energy scale being considered.
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Table 1.3 The four known forces of nature. The relative strengths are approximate indicative values for two

fundamental particles at a distance of 1fm = 10" m (roughly the radius of a proton).

Force Strength Boson Spin Mass/GeV
Strong 1 Gluon g 1 0
Electromagnetism 1073 Photon Y 1 0

- W boson W= 1 80.4
Weak 10 Z boson z 1 912
Gravity 1077 Graviton? G 2 0

1.1.3 The Higgs boson

The final element of the Standard Model is the Higgs boson, which was discovered
by the ATLAS and CMS experiments at the Large Hadron Collider (LHC) in 2012.
The Higgs boson, which has a mass

my ~ 125 GeV,

differs from all other Standard Model particles. Unlike, the fundamental fermions
and the gauge bosons, which are respectively spin-half and spin-1 particles, the
Higgs boson is spin-0 scalar particle. As conceived in the Standard Model, the
Higgs boson is the only fundamental scalar discovered to date.

The Higgs boson plays a special role in the Standard Model; it provides the
mechanism by which all other particles acquire mass. Without it the Universe
would be a very different, all the particles would be massless and would propa-
gate at the speed of light! In QFT, the Higgs boson can be thought of as an excita-
tion of the Higgs field. Unlike the fields associated with the fundamental fermions
and bosons, which have zero expectation values in the vacuum, the Higgs field
is believed to have a non-zero vacuum expectation value. It is the interaction of
the initially massless particles with this non-zero Higgs field that gives them their
masses. The discovery of a Higgs-like particle at the LHC represented a remark-
able validation of the theoretical ideas which constitute the Standard Model. The
mathematical details of the Higgs mechanism, which are subtle, are discussed in
detail in Chapter 17. The masses of the W*, Z and H bosons are all of the order of
100 GeV, which is known as the electroweak scale. This doesn’t happen by chance;
in the Standard Model, the masses of the weak gauge bosons are intimately con-
nected to the Higgs mechanism.

1.1.4 The Standard Model vertices

The nature of the strong, electromagnetic and weak forces are determined by the
properties of the bosons of the associated quantum field theory, and the way in
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The Standard Model interaction vertices.

which the gauge bosons couple to the spin-half fermions. The coupling of the gauge
bosons to the fermions is described by the Standard Model interaction vertices,
shown in Figure 1.4. In each case, the interaction is a three-point vertex of the
gauge boson and an incoming and outgoing fermion. For each type of interaction
there is an associated coupling strength g. For QED the coupling strength is simply
the electron charge, goep = e = +|e|.

A particle couples to a force-carrying boson only if it carries the charge of the
interaction. For example, only electrically charged particles couple to the photon.
Only the quarks carry the colour charge of QCD, and hence only quarks partici-
pate in the strong interaction. All twelve fundamental fermions carry the charge
of the weak interaction, known as weak isospin, and therefore they all partici-
pate in the weak interaction. The weak charged-current interaction does not cor-
respond to the usual concept of a force as it couples together different flavour
fermions. Since the W* and W~ bosons have charges of +e¢ and —e respectively,
in order to conserve electric charge, the weak charged-current interaction only
couples together pairs of fundamental fermions that differ by one unit of electric
charge. In the case of the leptons, by definition, the weak interaction couples a
charged lepton with its corresponding neutrino,

() (e ()

For the quarks, the weak interaction couples together all possible combinations
differing by one unit of charge,

(&) G} G G G- G)-6)

The strength of the weak charged-current coupling between the charge +% up-
type quarks (u, c, t) and the charge —% down-type quarks (d, s, b) is greatest for
quarks of the same generation. Since the weak interaction is the only known force
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The scattering of two fermions, denoted f, by the exchange of the boson, X. The strength of the fundamental
interaction at each of the two three-point ffX vertices is denoted by the coupling constant g.

for which the incoming and outgoing fermions are different, the weak charged-
current interaction is particularly important when considering particle decays as it
introduces a change of flavour.

The strength of the fundamental interaction between the gauge boson and a
fermion is determined by the coupling constant g, which can be thought of as a
measure of the probability of a spin-half fermion emitting or absorbing the boson
of the interaction. Put more precisely, the quantum-mechanical transition matrix
element for an interaction process includes a factor of the coupling constant g for
each interaction vertex. For example, the matrix element for the scattering process
indicated by Figure 1.5 contains two factors of g, one at each vertex, and therefore

M g2

Hence, the interaction probability, which is proportional to the matrix element
squared, IM|? = MM, contains a factor g2 from each interaction vertex, thus in
this example

IMP o g,

Rather than working with the coupling constant itself, it is often more convenient to
use the associated dimensionless constant, & oc g*. In the case of electromagnetism
this is the familiar fine-structure constant

&2

¢= 4ntephc

One advantage of writing the coupling strength in terms of a dimensionless con-
stant is that the numerical value is independent of the system of units used for
a calculation. In addition, the quantum-mechanical probability of the interaction
includes a single factor of a for each interaction vertex. The intrinsic strength
of the electromagnetic interaction is given by the size of fine-structure constant
a=1/137. The QCD interaction is intrinsically stronger with ag ~ 1. The intrin-
sic strength of the weak interaction, with aw ~ 1/30, is in fact greater than that
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The Feynman diagram for the scattering processa + b — ¢ + d and the two time-ordered processes that
it represents.

of QED. However, the large mass of the associated W boson means that at rela-
tively low-energy scales, such as those encountered in particle decays, the weak
interaction is (as its name suggests) very much weaker than QED.

1.1.5 Feynman diagrams

Feynman diagrams are an essential part of the language of particle physics. They
are a powerful representation of transitions between states in quantum field the-
ory and represent all possible time-orderings in which a process can occur. For
example, the generic Feynman diagram for the process a + b — ¢ + d, involving
the exchange of boson X, shown in Figure 1.6, represents the sum of the quantum
mechanical amplitudes for the two possible time-orderings. It should be remem-
bered that in a Feynman diagram time runs from left to right but only in the sense
that the left-hand side of a Feynman diagram represents the initial state, in this case
particles a and b, and the right-hand side represents the final state, here c and d. The
central part of the Feynman diagram shows the particles exchanged and the Stan-
dard Model vertices involved in the interaction, but not the order in which these
processes occurred. Feynman diagrams are much more than a pictorial represen-
tation of the fundamental physics underlying a particular process. From Quantum
Field Theory it is possible to derive simple Feynman rules associated with the ver-
tices and virtual particles in a Feynman diagram. Once the Feynman diagram has
been drawn, it is straightforward to write down the quantum-mechanical transi-
tion matrix element using the relevant Feynman rules, thus avoiding the need to
calculate each process from first principles in Quantum Field Theory.

In general, for each process considered, there will be an infinite number of
Feynman diagrams that can be drawn. For example, Figure 1.7 shows Feynman
diagrams for the scattering of two electrons by the exchange of either one or two
photons. Both diagrams have the same initial and final state, and therefore corre-
spond to the same physical process, e"e~ — e”e™. Each interaction vertex is associ-
ated with a factor e in the matrix element, or equivalently a factor of « in the matrix
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Two Feynman diagrams fore"e™ — e~e™ scattering.

element squared. Thus, the matrix element squared for the diagram involving a sin-
gle photon exchange and two vertices is proportional to %, and that involving two
photons and four vertices is proportional to a*,
IM|oco? and M| oo,

Because the coupling strength of the electromagnetic interaction is relatively small,
@ ~ 1/137, the diagram with four vertices is suppressed by a factor O(10*) relative
to the diagram with two vertices. In the language of perturbation theory, only the
lowest-order term is significant. Consequently, for almost all processes that will be
encountered in this book, only the simplest (i.e. lowest-order) Feynman diagram
needs to be considered.

For reasons that will become clear in Chapter 4, antiparticles are drawn in Feyn-
man diagrams with arrows pointing in the “backwards in time” direction. In the
Standard Model, particles and antiparticles can be created or annihilated only in
pairs. This means that the arrows on the incoming and outgoing fermion lines in
Standard Model vertices are always in the same sense and flow through the vertex;
they never both point towards or away from the vertex.

1.1.6 Particle decays

Most particles decay with a very short lifetime. Consequently, only the relatively
few stable and long-lived types of particle are detected in particle physics exper-
iments. There are twelve fundamental spin-half particles (and the twelve corre-
sponding antiparticles), but they are not all stable. For a particle to decay there
must be a final state with lower total rest mass that can be reached by a process with
a Feynman diagram constructed from the Standard Model vertices. Decays of the
fundamental particles all involve the weak charged current which has the only inter-
action vertex that allows for a change in flavour. For example, since m, > m. and
the neutrinos are almost massless, the muon can decay via u~ — e VeV, through
the weak charged-current process with the Feynman diagram of Figure 1.8. Similar
diagrams can be drawn for the tau-lepton. Since the electron is the lightest charged
lepton, there is no corresponding weak decay process which conserves energy and
momentum and consequently the electron is stable.
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The Feynman diagram for muon decay. The arrow in the “negative time direction” denotes an antiparticle, in
this case an electron antineutrino (ve).
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The three types of observed hadronic states.

Because of the nature of the QCD interaction, quarks are never observed as free
particles but are always found confined in bound states, known as hadrons. Con-
sequently their decays need to be considered in the context of these bound states.
The only hadronic states that have been observed to date, indicated in Figure 1.9,
are the mesons which consist of a quark and an antiquark (qq), the baryons which
consist of three quarks (qqq), and the antibaryons consisting of three antiquarks
(@qq.

Many hadronic states have been observed. These correspond to different com-
binations of quark flavours and different internal angular momenta states. Each of
these distinct states is observed as a particle with a particular mass, which is not
just the sum of the masses of the constituent quarks, but includes a large contri-
bution from the QCD binding energy. The total angular momentum of a hadron,
which is referred to as its spin, depends on the orbital angular momentum between
the constituent quarks and the overall spin state. Hadronic states can be labelled by
their flavour content, i.e. the type of quarks they contain, their total angular momen-
tum J, and their parity P, which is an observable quantum number reflecting the
symmetry of the wavefunction under the transformation r — —r. For example, the
positively charged pion mt*(ud), which is the lightest meson state consisting of an
up-quark and an anti-down-quark, has spin-parity J” =0~. The masses and life-
times for a number of commonly encountered hadrons are given in Appendix C.

The only stable hadron is the proton, which is the lightest system of three quarks
with m, =938.3 MeV =1.673 X 10727 kg. As a free particle, the neutron with mass
my =939.6 MeV, decays with a lifetime of about 15 min via the weak interaction
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process n— pe~ V.. Although a free neutron can decay, when bound within a
nucleus, the change in nuclear binding energy is usually larger than the proton—
neutron mass difference, and under these circumstances the neutron behaves as a
stable particle. All other hadronic states decay, usually very rapidly.

Whilst particle decay rates depend on a number of factors, the most important is
the type of fundamental interaction involved in the decay. For example, Figure 1.10
shows two possible Feynman diagrams for the decay of the p® meson, p® — m*m~.
The first diagram is a strong decay involving the exchange of a gluon. The second
diagram is an electromagnetic process. The respective matrix elements depend on
the coupling strengths of the strong and electromagnetic forces,

I/\/(gl2 oc aé and I/\/(\,l2 o« @’

Because ag is two orders of magnitude greater than «, the contribution from the
strong decay Feynman diagram dominates.

The above example illustrates an important point; if a particle can decay by the
strong interaction this will almost always dominate over any possible electromag-
netic or weak decay processes. Similarly, electromagnetic decay modes will dom-
inate over weak interaction processes. To illustrate this point, Figure 1.11 shows
the lifetimes of a selection of hadrons divided according to whether the dominant
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decay mode is a strong, electromagnetic or weak interaction. Particles where only
weak decay processes are possible are relatively long-lived (at least in the context
of particle physics). Nevertheless, because the charged-current weak interaction
produces a change of flavour at the interaction vertex, the weak interaction plays
an important role in the decays of many particles for which electromagnetic and
strong decay modes are not possible. Because many particles have very short life-
times, only their decay products are observed in particle physics experiments.

1.2 Interactions of particles with matter

Particle physics experiments are designed to detect and identify the particles pro-
duced in high-energy collisions. Of the particles that can be produced, only the
electron, proton, photon and the effectively undetectable neutrinos are stable.
Unstable particles will travel a distance of order yvt before decaying, where 7 is the
mean lifetime (in the rest frame of the particle) and y = 1/ 4/1 — v2/c? is the Lorentz
factor accounting for relativistic time dilation. Relativistic particles with lifetimes
greater than approximately 107! s will propagate over several metres when pro-
duced in high-energy particle collisions and thus can be directly detected. These
relatively long-lived particles include the muon p*, the neutron n(ddu), the charged
pions n+(ua)/n‘(dﬁ), and the charged kaons K*(us)/K™(su). Short-lived particles
with lifetimes of less than 107'%s will typically decay before they travel a signif-
icant distance from the point of production and only their decay products can be
detected.

The stable and relatively long-lived particles form the observables of particle
physics collider experiments. The techniques employed to detect and identify the
different particles depends on the nature of their interactions in matter. Broadly
speaking, particle interactions can be divided into three categories: (i) the inter-
actions of charged particles; (ii) the electromagnetic interactions of electrons and
photons; and (iii) the strong interactions of charged and neutral hadrons.

1.2.1 Interactions and detection of charged particles

When a relativistic charged particle passes through a medium, it interacts electro-
magnetically with the atomic electrons and loses energy through the ionisation of
the atoms. For a singly charged particle with velocity v = Sc traversing a medium
with atomic number Z and number density n, the ionisation energy loss per unit
length traversed is given by the Bethe—Bloch equation,

d—E ~ —4nhtcta? nZ2 {ln [2ﬁ27262me} —ﬂz}.
dx MeV I

(1.1
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The ionisation energy loss curves for a singly charged particle traversing lead, iron, carbon and gaseous
helium. Adapted from Beringer et al. (2012).

Here [, is the effective ionisation potential of the material averaged over all atomic
electrons, which is very approximately given by I. ~10ZeV. For a particular
medium, the rate of the ionisation energy loss of a charged particle is a function of
its velocity. Owing to the 1/v? term in the Bethe—Bloch equation, dE/dx is greatest
for low-velocity particles. Modern particle physics is mostly concerned with highly
relativistic particles where v = c. In this case, for a given medium, d£/dx depends
logarithmically on (8y)?, where
[V T C—

resulting in a slow “relativistic rise” of the rate of ionisation energy loss that is
evident in Figure 1.12.

The rate of ionisation energy loss does not depend significantly on the material
except through its density p. This can be seen by expressing the number density of
atoms as n = p/(Am,), where A is the atomic mass number and m,, = 1.66 X 1077 kg
is the unified atomic mass unit. Hence (1.1) can be written

pdx  mevim, A I.

2.2.2 272, 2

1dE  4nh’c’a g{ln[Zﬂymec]_ﬂz}’ (12)
and it can be seen that dE/dx is proportional to Z/A. Because nuclei consist of
approximately equal numbers of protons and neutrons, Z/A is roughly constant and
thus the rate of energy loss by ionisation is proportional to density but otherwise
does not depend strongly on the material. This can be seen from Figure 1.12, which
shows the ionisation energy loss (in units of MeV g~! cm?) as a function of By for
a singly charged particle in helium, carbon, iron and lead. Particles with Sy = 3,
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which corresponds to the minimum in the ionisation energy loss curve, are referred
to as minimum ionising particles.

All charged particles lose energy through the ionisation of the medium in which
they are propagating. Depending on the particle type, other energy-loss mecha-
nisms maybe present. Nevertheless, for muons with energies below about 100 GeV,
ionisation is the dominant energy-loss process. As a result, muons travel significant
distances even in dense materials such as iron. For example, a 10 GeV muon loses
approximately 13 MeV cm™! in iron and therefore has a range of several metres.
Consequently, the muons produced at particle accelerators are highly penetrating
particles that usually traverse the entire detector, leaving a trail of ionisation. This
feature can be exploited to identify muons; all other charged particles have other
types of interactions in addition to ionisation energy loss.

Tracking detectors

The detection and measurement of the momenta of charged particles is an essential
aspect of any large particle physics experiment. Regardless of the medium through
which a charged particle travels, it leaves a trail of ionised atoms and liberated
electrons. By detecting this ionisation it is possible to reconstruct the trajectory
of a charged particle. Two main tracking detector technologies are used. Charged
particle tracks can detected in a large gaseous tracking volume by drifting the liber-
ating electrons in a strong electric field towards sense wires where a signal can be
recorded. However, in recent particle physics experiments, for example the ATLAS
and CMS experiments at the LHC, there has been a move to using tracking detec-
tors based on semiconductor technology using silicon pixels or strips.

When a charged particle traverses an appropriately doped silicon wafer, electron—
hole pairs are created by the ionisation process, as indicated by Figure 1.13. If a
potential difference is applied across the silicon, the holes will drift in the direction
of the electric field where they can be collected by p—n junctions. The sensors can
be shaped into silicon strips, typically separated by O(25 um), or into silicon pix-
els giving a precise 2D space point. The signals are not small; in crossing a typical
silicon wafer, a charged particle will liberate O(10 000) electron—hole pairs that,

p-type Amplified
silicon signal
> | L | (L
~250 um n-type Vv
silicon T N

The production and collection of charge in a silicon tracking sensor.
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The principle of charged particle track reconstruction from the space points observed in a (five-layer) silicon
tracking detector. The curvature in the xy-plane determines the transverse momentum.

with appropriate amplification electronics, gives a clear signal associated with the
strip/pixel on which the charge was collected.

Silicon tracking detectors typically consist of several cylindrical surfaces of sil-
icon wafers, as indicated in Figure 1.14. A charged particle will leave a “hit” in
a silicon sensor in each cylindrical layer from which the trajectory of the charged
particle track can be reconstructed. The tracking system is usually placed in a large
solenoid producing an approximately uniform magnetic field in the direction of
axis of the colliding beams, taken to be the z-axis. Owing to the v X B Lorentz
force, the trajectory of a charged particle in the axial magnetic field is a helix with
a radius of curvature R and a pitch angle A, which for a singly charged particle
(Igl = e) are related to its momentum by

pcosd = 0.3BR,

where the momentum p is given in GeV/c, B is the magnetic flux density in tesla
and R is in metres. Hence by determining the parameters of the helical trajectory
from the measured hits in the tracking detectors, R and A can be obtained and thus
the momentum of the particle can be reconstructed. For high-momentum particles,
the radius of curvature can be large. For example, the radius of curvature of a
100 GeV nt* in the 4 T magnetic field of the super-conductor solenoid of the CMS
experiment is R ~ 100 m. Even though such charged particle tracks appear almost
straight, the small deflection is easily measured using the precise space-points from
the silicon strip detectors.

Scintillation detectors

Organic scintillators are used extensively in modern particle physics experiments
as a cost effective way to detect the passage of charged particles where precise
spatial information is not required. In particular, detectors based on plastic and
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liquid scintillators have been used in a number of recent neutrino experiments. In an
organic scintillator, the passage of a charged particle leaves some of the molecules
in an excited state. In a scintillator, the subsequent decay of the excited state results
in the emission of light in the ultraviolet (UV) region. By adding fluorescent dyes
to the scintillator, the molecules of the dye absorb the UV light and re-emit it as
photons in the blue region. The blue light can be detected by using photomultiplier
devices which are capable of detecting single optical photons.

Cerenkov radiation

Charged particles can also be detected through their emission of Cerenkov radia-
tion. When a charged particle traverses a dielectric medium of refractive index n it
polarises the molecules in the medium. After its passage, the molecules return to
the unpolarised state through the emission of photons. If the velocity of the particle
is greater than the speed of light in that medium, v > ¢/n, constructive interference
occurs and Cerenkov radiation is emitted as a coherent wavefront at a fixed angle
0 to the trajectory of the charged particle, analogous to the sonic boom produced
by supersonic aircraft. The angle at which the radiation is emitted is given by the
geometrical construction shown in Figure 1.15. In a time ¢, the particle travels a
distance Sct. In this time the wavefront emitted at # = 0 has travelled a distance ct/n
and therefore the angle 6 at which the radiation is produced is given by

1
0=—.
cos o

The photons emitted as Cerenkov radiation can be detected using photo-multiplier
tubes (PMTs), capable of detecting a single photon with reasonable efficiency.
Cerenkov radiation can be used to detect relativistic particles in large volumes of
transparent liquid (for example water) as has been used extensively in the detection

The geometry of the emission of Cerenkov radiation.
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of neutrinos. Furthermore, Cerenkov radiation is emitted only when 8> 1/n. This
threshold behaviour can be utilised to aid the identification of particles of a given
momentum p; for a relativistic particle 8=pc/E =p/(p> + m*c?)"/? and therefore
only particles with mass

mc < (n2 - 1)1/2p,

will produce Cerenkov radiation.

1.2.2 Interactions and detection of electrons and photons

At low energies, the energy loss of electrons is dominated by ionisation. How-
ever, for energies above a “critical energy” E., the main energy loss mechanism
is bremsstrahlung (German for braking radiation), whereby the electron radiates a
photon in the electrostatic field of a nucleus, as shown in Figure 1.16. The critical
energy is related to the charge Z of the nucleus and is approximately

800
E. ~ —MeV.
Z

The electrons of interest in most particle physics experiments are in the multi-
GeV range, significantly above the critical energy, and therefore interact with mat-
ter primarily through bremsstrahlung. The bremsstrahlung process can occur for
all charged particles, but the rate is inversely proportional to the square of the
mass of the particle. Hence, for muons the rate of energy loss by bremsstrahlung
is suppressed by (m, /mu)2 relative to that for electrons. It is for this reason that
bremsstrahlung is the dominant energy-loss process for electrons, but ionisation
energy loss dominates for muons (except at very high energies, E, > 100 GeV,
where bremsstrahlung also contributes).

At low energies, photons interact in matter primarily by the photoelectric effect,
whereby the photon is absorbed by an atomic electron that is ejected from the
atom. At somewhat higher energies, E, ~ 1 MeV, the Compton scattering process
ve~ — ye~ becomes significant. At higher energies still, £, > 10 MeV, the interac-
tions of photons are dominated by e*e™ pair production in the field of the nucleus,
as shown in Figure 1.16.

e Y e
e e’
v Y
Ze
N N N Ze N

The bremsstrahlung and e*e™ pair-production processes. N is a nucleus of charge +Ze.
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The electromagnetic interactions of high energy electrons and photons in matter
are characterised by the radiation length Xo. The radiation length is the average
distance over which the energy of an electron is reduced by bremsstrahlung by a
factor of 1/e. It is also approximately 7/9 of the mean free path of the e*e™ pair-
production process for a high-energy photon. The radiation length is related to the
atomic number Z of the material, and can be approximated by the expression

|
Xo ~ ,
07 4anz221n (287/21/2)

where n is the number density of nuclei and r, is the “classical radius of the elec-
tron” defined as

&2

Fe =28x%x10""m.

B Amegmec?
For high-Z materials the radiation length is relatively short. For example, iron and
lead have radiation lengths of Xy(Fe) = 1.76 cm and Xy(Pb) = 0.56 cm.

Electromagnetic showers

When a high-energy electron interacts in a medium it radiates a bremsstrahlung
photon, which in turn produces an e*e™ pair. The process of bremsstrahlung and
pair production continues to produce a cascade of photons, electrons and positrons,
referred to as an electromagnetic shower, as indicated in Figure 1.17. Similarly, the
primary interaction of a high-energy photon will produce an e*e™ pair that will
then produce an electromagnetic shower.

The number of particles in an electromagnetic shower approximately doubles
after every radiation length of material traversed. Hence, in an electromagnetic
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The development of an electromagnetic shower where the number of particles roughly doubles after each
radiation length.
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shower produced by an electron or photon of energy F, the average energy of the
particles after x radiation lengths is

E
(E)~ . (1.3)

The shower continues to develop until the average energy of the particles falls
below the critical energy E., at which point the electrons and positrons in the cas-
cade lose energy primarily by ionisation. The electromagnetic shower therefore
has the maximum number of particles after x,,, radiation lengths, given by the
condition (E) = E.. From (1.3) it can be seen that this point is reached after

In(E/E.)
Xmax = n2

radiation lengths. In a high-Z material, such as lead with E. ~ 10 MeV, a 100 GeV
electromagnetic shower reaches is maximum after x,,,, ~ 13 Xo. This corresponds
to less than 10 cm of lead. Consequently, electromagnetic showers deposit most of
their energy in a relatively small region of space. The development of a shower
is a stochastic process consisting of a number of discrete interactions. However,
because of the large numbers of particles involved, which is of order 2*»x  the
fluctuations in the development of different electromagnetic showers with the same
energy are relatively small and individual electromagnetic showers of the same
energy are very much alike.

Electromagnetic calorimeters

In high-energy particle physics experiments, the energies of electrons and pho-
tons are measured using an electromagnetic calorimeter constructed from high-Z
materials. A number of different technologies can be used. For example, the elec-
tromagnetic calorimeter in the CMS detector at the LHC is constructed from an
array of 75 000 crystals made from lead tungstate (PbWOQ,), which is an inorganic
scintillator. The crystals are both optically transparent and have a short radiation
length Xy =0.83 cm, allowing the electromagnetic showers to be contained in a
compact region. The electrons in the electromagnetic shower produce scintillation
light that can be collected and amplified by efficient photon detectors. The amount
of scintillation light produced is proportional to the total energy of the original elec-
tron/photon. Alternatively, electromagnetic calorimeters can be constructed from
alternating layers of a high-Z material, such as lead, and an active layer in which
the ionisation from the electrons in the electromagnetic shower can be measured.
For the electromagnetic calorimeters in large particle physics detectors, the energy
resolution for electrons and photons is typically in the range

g 3% -10%
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1.2.3 Interactions and detection of hadrons

Charged hadrons (for example, protons and charged pions) lose energy continu-
ously by the ionisation process as they traverse matter. In addition, both charged
and neutral hadrons can undergo a strong interaction with a nucleus of the medium.
The particles produced in this primary hadronic interaction will subsequently inter-
act further downstream in the medium, giving rise to a cascade of particles. The
development of hadronic showers is parameterised by the nuclear interaction inter-
action length A; defined as the mean distance between hadronic interactions of
relativistic hadrons. The nuclear interaction length is significantly larger than the
radiation length. For example, for iron A; ~ 17 cm, compared to its radiation length
of 1.8cm.

Unlike electromagnetic showers, which develop in a uniform manner, hadronic
showers are inherently more variable because many different final states can be
produced in high-energy hadronic interactions. Furthermore, any ni’s produced in
the hadronic shower decay essentially instantaneously by ni’ — vy, leading to an
electromagnetic component of the shower. The fraction of the energy in this elec-
tromagnetic component will depend on the number of ni’s produced and will vary
from shower to shower. In addition, not all of the energy in a hadronic shower is
detectable; on average 30% of incident energy is effectively lost in the form of
nuclear excitation and break-up.

Hadron calorimeters

In particle detector systems, the energies of hadronic showers are measured in
a hadron calorimeter. Because of the relatively large distance between nuclear
interactions, hadronic showers occupy a significant volume in any detector. For
example, in a typical hadron calorimeter, the shower from a 100 GeV hadron has
longitudinal and lateral extents of order 2m and 0.5 m respectively. Therefore a
hadron calorimeter necessarily occupies a large volume. A number of different
technologies have been used to construct hadron calorimeters. A commonly used
technique is to use a sandwich structure of thick layers of high-density absorber
material (in which the shower develops) and thin layers of active material where
the energy depositions from the charged particles in the shower are sampled. For
example, the hadron calorimeter in the ATLAS experiment at the LHC consists of
alternating layers of steel absorber and plastic scintillator tiles. The signals in the
different layers of the scintillator tiles are summed to give a measure of the energy
of the hadronic shower. Fluctuations in the electromagnetic fraction of the shower
and the amount of energy lost in nuclear break-up limits the precision to which the
energy can be measured to

op _ _50%
E = VE/GeV’
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which is roughly an order of magnitude worse than the energy resolution for elec-
tromagnetic showers.

1.3 Collider experiments
|

At a particle accelerator, the colliding beams produce individual interactions
referred to as events. The large particle physics detector systems use a wide range of
technologies to detect and measure the properties of the particles produced in these
high-energy collisions with the aim of reconstructing the primary particles pro-
duced in the interaction. In essence, one tries to go from the signals in the different
detector systems back to the Feynman diagram responsible for the interaction.
The basic structure of a modern particle physics detector is indicated in
Figure 1.18. In general, a detector consists of a cylindrical (or polygonal) barrel
part, with its axis parallel to the incoming colliding beams. The cylindrical struc-
ture is closed by two flat end caps, providing almost complete solid angle cov-
erage down to the beam pipe. The inner region of the detector is devoted to the
tracking of charged particles. The tracking volume is surrounded by an electro-
magnetic calorimeter (ECAL) for detecting electrons and photons. The relatively
large-volume hadronic calorimeter (HCAL) for detecting and measuring the ener-
gies of hadrons is located outside the ECAL. Dedicated detectors are positioned
at the outside of the experiment to record the signals from any high-energy muons
produced in the collisions, which are the only particles (apart from neutrinos) that
can penetrate through the HCAL. In order to be able to measure the momenta of

__,V
.
“+
Y
HCAL ECAL Tracking detector Muon detectors

The typical layout of a large particle physics detector consisting of a tracking system (here shown with cylin-
drical layers of a silicon detector), an electromagnetic calorimeter (ECAL), a hadron calorimeter (HCAL) and
muon detectors. The solenoid used to produce the magnetic field is not shown. The typical signatures pro-
duced by different particles are shown.
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charged particles, a detector usually has a solenoid which produces a strong axial
magnetic field in the range B =1-4T. The solenoid may be located between the
tracking volume and the calorimeters.

The design of a collider experiment is optimised for the identification and energy
measurement of the particles produced in high-energy collisions. The momenta
of charged particles are obtained from the curvature of the reconstructed tracks.
The energies of neutral particles are obtained from the calorimeters. Particle iden-
tification is achieved by comparing the energy deposits in the different detector
systems as indicated in Figure 1.18. Photons appear as isolated energy deposits
in the ECAL. Electrons are identified as charged-particle tracks that are asso-
ciated with an electromagnetic shower in the ECAL. Neutral hadrons will usu-
ally interact in the HCAL and charged hadrons are identified as charged-particle
tracks associated with a small energy deposit in the ECAL (from ionisation energy
loss) and a large energy deposition in the HCAL. Finally, muons can be identi-
fied as charged-particle tracks associated with small energy depositions in both the
ECAL and HCAL and signals in the muon detectors on the outside of the detector
system.

Whilst neutrinos leave no signals in the detector, their presence often can be
inferred from the presence of missing momentum, which is defined as

Piis = — Z Pis
i

where the sum extends over the measured momenta of all the observed particles in
an event. If all the particles produced in the collision have been detected, this sum
should be zero (assuming the collision occurs in the centre-of-mass frame). Signif-
icant missing momentum is therefore indicative of the presence of an undetected
neutrino.

The ultimate aim in collider experiments is to reconstruct the fundamental par-
ticles produced in the interaction. Electrons, photons and muons give clear sig-
natures and are easily identified. Tau-leptons, which decay in 2.9 x 10713 s, have
to be identified from their observed decay products. The main tau-lepton decay
modes are T~ — € VeV (17.8%), T — W v, (17.4%), 7" — 1~ (nr°)v; (48%) and
1 — a atn (nn)vy (15%). The hadronic decay modes typically lead to final
states with one or three charged pions and zero, one or two ni’s which decay to
photons t° — yy. Tau-leptons can therefore be identified as narrowly collimated
jets of just a few particles and the presence of missing momentum in the event,
associated with the neutrino.

1.3.1 Detection of quarks

Owing to the nature of QCD, quarks are never observed as free particles, but are
always found confined within hadrons. However, in high-energy collisions it is
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An illustration of the appearance of a jet in a detector. In practice, the individual particles are not resolved.

quarks that are produced, not hadrons. For example, in the process e*e™ — qq the
two quarks will be produced flying apart at relativistic velocities. As a result of
the QCD interaction, the energy in the strong interaction field between the two
quarks is converted into further pairs of quarks and antiquarks through a process
call hadronisation (described in Chapter 10) that occurs over a distance scale of
10715 m. As a result of hadronisation, each quark produced in a collision produces
a jet of hadrons, as indicated in Figure 1.19. Hence a quark is observed as an
energetic jet of particles. On average, approximately 60% of the energy in a jet is
in the form of charged particles (mostly 71*), 30% of the energy is in the form
of photons from n° — vy decays, and 10% is in the form of neutral hadrons
(mostly neutrons and Kys). In high-energy jets, the separation between the indi-
vidual particles is typically smaller than the segmentation of the calorimeters and
not all of the particles in the jet can be resolved. Nevertheless, the energy and
momentum of the jet can be determined from the total energy deposited in the
calorimeters.

Tagging of b-quarks

In general, it is not possible to tell which flavour of quark was produced, or even
whether the jet originated from a quark or a gluon. However, if a b-quark is pro-
duced, the hadronisation process will create a jet of hadrons, one of which will
contain the b-quark, for example a B(bd) meson. It turns out that b-quark hadrons
are relatively long-lived with lifetimes of order 1.5 x 107'2s. When produced in
high-energy collisions, this relatively long lifetime, combined with the Lorentz
time-dilation factor, means that B hadrons travel on average a few millimetres
before decaying. The decays of B hadrons often produce more than one charged
particle. Because of the relatively large mass of the b-quark, the decay products can
be produced at a relatively large angle to the original b-quark direction. Therefore
the experimental signature for a b-quark is a jet of particles emerging from the point
of the collision (the primary vertex) and a secondary vertex from the b-quark decay,
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Secondary vertex Secondary vertex
B? decay B° decay

Primary vertex

— ~3mm-———

Anillustration of the principle of b-quark tagging inae*e~ — Z — bb event.

which is displaced from the primary vertex by several millimetres, as indicated in
Figure 1.20.

The identification of b-quark jets relies on the ability to resolve the secondary
vertices from the primary vertex. In practice, this is achieved by using high-
precision silicon microvertex detectors consisting of several concentric layers of
silicon at radii of a few centimetres from the axis of the colliding beams. Such
detectors can achieve a single hit resolution of O(10 um), sufficient to be able to
identify and reconstruct the secondary vertices, even in a dense jet environment.
The ability to tag b-quarks has played an important role in a number of recent
experiments.

1.4 Measurements at particle accelerators
I —

With the exception of the measurements of the properties of the neutrino, most of
the recent breakthroughs in particle physics have come from experiments at high-
energy particle accelerators. Particle accelerators can be divided into two types:
(i) colliding beam machines where two beams of accelerated particles are brought
into collision; and (ii) fixed-target experiments where a single beam is fired at a
stationary target. In order to produce massive particles, such as the W*, Z and
H bosons, high energies are required. More precisely, the energy available in the
centre-of-mass frame has to be greater than the sum of the masses of the particles
being produced. The centre-of-mass energy +/s is given by the square root of the
Lorentz invariant quantity s formed from the total energy and momentum of the
two initial-state particles, which in natural units with ¢ = 1 is

EEl

i=1 i=1

In a fixed-target experiment, momentum conservation implies that the final-state
particles are always produced with significant kinetic energy and much of the initial
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Table1.4 The basic parameters of the recent particle accelerators. At the time of writing the LHC was

operating at /s = 8 TeV.

Collider Laboratory Type Date \/5/GeV Luminosity/cm2s™!
PEP-II SLAC ete” 1999-2008 10.5 1.2 x 10%*
KEKB KEK ete” 1999-2010 10.6 2.1 x 10%
LEP CERN ete” 1989-2000 90-209 10*?

HERA DESY ep/ep  1992-2007 320 8 x 107!
Tevatron Fermilab pp 19872012 1960 4 x10%
LHC CERN PP 2009— 14 000 103

energy is effectively wasted. For example, if an £ =7 TeV proton collides with a
proton at rest,

s=(E+ mp)2 - p2 = 2m§ +2mpE ~ 2m,E,

giving a centre-of-mass energy of just 115 GeV. Colliding beam machines have
the advantage that they can achieve much higher centre-of-mass energies since the
collision occurs in the centre-of-mass frame. For example, the LHC will ultimately
collide two beams of 7 TeV protons giving a centre-of-mass energy of 14 TeV. For
this reason, almost all high-energy particle physics experiments are based on large
particle colliders.

Only charged stable particles can be accelerated to high energies, and therefore
the possible types of accelerator are restricted to e*e™ colliders, hadron colliders
(pp or pp) and electron—proton colliders (e"p or e*p). The most recent examples
have been the Tevatron pp collider, the LHC pp collider, the LEP e*e™ collider, the
PEP-1I and KEKB e*e™ b-factories, and the HERA electron—proton collider. The
main parameters of these machines are summarised in Table 1.4. The two most
important features of an accelerator are its centre-of-mass energy, which deter-
mines the types of particles that can be studied/discovered, and its instantaneous
luminosity £, which determines the event rates. For a given process, the number
of interactions is the product of the luminosity integrated over the lifetime of the
operation of the machine and the cross section for the process in question,

N = 0'[£(t) dr. (1.4)

The cross section (defined in Chapter 3) is a measure of quantum mechanical prob-
ability for the interaction. It depends on the fundamental physics involved in the
Feynman diagram(s) contributing to the process.

In order to convert the observed numbers of events of a particular type to the
cross section for the process, the integrated luminosity needs to be known. In prin-
ciple, this can be calculated from the knowledge of the parameters of the colliding
beams. Typically, the particles in an accelerator are grouped into bunches that are
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brought into collision at one or more interaction points where the detectors are
located. In the case of the LHC, the bunches are separated by 25 ns, correspond-
ing to a collision frequency of f=40MHz. The instantaneous luminosity of the
machine can be expressed in terms of the numbers of particles in the colliding
bunches, n; and ny, the frequency at which the bunches collide, and the root-
mean-square (rms) horizontal and vertical beam sizes oy and o,. Assuming that
the beams have a Gaussian profile and collide head-on, the instantaneous luminos-
ity is given by

ninp

L=f

=f—. 1.5
dr ooy (1.5

In practice, the exact properties of the colliding beams, such as the transverse pro-
files, are not known precisely and it is not possible to accurately calculate the
instantaneous luminosity. For this reason, cross section measurements are almost
always made with reference to a process where the cross section is already known.
Hence, a cross section measurement is performed by counting the number of events
of interest NV, and the number of observed events for the reference process Npef,
such that the measured cross section is given by

N
O = Oref—.
Nret
Corrections may needed to account for the detection efficiency and possible sources
of background events. Nevertheless, ultimately many experimental particle physics
measurements reduce to counting events, where the event type is identified using
the experimental techniques described in Section 1.3. Of course, this is not always
quite as easy as it sounds.

Summary
- ________________________________________________________________________________|

The intention of this chapter was to introduce some of the basic ideas of particle
physics. At this point you should be familiar with the types of particles and forces in
the Standard Model and you should have a qualitative understanding of how to use
the Standard Model vertices associated with the electromagnetic, strong and weak
interactions to construct Feynman diagrams for particle interactions and decays.
The second part of the chapter introduced the experimental techniques of particle
physics and is intended to provide the context for the experimental measurements
used to demonstrate the theoretical ideas developed in the following chapters. At
this point you should understand how the different particles appear in the large
detector systems employed in collider experiments.



2 Introduction

Problems

@ 11 Feynman diagrams are constructed out of the Standard Model vertices shown in Figure 1.4. Only the weak
charged-current (W=) interaction can change the flavour of the particle at the interaction vertex. Explaining
your reasoning, state whether each of the sixteen diagrams below represents a valid Standard Model

vertex.

(a) e~ e (b) Ve Ve (0) e et (d) Ve Ve
Y Y Y 4

(e) e wo (e ve (9)e” v (e Vu
Y w z w

(i) e~ e @) b b (k) d s m v Y
g g g Y

(m) u u (n) u d (0) d t (p) e e
w w W Y v

1.2 Draw the Feynman diagram for t™ — 7t~ v, (the 7t is the lightest du meson).

1.3 Explain why it is not possible to construct a valid Feynman diagram using the Standard Model vertices for the
following processes:

CAC

u- — etee’,

Vi+p— T+,

@ 1.4  Draw the Feynman diagrams for the decays:

(@ A*(uud) — n(udd) 7+ (ud),
(b) (uds) — A(uds),
(@ 7 (ud) = ptv,,

and place them in order of increasing lifetime.
@ 15  Treating the mt® as a uu bound state, draw the Feynman diagrams for:

@ n® - vy,
(b) 7° — ve'e,
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@ 110

(© n° - eteete,

d) 7° - ete.

By considering the number of QED vertices present in each decay, estimate the relative decay rates taking
a=1/131

Particle interactions fall into two main categories, scattering processes and annihilation processes, as indicated
by the Feynman diagrams below.

Draw the lowest-order Feynman diagrams for the scattering and/or annihilation processes:

In some cases there may be more than one lowest-order diagram.

High-energy muons traversing matter lose energy according to

1 dE
——— =~ a+ b,
p dx
where a is due to ionisation energy loss and b is due to the bremsstrahlung and e*e™ pair-production pro-
cesses. For standard rock, taken to have A =22, 7 =T1and p = 2.65 g cm >, the parameters a and b depend
only weakly on the muon energy and have values a ~2.5MeV ¢~ cm? and b ~ 3.5 x 1076 g" cm?.

(@) Atwhatmuon energy are the ionisation and bremsstrahlung/pair production processes equally important?
(b) Approximately how far does a 100 GeV cosmic-ray muon propagate in rock?

Tungsten has a radiation length of Xo = 0.35 cm and a critical energy of £, = 7.97 MeV. Roughly what thickness
of tungsten is required to fully contain a 500 GeV electromagnetic shower from an electron?

The CPLEAR detector (see Section 14.5.2) consisted of: tracking detectors in a magnetic field of 0.44T; an
electromagnetic calorimeter; and Cerenkov detectors with a radiator of refractive index n=1.25 used to
distinguish 7t* from K*.

A charged particle travelling perpendicular to the direction of the magnetic field leaves a track with a mea-
sured radius of curvature of R=4m. If it is observed to give a Cerenkov signal, is it possible to distinguish
between the particle being a pion or kaon? Take m,. ~ 140 MeV/c* and my = 494 MeV /.

In a fixed-target pp experiment, what proton energy would be required to achieve the same centre-of-mass
energy as the LHC, which will ultimately operate at 14 TeV.

AttheLEPe*e™ collider, which had a circumference of 27 km, the electron and positron beam currents were both
1.0 mA. Each beam consisted of four equally spaced bunches of electrons/positrons. The bunches had an effec-
tive area of 1.8 x 10* .um?. Calculate the instantaneous luminosity on the assumption that the beams collided
head-on.
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/Much of particle physics is concerned with the high-energy interactions of )

relativistic particles. Therefore the calculation of interaction and decay rates
requires a relativistic formulation of quantum mechanics. Relativistic quan-
tum mechanics (RQM) is founded on the two pillars of “modern” physics,
Einstein’s theory of special relativity and the wave mechanics developed in
the early part of the twentieth century. It is assumed that you are already
familiar with special relativity and non-relativistic quantum mechanics. The
purpose of this chapter is to review the specific aspects of special relativity
and quantum mechanics used in the subsequent development of relativistic
quantum mechanics. Before discussing these important topics, the system of
units commonly used in particle physics is introduced.

2.1 Units in particle physics

30

The system of S.I. units [kg, m, s] forms a natural basis for the measurements of
mass, length and time for everyday objects and macroscopic phenomena. However,
it is not a natural choice for the description of the properties of particles, where
we are almost always dealing with very small quantities, such as the mass of the
electron, which in S.I. units is 9.1 x 1073 kg. One way to avoid carrying around
large exponents is to use S.I. based units. For example, interaction cross sections
(which have the dimension of area) are usually quoted in barns, where

Ibarn = 10728 m?2.

The cross sections for the more interesting physical processes at the highest
energies are typically in the picobarn (pb) to femtobarn (fb) range, where 1pb =
10~"2barn and 1 fb = 107!5 barn. The use of derived S.I. units solves the problem
of large exponents, nevertheless, it is more convenient to work with a system of
units that from the outset reflects the natural length and time scales encountered in
particle physics.
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2.1.1 Natural units

The system of units used in particle physics is known as natural units. It is based on
the fundamental constants of quantum mechanics and special relativity. In natural
units, [kg, m, s] are replaced by [#, ¢, GeV], where /i = 1.055 x 1073*J s is the unit
of action in quantum mechanics, ¢ =2.998 x 108 ms~! is the speed of light in vac-
uum, and 1 GeV =10 eV =1.602 x 107'°J, which is very approximately the rest
mass energy of the proton. Table 2.1 lists the units used for a number of commonly
encountered quantities expressed in terms of both [kg, m, s] and [#, ¢, GeV], where
the conversion can be obtained from dimensional analysis.

Natural units provide a well-motived basis for expressing quantities in particle
physics and can be simplified by choosing

h=c=1.

In this way, all quantities are expressed in powers of GeV, as shown in the rightmost
column of Table 2.1. Setting 7 = ¢ = 1 has the advantage of simplifying algebraic
expressions as there is no longer the need to carry around (possibly large) powers
of 7 and c. For example, the Einstein energy—momentum relation

E? = p?c? + m*c* becomes E* = p? +m?.

At first sight it might appear that information has been lost in setting # = ¢ = 1.
However, the factors of 7 and ¢ have not simply vanished; they are still present in
the dimensions of quantities. The conversion back to S.I. units is simply a question
of reinserting the necessary missing factors of 7 and ¢, which can be identified from
dimensional analysis. For example, the result of a calculation using natural units
might determine the root-mean-square charge radius of the proton to be

(Y2 = 4.1Gev.

Table2.1 Relationship between S.I. and natural units.

Quantity [kg, m, s] A, ¢, GeV] h=c=1
Energy kgm?s~2 GeV GeV
Momentum kgms™! GeV/c GeV
Mass kg GeV/c? GeV
Time s (GeV/h)™! GeV!
Length m (GeV/hic)™! GeV!

Area m? (GeV/hic)™? GeV—2
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To convert this to back into S.I. units the correct dimensions are obtained by mul-
tiplying by #c, giving
1.055 x 1073 x 2.998 x 10®

1.602 x 10-10
=4.1%(0.197%x107")m =0.8x 10" m.

(P =41 %

In converting from natural units to S.I. units, it is useful to remember the conversion
factor

fic = 0.197 GeV fm,

where one femtometre (fm) = 107 m

Heaviside—Lorentz units

The equations of classical electromagnetism can be simplified by adopting
Heaviside-Lorentz units. The value of the electron charge is defined by the magni-
tude of the Coulomb force between two electrons separated by a distance r,

6‘2

 drgpr?’
where & is the permittivity of free space. In Heaviside—Lorentz units & is set to
unity, and the expression for the Coulomb force becomes

62

T dne?
Effectively gy has been absorbed into the definition of the electron charge. Because
1/(gouo) = ¢, choosing £y = 1 and ¢ = 1 implies that the permeability of free space
4o = 1. Hence, in the combined system of natural units and Heaviside—Lorentz units
used in particle physics,

h=c=¢gy=puo=1.

With ¢ = € = yg = 1, Maxwell’s equations take the same form as with S.I. units.
The strength of the QED interaction is defined in terms of the dimensionless fine
structure constant,

&2

= . 2.1
¢ dreghic 2.1

Since « is dimensionless, it has the same numerical value regardless of the system
of units used,
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In natural units, the relationship between @ and the electron charge (which is not
dimensionless) is simply

e? 1
4r 137

2.2 Special relativity
_______________________________________________________________________________|
This section gives a brief overview of the basic concepts of special relativity, with

the emphasis on the definition and application of four-vectors and the concept of
Lorentz invariance and Lorentz invariant quantities.

2.2.1 The Lorentz transformation

Special relativity is based on the space-time transformation properties of physical
observables as measured in two or more inertial frames moving relative to each
other. For example, Figure 2.1 shows a space-time event that occurs at (¢,r) in the
inertial frame X and at (', r’) in the inertial frame X’ that is moving with a velocity
v in the z-direction relative to the frame X. For the case where v <« ¢ and the origins
of two inertial frames coincide at ¢ = ¢’ = 0, the two sets of coordinates are related
by the Galilean transformation

=t xX=x, y=y and 7 =z-vt

Einstein postulated that the speed of light in the vacuum is the same in all inertial
frames. This primary postulate of special relativity implies that a space-time point
on the wavefront of a pulse of light emitted at # = ¢ = 0 satisfies both x*> + y? + 7> =

2 and X'? + y'* + 22 = ¢2r’%. Consequently the space-time interval,
C2t2 _ x2 _ _’/2 _ Z2 — Cztlz _ x/2 _ _’/2 _ Z'Z, (22)
z h
A N
y y v

5 S5
> >
z z'

A space-time event as seen into two inertial frames. The frame X" moves with a velocity v in the z direction
relative to frame .
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is an invariant quantity; it is observed to be the same in all reference frames. Equa-
tion (2.2) is satisfied if the coordinates in £ and X’ are related by the Lorentz trans-
formation
v
= y(t_ _zz)’ ¥=x, y=y and Z=y(z-w,
c
where the Lorentz factor v is given by
N
Y= (] _ﬁ ) 2,
and S=v/c. In the low velocity limit v <« ¢, the Lorentz factor reduces to unity

and the Galilean transformations are recovered. In natural units, where ¢ =1, the
Lorentz transformation of the space-time coordinates becomes

f=y(t-p2), X=x, y=y and 7 =y@z-p. (2.3)
This can be written in matrix form as X’ = AX,
t vy 00 —yB\(1t
x 0 10 O X
4 -y800 vy )z

where X is the four-component vector {t, x}. The inverse Lorentz transformation,
from X’ to Z, is obtained by reversing the sign of the velocity in (2.3) such that

t=y({l +B7), x=x', y=y and z=y{ +pr). (2.5)
In matrix form this can be written X = A™1X’,
t vy 00 +yB\( 7
X 0 10 O x
s171 0 01 o s | (2.6)
z +y8 00 y 7

It is straightforward to confirm that the matrices appearing in (2.4) and (2.6) are
the inverse of each other, AA™1 = I. The matrix equations of (2.4) and (2.6) define
the Lorentz transformation between the space-time coordinates measured in two
inertial frames with relative motion in the z-direction.

2.2.2 Four-vectors and Lorentz invariance

Throughout particle physics it is highly desirable to express physical predictions,
such as interaction cross sections and decay rates, in an explicitly Lorentz-invariant
form that can be applied directly in all inertial frames. Although the Lorentz trans-
formation forms the basis of special relativity, Lorentz invariance is the more impor-
tant concept for much that follows. Lorentz invariance is best expressed in terms
of four-vectors. A contravariant four-vector is defined to be a set of quantities that
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when measured in two inertial frames are related by the Lorentz transformation of
(2.4). For example, the contravariant four-vector x* is defined as

xH=(txy,2),

where the indices y={0, 1,2, 3} label the space-time coordinates with the zeroth
component representing time. In tensor form, the Lorentz transformation of (2.4)
now can be expressed as

xXH = A X, 2.7)

where A, can be thought of as the elements of the matrix A and Einstein’s sum-
mation convention for repeated indices is used to express the matrix multiplication.

The magnitude of a normal three-vector, which is given by the three-vector scalar
product x - X, is invariant under rotations. The Lorentz invariance of the space-time
interval, 2 —x*>—y?>—z?, can be expressed as a four-vector scalar product by defining

the covariant space-time four-vector,
x/l = (t’ _x9 _y5 _Z)

With this notation, the Lorentz-invariant space-time interval can be written as the
four-vector scalar product

3

xtx, = xoxo + xlxl + xzxz +x'x3 = P -x - y2 -2

The main reason for introducing covariant four-vectors, which are denoted with a
“downstairs” index to distinguish them from the corresponding contravariant four-
vectors, is to keep account of the minus signs in Lorentz-invariant products. The
Lorentz transformation of the space-time coordinates (2.3) can be written in terms
of the components of the covariant four-vector as

t vy 00 +yB t
—x' 0 10 O -X
S ol | (2.8)
-7 +yB 00 y -z

The sign changes in this matrix relative to that of (2.4) compensate for the changes
of sign in the definition of x, relative to x#. Both (2.8) and (2.4) are equivalent
expressions of the same Lorentz transformation originally defined in (2.3). The
transformation matrix appearing in (2.8) is the inverse of that of (2.4). To make
this distinction explicit in tensor notation the transformation of a covariant four-
vector is written as

x'; =A"x,, (2.9)

where the downstairs index appears first in A,” which represents the elements
of A1,
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In tensor notation, the relationship between covariant and contravariant four-
vectors in special relativity can be expressed as

vV
X = G X

where summation over repeated indices is again implicit and the diagonal metric
tensor g, is defined as

(2.10)

By definition, only quantities with the Lorentz transformation properties of (2.4)
are written as contravariant four-vectors. For such a set of quantities a* the scalar
product with the corresponding covariant four-vector a,, is guaranteed to be Lorentz
invariant. Furthermore, if a* and b* are both (contravariant) four-vectors, then the
scalar product

— —_ v
atb, = a,b* = g,,a"'b”,

is automatically Lorentz invariant. Again this follows directly from the form of
the Lorentz transformation for contravariant and covariant four-vectors. Hence any
expression that can be written in terms of four-vector scalar products is guaranteed
to be Lorentz invariant. From the linearity of the Lorentz transformation, it also
follows that the sum of any number of contravariant four-vectors also transforms
according to (2.4) and therefore is itself a four-vector.

Four-momentum

The relativistic expressions for the energy and momentum of a particle of mass m
can be identified as E = ymc? and p = ymyv, which when expressed in natural units
are

E=ym and p=ympg. (2.11)
By considering the transformation properties of velocity, dx/d¢, it can be shown
that relativistic energy and momentum, defined in this way, transform according to
(2.4) and therefore form a contravariant four-vector,
p = (E, py, Dy»> D2)»

referred to as four-momentum. Because momentum and energy are separately con-
served, four-momentum is also conserved. Furthermore, since four-momentum is
a four-vector, the scalar product

plpu=E* - p?,

is a Lorentz-invariant quantity.
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From (2.11) it can be seen that a single particle at rest has four-momentum p* =
(m,0,0,0) and therefore p*p, = m?. Since pH Py 18 Lorentz invariant, the relation

E? —p? = m?

holds in all inertial frames. This is, of course, just the Einstein energy—momentum
relationship. For a system of n particles, the total energy and momentum

pt = Zn:pf
i=1

is also a four-vector. Therefore for a system of particles the quantity

(e (5]

i=1 i=1
is a Lorentz-invariant quantity, which gives the squared invariant mass of the sys-

tem. In a particle decay a — 1+2, the invariant mass of the decay products is equal
to the mass of the decaying particle,

(p1 + p)*(P1 + P2y = PY Pay = mj.

Four-derivative

The transformation properties of the space-time derivatives can be found by using
the Lorentz transformation of (2.3) to express the coordinates of an event in the
frame ¥’ as functions of the coordinates measured in the frame %, for example
7(t, x,y,z) and ¥ (¢, x, y, z). Hence, for a Lorentz transformation in the z-direction,
the derivatives in the primed-frame can be expressed as

0 _(9z)\0 (99 4 O _(%)9  (or)9
o7 \dz ) oz \oz | ot o \or)oz \or)or

From (2.5), the relevant partial derivatives are

%) _ g—+,8 %—+,8 and o)
o)~ \oz) =7 \gr| ™7 o)~

and therefore,

0 0 0 0 0 0

— =y— + J— d = — 4+ y—. 212

07 yﬁz G a " ar G 0z ot (2.12)
From (2.12) it can be seen that Lorentz transformation properties of the partial

derivatives are

ajor vy 00 +yB\( d/0t
olox’ | | 0 10 0 0/0x
ooy |71 o o1 o ||aey|
0/07 +y8 00 vy 0/0z
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and comparison with (2.8) shows that

090 990
ot’ 0x’ 0y’ oz

transforms as a covariant four-vector, which is written as
0

o gxm’

and has components

0 0 0 0
Oo=—, O1=+—, Or=+— d 03=+—.
05 Ty TG M BTTH
The corresponding contravariant four-derivative is therefore

a# = 2’_£,_£’_2 )
o ox dy 0z
and it should be noted that here the space-like coordinates enter with minus signs.

The equivalent of the Laplacian for the four-derivative, which is known as the
d’Alembertian, is therefore

In this book the symbol [ is used to represent the d’ Alembertian, in some text-
books you may see it written as [12.

Vector and four-vector notation

This is a convenient place to introduce the notation used in this book. Unless oth-
erwise stated, quantities written simply as x and p always should be interpreted as
four-vectors. Three-vectors, such as the three-momentum of a particle, are always
written in boldface, for example p, with three-vector scalar products written as

Pi P2

The magnitude of a three-vector is written either as [p| or simply p. Four-vector
scalar products are written either as a”b,, or a-b, with

a-b = atb, = gatb’ = b’ - a'b' - b - b’

Just as p? is shorthand for p - p, then for a four-vector a, the expression a is short-
hand for the four-vector scalar product a - a. For example, the Einstein energy—
momentum relationship for a single particle can be expressed as p*> =m?, since
p? = p-p = E> — p?. Finally, it will sometimes be convenient to work with quantities
measured in the centre-of-mass frame of a system of particles, and such quantities
are denoted by a star. For example, p* is the magnitude of the three-momentum of
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a particle evaluated in the centre-of-mass frame, which for a system of particles is
the inertial frame in which there is no net three-momentum.

2.2.3 Mandelstam variables

Feynman diagrams, involving the exchange of a single force mediating particle,
can be placed in the three categories shown in Figure 2.2. The first two diagrams
represent the s-channel annihilation process and the #-channel scattering process.
The third diagram represents u-channel scattering and is only relevant when there
are identical particles in the final state. In Chapter 5 it will be shown that four-
momentum is conserved at each vertex in a Feynman diagram. In a process involv-
ing two initial-state and two final-state particles, the Mandelstam variables

s = (p1+ p2)* = (p3 + pa)’,
t=(p1—p3)* = (p2— pa),
u=(p1-pa)* = (p2—p3)

are equivalent to the four-momentum squared g of the exchanged boson in the
respective class of diagram. For identical final-state particles the distinction
between u- and #-channel diagrams is necessary because the final-state particle
with four-momentum p3 can originate from either interaction vertex, and the four-
momentum ¢ of the virtual particle is different for the two cases.

Since the Mandelstam variables are four-vector scalar products, they are man-
ifestly Lorentz invariant and can be evaluated in any frame. For example, in the
centre-of-mass frame where there is no net momentum, the four-momenta of two
colliding particles are p; = (E],p*) and p, = (E;, —p*), from which

s=(p1+p2)* =(E]+E)? = (p* —p*)* = (E + E3)*. (2.13)

Hence, the Lorentz-invariant quantity +/s can be identified as the total energy
available in the centre-of-mass frame. It is worth noting that for the process

P2 Py

The Feynman diagrams for s-channel, t-channel and u-channel processes. The u-channel diagram applies
only when there are identical particles in the final state.
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1+2—>3+4, the sum of s+u+¢ can be shown to be equal to the sum of the
squares of the masses of the four particles (see Problem 2.12),

_ 2 2 2 2
s+u+1t=my+m;+m5+my. (2.14)

2.3 Non-relativistic quantum mechanics
I —

This section gives a brief overview of topics in non-relativistic quantum mechanics
which are of direct relevance to the development of the relativistic treatment of
spin-half particles in Chapter 4. It also reviews of the algebraic treatment of angular
momentum that serves as an introduction to the algebra of the SU(2) symmetry

group.

2.3.1 Wave mechanics and the Schrodinger equation

In quantum mechanics it is postulated that free particles are described by wave
packets which can be decomposed into a Fourier integral of plane waves of the
form

w(x, 1) oc expli(k - x — wt)}. (2.15)

Following the de Broglie hypothesis for wave—particle duality, the wavelength of
a particle in quantum mechanics can be related to its momentum by A =h/p, or
equivalently, the wave vector K is given by k = p/%. The angular frequency of the
plane wave describing a particle is given by the Planck—Einstein postulate, £ = fiw.
In natural units with 7 = 1, the de Broglie hypothesis and Planck—Einstein postulate
imply k = p and w = E, and thus the plane wave of (2.15) becomes

U(x,1) = Nexpli(p-x — En)}, (2.16)

where N is the normalisation constant.

In classical physics, the energy and momentum of a particle are dynamical vari-
ables represented by time-dependent real numbers. In the Schrodinger picture of
quantum mechanics, the wavefunction is postulated to contain all the informa-
tion about a particular state. Dynamical variables of a quantum state, such as
the energy and momentum, are obtained from the wavefunction. Consequently,
in the Schrodinger picture of quantum mechanics, the time-dependent variables
of classical dynamics are replaced by time-independent operators acting on the
time-dependent wavefunction. Because the wavefunction is postulated to contain
all the information about a system, a physical observable quantity A corresponds
to the action of a quantum mechanical operator A on the wavefunction. A further
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postulate of quantum mechanics is that the result of the measurement of the observ-
able A will be one of the eigenvalues of the operator equation

Ay = ay.

For A to correspond to a physical observable, the eigenvalues of the corresponding
operator must be real, which implies that the operator is Hermitian. This is formally
defined by the requirement

flﬂTAlﬂsz:f[AAlﬂl]*lﬁsz.

Because the plane wave of (2.16) is intended to represent a free particle with energy
E and momentum p, it is reasonable to identify the momentum and energy opera-
tors, p and E, as

0

p=-iV and E=i—

2.17
5 (2.17)

such that p and E acting on the plane wave of (2.16) give the required eigenvalues,

py = —iVy = py,
N __a_zp_
E;l/—lat = Ey.

In classical dynamics, the total energy of a non-relativistic particle can be
expressed as the sum of its kinetic and potential energy terms,

p>
E=H=T+V=_—+Y,
2m
where H = T + V is the Hamiltonian. The equivalent quantum mechanical expres-
sion is obtained by replacing each of the terms with the corresponding operators
defined in (2.17) acting on the wavefunction. This gives rise to the time-dependent
Schrodinger equation,

oy(x,t N
D s, (2.18)
ot
where, for a non-relativistic particle, the Hamiltonian operator is
A2
N N 1 N
A= 4tV =—— V247, (2.19)
2m 2m

For a one-dimensional system (2.18) and (2.19) reduce to the familiar one-
dimensional time-dependent Schrodinger equation,

v 1 PY(x, 1)

B am a2 T VD,
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2.3.2 Probability density and probability current

The physical interpretation of the wavefunction y(x, ) is that "y dx is the proba-
bility of finding the particle represented by the wavefunction in the volume element
d®x. This is equivalent to identifying the probability density p(x, f) as

pX, 1) = ¢ (X, ) Y(X,1).

Assuming the particle does not decay or interact, its associated total probability
will be constant. This conservation of probability can be expressed in terms of a
continuity equation by defining the probability current density (sometimes referred
to as the probability flux density), denoted j(x, ¢), such that the flux of probability
across an elemental surface dS is given by j - dS. The rate of change of the total
probability contained within a volume V, shown in Figure 2.3, is related to the net

flux leaving the surface by
0
— dv=- | j-dS.
5 [ pav=- 3

Using the divergence theorem this can be written as

0
— dV=-| V.jdV.
atﬁ/p ﬁ J

Because this holds for an arbitrary volume, the continuity equation for the conser-
vation of quantum mechanical probability can be written

dp
V.j+ —=0. 2.20
I+ 2 (2.20)
In non-relativistic quantum mechanics, the expression for the probability current

can be obtained from the free particle time-dependent Schrodinger equation,

Oy 1 o2
— =——V7, 2.21
"or 2m v @21
and the corresponding equation for the complex conjugate of i,
o* I _,
—i = -——Vy'. 2.22
o 2m v 2.22)

The net flux of probability leaving a volume V.
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Taking ¢* X (2.21) — ¢ X (2.22) then gives

1 2 2 %\ _ *6_'70 %
—ijvw—wvw)—{wat+w&)
Lo w0 Op
= VWV UV = i) =i (2.23)

Comparing (2.23) with the general form of the continuity equation of (2.20) leads
to the identification of probability current as

. 1 * *
1= W'Vy —yVyr). (2.24)
The plane wave
Y(x, 1) = Ne'P*FD,

is therefore associated with a constant probability density of ¥* = |N|*> and can
be interpreted as representing a region of space with a number density of particles
n = |N|>. The corresponding expression for the probability current density of (2.24)
gives

j=IVER =y,
m
where v is the (non-relativistic) velocity. Thus, the plane wave /(x, ¢) represents a
region of space with number density of n = |[N|? particles per unit volume moving
with velocity v, such that flux of particles passing through a unit area per unit time
is j = nv.

2.3.3 Time dependence and conserved quantities

The time evolution of a quantum mechanical state is given by the time-dependent
Schrodinger equation of (2.18). If y; is an eigenstate of the Hamiltonian A with
energy E; such that

Hyi(x,1) = Egfi(x, 1),
then, from (2.18), the time evolution of the wavefunction is given by

.OYi(x,1)
! ot

Hence, the time dependence of an eigenstate of the Hamiltonian is given by

= Eii(x,1).

Yi(x, 1) = gi(x)e B, (2.25)
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For a system in a quantum mechanical state' |y(x, £)), the expectation value of
an operator A is given by

(A) = (WlAly) = f v A &,

where the complex conjugate used up to this point has been replaced by the
Hermitian conjugate, ' = (¢*)”. The time evolution of the expectation value (A)
can therefore be expressed as

dAd) _ (o', A 'ﬁ

where it has been assumed that there is no explicit time dependence in the operator
itself, i.e. A /0t = 0. The time derivatives in (2.26) can be expressed using (2.18)
and its Hermitian conjugate, giving

%ﬂ = f[{%ﬂw}T Ay + *ﬁm{%ﬁdf}] d*x 2.27)
=i [[[w#du - i Aty] o
~i [l Amydx 228)

The last step follows from the fact that the Hamiltonian is Hermitian (which must
be the case for it to have real eigenvalues). The relation of (2.28) implies that for
any state

& - i1, A1) (2.29)

where [H,A] = HA — AH is the commutator of the Hamiltonian and the operator
A. Hence, if the operator A commutes with the Hamiltonian, the corresponding
observable A does not change with time and therefore corresponds to a conserved
quantity. Furthermore if i; is an eigenstate of the Hamiltonian, then (2.27) imme-
diately reduces to

d<A> f[ iEay] 1Ay, + ] Al-iEa]| dx = 0.

Therefore, for an eigenstate of the Hamiltonian, the expectation value of any oper-
ator is constant. For this reason, the eigenstates of the Hamiltonian are known as
the stationary states of the system.

! The wavefunction ¢ has been replaced by the more general state |1/} written in Dirac ket notation
which may have a number of degrees of freedom, for example spin.
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In general, a state |p) can be expressed in terms of the complete set of states
formed from the eigenstates of the Hamiltonian [i;),

ey = > ey,

4
and the time dependence of the system is determined by the evolution of the sta-
tionary states according to (2.25). If at time =0, a system is in the state |¢(x)),
then the time evolution of the system is determined by the time evolution of the
component stationary states

lp(x, ) = D cilgix)e B (2.30)

1

This relationship between the time evolution of a state and the time dependence
of the stationary states will be used extensively in the discussion of neutrino and
strangeness oscillations in Chapters 13 and 14.

2.3.4 Commutation relations and compatible observables

The commutation relation between the operators for different observables deter-
mines whether they can be known simultaneously. Consider two observables cor-
responding to operators A and B which commute,

[A,B]= AB- BA =0.
If |¢) is an non-degenerate eigenstate of A with eigenvalue a, such that
Alp) = alg),
then
AB\p) = BAIg) = aB|p).

Therefore the state B|¢) is also an eigenstate of A with eigenvalue a. For this to be
true, B |§) o< |¢), which implies that |¢) satisfies

Blg) = blg).

Hence |¢) is a simultaneous eigenstate of both A and B and the state corresponds
to well-defined values of the two observables, a and b. The same conclusion is
obtained even if the states are degenerate. If A and B commute, the corresponding
observables are referred to as compatible. In general, a quantum mechanical state
can be labelled by the quantum numbers specifying the complete set of compatible
observables. In the above example |¢) can be labelled by |a, b). If there is a further
operator C that commutes with both A and B, the state is labelled by the quantum
numbers |a, b, c). In the quantum mechanical description of angular momentum,
described in Section 2.3.5, the states are labelled in terms of the eigenvalues of
angular momentum squared and the z-component of angular momentum, |£, m).
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Similar arguments can be applied to show that if A and B do not commute,
[A,B] = AB- BA #0,
then it is not in general possible to define a simultaneous eigenstate of the two
operators. In this case, it is not possible to know simultaneously the exact values

of the physical observables A and B and the limit to which A and B can be known
is given by the generalised uncertainty principle

AAAB > L [GIA, B, (2.31)

where (AA)? = (A2) — (A)2.

Position—momentum uncertainty relation

An important example of incompatible variables is that of the position and momen-
tum uncertainty principal. The operators corresponding to the x position of a parti-
cle and the x component of its momentum are respectively given by

. R .0
X =x¢y and pry=-i—.
0x

The commutator [X, p,] can be evaluated from its action on a wavefunction ¥,
. A .0 .0
(X, Pxl = —ix——p + i—(xh)
Oox Ox
0 0
= —ixa—"i + iy + ixa—li = +iy,
giving
[X, px] = +i.

The usual expression of the Heisenberg uncertainty principle for position and
momentum is then obtained by substituting this commutation relation into (2.31)
giving (after reinserting the hidden factor of 7)

h
AxApy > 5

2.3.5 Angular momentum in quantum mechanics

The concept of angular momentum and its quantum mechanical treatment plays an
important role in particle physics. In classical dynamics, the angular momentum L
of a body is defined by the moment of its momentum,

L =rXp=(yp; — zpy, 2Dx — XPz, XPy — YPx)-
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The corresponding quantum mechanical operator L. is obtained by replacing the
position and momentum coordinates by their operator equivalents. Hence, in quan-
tum mechanics, the components of angular momentum operator are given by

Ly=19p, - 2ﬁy’ Ly =Zpx—Xp, and L= )ACPAy — YPx.
Because the position operator does not commute with the corresponding compo-
nent of momentum,

[% ] =[5,y = (2 pe] = +i

the angular momentum operators do not commute with each other and it is straight-
forward to show that

|LsLy| =il |Ly. L] =il and |L. L.|=iL,. (2.32)

It is important to realise that the commutation relations of (2.32) are sufficient
to fully define the algebra of angular momentum in quantum mechanics. This is
significant because exactly the same commutation relations arise naturally in the
discussion of other symmetries, such as flavour symmetry which is described in
Chapter 9. For this reason, the development of the algebra defined by (2.32) and
the subsequent identification of the angular momentum states is directly applicable
to the more abstract symmetry concepts encountered in context of the quark model
and QCD.

Because L,, Zy and L, do not commute, they correspond to incompatible observ-
ables and (unless the state has zero angular momentum) it is not possible to define
a simultaneous eigenstate of more than one of the components of angular momen-
tum. However, it is relatively straightforward to show (see Problem 2.15) that the
operator for the total squared angular momentum defined by

A

2_ 72§22
Lo =Ly+ L+ L,
commutes with each of the components of angular momentum,
(12,1, = [12 1] = [12 L] = 0.

Hence it is possible to express the angular momentum states in terms of the simul-
taneous eigenstates of L2 and any one of the components of angular momentum
which, by convention, is chosen to be f,z.

It is also useful to define angular momentum raising and lowering ladder
operators,

M~ S~
roo+
Il Il
~o S~
= =
| +
= =
N
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for which ﬁr =[_and ' = L. Because L? commutes with both L, and ﬁy, it
also commutes with both the ladder operators,

[1:2,1;] = 0.

=
Nho
—
72
(V)]
=
<
(@}
=
on
<

The commutator of the ladder operators wit
I:zfza l’\li] = I:i‘@ Z\‘)C
=L,

e
H+
~.

—

>
i
3
~
<
e

H
~
g

and therefore

[B2. L] = <L (2.33)

A

Furthermore, using [Lx, ﬁy] = iL., it can be shown that L. can be expressed as (see
Problem 2.15)

P2=0L FE,+L, +12 (2.34)

The simultaneous eigenstates of £? and L, can be obtained using the relations of
(2.33) and (2.34). Suppose the state |4, m) is a simultaneous eigenstate of both iz
and L2, with eigenvalues given by

LA, my=m|A,my and L*|A,m)=A|A,m). (2.35)

Now consider the state y = L. |, m), defined by the action of the angular momen-
tum raising operator on the original state. Because > commutes with L,

L2y = P20, | A,m)y = L L* A, m) = AL, |4, m) = Ay.
Furthermore from (2.33), ﬁzﬁ+ = i+ﬁz + L, and therefore
L =L:|L.\4m)| = (LiL + Ly) 14, m)
= (m+ DLy 14, m)] = (m+ Ly,

Hence, the state ¢ = L. |4, m) is also a simultaneous eigenstate of [? and I:Z, with
respective eigenvalues of A and m + 1. Therefore, the effect of the angular momen-
tum raising operators is to step along states with the same value of total angular
momentum squared but with one unit more of the z-component of angular momen-
tum. The angular momentum lowering operator has the opposite effect, lowering
the z-component of angular momentum by one unit.

The magnitude of the z-component of angular momentum can be no greater than
the total angular momentum itself,

(£2) <(22).

This implies that, for a particular value of A, there must be maximum and minimum
values of m and that the action of L, on the state with the largest value of m gives
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A pictorial representation of the 2 + 1states for £ = 2.

zero. Suppose the state with the largest z-component of angular momentum has
m = ¢ such that

Li1a,0) =0,
then total angular momentum squared of this state is
£, = (L-Ly + L+ £2)14,0)
AL =0+ €+ )2, 0).

Hence, for the m = ¢ extreme state, the eigenvalue of [?is A=¢(£+1). The same
arguments can be applied to show at the other extreme, m = — {. Hence, for each
value of A (or equivalently for each value of ¢), there are 2£+ 1 states (see
Figure 2.4), differing by one unit of the z-component of angular momentum,

m=-C —-C+1,...,+(—1, +¢.

This implies that £ is quantised, and can take only integer or half-integer values.
Expressing the states in terms of the quantum number ¢ rather than A, the eigen-
value equations of (2.35) can be written as

L.je,my=ml6,m) and LZ>|6,m) =€+ 1)|¢,m).

The effect of the angular momentum raising operator on the state |£, m) is to gen-
erate the state £, m + 1) with a coefficient a,, which still needs to be determined,

Liolt,my = agmllym+1). (2.36)
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Since lA,I = [_, the Hermitian conjugate of (2.36) is

[Leiem)] = emiie = @, (6m+ 11 (2.37)
The coefficient a,,, can be obtained by taking the product of (2.36) and (2.37)
giving
(Com| L_Ly |6,m) = lagul* (€,m+ 1)6,m + 1),
Hence, for the normalised states |£,m) and |, m + 1),
e ml’ = (€, m| L-L 1€, m)
=(Cm| L~ L.~ L2 16, m)
= (Ll + 1) — m — m®) (€, m|C, m)
=6+ 1) —mim+ 1),

and therefore,

Lolt,my = OC+ 1) —m(m + 1)|6,m + 1). (2.38)

The corresponding relation for the angular momentum lowering operator, which
can be obtained in the same manner, is

L_|t,my = €€+ 1) —m(m—1)|€,m - 1). (2.39)

The relations given in (2.38) and (2.39) will be used to construct the angular
momentum (and flavour states) formed from the combination of more than one
particle.

2.3.6 Fermi's golden rule

Particle physics is mainly concerned with decay rates and scattering cross sec-
tions, which in quantum mechanics correspond to transitions between states. In
non-relativistic quantum mechanics, calculations of transition rates are obtained
from Fermi’s golden rule. The derivation of Fermi’s golden rule is far from trivial,
but is included here for completeness.

Let ¢x(x,f) be the normalised solutions to the Schrddinger equation for the
unperturbed time-independent Hamiltonian Ay, where

Hodr = Exgr and  {¢;léhe) = .

In the presence of an interaction Hamiltonian H (x, 1), which can induce transitions
between states, the time-dependent Schrédinger equation becomes

d A
id—‘f = Ao+ A'(x, 1)y (2.40)
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The wavefunction ¥/(x, ¢) can be expressed in terms of complete set of states of the
unperturbed Hamiltonian as

Y1) = ) cdguxe (2.41)
k

where the time-dependent coefficients ci(¢) allow for transitions between states.
Substituting (2.41) into (2.40) gives a set of differential equations for the coeffi-
cients ci(?),

_ dep . _; _ _ N _ n _
IZ[ gre” P — iEgcrgre ™| = ZCkHO¢ke Hi g ZH'Ck¢k€ i
k

k dr k
. dcy —iExt _ Ayr —iExt
= lzk: — B = zk: H ci(t) e Ex. (2.42)

Suppose at time 7 =0, the initial-state wavefunction is |i) = ¢; and the coefficients
are cx(0) = 0. If the perturbing Hamiltonian, which is constant for #> 0, is suffi-
ciently small that at all times c;(¢) ~ 1 and cy«;(?) = 0, then to a first approximation
(2.42) can be written

o der rr e —iEs
sz: - hee E o B e, (2.43)

The differential equation for the coeflicient c (), corresponding to transitions to a
particular final state |f)=¢, is obtained by taking the inner product of both the
LHS and RHS of (2.43) with ¢ ¢(x) and using (¢ rl¢r) = 0 sx to give

de .
=L = iR e (2.44)

where
(fIR')i) = fv ¢ (OH ¢i(x) dx.

The transition matrix element T g; = f |A’|i) has dimensions of energy because both
¢; and ¢ are normalised by a volume integral. At time #=T, the amplitude for
transitions to the state [f) is given by the integral of (2.44)

T
= _if T e"Er-ED s,
0

If the perturbing Hamiltonian is time-independent, so is the term (f |H’|i) and thus

T
cp(T) = —iTy; fo e Er=Et 4y, (2.45)

The probability for a transition to the state |f) is given by

T T
Pfi = cp(T)ep(T) = |Tsf f f e ErEDt T EEN qr
0 0
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The functional form of the integral of Equation (2.46) for T = 1s.

The transition rate dI'y; from the initial state |i) to the single final state |f) is
therefore

S}

Pyi 1 2 " *3 i(E—E)t —i(Er—E)t’ ’

dl'y; = _T = TlTﬁl "\ PfTE T RESEIE qr dy’ (2.46)
T
2

_r
2

where the limits of integration are obtained by the substitutions t — ¢ + 7'/2 and

t" — ' + T /2. The exact solution to the integral in (2.46) has the form

-2
sin” x ) (Ef— E)T
xz with x = T,

where the factor of 7% is included for clarity. This solution is shown for 7=1s in
Figure 2.5, from which it can be seen that the transition rate is only significant
for final states where E ~ E; and that energy is conserved within the limits of the
energy—time uncertainty relation

AEAt ~ F. (2.47)

The narrowness of the functional form of (2.46) means that for all practical
purposes, it can be written as

1 + +L . )
dry; = [T Jim {? f f HErED i ED gy g } .
T—oo _% _%

STl
N
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Using the definition of the Dirac delta-function given by (A.4) in Appendix A, the
integral over dt’ can be replaced by 27 6(Es — E;) and thus

+L
2

1
Ty =2x|TsP lim { = MErENS(E, — E;
dr; n|f|Tgxgo{ng S( D dt

If there are dn accessible final states in the energy range Ey — Ey + dEy, then the
total transition rate I'y; is given by

T
2

1
Tj =2n f |sz| a, Am {T f ) e"(Ef—Ei)’é(Ef—Ei)dt} dE;.  (248)

2

The delta-function in the integral implies that E; = E; and therefore (2.48) can be

written
dn 1[5
Tpi=2n | |T/?——6(E; - E;) lim { — dt ¢ dE
fi nfl il aE; (Ey l)Tl—IEO{Tj_‘g } I
, dn
=2m | Tyl —6(Ef - E)dEy (2.49)
dn
=27 |T il |~ it
ddT”f £ is referred to as the density of states, and is often written as p(E;)
where
dn
E;
PE) = |3,

Fermi’s golden rule for the total transition rate is therefore
Lyi = 21 |Tril*p(Ey),

where, to first order, Ty; = (f|H'|i).

In the above derivation, it was assumed that cgx;(f) 0. An improved approx-
imation can be obtained by again taking c;(¢#) ~ 1 and substituting the expression
for cyzi(t) from (2.45) back into (2.42), which after taking the inner product with a
particular final state ¢ ((x) gives

dc
d—f —i( IR0 ETEN (=i > (fIA e Ek>lf<k|H'|l>ez(Ek E) gy
k#i
(2.50)
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Because the perturbation is not present at =0, and for #>0 it is constant, the
integral in (2.50) can be written

i(Ex—Et
i(Ex — E)

Therefore, the improved approximation for the evolution of the coefficients c¢(7) is
given by

f k|A |iYe" BeED a4 = (kA )iy ————

A, oo kKA | ek,
_ = = Hli) + M7 BARET B/ i f I)t'
- z[(fl R e eyl [
k#i
Comparison with (2.44) shows that, to second order, the transition matrix element
Ty; is given by

ad agn

Ty = ity + ., LMD 'P;'_kz@H i
ki ! K
The second-order term corresponds to the transition occurring via some inter-
mediate state |k). The full perturbation expansion can be obtained by successive
substitutions. Provided the perturbation is sufficiently small, the successive terms
in the perturbation expansion decrease rapidly, and it is possible to obtain accu-
rate predictions using only the lowest-order term that contributes to a particular
process.

Summary
|

Three main topics have been presented in this chapter. Firstly, the system of natural
units with

h=c=gy=pup=1

was introduced. It is used widely in particle physics and is adopted throughout this
book. You should be comfortable with the concept of natural units and should be
able to convert between natural units and S.I. units.

Because almost all of particle physics deals with relativistic particles, a sound
understanding of special relativity and, in particular, the use of four-vectors is
essential for much of what follows. Four-vector notation is used throughout this
book with the conventions that the metric tensor is

1 000
0-1 0 0

— =

GI=9"=10 0-1 0]

0 0 0-1
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such that zeroth component of a four-vector is the time-like quantity, for example

x# =(t,x,y,2) and p" = (E,py, py, p2).

The scalar product of any two four-vectors,
a-b = a*b, = ga'b* = a®b° - a'b' - a*b* - @’b® = invariant,

forms a Lorentz-invariant quantity that does not depend on the frame of reference.
The results of the calculations that follow are usually presented in a frame inde-
pendent manner using Lorentz invariant quantities.

A number of concepts in quantum mechanics are central to the theoretical ideas
developed in the following chapters and it is important that you are familiar with
the material reviewed in this chapter. Here the four most important concepts are:
(i) the operator formulation of quantum mechanics, where physical observables are
described by time-independent operators acting on time-dependent wavefunctions;
(ii) the idea of stationary states of the Hamiltonian and the time development of a
quantum mechanical system; (iii) the treatment of angular momentum in quantum
mechanics and the algebra defined by the commutation relations between the angu-
lar momentum operators; and (iv) Fermi’s golden rule to describe transition rates.

Problems
]

21 When expressed in natural units the lifetime of the W boson is approximately 7 ~ 0.5 GeV~". What is the cor-
responding value in S.I. units?

2.2 Across section is measured to be 1pb; convert this to natural units.
23 Show that the processy — e*e™ can not occur in the vacuum.

24 Aparticle of mass 3 GeV is travelling in the positive z-direction with momentum 4 GeV; what are its energy and
velocity?

2.5  In the laboratory frame, denoted X, a particle travelling in the z-direction has momentum p = p,Z and
energy £.

(a) Use the Lorentz transformation to find expressions for the momentum p; and energy £” of the particle in a
frame X', which is moving in a velocity v = +v2 relative to X, and show that £2 — p2 = (E")? — (p})*.
(b) Forasystem of particles, prove that the total four-momentum squared,

pHp, = (Z Ei]z - (Z |o,-]2 ,

i i

is invariant under Lorentz transformations.
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2.6

2.7

2.8

2.9

2.10

21

212

213

214

2.15

For the decay @ — 1 + 2, show that the mass of the particle a can be expressed as
m} = m + mj + 2E6(1 = B8 s ),
where 3, and 3, are the velocities of the daughter particles (3; = v;/c) and @ is the angle between them.

Ina collider experiment, A baryons can be identified from the decay A — 5t~ p, which givesrrise to a displaced
vertex in a tracking detector. In a particular decay, the momenta of the 7t* and p are measured to be 0.75 GeV
and 4.25 GeV respectively, and the opening angle between the tracks is 9°. The masses of the pion and proton
are 139.6 MeV and 938.3 MeV.

() Calculate the mass of the A baryon.
(b) Onaverage, A baryons of this energy are observed to decay at a distance of 0.35 m from the point of pro-
duction. Calculate the lifetime of the A..

In the laboratory frame, a proton with total energy E collides with proton at rest. Find the minimum proton
energy such that process

PHP—p+p+p+p
is kinematically allowed.

Find the maximum opening angle between the photons produced in the decay T — +yy if the energy of the
neutral pion is 10 GeV, given that m,o = 135 MeV.

The maximum of the 7t~ p cross section, which occurs atp,, = 300 MeV, corresponds to the resonant production
of the A% baryon (i.e. 4/s = ma). What is the mass of the A?

Tau-leptons are produced in the process e*e™ — t*t~ at a centre-of-mass energy of 91.2 GeV. The angular
distribution of the st~ from the decay T~ — st v, is
dv
d(cos 6*)
where 6* is the polar angle of the st~ in the tau-lepton rest frame, relative to the direction defined by the

T (tau) spin. Determine the laboratory frame energy distribution of the 7t~ for the cases where the tau-lepton
spinis (i) aligned with o (ii) opposite to its direction of flight.

oc 1+ cos 6,

For the process 1+2— 3 +4, the Mandelstam variables s, t and u are defined as s=(p; +p,)?,
t=(p1— p3)*andu = (p; — ps)2. Show that

S+U+t=m+m+m+m.

At the HERA collider, 27.5 GeV electrons were collided head-on with 820 GeV protons. Calculate the centre-of-
mass energy.

Consider the Compton scattering of a photon of momentum k and energy £ = |k| = k from an electron at rest.
Writing the four-momenta of the scattered photon and electron respectively as k” and p’, conservation of four-
momentum is expressed as k + p = k” + p’. Use the relation p’> = m? to show that the energy of the scattered
photon is given by

3 E

T 1+ (E/me)(1 = cos 0)

where 6 is the angle through which the photon is scattered.

’

Using the commutation relations for position and momentum, prove that

|LeL,| = iL..
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(D 216

D 2

Using the commutation relations for the components of angular momenta prove
I:ZZ’ ZX:I = 0’
and

)

Show that the operators §,- = %a,—, where o; are the three Pauli spin-matrices,

e 1 (01) ¢ [0 i c (1 0
sz%(m)’ Sy:%(i o) and Szz%(0—1)’

satisfy the same algebra as the angular momentum operators, namely
5.5] =50 [5:5]=5 md [5.3]=5,
A2 N N N N
Find the eigenvalue(s) of the operator S = [11(5,2( + Sf + 52), and deduce that the eigenstates of S, are a suit-
able representation of a spin-half particle.

Find the third-order term in the transition matrix element of Fermi’s golden rule.



Decay rates and cross sections

4 This chapter describes the methodology for the calculations of cross sections
and decay rates in relativistic quantum mechanics. In particular, it introduces
the ideas of Lorentz-invariant phase space, the Lorentz-invariant matrix ele-
ment and the treatment of kinematics in particle decays and interactions. The
end product is a set of master formulas which, once the quantum mechanical
matrix element for a process is known, can be used to obtain expressions for
decays rates and cross sections. Provided the main concepts are understood, it
is possible to skip the details of the derivations.

3.1 Fermi’s golden rule

58

Much of particle physics is based on the experimental measurements of particle
decay rates and particle interaction cross sections. These experimentally observ-
able phenomena represent transitions between different quantum mechanical states.
In non-relativistic quantum mechanics, transition rates are obtained using Fermi’s
golden rule, which was derived in Section 2.3.6. Fermi’s golden rule for the transi-
tion rate I'y; from an initial state |i) to a final state |f) is usually expressed as

T = 27|T il p(E)), (3.1)

where T/; is the transition matrix element and p(E;) is the density of states. The
transition matrix element is determined by the Hamiltonian for the interaction
which causes the transitions A’. In the limit where the perturbation is weak, the
transition matrix element is given by a perturbation expansion in terms of the inter-
action Hamiltonian,
o AL i)
Tpi= (fIA'li) + ) e

s E;-E;

J#FL
The transition rate of (3.1) depends on the density of states p(E;),
dn

p(E;) = iE

b
E;
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3.2 Phase space and wavefunction normalisation

et [T q q

Feynman diagrams fore*e™ — pw*p ™ annihilation and e~q — e~ q scattering.

where dn is the number of accessible states in the energy range E — E + dE. Alter-
natively, the density of states can be written as an integral over all final-state ener-
gies using the Dirac delta-function to impose energy conservation,

dn dn
= | —0(E; - E)dE,
. de ( )

dE
giving the alternative form of Fermi’s golden rule

Ffi = Zﬂflellzé(El - E) dn, (32)

which appeared as an intermediate step in the derivation of Fermi’s golden rule,
see (2.49).

The transition rate between two states depends on two components, (i) the tran-
sition matrix element, which contains the fundamental particle physics, and (ii) the
density of accessible states, which depends on the kinematics of the process being
considered. The aim of the first part of this book is to develop the methodology for
the calculation of decay rates and interaction cross sections for particle annihila-
tion and scattering processes such as those represented by the Feynman diagrams
of Figure 3.1. In modern particle physics the most complete theoretical approach to
such calculations is to use quantum field theory. Nevertheless, the same results can
be obtained using perturbation theory in relativistic quantum mechanics (RQM).
This requires a relativistic formulation of Fermi’s golden rule where the density of
states is based on relativistic treatments of phase space and the normalisation of
the plane waves used to represent the particles.

3.2 Phase space and wavefunction normalisation
|

Before discussing the relativistic wavefunction normalisation and phase space, it
is worth briefly reviewing the non-relativistic treatment. In non-relativistic quan-
tum mechanics, the decay rate for the process a — 1 + 2 can be calculated using
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Fermi’s golden rule. To first order in perturbation theory, the transition matrix
element is

Tri = WvolH'Wa) (3.3)
= fv Wiy H yadx. (3.4)

In the Born approximation, the perturbation is taken to be small and the initial- and
final-state particles are represented by plane waves of the form

W(x, 1) = Ae'PYED, (3.5)

where A determines the wavefunction normalisation. The integral in (3.4) extends
over the volume in which the wavefunctions are normalised. It is usual to adopt a
scheme where each plane wave is normalised to one particle in a cubic volume of
side a. Using the non-relativistic expression for probability density p = y*y, this is

equivalent to writing
a " a
fffw*wdxdydz =1,
0 Jo Jo

which implies that the normalisation constant in (3.5) is given by
AT =1/d> =1}V,

where V is the volume of the box.
The normalisation of one particle in a box of volume a* implies that the wave-
function satisfies the periodic boundary conditions'

U(x+a,y,z) =yY(xy,2), etc.,

as illustrated in Figure 3.2. The periodic boundary conditions on the wavefunction,
for example e/P+* = ¢!P<**@) imply that the components of momentum are quan-
tised to

2r
(Px Py> p2) = (ny, ny, nz);e

! In terms of counting the number of states, the periodic boundary conditions are equivalent to
requiring that the wavefunction is zero at the boundaries of the volume. This condition implies that
the wavefunction consists of standing waves of the form ¥(x, y, z) = A sin(p,x) sin(p,y) sin(p.z),
with p,, p, and p, such that there are a half-integer number of wavelengths along each side of the
box. Since sin(p,x) = (e'P** —e~'P+¥) /2i, the wavefunction expressed in this way has forward-going
and backward-going components and the integration over phase space is restricted to positive
values of py, p, and p.. The same number of states are obtained with periodic boundary conditions,
with an integer number of wavelengths in each direction. In this case, the phase space integral
extends over both positive and negative values of p,, p, and p..



61

3.2 Phase space and wavefunction normalisation

(a) (b) p, (c) p,
2n teeccees
$? ﬁ o0 00
. oo
Py . . o

Px

dp

The non-relativistic treatment of phase space: (a) the wavefunction of a particle confined to a box of side
a satisfies the periodic boundary conditions such that there are an integer number of wavelengths in each
direction; (b) the allowed states in momentum space; and (c) the number of statesinarangep — p + dp
in two dimensions.

where ny, n, and n, are integers. This restricts the allowed momentum states to
the discrete set indicated in Figure 3.2b. Each state in momentum space occupies a
cubic volume of

o\ @)
d3p = dpxdpydpz = ( 77) = ()
a %

As indicated in Figure 3.2c, the number of states dn with magnitude of momentum
in the range p — p + dp, is equal to the momentum space volume of the spherical
shell at momentum p with thickness dp divided by the average volume occupied
by a single state, (27)3/V, giving

Vv
dn = 47rp2dp X ——

@2m)*’
and hence
dn _ 4np?
a_ Ty,
dp (2}
The density of states in Fermi’s golden rule then can be obtained from
dn dn|d
p(E) = = 2|2
dE  dp|dE

The density of states corresponds to the number of momentum states accessible
to a particular decay and increases with the momentum of the final-state particle.
Hence, all other things being equal, decays to lighter particles, which will be pro-
duced with larger momentum, are favoured over decays to heavier particles.

The calculation of the decay rate will not depend on the normalisation volume;
the volume dependence in the expression for phase space is cancelled by the factors
of V associated with the wavefunction normalisations that appear in the square of
transition matrix element. Since the volume will not appear in the final result, it
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is convenient to normalise to one particle per unit volume by setting V = 1. In this
case, the number of accessible states for a particle associated with an infinitesimal
volume in momentum space d*p; is simply

For the decay of a particle to a final state consisting of N particles, there are N — 1
independent momenta in the final state, since the momentum of one of the final-
state particles can always be obtained from momentum conservation. Thus, the
number of independent states for an N-particle final state is

dn = Hdn, U (27313.

This can be expressed in a more democratic form including the momentum space
volume element for the Nth particle d*p, and using a three-dimensional delta-
function to impose momentum conservation

N-1 d P N
dn=]] o )13 (pa > pl-] Epy. (3.6)
i=1

i=1

where p, is the momentum of the decaying particle. Therefore the general non-
relativistic expression for N-body phase space is

N
dn = 2n)* |_[ o )3 [ Zpl] (3.7

i=1

3.2.1 Lorentz-invariant phase space

The wavefunction normalisation of one particle per unit volume is not Lorentz
invariant since it only applies to a particular frame of reference. In a different ref-
erence frame, the original normalisation volume will be Lorentz contracted by a
factor of 1/ along its direction of relative motion, as shown in Figure 3.3. Thus,
the original normalisation of one particle per unit volume corresponds to a nor-
malisation of y = E/m particles per unit volume in the boosted frame of reference.
A Lorentz-invariant choice of wavefunction normalisation must therefore be pro-
portional to E particles per unit volume, such that the increase in energy accounts
for the effect of Lorentz contraction. The usual convention is to normalise to 2E
particles per unit volume. The reason for this particular choice is motivated in Sec-
tion 3.2.3 and also in Chapter 4.
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a a

a aly

The normalisation volume in a particular frame is length contracted along the direction of motion for a
general rest frame.

The wavefunctions ¢ appearing in the transition matrix element 7's; of Fermi’s
golden rule are normalised to one particle per unit volume,

f¢*wd3x= 1.
\%4

Wavefunctions with the appropriate Lorentz-invariant normalisation, here written
as Y/, are normalised to 2F particles per unit volume

f Wy dx = 2E,
1%
and therefore

v =By

For a general process, a + b + --- — 1 + 2 + ---, the Lorentz-invariant matrix
element, using wavefunctions with a Lorentz-invariant normalisation, is defined as

Myi = Wy 17 W, ). (3.8)

The Lorentz-invariant matrix element is therefore related to the transition matrix
element of Fermi’s golden rule by

My = W |151'|¢:1%...> = (E;-2E,---2E, - 2E}, - ")l/szi, (3.9)

where the product on the RHS of (3.9) includes all intial- and final-state particles.

3.2.2 Fermi’s golden rule revisited

For a two-body decay a — 1 + 2, the quantum mechanical transition rate is given
by Fermi’s golden rule, which in the form of (3.2) can be written

T =2n f ITi*6(Ey — Ey = Ep) dn,

where dn is given by (3.7), and hence
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&’p; &’p,
(2n)3 2n)*
Using the relation between the transition matrix element and the Lorentz invariant
matrix element of (3.9), this can be written as

Tsi = Qn)* fITfi|2(5(Ea - Ei - E)&(p, — Py — P2) (3.10)

Qn)* &p,  &p,

(2m)32E, (2r)32E,’

Tji= f IMil*8(Eq = E1 = E2)5* (P, — Py = P)

(3.11)

with |M f,~|2 =QE2E 12E2)|Tfl~|2. One consequence of using wavefunctions with a
Lorentz invariant normalisation, is that the phase space integral over d*p/(27)? has
been replaced by an integral over terms like
d’p
(2n)32E°
which is known as the Lorentz-invariant phase space factor. To prove this is Lorentz

invariant, consider a Lorentz transformation along the z-axis, where the element
dp transforms to d3p’ given by

dp’ d_p;d3

dp’ =dp’dp’dp. = dp,dp, - —dp. = . 3.12
p’ =dp.dp,dp; = dp.dp, dpzpz dp. p (3.12)

From the Einstein energy—momentum relation, E? = p2 + pﬁ + p? +m?, and the
Lorentz transformation of the energy—momentum four-vector,

p.=vy(p.—PE) and E’ =y(E-pp,),
it follows that

dp’ ’
ot = y(l —ﬁa—E) = (1-82)= Ly E-ppo ==,

dp, op. E
which when substituted into (3.12) demonstrates that
d3p/ _ d3p
E  E’

and hence d*p/E is Lorentz invariant.

The matrix element My; in (3.11) is defined in terms of wavefunctions with a
Lorentz-invariant normalisation, and the elements of integration over phase space
d3pl- /E; are also Lorentz invariant. Consequently, the integral in (3.11) is Lorentz
invariant and thus (3.11) expresses Fermi’s golden rule in a Lorentz-invariant form.
This is an important result, it is exactly the required relativistic treatment of transi-
tion rates needed for the calculation of decay rates. The resulting transition rate for
the decay a — 1 + 2 given in (3.11) is inversely proportional to the energy of the
decaying particle in the frame in which it is observed, E, = ym,, as expected from
relativistic time dilation.
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3.2.3 *Lorentz-invariant phase space

The expression for the decay rate given (3.11) can be extended to an N-body decay,
a— 142+ --- + N. In this more general case, the phase space integral involves the
three-momenta of all final-state particles

dLIPS = &
1—[ Qn)2E;’

where dLIPS is known as the element of Lorentz-invariant phase space (LIPS).
The factors 1/2E; can be rewritten in terms of a delta-function using (A.6) of

Appendix A and the constraint from the Einstein energy—momentum relationship,
= pl.2 + m?, which implies that

1
E? - dE; =
f o( - m?) 2Ei

Hence, the integral over Lorentz-invariant phase space can be written as

N
f ... dLIPS = f ---]_[<2n)—35(E$ —p? - m}) &p, dE;,
i=1

which, in terms of the four-momenta of the final-state particles is

N
f dLIPS =f---]_[(zn)‘36(p?—m$)d4p,~.
i=1

Similarly, the transition rate for the two-body decay a — 1 + 2, given in (3.11), can
be written as

n)*

L= f QR IMi26* (pa = p1 = PSP — mIS(E — m2) & p1d* .

The integral now extends over all values of the energies and momenta of each of the
final-state particles. The delta-functions ensure that the decay rate only has contri-
butions from values of the four-momenta of the final-state particles compatible with
overall energy and momentum conservation and the Einstein energy—momentum
relation pl.2 = ml.2. This form of the expression for the decay rate elucidates clearly
the point that all the fundamental physics lives in the matrix element. It also pro-
vides a deeper insight into the origin of the phase space integral.
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3.3 Particle decays
|

In general, a given particle may decay by more than one decay mode. For example,
the tau-lepton can decay into a number of final states, T~ — €™ VeVy, T — WV Vg
and T~ — v + hadrons. The transition rate for each decay mode j can be calcu-
lated independently using Fermi’s golden rule. The individual transition rates I';
are referred to as partial decay rates or, for reasons that will become apparent
later, partial widths.

The total decay rate is simply the sum of the decay rates for the individual decay
modes. For example, if there are N particles of a particular type, the number that
decay in time ¢6¢ is given by the sum of the numbers of decays into each decay
channel,

SN = =NT'16t = N5t — -+ = =N »"T;6t = =NTst, (3.13)
J
where the total decay rate per unit time I" is the sum of the individual decay rates,

r=>T;
j

The number of particles remaining after a time ¢ is obtained by integrating (3.13)
to give the usual exponential form

N(@) = N(©) ™™ = N(0) exp (-%)

where the lifetime of the particle in its rest frame 7 is referred to as its proper
lifetime and is determined from the total decay rate
T=—.
r
The relative frequency of a particular decay mode is referred to as the branching
ratio (or branching fraction). The branching ratio for a particular decay mode BR(})
is given by the decay rate to the mode j relative to the total decay rate

Y
BR(j) = T

For example, the branching ratio for the tau-lepton decay t~ — e Vv, is 0.17,
which means that on average 17% of the time a T~ will decay to e Ve Vv,. By defini-
tion, the branching ratios for all decay modes of a particular particle sum to unity.

3.3.1 Two-body decays

The transition rate for each decay mode of a particle can be calculated by using the
relativistic formulation of Fermi’s golden rule given in (3.11). The rate depends on
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The two-body decaya — 1 + 2 in the rest frame of particle a.

the matrix element for the process and the phase space integral. The matrix element
depends on the nature of the decay and needs to be evaluated for each process. In
contrast, the form of the phase space integral depends only on the number of parti-
cles in the final state. Furthermore, since the integral of (3.11) is Lorentz invariant,
it can be evaluated in any frame.

Consider the two-body decay a — 1 + 2, shown in Figure 3.4. In the centre-of-
mass frame, the decaying particle is at rest, £, = m, and p, =0, and the two daugh-
ter particles are produced back to back with three-momenta p* and —p*. In this
frame, the decay rate is given by (3.11),

Pl d3P2

3E, 2E (3.14)

Ipi= S f|Mfz| 6(mg — E1 — E2)8(py + Pp) =
It is not straightforward to evaluate the phase space integral in this expression, but
fortunately the calculation applies to all two-body decays and has to be performed
only once. The (53(p1 + p,) term in (3.14) means that the integral over d3p2 has the
effect of relating the three-momenta of the final-state particles giving p, = —p; and
hence

Iy =

1 1
Myil* §(my — Ey — E2) dpy, 3.15
S fl il 1E,E (my, — E1 — E»)d’p, (3.15)
where E, is now given by E2 (m2 + pl) In spherical polar coordinates,
d®p, = pidp; sin0dddg = p? dp;dQ,

and (3.15) can be written

2
2 b1
6 (ma = it + 7% = 3 +p§)4E1E2 dp;dQ.  (3.16)

At first sight this integral looks quite tricky. Fortunately the Dirac delta-function
does most of the work. Equation (3.16) has the functional form

Tfi= g

1
D= g [ WaPawnatren dpa, (3.17)
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with
2
1
_ , 3.18
g(p1) IEE, (3.18)
and
fp1) =my—E1 — Ey =mg — \/Mf+p%— \/m§+p%. (3.19)

The Dirac delta-function 6(f(p;)) imposes energy conservation and is only non-
zero for p; = p*, where p* is the solution of f(p*) =0. The integral over dp; in (3.17)
can be evaluated using the properties of the Dirac delta-function (see Appendix A),
whereby

-1

47 (3.20)
dp;

f My g(p1) 8 (Fp1) dpr = M (")
)

The derivative df/dp; can be obtained from (3.19),

PP B (B
dpr| gD g+ p)2 T B )

which, when combined with the expression for g(p;) given in (3.18), leads to
df
dpilp,=p
Thus, the integral of (3.20) is

-1 * *
__P > EE _ P
. 4E\E; p*(E\+Ey) 4m,

g(p")

[ M o080 i = i
mg
and therefore,
d3p d3p p*
2 3 1 4°p; 2
; -FE|-FE = 7dQ 21
[ Mot - 1 - E05 oy + o SRS = B [MgPaa, G2
and hence (3.14) becomes
ry=—2 f|Mf,-|2dQ. (3.22)
327m2m3

Equation (3.22) is the general expression for any two-body decay. The fundamental
physics is contained in the matrix element and the additional factors arise from the
phase space integral. The matrix element, which may depend on the decay angle,
remains inside the integral. The centre-of-mass frame momentum of the final-state
particles p* can be obtained from energy conservation, or equivalently f(p*)=0,
and is given by (see Problem 3.2)

p* = 5 [ — i+ mo | [ — o — 2]
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3.4 Interaction cross sections
|

The calculation of interaction rates is slightly more complicated than that for par-
ticle decays because it is necessary to account for the flux of initial-state particles,
where flux is defined as the number of particles crossing a unit area per unit time.
In the simplest case, one can imagine a beam of particles of type a, with flux ¢,,
crossing a region of space in which there are n; particles per unit volume of type
b. The interaction rate per target particle r, will be proportional to the incident

particle flux and can be written
rp = 0¢q. (3.23)

The fundamental physics is contained in o, which has dimensions of area, and is
termed the interaction cross section. Sometimes it is helpful to think of o as the
effective cross sectional area associated with each target particle. Indeed, there are
cases where the cross section is closely related to the physical cross sectional area
of the target, for example, neutron absorption by a nucleus. However, in general,
the cross section is simply an expression of the underlying quantum mechanical
probability that an interaction will occur.

The definition of the cross section is illustrated by the situation shown in
Figure 3.5a, where a single incident particle of type a is travelling with a veloc-
ity v, in a region defined by the area A, which contains n;, particles of type b per
unit volume moving with a velocity v, in the opposite direction to v,. In time 8¢,
the particle a crosses a region containing 6N = n,(v, + vp)ASt particles of type b.
The interaction probability can be obtained from the effective total cross sectional
area of the 0N particles divided by the area A, which can be thought of as the prob-
ability that the incident particle passes through one of the regions of area o drawn
around each of the N target particles, as shown in Figure 3.5b. The interaction
probability dP is therefore

_ONo  np(vq + vp)A o6t

oP 1 1 = nypvoot,
() (b)
(Vy+ vp)Ot
[} ° o
[ J
[ ]
° [ J

The left-hand plot (a) shows a single incident particle of type a traversing a region containing particles of
type b. The right-hand plot (b) shows the projected view of the region traversed by the incident particle in
time ot.
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where v = v, + v,. Hence the interaction rate for each particle of type a is

dp
Fg = — = npvo.

dr

For a beam of particles of type a, with number density n, confined to a volume V,
the total interaction rate is

rate = r,n,V = (npvo) n,V. (3.24)
The expression of (3.24) can be rearranged into
rate = (n,v)(npV)o = ¢ Np, 0.
Thus the total rate is equal to
rate = flux X number of target particles X cross section,

which is consistent with the definition of (3.23). More formally, the cross section
for a process is defined as

number of interactions per unit time per target particle

o= —
incident flux

It should be noted that the flux ¢ accounts for the relative motion of the particles.

3.4.1 Lorentz-invariant flux

The cross section for a particular process can be calculated using the relativistic
formulation of Fermi’s golden rule and the appropriate Lorentz-invariant expres-
sion for the particle flux. Consider the scattering process a + b — 1 + 2, as observed
in the rest frame where the particles of type a have velocity v, and those of type
b have velocity v,, as shown in Figure 3.6. If the number densities of the particles
are n, and ny, the interaction rate in the volume V is given by

rate = g, npVo = (Vg + Vp)ngnp o'V, (3.25)

The two-body scattering processa + b — 1+ 2.
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where ¢, is the flux of particles of type a through a plane moving at velocity vy,

o =ng(vg + Vp).

Normalising the wavefunctions to one particle in a volume V, givesn, = np = 1/V,
for which the interaction rate in the volume V is

(Vg + Vp)
= —0C0.

Lyi v

(3.26)

Because the factors of V in the expression for the flux will ultimately be cancelled
by the corresponding factors from the wavefunction normalisation and phase space,
the volume V will not appear in the final result and it is again convenient to adopt
a normalisation of one particle per unit volume. With this choice, the cross section
is related to the transition rate by

o= —r‘ﬁ
(Va +Vp)
The transition rate I'y; is given by Fermi’s golden rule, which in the form of (3.10)

gives

e
(Vg + Vp)

d’p; d’p,
(2n)3 2n)3

fITfi|26(Ea +Ep— E; — E2))8(P, + Py — P1 — P2)

This can be expressed in a Lorentz-invariant form by writing 7's; in terms of the
Lorentz-invariant matrix element My; = (2E; 2E, 2E3 2Ey)Y 2Tf,~,

@2m—2

d’p, d’p,
c=—— —
4EaEb(Va + V},)

2E, 2E,
(3.27)

f|Mfi|25(Ea +E,—E - E))5(p, + Py, — Py — P2)

The integral in (3.27) is now written in a Lorentz-invariant form. The quantity
F = 4E,E,(v, + vp) is known as the Lorentz-invariant flux factor. To demonstrate
the Lorentz invariance of F, first write

F = 4E,Ep(va +Vp) = 4E.Ep [ 22 + 22\ = 4(E,p, + Eypo).
Ea Eb
= F? = 16(E2p; + E;p2 + 2E,Eppap), (3.28)

and then note that, for the case where the incident particle velocities are collinear,
(Pa-Pb)* = (EaEp + paps)” = EZE; + pop) + 2E4EppPaps. (3.29)

Substituting the expression for 2E,Epp,pp from (3.29) into (3.28) then gives

F? =16 |(paps)” ~ (E; ~ IE;, — p})| -
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Thus, F can be written in the manifestly Lorentz-invariant form

1
F = 4[(pa-po)* — mamy |

Since both F and the integral in (3.27) are Lorentz invariant, it can be concluded
that the cross section for an interaction is itself Lorentz invariant.

3.4.2 Scattering in the centre-of-mass frame

Because the interaction cross section is a Lorentz-invariant quantity, the cross sec-

tion for the process a + b — 1 + 2 can be calculated in any frame. The most conve-

nient choice is the centre-of-mass frame where p, = —p, = p; and p; = —p, = p;},

and the centre-of-mass energy is given by s = (E} + E}). In the centre-of-mass
frame, the Lorentz-invariant flux factor is

pr p;

F =4E,E, (v, +V,) =4E E, (E_l* + E_l*

a b

= 4p; Vs.

Using this expression and the constraint that p, + p, = 0, (3.27) becomes

) =4p:(E, + E})

11 ) 3 d’p; ¢°p,
oc=—5—— | IMsl°6(Vs—E| — E2)0 +P)—— . 3.30
P 4p;\/§f| filP6(Ns — Ey = E2)0(p; + ps E g, (330
The integral in (3.30) is the same as that of (3.21) with m, replaced by +/s. There-
fore, applying the results from Section 3.3.1 immediately leads to

! X Py f IMi[PdQ
o= ~ ,
1672p; Vs 4+fs /i

where the solid angle element has been written as dQ2* to emphasise that it refers to
the centre-of-mass frame. Hence the cross section for any two-body — two-body
process is given by

L_P f IMi2dQ* (3.31)
g = — i . .
64125 p; fi

3.5 Differential cross sections
|

In many cases it is not only the total cross section that is of interest, but also the dis-
tribution of some kinematic variable. For example, Figure 3.7 shows the inelastic



7 3.5 Differential cross sections

An example of e"p — e~ p scattering where the electron is scattered into a solid angle d<2.

scattering process e”p — eX where the proton breaks up. Here, the angular distri-
bution of the scattered electron provides essential information about the fundamen-
tal physics of the interaction. In this case, the relevant experimental measurement
is the differential cross section for the scattering rate into an element of solid angle
dQ = d(cos 6)d¢,

do _ number of particles scattered into d€2 per unit time per target particle
dQ incident flux ’

The integral of the differential cross section gives the total cross section,

do
o= | —dQ.
f dQ
Differential cross sections are not restricted to angular distributions. In some
situations, it is the energy distribution of the scattered particle that is sensitive to
the underlying fundamental physics. In other situations one might be interested in

the joint angular and energy distribution of the scattered particles. In each case, it
is possible to define the corresponding differential cross section, for example

do d*o
— or .
dE dEdQ

3.5.1 Differential cross section calculations

Differential cross sections can be calculated from the differential form of (3.31),

*

1 P
do = p—{|Mﬂ|2dQ*. (3.32)

64nr2s

The simplest situation is where the laboratory frame corresponds to the centre-of-
mass frame, for example e*e™ annihilation at LEP or pp collisions at the LHC.



74

Decay rates and cross sections

In this case, the differential cross section expressed in terms of the angles of one of
the final-state particles is immediately obtained from (3.32)

*

do 1 Py 2
e —|Mgil”. 3.33
dQ*  64n3s p?' s (3-33)

In fixed-target experiments, such as e"p — e p elastic scattering, where the
target proton is at rest, the laboratory frame is not the centre-of-mass frame and
the calculation is more involved. Here, the differential cross section is most useful
when expressed in terms of the observable laboratory frame quantities, such as
the angle through which the electron is scattered, 6. The differential cross section
with respect to the laboratory frame electron scattering angle can be obtained by
applying the appropriate coordinate transformation to (3.32).

The transformation from the differential cross section in the centre-of-mass frame
to that in the laboratory frame is most easily obtained by first writing (3.32) in a
Lorentz-invariant form, which is applies in all frames. This is achieved by express-
ing the element of solid angle dQ* in terms of the Mandelstam variable t = p; — ps.
For e"p — e p scattering, ¢ is a function of the initial- and final-state electron four-
momenta. Using the definitions of the particle four-momenta shown in Figure 3.8,

t=(py =Py’ =Py + py = 2p)ps
= m% + m% - 2(E{E; —p; *P3)
= m% + m% - 2E\E; + 2pjp;cos 6", (3.34)
In the centre-of-mass frame, the magnitude of the momenta and the energies of the

final-state particles are fixed by energy and momentum conservation and the only
free parameter in (3.34) is the electron scattering angle 6%, thus

dr = 2pjp; d(cos 6),

Lab. frame y e CoM frame y e
e P 0 e pi 0
. z " z
p ' p> P
Pa Pi
P p

The process of e~p — e™p elastic scattering shown in the laboratory (left) and centre-of-mass (right)
frames.
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and therefore

drd¢*
dQ* = d(cos 6%) d¢* = —¢ (3.35)
2pip;
Writing pj and pj respectively as p; and pji, and substituting (3.35) into (3.32)
leads to

= —  _|M>dg*dr. 3.36
o 128712Spf2| ril"d¢ (3.36)

Assuming that matrix element is independent of the azimuthal angle, the integra-
tion over d¢* just introduces a factor of 2z and therefore

do 1
— = Mg 3.37
& " S M (3.37)

The magnitude of the momentum of the initial-state particles in the centre-of-mass
frame can be shown to be

. 1
pi* = gls = (mi+ma)ls = (my = mo)’). (3.38)
Since o, s, t and |/\/(f,-|2 are all Lorentz-invariant quantities, Equation (3.37) gives

a general Lorentz-invariant expression for the differential cross section for the
two-body — two-body scattering process.

3.5.2 Laboratory frame differential cross section

Because (3.37) is valid in all rest frames, it can be applied directly to the example
of e"p — e p elastic scattering in the laboratory frame, shown in Figure 3.8. In the
limit where the incident and scattered electron energies are much greater than the
electron rest mass, the laboratory frame four-momenta of the particles are

p1 =~ (E1,0,0,E),

p2 = (mp,0,0,0),

p3 ~ (E3,0, E3sin6, E3 cos 6),
and  py = (E4, Py)-

The momenta of the initial-state particles in the centre-of-mass frame are given by
(3.38) and since me < my,

_ 2)2
*ZN(S mp)

2, 2T 3.39
! 4s ( )
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where s is given by

s=(p1+p2)’ = pi+p3+2p1-pa ~ m}+2pi-pa

= mrz, + 2Emy,
and therefore
E?m?
p2 = ls L3 (3.40)

The differential cross section in terms of the laboratory frame scattering angle of
the electron can be obtained from
do  do|df 1 dt do

A P 3.41
dQ ~ dr [dQ| ~ 27 d(cos ) dr 34D

where the factor 27 arises from the integral over d¢ (again assuming azimuthal
symmetry). An expression for d¢/d(cos #) can be obtained by writing the Mandel-
stam variable ¢ in terms of the laboratory frame four-momenta, defined above,

t=(p1 - p3)* ~ —2E 1 E3(1 - cos6), (3.42)

where Ej is itself a function of 6. Conservation of energy and momentum imply
that p; + p» = p3 + pa, and ¢ can also be expressed in terms of the four-momenta
of the initial and final-state proton,

t=(py— pa)’ =2m} —2py-py = 2my — 2myEy = —2my(Ey — E3),  (343)

where the last step follows from energy conservation, E4 = E| +myp — E3. Equating
(3.42) and (3.43) gives the expression for E3 as a function of cos 6,

E
1 (3.44)

E; = .
3 myp + Ey — Ejcos6

Because E| is the fixed energy of the initial-state electron, differentiating (3.43)
with respect to cos 6 gives

d(c((i)ts g~ 2 d(ccloEs3 o) (5.43)
Differentiating the expression for E3 of (3.44), gives
dE; Efmy _ E_%
d(cos@)  (my+ E, — Ejcos0)? mp’
which when substituted into (3.45) leads to
dr 2 (3.46)

d(cos 6) Rianch
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Substituting (3.46) into (3.41), and using the Lorentz-invariant expression for the
differential cross section of (3.37) gives

2
d_a' — i 2d_0— — LV\/‘ .|2
dQ 277 A eamsp2”

The momentum of the intial-state particles in the centre-of-mass frame can be elim-
inated using (3.40) and thus

do 1 (E3

2
a0~ 6ar ) Mol 4D

mpE1

Finally, the energy of the scattered electron E3 can be expressed in terms of cos
alone using (3.44). Therefore the differential cross section can be written as an
explicit function of cos 6 and the energy of the incident electron

do 1 1
dQ 6472 \m, + E; — E; cos

2
) IMif. (3.48)

The same calculation including the mass of the electron is algebraically more
involved, although the steps are essentially the same.

Summary
-______________________________________________________________________________|

The general expression for the decay rate a — 1 + 2 is

P 2
= Mg“dQ, 3.49
3272m3 fl vil (3:49)

where p* is the magnitude of the momentum of the final-state particles in the rest
frame of the decaying particle, which is given by

" = g N[00 = -t o o = o =]

The expression for the differential cross section for the process a + b — ¢ +d in
the centre-of-mass frame is

do 1 P}

— LM, 3.50
dQ*  64n%s p; /i (3-50)

where p; and p} are respectively the magnitudes of the initial- and final-state
momenta in the centre-of-mass frame. In the limit where the electron mass can



78

Decay rates and cross sections

be neglected, the differential cross section for e"p — e™p elastic scattering, in the
proton rest frame is

do 1 E;
dQ  64n2

2
2
—_— A6, 3.51
mpEl) M ( )

where E3 is a function of the electron scattering angle.

Problems
|

31 CQalculate the energy of the u™ produced in the decay at rest w~ — pw™v,. Assume m, =140 GeV,
m,, =106 MeV and take m, =~ 0.

3.2 Forthedecaya — 1+ 2, show that the momenta of both daughter particles in the centre-of-mass frame p* are

_ 1
T m,

*

p |(m2 = Gy + mo)? | [ = (m — m?].

33 Calculate the branching ratio for the decay K* — m*zt°, given the partial decay width T(K* — mt*n) =
1.2 1078 eV and the mean kaon lifetime 7(K*) =1.2 x 1078 s.

3.4 Atafuture e*e™ linear collider operating as a Higgs factory at a centre-of-mass energy of +/s = 250 GeV, the
cross section for the process e*e™ — HZ is 250 fb. If the collider has an instantaneous luminosity of
2 x 10* am~2 57" and is operational for 50% of the time, how many Higgs bosons will be produced in five
years of running?

Note: 1 femtobarn = 107 b.

35 Thetotalete™ —y — w*u~ annihilation cross section is o = 4a? /3s, where @ ~ 1/137. Calculate the
cross section at /s = 50 GeV, expressing your answer in both natural units and in barns (1barn =102 m?).
Compare this to the total pp cross section at /s = 50 GeV which is approximately 40 mb and comment on the
result.

3.6 A1GeV muon neutrino is fired at a 1m thick block of iron (5¢Fe) with density p =7.874 x 10° kg m~>. If the

average neutrino—nucleon interaction cross section is o = 8 X 107 ¢m?, calculate the (small) probability that
the neutrino interacts in the block.

3.7  Fortheprocessa + b — 1+ 2the Lorentz-invariant flux term is

1
F=4 [(pa-p,,)2 - mf,mé]i )
In the non-relativistic limit, 8, << 1and 8, <1, show that
F =~ 4mgmy vy, — vy,
where v, and v, are the (non-relativistic) velocities of the two particles.

3.8  The Lorentz-invariant flux term for the process a + b — 1+ 2in the centre-of-mass frame was shown to be
F=4p; /s, where p; is the momentum of the intial-state particles. Show that the corresponding expression
in the frame where b is at rest is

fF= Amyp,.
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@ 3.9  Show that the momentum in the centre-of-mass frame of the initial-state particles in a two-body scattering
process can be expressed as

o ]
= 5[5 — (my + my)*1[s — (my — my)).
@ 3.10  Repeat the calculation of Section 3.5.2 for the process e"p — e~p where the mass of the electron is no longer

neglected.

(a) Firstshow that

& P}
d(cos®) ~ ps(Es + my) — Expycos 6

(b) Then show that

o 1 P 1
_=_2._3. ML,
dQ  64m? pim, psfy +my) — Eprcos 6

where (£, py) and (£3, p3) are the respective energies and momenta of the initial-state and scattered elec-
trons as measured in the laboratory frame.



The Dirac equation

This chapter provides an introduction to the Dirac equation, which is the rel-
ativistic formulation of quantum mechanics used to describe the fundamental
fermions of the Standard Model. Particular emphasis is placed on the free-
particle solutions to the Dirac equation that will be used to describe fermions
in the calculations of cross sections and decay rates in the following chapters.

4.1 The Klein—Gordon equation

80

One of the requirements for a relativistic formulation of quantum mechanics is
that the associated wave equation is Lorentz invariant. The Schrodinger equation,
introduced in Section 2.3.1, is first order in the time derivative and second order
in the spatial derivatives. Because of the different dependence on the time and
space coordinates, the Schrodinger equation is clearly not Lorentz invariant, and
therefore cannot provide a description of relativistic particles. The non-invariance
of the Schrodinger equation under Lorentz transformations is a consequence its
construction from the non-relativistic relationship between the energy of a free
particle and its momentum

p2

T om’

The first attempt at constructing a relativistic theory of quantum mechanics was
based on the Klein—Gordon equation. The Klein—Gordon wave equation is obtained
by writing the Einstein energy—momentum relationship,

E? =p* +m?,
in the form of operators acting on a wavefunction,

E2p(x, 1) = PAY(x, 1) + nPg(x, 1),
Using the energy and momentum operators identified in Section 2.3.1,
0

A:—.V d E: ._9
P l an la[
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this leads to the Klein—Gordon wave equation,

Py o 2
The Klein—Gordon equation, which is second order in both space and time deriva-

tives, can be expressed in the manifestly Lorentz-invariant form
(049, + m* ) = 0, 4.2)
where

ty=s—-—-—-—.,
R )
is the Lorentz-invariant scalar product of two four-vectors.
The Klein—Gordon equation has plane wave solutions,

W(x, 1) = NePXED (4.3)
which when substituted into (4.2) imply that

EXy = p*y +my,
and thus (by construction) the plane wave solutions to the Klein—-Gordon equa-

tion satisfy the Einstein energy—momentum relationship, where the energy of the
particle is related to its momentum by

E = +/p* + m?.

In classical mechanics, the negative energy solutions can be dismissed as being
unphysical. However, in quantum mechanics all solutions are required to form a
complete set of states, and the negative energy solutions simply cannot be dis-
carded. Whilst it is not clear how the negative energy solutions should be inter-
preted, there is a more serious problem with the associated probability densities.
The expressions for the probability density and probability current for the Klein—
Gordon equation can be identified following the procedure used in Section 2.3.2.
Taking the difference y* X (4.1) — ¢ X (4.1)" gives

Py Py ) .
U'os Y =WV =) — (VY -y
L0 o
( a‘f v ) SV VY - V). 44

Comparison with the continuity equation of (2.20) leads to the identification of
the probability density and probability current for solutions to the Klein—Gordon
equation as

0 o
—l(lﬁ—w_l// w

) and j = —i(y"Vy —yVy), (4.5)
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where the factor of i is included to ensure that the probability density is real. For a
plane wave solution, the probability density and current are

p=2IN?E and j=2|NPp,

which can be written as a four-vector jl‘éG =2|N|>pH. The probability density is
proportional to the energy of the particle, which is consistent with the discussion
of relativistic length contraction of Section 3.2.1. However, this implies that the
negative energy solutions have unphysical negative probability densities. From
the presence of negative probability density solutions, it can be concluded that the
Klein—Gordon equation does not provide a consistent description of single particle
states for a relativistic system. It should be noted that this problem does not exist in
quantum field theory, where the Klein—Gordon equation is used to describe multi-
particle excitations of a spin-0 quantum field.

4.2 The Dirac equation
I —

The apparent problems with the Klein—Gordon equation led Dirac (1928) to search
for an alternative formulation of relativistic quantum mechanics. The resulting
wave equation not only solved the problem of negative probability densities, but
also provided a natural description of the intrinsic spin and magnetic moments of
spin-half fermions. Its development represents one of the great theoretical break-
throughs of the twentieth century.

The requirement that relativistic particles satisfy E*=p®+m? results in the
Klein—-Gordon wave equation being second order in the derivatives. Dirac looked
for a wave equation that was first order in both space and time derivatives,

2

Ey = (a-p+pmy, (4.6)

which in terms of the energy and momentum operators can be written

i%l/l = (—iax% - iay% - iaza% +ﬁm) W “4.7)
If the solutions of (4.7) are to represent relativistic particles, they must also sat-
isfy the Einstein energy—momentum relationship, which implies they satisfy the
Klein—Gordon equation. This requirement places strong constraints on the possi-
ble nature of the constants @ and 8 in (4.6). The conditions satisfied by @ and 8 can
be obtained by “squaring” (4.7) to give

Py . o . d
or? 0x 0z ox

0
= liay— + ia/ya—y +ia,— — Bm|liay— + iaya—y + iazﬁ_z —ﬁm) v,
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which, when written out in gory detail, is

Py _ L0 Py S,
o = g e tigg TPMY
2 2 92
+ (ayay, + ayax)m + (aya; + azay)m + (o, + axaz)%

+ i(a,f +ﬁa/x)ma—¢’ + i(a,B +ﬁa/y)m6—¢’ + (a8 +ﬁaz)ma—l'//. 4.8)
0x Oy 0z
In order for (4.8) to reduce to the Klein—Gordon equation,

2 2 2 2
a_l//:a_w+a_w+a_w_m2d/’
a2 ax: Gy 0z

the coefficients @ and 8 must satisfy

=ay=al=p =1 (4.9)
aj,8+ﬁaj=0, (4.10)
ajap+ara;=0 (j#k), 4.11)

where [ represents unity. The anticommutation relations of (4.10) and (4.11) can-
not be satisfied if the @; and B are normal numbers. The simplest mathematical
objects that can satisfy these anticommutation relations are matrices. From the
cyclic property of traces, Tr(ABC) = Tr (BCA), and the requirements that 5> = I and
a; B = —fa;, itis straightforward to show that the @; and 8 matrices must have trace
Zero:

Tr(a) = Tr(@ifB) = Tr(Baip) = =Tr(ai fB) = —Tr ().

Furthermore, it can be shown that the eigenvalues of the @; and S matrices are +1.
This follows from multiplying the eigenvalue equation,

a;X = X,
by a; and using a/l.2 = I, which implies
X=X = X=X,

and therefore A = 1. Because the sum of the eigenvalues of a matrix is equal to its
trace, and here the matrices have eigenvalues of either +1 or —1, the only way the
trace can be zero is if the @; and 8 matrices are of even dimension. Finally, because
the Dirac Hamiltonian operator of (4.6),

Hp = (a-p +pm),
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must be Hermitian in order to have real eigenvalues, the @ and 8 matrices also must
be Hermitian,

ay=al, a=a, a=a and B=4" (4.12)

Hence ay, ay, @, and B are four mutually anticommuting Hermitian matrices of
even dimension and trace zero. Because there are only three mutually anticom-
muting 2 X 2 traceless matrices, for example the Pauli spin-matrices, the lowest
dimension object that can represent a,, @, ; and § are 4 X 4 matrices. Therefore,
the Dirac Hamiltonian of (4.6) is a 4 X 4 matrix of operators that must act on a
four-component wavefunction, known as a Dirac spinor,

Y
%)
Y3
Ya

1!/:

The consequence of requiring the quantum-mechanical wavefunctions for a rela-
tivistic particle satisfy the Dirac equation and be consistent with the Klein—Gordon
equation, is that the wavefunctions are forced to have four degrees of freedom.
Before leaving this point, it is worth noting that, if all particles were massless,
there would be no need for the 8 term in (4.7) and the @ matrices could be rep-
resented by the three Pauli spin-matrices. In this Universe without mass, it would
be possible to describe a particle by a two-component object, known as a Weyl
spinor.

The algebra of the Dirac equation is fully defined by the relations of (4.9)—(4.11)
and (4.12). Nevertheless, it is convenient to introduce an explicit form for a,, a,,
a; and B. The conventional choice is the Dirac—Pauli representation, based on the
familiar Pauli spin-matrices,

1 0 0 (o]
ﬁ:(o _1) and ai:(o_ 0), 4.13)

i

with

(10 (01 I A Y A
“lo1) “Tlio) 9vT\i o 92\ -1 )

This is only one possible representation of the @ and 8 matrices. The matrices ;] =
Ua;U™" and 8 = UBU™!, generated by any 4 x 4 unitary matrix U, are Hermitian
and also satisfy the necessary anticommutation relations. The physical predictions
obtained from the Dirac equation will not depend on the specific representation
used; the physics of the Dirac equation is defined by the algebra satisfied by a,,
@, a; and B, not by the specific representation.
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4.3 Probability density and probability current

The expressions for the probability density and probability current for solutions
of the Dirac equation can be obtained following a similar procedure to that used
for the Schrodinger and Klein—Gordon equations. Since the wavefunctions are
now four-component spinors, the complex conjugates of wavefunctions have to
be replaced by Hermitian conjugates, y* — ¢ = (¢*)T. The Hermitian conjugate
of the Dirac equation,

—iaxg—li —ia, Zw lozz(;—f + mBy = +l(?9—lf 4.14)
is simply
R A S A S .
+1Eax +i— 3 @, T oz oz + my B = at (4.15)

Using the fact that the o and 8 matrices are Hermitian, the combination of ' x
(4.14) = (4.15) x ¢ gives

+f . 0 0 0
A (—la/x (;i i, a"b ia, aw +[3m;b)

( oy’ oy’ '

@ +i——a, +i——
0z

0x oy
Equation (4.16) can be simplified by writing

s : (4.16)
a: + m«ﬂﬁ)w =iy ,i¢

oy oyt oW aw) o W o)
T = — -‘l — =
Vg T grav=—p— ad Yo+ ey= =g
giving
o o’ w)
V-Way) + —— o ,

where ' = ), ¥5, ¥, ¥;). By comparison with the continuity equation of (2.20),
the probability density and probability current for solutions of the Dirac equation
can be identified as

p=y¢'y and j=ylay. (4.17)
In terms of the four components of the Dirac spinors, the probability density is
p =y = Wil + ol + sl + wal,

and thus, all solutions of the Dirac equation have positive probability density. By
requiring that the wavefunctions satisfy a wave equation linear in both space and
time derivatives, in addition to being solutions of the Klein—Gordon equation, Dirac
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solved the perceived problem with negative probability densities. The price is that
particles now have to be described by four-component wavefunctions. The Dirac
equation could have turned out to be a purely mathematical construction with-
out physical relevance. However, remarkably, it can be shown that the additional
degrees of freedom of the four-component wavefunctions naturally describe the
intrinsic angular momentum of spin-half particles and antiparticles. The proof that
the Dirac equation provides a natural description of spin-half particles is given in
the following starred section. It is fairly involved and the details are not essential
to understand the material that follows.

4.4 *Spin and the Dirac equation
I —

In quantum mechanics, the time dependence of an observable corresponding to an
operator O is given by (2.29),

do _d o o
T = 10 = iWllA, Oly).

Therefore, if the operator for an observable commutes with the Hamiltonian of
the system, it is a constant of the motion. The Hamiltonian of the free-particle
Schrodinger equation,

f)_2

Ase = 2
SE m

commutes with the angular momentum operator L=fxp, and thus angular
momentum is a conserved quantity in non-relativistic quantum mechanics. For the
free-particle Hamiltonian of the Dirac equation,

Hp =a-p+pBm, (4.18)
the corresponding commutation relation is
[Ap.L] = [a-p +pm.# x p] = [@-p,F x pl. (4.19)

This can be evaluated by considering the commutation relation for a particular
component of L, for example

[FID’ ]:x] = [a- f)’ (f' X ﬁ)x] = [a’xﬁx + a’yﬁy + a’zﬁz’ gﬁz - 2ﬁy] (4-20)

The only terms in (4.20) that are non-zero arise from the non-zero position—
momentum commutation relations

[X, pxl = 19, Pyl = [Z, Pzl = i,
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giving
[I:ID’ ﬁx] = a’y[ﬁy’ y1p; — a.lp, 2]ﬁy
= _i(a’yﬁz - azﬁy)
= _l(a x f’)X’

where (@ X P), is the x-component of @ X p. Generalising this result to the other
components of L gives

[Hp, L] = —ia x p. 4.21)

Hence, for a particle satisfying the Dirac equation, the “orbital” angular momentum
operator I. does not commute with the Dirac Hamiltonian, and therefore does not
correspond to a conserved quantity.

Now consider the 4 X 4 matrix operator S formed from the Pauli spin-matrices

'\_1'\_10'0
s=§>:=§(00), (4.22)
with
0100 0 -0 0 1 00 0
. 1000 - i 00 0 . lo=10 o0
“=looo01] 7|0 00| ™ %==|g 01 o
0010 0 0i 0 0 00 —1

Because the @-matrices in the Dirac—Pauli representation and the X-matrices are
both derived from the Pauli spin-matrices, they have well-defined commutation
relations. Consequently, the commutator [«;, ﬁx] can be expressed in terms of the
commutators of the Pauli spin-matrices. Writing the 4 X 4 matrices in 2 X 2 block

form,
e [0 oi\[fox O oy 0 0 oy
s = (o NG )5 a0 T
0 [oi, 0] )
= . 423
( [oi,ox] 0 (423)
The commutation relations,
[0x,0x] =0, [oy,0,]==2i0c, and [0, 0] =2i0y,

imply that (4.23) is equivalent to

[y, 2] =0, (4.24)

0 2o,
—2io, 0

B 0 2ioy\ .
[a;, Zx] _(2i0'y 0 )—21%. (4.26)

[y, Zy] = ( = ~2ia,, (4.25)
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Now consider the commutator of 3, with the Dirac Hamiltonian
[Ap, ] = [@- P +Bm,Z,].
It is straightforward to show that [, 2] = 0 and hence

[Ap, 2] = [@« P, 4] = [@ps + @ypy + a:pr, L]
= px[a'x’ x] + py[a'y, x] + pz[az’ x]- (4.27)

Using the commutation relations of (4.24)—(4.26) implies that

[FIDv ix] = _2iﬁya'z + Ziﬁzay

= 2i(a X P),.
Generalising this derivation to the i and z components of [Hp, £]and using S= %f‘.
gives the result
[Ap,S] =ia xp. (4.28)

Because S does not commute with the Dirac Hamiltonian, the corresponding
observable is not a conserved quantity. However, from (4.21) and (4.28) it can be
seen that the sum J = L + S commutes with the Hamiltonian of the Dirac equation,

[ﬂp,j] = [I:ID,I: +S] =0.

Hence S can be identified as the operator for the intrinsic angular momentum (the
spin) of a partlcle The total angular momentum of the particle, associated with the
operator J = L. + S, is a conserved quantlty

Because the 4 X 4 matrix operator S is defined in terms of the Pauli spin-matrices,

A o0
Y= 2( ), (4.29)

§= 0 o

o=

its components have the same commutation relations as the Pauli spin-matrices,
for example [S.,S yl= iS .- These are the same commutation relations satisfied by
the operators for orbital angular momentum, [I:x,l:y] = iﬁz, etc. Therefore, from
the arguments of Section 2.3.5, it follows that spin is quantised in exactly the same
way as orbital angular momentum. Consequently, the total spin s can be identified
from the eigenvalue of the operator,

2 1o . @ 3
S :Z(ZX+Zy+ZZ):Z

oS o o =
(=N el =)
o = O O
- o O O
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for which Szls, mg) = s(s + 1)|s, mg). Hence, for any Dirac spinor i,

8% = s+ Ly = 2y,

and thus a particle satisfying the Dirac equation has intrinsic angular momentum
s = % Furthermore, it can be shown (see Appendix B.1) that the operator fi giving
the intrinsic magnetic moment of a particle satisfying the Dirac equation is given by

a=-=8, (4.30)

3=

where g and m are respectively the charge and mass of the particle. Hence S has
all the properties of the quantum-mechanical spin operator for a Dirac spinor.
The Dirac equation therefore provides a natural description of spin-half particles.
This is a profound result, spin emerges as a direct consequence of requiring the
wavefunction to satisfy the Dirac equation.

4.5 Covariant form of the Dirac equation
I —

Up to this point the Dirac equation has been expressed in terms of the a- and -
matrices. This naturally brings out the connection with spin. However, the Dirac
equation is usually expressed in the form which emphasises its covariance. This is
achieved by first pre-multiplying the Dirac equation of (4.7) by 3 to give

iﬁaxg—‘;’: + iﬁayg—‘y” + iﬁaz‘g—‘i’ + iﬁaa—‘/t’ - BPmy = 0. (4.31)

By defining the four Dirac y-matrices as

V=B v =Ba, ¥ =pa, and ¥’ =pa,
and using 8% = I, equation (4.31) becomes

o0 Oy 0 30y
0oy 19y 209 30V _
iy o + iy o + iy 3y + iy oz my = 0.

By labelling the four y-matrices by the index y, such that y* = (3°,9',9%,7%), and
using the definition of the covariant four-derivative

0 0 0 0
8}1 = (a()a 61’82’ a3) = (Ea a’ @a 6_2)’

the Dirac equation can be expressed in the covariant form

(iy* 0, —myy = 0, (4.32)
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with the index u being treated as the Lorentz index of a four-vector and, as usual,
summation over repeated indices is implied. Despite the suggestive way in which
(4.32) is written, it is important to realise that the Dirac y-matrices are not
four-vectors; they are constant matrices which are invariant under Lorentz trans-
formations. Hence, the Lorentz covariance of the Dirac equation, which means that
it applies in all rest frames, is not immediately obvious from Equation (4.32). The
proof of the covariance of the Dirac equation and the derivation of the Lorentz
transformation properties of Dirac spinors is quite involved and is deferred to
Appendix B.2.

The properties of the y-matrices can be obtained from the properties of the
@- and S-matrices givenin (4.9), (4.11) and (4.12). For example, using 82 = I, a2 = I
and Ba, = — a, B, it follows that

") = oy fay = —ay fBay = —a? = 1.
Similarly, it is straightforward to show that the products of two y-matrices satisfy
O =1

@)=~
and y*y" = —y"y¥ for u+#v,

where the convention used here is that the index k=1, 2 or 3. The above expres-
sions can be written succinctly as the anticommutation relation

.y = vty + Yy =297, (4.33)

The y° matrix, which is equivalent to 3, is Hermitian and it is straightforward to
show that the other three gamma matrices are anti-Hermitian, for example,

Y= Ban)’ = alf’ = axf = —par =",
and hence

YT =99 and KT = k. (4.34)

Equations (4.33) and (4.34) fully define the algebra of the y-matrices, which
in itself is sufficient to define the properties of the solutions of the Dirac equa-
tion. Nevertheless, from a practical and pedagogical perspective, it is convenient to
consider a particular representation of the y-matrices. In the Dirac—Pauli represen-
tation, the y-matrices are

0 _ _ 1 0 k _ 0 (o7
% _,8_(0 7 and y" =B = —op 0 )
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where the a- and S-matrices are those defined previously. Hence in the Dirac—Pauli

representation,
10 0 0 0 001
o |01 0 o0 0 010
YZloo-1 o 0-100
00 0 -1 -1 000
(4.35)
000 —i 001 0
, | 00 o ;s | 000 -1
YL oio ol Y 7|l-100 o0
00 0 010 0

4.5.1 The adjoint spinor and the covariant current

In Section 4.3, it was shown that the probability density and the probability current
for a wavefunction satisfying the Dirac equation are respectively given by p = /Ty
and j = Yy . These two expressions can be written compactly as

i* = (o, ) = vy Oy*y, (4.36)

which follows from (y%)> =1 and y°y* = 88a = a). By considering the Lorentz
transformation properties of the four components of j*, as defined in (4.36), it can
be shown (see Appendix B.3) that j* is a four-vector. Therefore, the continuity

equation (2.20), which expresses the conservation of particle probability,

dp
—+V.j=0,
ot J

can be written in the manifestly Lorentz-invariant form of a four-vector scalar
product

B,j" = 0.

The expression for the four-vector current, j*=y7y%y*y, can be simplified by
introducing the adjoint spinor s, defined as

v =yl

The definition of the adjoint spinor allows the four-vector current j* to be written
compactly as

J* =yt (4.37)
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For completeness, it is noted that in the Dirac—Pauli representation of the
y-matrices, the adjoint spinor is simply

0

0 * * * *
~1 = (lr//17¢’2’_l7[/3’_l//4)'

0 —

- o O O

10
v=y"y" =Y = WL e |
00

4.6 Solutions to the Dirac equation
I —

The ultimate aim of this chapter is to identify explicit forms for the wavefunctions
of spin-half particles that will be used in the matrix element calculations that fol-
low. It is natural to commence this discussion by looking for free-particle plane
wave solutions of the form

W(x,1) = u(E, p)e'PxED, (4.38)

where u(E,p) is a four-component Dirac spinor and the overall wavefunction
Y(x, t) satisfies the Dirac equation

(iy"d, — m = 0. (4.39)

The position and time dependencies of the plane waves described by (4.38) occur
solely in exponent; the four-component spinor u(E, p) is a function of the energy
and momentum of the particle. Hence the derivatives d,,4 act only on the exponent
and therefore,

ooy = Z-ll; =—iEy, 0= Z—li =ipy, O =ipyy and O3y =ipy.
(4.40)
Substituting the relations of (4.40) back into (4.39) gives
OE = ' pe =¥’ py =V’ pe = mu(E, p)e®* 0 = 0,
and therefore the four-component Dirac spinor u(E, p) satisfies
'pu—mu=0, (4.41)

where, because of the covariance of the Dirac equation, the index u on the
y-matrices can be treated as a four-vector index. Equation (4.41), which contains
no derivatives, is the free-particle Dirac equation for the spinor u written in terms
of the four-momentum of the particle.
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4.6.1 Particles at rest

For a particle at rest with p =0, the free-particle wavefunction is simply
Y = u(E, 00",
and thus (4.41) reduces to
Eyou = mu.

This can be expressed as an eigenvalue equation for the components of the spinor

10 0 0)(¢ b1
01 0 Of]l¢2]_ )
Eloo-1 ofles|[™™ 05
00 0-1){¢gy b4
Because 7y is diagonal, this yields four orthogonal solutions. The first two,
1 0
0 1
u(E,0) =N 0 and uy(E,0)=N ol (4.42)
0 0
have positive energy eigenvalues, E = +m. The other two solutions,
0 0
0 0
u3(E,0) =N 1 and wy(E,0)=N ol (4.43)
0 1

have negative energy eigenvalues, £ =—m. In all cases N determines the nor-
malisation of the wavefunction. These four states are also eigenstates of the S,
operator, as defined in Section 4.4. Hence u,(E,0) and uy(E, 0) represent spin-up
and spin-down positive energy solutions to the Dirac equation, and u3(E,0) and
us(E, 0) represent spin-up and spin-down negative energy solutions. The four solu-
tions to the Dirac equation for a particle at rest, including the time dependence, are
therefore

1 0 0 0
l/ll =N 8 e—imt’ l,l’2 =N é e—imt’ 11/3 =N (1) e+imt and ‘,l’4 =N 8 e+imt.
0 0 0 1

4.6.2 General free-particle solutions

The general solutions of the free-particle Dirac equation for a particle with momen-
tum p can be obtained from the solutions for a particle at rest, using the Lorentz



94

The Dirac equation

transformation properties of Dirac spinors derived in Appendix B.2. However, it
is more straightforward to solve directly the Dirac equation for the general plane
wave solution of (4.38). The Dirac equation for the spinor u(E, p) given in (4.41)
when written in full is

(EY’ = pxy' = pyy* = poy’ —mu = 0.

This can be expressed in matrix form using the Dirac—Pauli representation of the
y-matrices, giving

I 0 0 o-p I0 B
(6 %)= So% )l § =0 (444

where the 4 X 4 matrix multiplying the four-component spinor « has been expressed
in 2 X 2 block matrix form with

- px—ipy)

p= + + =
O P =0xPx+0xpy+0xp; (Px+ipy -,

Writing the spinor u in terms of two two-component column vectors, u4 and ug,

u= ,
up
allows (4.44) to be expressed as

(E-m)] -o-p us\ g
op —-(E+mi)\ug| 7
giving coupled equations for u4 in terms of up,

o-p

Uus = T mug, (4.45)
o-p

= . 4.46

Up =zl (4.46)

Two solutions to the free-particle Dirac equation, u; and u;, can be found by taking
the two simplest orthogonal choices for u4,

uA:((l)) and uA:((])). (4.47)

The corresponding components of ug, given by (4.46), are

. 1 _;
g = o-p ( 2 Px lpy)uA,

E+m E+m\pc+ip, -p:
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and thus the first two solutions of the free-particle Dirac equation are

1 0
0 1
ul(E, p) = N1 Dz and uz(E, p) = Nz pe—ipy |>
el Eyn
E+m E+m

where N; and N, determine the wavefunction normalisation. It should be noted
that whilst the choice of the two orthogonal forms for u4 is arbitrary, any other
orthogonal choice would have been equally valid, since a general (E > 0) spinor
can be expressed as a linear combination of #; and u,. Choosing the forms of u4 of
(4.47) is analogous to choosing a particular basis for spin where conventionally the
z-axis is chosen to label the states. The two other solutions of the Dirac equation

can be found by writing
1 0
MB=(O) and u3=(1),

and using (4.45) to give the corresponding components for u,4. The four orthogonal
plane wave solutions to the free-particle Dirac equation of the form

Wi = ui(E, p)e’®*E0

are therefore

Pz
1 0 Tom
0 1 Pxtipy
ur =Ni| p. |, =N p—ip, | Us=N3 Eim and
E+m
Patip, Epn 0
E+m E+m
Px_ipy
E-m
Pz
Uy = Ny| E-m |, (4.48)
0
1

If any one of these four spinors is substituted back into the Dirac equation, the
Einstein energy—momentum relation E> = p? + m? is recovered. In the limit p=0,
the spinors u; and u; reduce to the E > 0 spinors for a particle at rest given in (4.42).
Hence u; and u;, can be identified as the positive energy spinors with

E = +|\/p2 + m?

and u3 and uy4 are the negative energy particle spinors with

E=-|\p .

’
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The same identification of u; and u, as being the positive energy spinors, and u3
and u4 as the negative energy spinors, can be reached by transforming the solu-
tions for a particle at rest into the frame where the particle has momentum p (see
Appendix B.2).

At this point it is reasonable to ask whether it is possible to interpret all four
solutions of (4.48) as having E > 0. The answer is no, as if this were the case, the
exponent of the wavefunction,

W(x, 1) = u(E, p)e'PxED,

would be the same for all four solutions. In this case the four solutions no longer
would be independent since, for example, it would be possible to express u; as the
linear combination

Pz Pxt ipy
= usz + Us.
E+m E+m

ui

Hence, there are only four independent solutions to the Dirac equation when two
are taken to have E < 0; it is not possible to avoid the need for the negative energy
solutions. The same conclusion can be reached from the fact that the Dirac Hamil-
tonian is a 4 X 4 matrix with trace zero, and therefore the sum of its eigenvalues is
zero, implying equal numbers of positive and negative energy solutions.

4.7 Antiparticles

The Dirac equation provides a beautiful mathematical framework for the relativis-
tic quantum mechanics of spin-half fermions in which the properties of spin and
magnetic moments emerge naturally. However, the presence of negative energy
solutions is unavoidable. In quantum mechanics, a complete set of basis states is
required to span the vector space, and therefore the negative energy solutions can-
not simply be discarded as being unphysical. It is therefore necessary to provide a
physical interpretation for the negative energy solutions.

4.7.1 The Diracsea interpretation

If negative energy solutions represented accessible negative energy particle states,
one would expect that all positive energy electrons would fall spontaneously into
these lower energy states. Clearly this does not occur. To avoid this apparent contra-
diction, Dirac proposed that the vacuum corresponds to the state where all negative
energy states are occupied, as indicated in Figure 4.1. In this “Dirac sea” picture,
the Pauli exclusion principle prevents positive energy electrons from falling into
the fully occupied negative energy states. Furthermore, a photon with energy
E >2m, could excite an electron from a negative energy state, leaving a hole in
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The Dirac interpretation of negative energy solutions as holes in the vacuum that correspond to antiparticle
states.

the vacuum. A hole in the vacuum would correspond to a state with more energy
(Iess negative energy) and a positive charge relative to the fully occupied vacuum.
In this way, holes in the Dirac sea correspond to positive energy antiparticles with
the opposite charge to the particle states. The Dirac sea interpretation thus pro-
vides a picture for e*e™ pair production and also particle—antiparticle annihilation
(shown in Figure 4.1). The discovery of positively charged electrons in cosmic-ray
tracks in a cloud chamber, Anderson (1933), provided the experimental confir-
mation that the antiparticles predicted by Dirac corresponded to physical observ-
able states.

Nowadays, the Dirac sea picture of the vacuum is best viewed in terms of his-
torical interest. It has a number of conceptual problems. For example, antiparticle
states for bosons are also observed and in this case the Pauli exclusion principle
does not apply. Furthermore, the fully occupied Dirac sea implies that the vacuum
has infinite negative energy and it is not clear how this can be interpreted physi-
cally. The negative energy solutions are now understood in terms of the Feynman—
Stiickelberg interpretation.

4.7.2 The Feynman-Stiickelberg interpretation

It is an experimentally established fact that for each fundamental spin-half parti-
cle there is a corresponding antiparticle. The antiparticles produced in accelerator
experiments have the opposite charges compared to the corresponding particle.
Apart from possessing different charges, antiparticles behave very much like parti-
cles; they propagate forwards in time from the point of production, ionise the gas in
tracking detectors, produce the same electromagnetic showers in the calorimeters
of large collider particle detectors, and undergo many of the same interactions as
particles. It is not straightforward to reconcile these physical observations with the
negative energy solutions that emerge from the abstract mathematics of the Dirac
equation.
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e (E>0) e (E>0)

e (E<0) e’ (E>0)

(left) The process of e™e™ annihilation in terms of a positive energy electron producing a photon and a neg-
ative energy electron propagating backwards in time. (right) The Feynman—Stiickelberg interpretation with
a positive energy positron propagating forwards in time. In both diagrams, time runs from the left to right.

The modern interpretation of the negative energy solutions, due to Stiickelberg
and Feynman, was developed in the context of quantum field theory. The E <0
solutions are interpreted as negative energy particles which propagate backwards
in time. These negative energy particle solutions correspond to physical positive
energy antiparticle states with opposite charge, which propagate forwards in time.
Since the time dependence of the wavefunction, exp (—iEt), is unchanged under
the simultaneous transformation £ — — E and t — — ¢ these two pictures are math-
ematically equivalent,

exp {—iEt} = exp {—i(—E)(-1)}.

To illustrate this idea, Figure 4.2 shows the process of electron—positron
annihilation in terms of negative energy particle solutions and in the Feynman—
Stiickelberg interpretation of these solutions as positive energy antiparticles. In the
left plot, an electron of energy E emits a photon with energy 2E and, to conserve
energy, produces a electron with energy —E, which being a negative energy solution
of the Dirac equation propagates backwards in time. In the Feynman-Stiickelberg
interpretation, shown on the right, a positive energy positron of energy E annihi-
lates with the electron with energy E to produce a photon of energy 2E. In this case,
both the particle and antiparticle propagate forwards in time. It should be noted that
although antiparticles propagate forwards in time, in a Feynman diagram they are
still drawn with an arrow in the “backwards in time” sense, as shown in the left
plot of Figure 4.2.

4.7.3 Antiparticle spinors

In principle, it is possible to perform calculations with the negative energy par-
ticle spinors u3 and u4. However, this necessitates remembering that the energy
which appears in the definition of the spinor is the negative of the physical energy.
Furthermore, because u3 and u4 are interpreted as propagating backwards in time,
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the momentum appearing in the spinor is the negative of the physical momentum.
To avoid this possible confusion, it is more convenient to work with antiparticle
spinors written in terms of the physical momentum and physical energy,
E = +|4/p? + m? |. Following the Feynman-Stiickelberg interpretation, the negative
energy particle spinors, u3 and u4, can be rewritten in terms of the physical positive
energy antiparticle spinors, vy and vy, simply by reversing the signs of E and p
to give

01 (E, p)e PXED = yy(— E, —p)e/lPx-EY]

02 (E, pe” X ED) = y3(—E, —p)ell PR,

A more formal approach to identifying the antiparticle spinors is to look for
solutions of the Dirac equation of the form

Y(x, 1) = u(E, p)e” P ED, (4.49)
where the signs in the exponent are reversed with respect to those of (4.38). For

E > 0, the wavefunctions of (4.49) still represent negative energy solutions in the
sense that

Substituting the wavefunction of (4.49) into the Dirac equation, (iy#d, — m)y =0,
gives

(—Y’E +y'px+¥?py + ¥’ p. —mp =0,
which can be written as

(y!pu +myp =0.

This is the Dirac equation in terms of momentum for the v spinors. Proceeding as
before and writing

leads to
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giving the solutions

DPx—ipy EP: 1
+
EJI—?}? Px+ir1n’y 0
vy =N 56"1 , b =N EJlrm , 3=N| p. and
E-m
1 0 Pxtipy
E-m
0
1
01 = N| po-ip, | (4.50)
E-m
—Pz
E-m

where
E=+ e

for v; and v,, and

E = -|\pT v

for v3 and v4. Hence we have now identified eight solutions to the free particle
Dirac equation, given in (4.48) and (4.50). Of these eight solutions, only four
are independent. In principle it would be possible to perform calculations using
only the u-spinors, or alternatively using only the v-spinors. Nevertheless, it is
more natural to work with the four solutions for which the energy that appears
in the spinor is the positive physical energy of the particle/antiparticle, namely
{ur, uz, 01,02}

To summarise, in terms of the physical energy, the two particle solutions to the
Dirac equation are

Wi = uzeiPxED
with
1 0
0 1
ui(p)= VE+m| p. and  wux(p) = VE+m| p—ip, |, 4.51)
E+m Etm
Pxtipy Pz
E+m E+m

and the two antiparticle solutions are

Wi = Uie—z(p-x—Et)
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with
Px—ipy Pz
% PEIFi’ly
vi(p) = VE+m E(+)m and va(p) = VE +m Eom |, (4.52)
1 0

Wavefunction normalisation

The spinors in (4.51) and (4.52) have been normalised to the conventional 2E par-
ticles per unit volume. This required normalisation factor can be found from the
definition of probability density, p = ¢y, which for ¥ = u;(p)expi(p - x — Ef) is

p =yl =" = uju.
Using the explicit form for u; of (4.48) gives
P’ AN

2FE
2
+ =
(E+m)?  (E+m)?

E+m

uJ{ul = |N|2 1+

IV

Hence, to normalise the wavefunctions to 2E particles per unit volume implies
N = VE+m.

The same normalisation factor is obtained for the u# and v spinors.

4.7.4 Operators and the antiparticle spinors

There is a subtle, but nevertheless important, point related to using the antiparticle
spinors written in terms of the physical energy and momenta,

¥ = o(E,p)e P,

The action of the normal quantum mechanical operators for energy and momentum
do not give the physical quantities,
W

Hy = iE =—Ey and Py =-iVy = —py.

The minus signs should come as no surprise; the antiparticle spinors are still the
negative energy particle solutions of the Dirac equation, albeit expressed in terms of
the physical (positive) energy E and physical momentum p of the antiparticle. The
operators which give the physical energy and momenta of the antiparticle spinors
are therefore

. 0
AY = —i— and p® = +iV,
’az P !
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where the change of sign reflects the Feynman-Stiickelberg interpretation of the
negative energy solutions. Furthermore, with the replacement (E,p) — (-E, —p),
the orbital angular momentum of a particle

L=rxp— -L.
In order for the commutator [Hp, L+ S] to remain zero for the antiparticle spinors,

the operator giving the physical spin states of the v spinors must be

a)

§Y =-§,

where § is defined in (4.29). Reverting (very briefly) to the the Dirac sea picture,

a spin-up hole in the negative energy particle sea, leaves the vacuum in a net spin-
down state.

4.7.5 *Charge conjugation

Charge conjugation is an important example of a discrete symmetry transformation
that will be discussed in depth in Chapter 14. The effect of charge conjugation is
to replace particles with the corresponding antiparticles and vice versa. In classical
dynamics, the motion of a charged particle in an electromagnetic field A* = (¢, A)
can be obtained by making the minimal substitution

E—->FE-qgp and p—p-gA, (4.53)

where ¢ and A are the scalar and vector potentials of electromagnetism and ¢ is the
charge of the particle. In four-vector notation, (4.53) can be written

Pu = Pu— qAu. (4.54)

Following the canonical procedure for moving between classical physics and quan-
tum mechanics and replacing energy and momentum by the operators p = —iV and
E = i9/dt, Equation (4.54) can be written in operator form as

0, — i0, — qA,. (4.55)

The Dirac equation for an electron with charge g = — e (where e = + |e| is the mag-
nitude of the electron charge) in the presence of an electromagnetic field can be
obtained by making the minimal substitution of (4.55) in the free-particle Dirac
equation, giving

YH(0, — ieA )Y + imy = 0. (4.56)

The equivalent equation for the positron can be obtained by first taking the complex
conjugate of (4.56) and then pre-multiplying by —iy? to give

—iy (y*) (0, + ieA W — my*y* = 0. (4.57)
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In the Dirac—Pauli representation of the y-matrices, (Y°)* =9, (y!)* =y!, (?)* =
—v? and (y®)* =93, Using these relations and y?>y* = —y#y? for u# 2, Equation
(4.57) becomes

yH @y + ieAn)iy*y” + imiy*y* = 0. (4.58)
If ¥ is defined as
W =iy,
then (4.58) can be written
YH(, + ieA )Y + imy’ = 0. (4.59)

The equation satisfied by ¢ is the same as that for i (4.56), except that the ieA,,
term now appears with the opposite sign. Hence, ¢’ is a wavefunction describing a
particle which has the same mass as the original particle but with opposite charge;
Y/’ can be interpreted as the antiparticle wavefunction. In the Dirac—Pauli represen-
tation, the charge conjugation operator C, which transforms a particle wavefunction
into the corresponding antiparticle wavefunction, therefore can be identified as

W =Cy=iyy.

The identification of C as the charge conjugation operator can be confirmed by
considering its effect on the particle spinor

'70 — ulei(p-x—Et)‘
The corresponding charge-conjugated wavefunction ¢’ is
(p/ = élﬁ = l’yzlﬁ* = l-’)/ZZ/tTe_i(p.X_Et).

The spinor part of ¢’ is

000 —i Ly Peiby

] 0 Pz

zy2u’[:l 000 VE+m| p. = VE +m| E+m
0i0 O Ttm 0

00 0 Drtipy )

which is the antiparticle spinor v; identified in Section 4.7.3. The effect of the
charge-conjugation operator on the u; particle spinor is

ipx—En C i(px—
'70 — ulel(px Et) '70/ = e i(px Et),

and likewise (up to a unobservable overall complex phase) the effect on u; is

i(px—Et) c

U= ure —5 ) = vye PXED,
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Therefore, the effect of the charge-conjugation operator on the particle spinors u;
and u, is to transform them respectively to the antiparticle spinors v; and v;.

4.8 Spin and helicity states

For particles at rest, the spinors u;(E,0) and u,(E, 0) of (4.42) are clearly eigen-
states of

00 O
-10 0

01 oy

00 -1
and therefore represent “spin-up” and “spin-down” eigenstates of the z-component
of the spin operator. However, from the forms of the « and v spinors, given in (4.51)
and (4.52), it is immediately apparent that the u;, u,, v; and v, spinors are not in
general eigenstates of S.. Nevertheless, for particles/antiparticles travelling in the
+z-direction (p = + pZ), the u and v spinors are

] 0 0 =
u N 0 u N ! v N % and v N 0
1= + s 2 = ’ 1= 2 = ’
2 0 0 !
0 ﬁ 1 0

and therefore

S.u1(E, 0,0, £p) = +3ui(E, 0,0, +p),
S.ur(E,0,0,+p) = —us(E, 0,0, £p).
For antiparticle spinors, the physical spin is given by the operator S’Z(U) =-3. and
therefore
$01(E, 0,0, +p) = ~S.01(E, 0,0, p) = +101(E, 0,0, +p),
$0y(E, 0,0, %p) = ~S.02(E, 0,0, £p) = —L02(E, 0,0, +p).
Hence for a particle/antiparticle with momentum p=(0,0, +p), the u; and v;

spinors represent spin-up states and the u; and v, spinors represent spin-down
states, as indicated in Figure 4.3.

-‘ -‘ ﬂ‘ -‘ 4- 4- 4~ 4-

Uy Us V4 Vo Uy Us Vy Vo
> Z > Z

The t, uy, vy and v, spinors for particles/antiparticles travelling in the +z-direction.
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4.8.1 Helicity

In the chapters that follow, interaction cross sections will be analysed in terms of
the spin states of the particles involved. Since the u, up, v; and vy spinors only
map onto easily identified spin states for particles travelling in the z-direction, their
use for this purpose is limited. Furthermore, since S, does not commute with the
Dirac Hamiltonian, [FID,S‘Z] # 0, it is not possible to define a basis of simulta-
neous eigenstates of S, and Hp. Rather than defining basis states in terms of an
external axis, it is more natural to introduce to concept of helicity. As illustrated in
Figure 4.4, the helicity 4 of a particle is defined as the normalised component of its
spin along its direction of flight,

S.
h=2P (4.60)
p
For a four-component Dirac spinor, the helicity operator is
. 2p 1({oc-p O
h="2%=-__ A, 4.61
2p 2 ( 0 o- p) tob

where P is the momentum operator. From the form of the Dirac Hamiltonian (4.18),
it follows that [I-AID,)A:-f)] =0 and therefore i commutes with the free-particle
Hamiltonian. Consequently, it is possible to identify spinor states which are simul-
taneous eigenstates of the free particle Dirac Hamiltonian and the helicity oper-
ator. For a spin-half particle, the component of spin measured along any axis is
quantised to be either +1/2. Consequently, the eigenvalues of the helicity operator
acting on a Dirac spinor are +1/2. The two possible helicity states for a spin-
half fermion are termed right-handed and left-handed helicity states, as shown in
Figure 4.5. Whilst helicity is an important concept in particle physics, it is impor-
tant to remember that helicity is not Lorentz invariant; for particles with mass, it
is always possible to transform into a frame in which the direction of the parti-
cle is reversed. The related Lorentz-invariant concept of chirality is introduced in
Chapter 6.

The definition of helicity as the projection of the spin of a particle along its direction of motion.
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The two helicity eigenstates for a spin-half fermion. The h = +1/2and h = —1/2 states are respectively
referred to as right-handed (RH) and left-handed (LH) helicity states.

The simultaneous eigenstates of the free particle Dirac Hamiltonian and the
helicity operator are solutions to the Dirac equation which also satisfy the eigen-
value equation,

hu = Au.

Writing the spinor in terms of two two-component column vectors u4 and ug, and
using the helicity operator defined above, this eigenvalue equation can be written

ol 70" o)1)= ()
il =1 ,
2p 0 o-p/\up Up

(0 Plua = 2p Aua, (4.62)
(o - p)ug = 2p Aug. (4.63)

implying that

The eigenvalues of the helicity operator can be obtained by multiplying (4.62) by
o - p and noting (see Problem 4.10) that (o - p)*> = p?, from which it follows that

pua = 2pA(0 - Plua = 4p* Pug,

and therefore, as anticipated, 4 = +1/2. Because the spinors corresponding to the
two helicity states are also eigenstates of the Dirac equation, u4 and up are related
by (4.46),

(o plua = (E + mugp,

which when combined with (4.62) gives

ug = 2/1( )uA. (4.64)

E+m
Therefore for a helicity eigenstate, up is proportional to u4 and once (4.62) is
solved to obtain u4, the corresponding equation for ug (4.63) is automatically
satisfied.

Equation (4.62) is most easily solved by expressing the helicity states in terms
of spherical polar coordinates where

p = (psinfcos ¢, psinfsin ¢, pcosb),
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and the helicity operator can be written as
1 1 p:  Px—ip
_(0' . ) = — ( Z. y
27 YT\ peting,  -p
_1( cos6 singe™
" 2\ sin@e’® —cosf |

Writing the components of uy4 as

the eigenvalue equation of (4.62) becomes

cos sinfe \(a _0a(¢
sin@e® —cos® J\b |~ b
and therefore the ratio of b/a is equal to

b _ 21 —cos Heid{

a sin @

For the right-handed helicity state with 4 = +1/2,

b 1-cosf ;, 2sin” (g) 6 _ s sin(g)

a  sinf - 25in(§)cos (g) - cos (g)
Using the relation between u4 and up from (4.64), the right-handed helicity particle
spinor, denoted uy, then can be identified as

P g i (8
me i¢ sin (5)
where N = VE + m is the overall normalisation factor. The left-handed helicity
spinor with i1 =—1/2, denoted u|, can be found in the same manner and thus the
right-handed and left-handed helicity particle spinors, normalised to 2E particles
per unit volume, are

c )
sei¢ Cei¢
FmC FamS
D gt _ D it

E+m
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Particles Antiparticles

RI-% LV R% L%
up uy Ve vy
The helicity eigenstates for spin-half particles and antiparticles.

where s = sin (g) and ¢ = cos (g) The corresponding antiparticle states, vy and v,
are obtained in the same way remembering that the physical spin of an antiparticle

spinor is given by V= S, and hence for the & = +1/2 antiparticle state

[z

__1
2p )UT = —3U1.

The resulting normalised antiparticle helicity spinors are

p p

Tem®S TmC
__P i _P_ it
v=VE+m E+m ¢ vy = VE+m Erm S | (4.66)
—-s c
ce'® se'®

The four helicity states of (4.65) and (4.66), which correspond to the states shown
in Figure 4.6, form the helicity basis that is used to describe particles and antipar-
ticles in the calculations that follow. In many of these calculations, the energies
of the particles being considered are much greater than their masses. In this ultra-
relativistic limit (E > m) the helicity eigenstates can be approximated by

c —s S c
i¢ i¢ PN (1) i¢

uTz\/E Sec X uiz\/E Ci R sz‘/E fi and vlz\/f Si . 4.67)
se'? —ce'? ce'® se'd

It should be remembered that the above spinors all can be multiplied by an overall
complex phase with no change in any physical predictions.

4.9 Intrinsic parity of Dirac fermions
|

Charge conjugation, discussed in Section 4.7.5, is one example of a discrete sym-
metry transformation, particle < antiparticle. Another example is the parity



109

4.9 Intrinsic parity of Dirac fermions

transformation, which corresponds to spatial inversion through the origin,

/ ’ ’

X=-x, y=-y, 7 =-z and ¢

"=
Parity is an important concept in particle physics because both the QED and QCD
interactions always conserve parity. To understand why this is the case (which is
explained in Chapter 11), we will need to use the parity transformation properties
of Dirac spinors and will need to identify the corresponding parity operator which
acts on solutions of the Dirac equation.

Suppose ¥ is a solution of the Dirac equation and ¢’ is the corresponding solu-
tion in the “parity mirror” obtained from the action of the parity operator P
such that

vy =Py
From the definition of the parity operation, the effect of two successive parity

transformations is to recover the original wavefunction. Consequently P2 =7
and thus

Y= P(ﬂ = P(ﬁ, =y.

The form of the parity operator can be deduced by considering a wavefunction
W(x,y, z, t) which satisfies the free-particle Dirac equation,

(4.68)

The parity transformed wavefunction ¢’ (x’, y’, 7', t') = 131//(x, Yy, z, ) must satisty the
Dirac equation in the new coordinate system

10y 200 300 r 00
= —iy —. 4.6
76x+ya +76, my D (4.69)
Writing ¢ = Py/, equation (4.68) becomes
RPN/ ACON |/ AN 1/ A oAy
1 2 3 , 0
P— P— P —mPy' = —iy"P—.
Iy o + 1y a9 + 1y 2 mPy 1y o

Premultiplying by y° and expressing the derivatives in terms of the primed system
(which introduces minus signs for all the space-like coordinates) gives

P 50 1.0 Y7
—iy%y'P aw — iy’ ;’, Yy P ;’, —my"Py’ = —iy™°P adt/"
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which using y%9% = — ¥%90 can be written
NG/ NG.Vd NGV . n
iylyOPi + iyzyOPi + iy3yoPi —-my’ Py’ = —iy%yOP
ox' oy’ 07

oy’

-—. 4.70
o (4.70)

In order for (4.70) to reduce to the desired form of (4.69), )/OIAJ must be proportional
to the 4 X 4 identity matrix,

’)/OPOCI.

In addition, P% = I and therefore the parity operator for Dirac spinors can be iden-
tified as either

P=+° or P=-0

It is conventional to choose P = +9° such that under the parity transformation, the
form of the Dirac equation is unchanged provided the Dirac spinors transform as

v — Py =5%. (4.71)

The intrinsic parity of a fundamental particle is defined by the action of the parity
operator P =" on a spinor for a particle at rest. For example, the u; spinor for a
particle at rest given by (4.42), is an eigenstate of the parity operator with

10 0 O 1

N 01 0 O 0

Puy :youl =00 -1 o V2m 0 = +u.
00 0 -1 0

Similarly, Puy =+ up, Pvy=—v; and Pvy=—v0,. Hence the intrinsic parity of a
fundamental spin-half particle is opposite to that of a fundamental spin-half
antiparticle.

The conventional choice of P =+ rather than P = —+°, corresponds to defin-
ing the intrinsic parity of particles to be positive and the intrinsic parity of antipar-
ticles to be negative,

Pu(m,0) = +u(m,0) and Pu(m,0) = —v(m, 0).

Since particles and antiparticles are always created and destroyed in pairs, this
choice of sign has no physical consequence. Finally, it is straightforward to verify
that the action of the parity operator on Dirac spinors corresponding to a particle
with momentum p reverses the momentum but does not change the spin state, for
example

Puy(E,p) = +ui(E, —p).
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Summary
- __________________________________________________________________________________|

This chapter described the foundations of relativistic quantum mechanics and it is
worth reiterating the main points. The formulation of relativistic quantum mechan-
ics in terms of the Dirac equation, which is linear in both time and space derivatives,
Hpy = (a -+ pm)y = ig—‘f,
implies new degrees of freedom of the wavefunction. Solutions to the Dirac equa-
tion are represented by four-component Dirac spinors. These solutions provide
a natural description of the spin of the fundamental fermions and antifermions.
The E <0 solutions to the Dirac equation are interpreted as negative energy parti-
cles propagating backwards in time, or equivalently, the physical positive energy
antiparticles propagating forwards in time.
The Dirac equation is usually expressed in terms of four y-matrices,

(iy*0, —myy = 0.

The properties of the solutions to the Dirac equation are fully defined by the algebra
of the y-matrices. Nevertheless, explicit free-particle solutions were derived using
the Dirac—Pauli representation. The four-vector probability current can be written
in terms of the y-matrices

J* = Ty v e = gyt

where i is the adjoint spinor defined as i = 7. The four-vector current will play
a central role in the description of particle interactions through the exchange of
force-carrying particles.

The solutions to the Dirac equation provide the relativistic quantum mechanical
description of spin-half particles and antiparticles. In particular the states uq, uj,
vy and v}, which are simultaneous eigenstates of the Dirac Hamiltonian and the
helicity operator, form a suitable basis for the calculations of cross sections and
decay rates that follow.

Finally, two discrete symmetry transformations were introduced, charge conju-
gation and parity, with corresponding operators

g - Cy=iy’y" and y— Py=9".

The transformation properties of the fundamental interactions under parity and
charge-conjugation operations will be discussed in detail in the context of the weak
interaction.
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Problems

41

4.2
43

44

4.5

4.6

4.7

4.8

4.9

Show that
[p".Fx P =0,

and hence the Hamiltonian of the free-particle Schrodinger equation commutes with the angular momentum
operator.

Show that u; and u; are orthogonal, i.e. u?'uz =0.

Verify the statement that the Einstein energy—momentum relationship is recovered if any of the four Dirac
spinors of (4.48) are substituted into the Dirac equation written in terms of momentum, (y#p,, — m)u = 0.

For a particle with four-momentum p# = (E, p), the general solution to the free-particle Dirac Equation can
be written

Y(p) = [aun(p) + bur(p) 1 P>~
Using the explicit forms for u; and u,, show that the four-vector current j* = (p, j) is given by
j* = 2p*.

Furthermore, show that the resulting probability density and probability current are consistent with a particle
moving with velocity 8 = p/E.

Writing the four-component spinor u; in terms of two two-component vectors

u
U:(A)’
ug

show that in the non-relativistic limit, where 8 = v/c¢ << 1, the components of up are smaller than those of
uy by afactorv/c.

By considering the three casesut = v = 0,4 = v # 0and u # v show that
Y Yy ="
By operating on the Dirac equation,
(iy" 0y —myy =0,
with y*d,, prove that the components of i satisfy the Klein—Gordon equation,
(0", +mhyy = 0.

Show that

" ="y
Starting from

(VP —myu =0,
show that the corresponding equation for the adjoint spinor is

E(V”Py -m)=0.
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Problems

4.0

an

4.12

413

414

415

Hence, without using the explicit form for the u spinors, show that the normalisation condition u'u = 2£
leads to

uu = 2m,
and that
uytu = 2p*.
Demonstrate that the two relations of Equation (4.45) are consistent by showing that
(o-p)}=p.

Consider the e*e™ — 7 — e*e™ annihilation process in the centre-of-mass frame where the energy of the
photon is 2E. Discuss energy and charge conservation for the two cases where:

(a) thenegative energy solutions of the Dirac equation are interpreted as negative energy particles propagating
backwards in time;

(b) the negative energy solutions of the Dirac equation are interpreted as positive energy antiparticles propa-
gating forwards in time.

Verify that the helicity operator

commutes with the Dirac Hamiltonian,
Hy=a-p+pm.

Show that

Pur(6,¢) = uy(m — 6,7 + ¢),
and comment on the result.
Under the combined operation of parity and charge conjugation (CP) spinors transform as

oy =Py =iy

Show that up to an overall complex phase factor

Pur(6,¢) = vi(m — 6,0 + p).

Starting from the Dirac equation, derive the identity

77, ’ 1 s ’ / i_ / vV
u(p"yy*u(p) = 5 1PP +p ) u(p) + —u(p YZH g u(p),
whereq = p’ — pand = = f[y*,y"].



Interaction by particle exchange

4 In the modern understanding of particle physics, the interactions between par- )

ticles are mediated by the exchange of force carrying gauge bosons. The rig-
orous theoretical formalism for describing these interactions is Quantum Field
Theory, which is beyond the scope of this book. Here the concepts are devel-
oped in the context of relativistic quantum mechanics. The main purpose of
this short chapter is to describe how interactions arise from the exchange of
virtual particles and to provide an introduction to Quantum Electrodynamics.

5.1 First- and second-order perturbation theory

In quantum mechanics, the transition rate I'y; between an initial state / and a final
state f is given by Fermi’s golden rule I'y; = 27r|Tf,-|2p(E 1), where T'; is the transi-
tion matrix element, given by the perturbation expansion

. SIVINGIVID
Ty = (fIV]i) + _— 4 ..

The first two terms in the perturbation series can be viewed as “scattering in a
potential” and “scattering via an intermediate state j” as indicated in Figure 5.1. In
the classical picture of interactions, particles act as sources of fields that give rise
to a potential in which other particles scatter.

In quantum mechanics, the process of scattering in a static potential corres-
ponds to the first-order term in the perturbation expansion, {f|V[i). This picture of

Vi

(00 Scattering in an external potential V5 and scattering via an intermediate state, j.

N4
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Space
Space

Time Time

Two possible time-orderings for the processa + b — ¢ + d.

scattering in the potential produced by another particle is unsatisfactory on a
number of levels. When a particle scatters in a potential there is a transfer of
momentum from one particle to another without any apparent mediating body.
Furthermore, the description of forces in terms of potentials seems to imply that
if a distant particle were moved suddenly, the potential due to that particle would
change instantaneously at all points in space, seemingly in violation the special
theory of relativity. In Quantum Field Theory, interactions between particles are
mediated by the exchange of other particles and there is no mysterious action at a
distance. The forces between particles result from the transfer of the momentum
carried by the exchanged particle.

5.1.1 Time-ordered perturbation theory

The process of interaction by particle exchange can be formulated by using time-
ordered perturbation theory. Consider the particle interaction, a+b — ¢ +d, which
can occur via an intermediate state corresponding to the exchange of a particle X.
There are two possible space-time pictures for this process, shown in Figure 5.2. In
the first space-time picture, the initial state |i) corresponds to the particles a + b, the
intermediate state |j) corresponds to ¢ + b + X, and the final state |f) corresponds
to ¢ + d. In this time-ordered diagram, particle a can be thought of as emitting the
exchanged particle X, and then at a later time X is absorbed by b. In QED this
could correspond to an electron emitting a photon that is subsequently absorbed by
a second electron. The corresponding term in the quantum-mechanical perturbation
expansion is

Tab _ SIVIHGIVIDY — (dIVIX + b)(c + X|V]a)
fi = E;—E;  (Eq+Ep)—(Ec+Ex+Ep)

G.D

The notation T“f refers to the time ordering where the interaction between a and X
occurs before that between X and b. It should be noted that the energy of the inter-
mediate state is not equal to that of the initial state, E; # E;, which is allowed for a
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short period of time by the energy—time uncertainty relation of quantum mechan-
ics given by Equation (2.47). The interactions at the two vertices are defined by the
non-invariant matrix elements V;; = (¢ + X|V]a) and V¢; = (d|V|X + b). Following
the arguments of Section 3.2.1, the non-invariant matrix element V}; is related to
the Lorentz-invariant (LI) matrix element M; by

Vii= M;i l_[(2Ek)_1/2,
k

where the index k runs over the particles involved. In this case

Ma—)c+X
(QE,2E2Ex)V1?’

where M, _,..x is the LI matrix element for the fundamental interaction a — ¢ + X.
The requirement that the matrix element M,_,..x is Lorentz invariant places strong
constraints on its possible mathematical structure. To illustrate the concept of inter-
action by particle exchange, the simplest possible Lorentz-invariant coupling is
assumed here, namely a scalar. In this case, the LI matrix element is simply
Muserx = g, and thus

le‘ = <C + XIVIa} =

9a
(QE,2E.2Ex)1/2°

and the magnitude of the coupling constant g, is a measure of the strength of the
scalar interaction. Similarly

Vii = {c+ X|V]a) =

9b

(RE,2E2Ex)112°
where g, is the coupling strength at the b + X — d interaction vertex. Therefore,
with the assumed scalar form for the interaction, the second-order term in the per-
turbation series of (5.1) is

ab _ d|VIX + b){c + X|V|a)

1 (Ea+ Ep) = (Ec + Ex + Ep)

— 1 . 1 . 9a9b
2Ex (QE2E,2E2E)'? (E, - E.—Ex)

The LI matrix element for the process a + b — ¢ +d is related to the corresponding
transition matrix element by (3.9),

M = QEL2E2E2E) T4,

Vi = (d|VIX + by =

5.2)

and thus from (5.2),

1 . 9a9b
2EX (Ea - Ec - EX)'

The matrix element of (5.3) is Lorentz invariant in the sense that it is defined in
terms of wavefunctions with an appropriate LI normalisation and has an LI scalar

ab _
M = (5.3)
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Vu U Vu s

The two lowest-order time-ordered diagrams contributing to e v, — VL™ scattering.

form for the interaction. It should be noted that for this second-order process in
perturbation theory, momentum is conserved at the interaction vertices but energy
is not, E; # E;. Furthermore, the exchanged particle X satisfies the usual energy—
momentum relationship, E}z( = pg( + mi, and is termed “on-mass shell”.

The second possible time-ordering for the process @ + b — ¢ + d is shown in the
right-hand plot of Figure 5.2 and corresponds to b emitting X which is subsequently
absorbed by a. The exchanged particle X in this time-ordering is assumed to have
the same mass as X but has opposite charge(s). This must be the case if charge is to
be conserved at each vertex. For example, in the process of e”v,, — Ve~ scattering,
shown Figure 5.3, one of the time-ordered diagrams involves the exchange of a W~
and the other time-ordered diagram involves the exchange of a W*. In the case of
a QED process, there is no need to make this distinction for the neutral photon.

By repeating the steps that led to (5.3), it is straightforward to show that the LI
matrix element for the second time-ordered diagram of Figure 5.2 is

ba _ 1 9a9b
M= 3 & - Ea—En
In quantum mechanics the different amplitudes for a process need to be summed
to obtain the total amplitude. Here the total amplitude (at lowest order) is given by
the sum of the two time-ordered amplitudes

Myi = M3 + My

_ 9a9b ) 1 + 1

2Ex \E,—-E.-Ex E,-E;—Ex)’
which, using energy conservation Ej, — E; = E. — E,, can be written
1 1
Mfl — g(lgb . _

2EX E,—-E.—Ex E,—-E.+ Ex

_ 9a9b
(Eq— Ec)* —E%

5.4)

For both time-ordered diagrams, the energy of the exchanged particle E is related
to its momentum by the usual Einstein energy—momentum relation, E§ = pg( + mg(
Since momentum is conserved at each interaction vertex, for the first time-ordered
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process py=(p,—P.)- In the case of the second time-ordered process py =
(P, —Py) =- (p, —P.)- Consequently, for both time-ordered diagrams the energy
of the exchanged particle can be written as

E)2( = pff +m§ =(p, —pc)2 +m§.

Substituting this expression for E)z( into (5.4) leads to

9a9b
My = (5.5
(Eq — E.)? - (Pa — pc)2 - mi
_ 9a9b
(Pa — P)? — m

where p, and p. are the respective four-momenta of particles a and c. Finally writ-
ing the four-momentum of the exchanged virtual particle X as

q = Pa — Pcs
gives
9agb
M= . (5.6)
q- —my

This is a remarkable result. The sum over the two possible time-ordered diagrams
in second-order perturbation theory has produced an expression for the interaction
matrix element that depends on the four-vector scalar product ¢> and is therefore
manifestly Lorentz invariant. In (5.6) the terms g, and g; are associated with the

interaction vertices and the term
1
3 _ A0 5.7)
q*—m

is referred to as the propagator, is associated with the exchanged particle.

5.2 Feynman diagrams and virtual particles
I —

In Quantum Field Theory, the sum over all possible time-orderings is represented
by a Feynman diagram. The left-hand side of the diagram represents the initial
state, and the right-hand side represents the final state. Everything in between rep-
resents the manner in which the interaction happened, regardless of the ordering
in time. The Feynman diagram for the scattering process a + b — ¢ + d, shown in
Figure 5.4, therefore represents the sum over the two possible time-orderings. The
exchanged particles which appear in the intermediate state of a Feynman diagram,
are referred to as virtual particles. A virtual particle is a mathematical construct
representing the effect of summing over all possible time-ordered diagrams and,
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X1

b d b d b d

The relation between the Feynman diagram fora+b — ¢+ d scattering and the two possible time-ordered
diagrams.

where appropriate, summing over the possible polarisation states of the exchanged
particle.

From (5.5) it can be seen that the four-momentum ¢ which appears in the propa-
gator is given by the difference between the four-momenta of the particles entering
and leaving the interaction vertex, g = p, — pc = pa — P»- Hence g can be thought of
as the four-momentum of the exchanged virtual particle. By expressing the inter-
action in terms of the exchange of a virtual particle with four-momentum ¢, both
momentum and energy are conserved at the interaction vertices of a
Feynman diagram. This is not the case for the individual time-ordered diagrams,
where energy is not conserved at a vertex. Because the ¢>-dependence of the prop-
agator is determined by the four-momenta of the incoming and outgoing particles,
the virtual particle (which really represents the effect of the sum of all time-ordered
diagrams) does not satisfy the Einstein energy—momentum relationship and it is
termed off mass-shell, ¢° # mi Whilst the effects of the exchanged particles are
observable through the forces they mediate, they are not directly detectable. To
observe the exchanged particle would require its interaction with another particle
and this would be a different Feynman diagram with additional (and possibly dif-
ferent) virtual particles.

The four-momentum ¢ which appears in the propagator can be determined from
the conservation of four-momentum at the interaction vertices. For example,
Figure 5.5 shows the Feynman diagrams for the s-channel annihilation and the
t-channel scattering processes introduced in Section 2.2.3. For the annihilation pro-
cess, the four-momentum of the exchanged virtual particle is

q=Pp1+p2=p3+ps,

and therefore ¢> = (p; + p2)* which is the Mandelstam s variable. Previously (2.13)
it was shown that s =(E] + E;)z, where E7} and EJ are the energies of the initial-
state particles in the centre-of-mass frame. Consequently, for an s-channel pro-
cess ¢> >0 and the exchanged virtual particle is termed “time-like” (the square of
the time-like component of ¢ is larger than the sum of the squares of the three
space-like components). For the #-channel scattering diagram of Figure 5.5, the
four momentum of the exchanged particle is given by ¢ = p1 — p3 = p4 — p». In this
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P4 P3 2 Ps

P2 p.
P2 P4 !

b d b d

Feynman diagrams for illustrative s-channel annihilation and ¢-channel scattering processes.

case ¢ is equal to the Mandelstam ¢ variable. In Chapter 8 it will be shown that, for
a t-channel process, ¢° is always less than zero and the exchanged virtual particle
is termed “space-like”.

5.2.1 Scatteringin a potential

The covariant formulation of a scalar interaction in terms of the exchange of (vir-
tual) particles leads to a Lorentz-invariant matrix element of the form

My = 292 (5.8)
q- —my

This was derived by considering the second-order term in the perturbation expan-
sion for Ty;. It is reasonable to ask how this picture of interaction by particle
exchange relates to the familiar concept of scattering in a potential. For example,
the differential cross section for the scattering of non-relativistic electrons (v < c¢)
in the electrostatic field of a stationary proton can be calculated using first pertur-
bation theory with

M = WVl = f LG (5.9)

where V(r) is the effective static electrostatic potential due to the proton and
Y; and s are the wavefunctions of the initial and final-state electron. In the
non-relativistic limit, this approach successfully reproduces the experimental data.
However, the concept of scattering from a static potential is intrinsically not
Lorentz invariant; the integral in matrix element of (5.9) only involves spatial
coordinates.

The covariant picture of scattering via particle exchange applies equally in the
non-relativistic and highly relativistic limits. In the non-relativistic limit, the form
of the static potential used in first-order perturbation theory is that which repro-
duces the results of the more general treatment of the scattering process in terms
of particle exchange. For example, the form of the potential V(r) that reproduces
the low-energy limit of scattering with the matrix element of (5.8) is the
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Yukawa potential

e—mr

V(©) = gagp——
In this way, it is possible relate the formalism of interaction by particle exchange
to the more familiar (non-relativistic) concept of scattering in a static potential. For
an interaction involving the exchange of a massless particle, such as the photon,
the Yukawa potential reduces to the usual 1/r form of the Coulomb potential.

5.3 Introduction to QED

Quantum Electrodynamics (QED) is the Quantum Field Theory of the electromag-
netic interaction. A first-principles derivation of the QED interaction from QFT
goes beyond the scope of this book. Nevertheless, the basic interaction and cor-
responding Feynman rules can be obtained following the arguments presented in
Section 5.1.1. The LI matrix element for a scalar interaction, given in (5.6), is
composed of three parts: the strength of interaction at each of the two vertices,
WelVIa) and (YalVIys), and the propagator for the exchanged virtual particle of
mass my, which can be written as

M= WVt —— WalVit). (5.10)
q- —my
In the previous example, the simplest Lorentz-invariant choice for the interaction
vertex was used, namely a scalar interaction of the form (y|V|¢) « g. To obtain the
QED matrix element for a scattering process, such as that shown in Figure 5.6, the
corresponding expression for the QED interaction vertex is required. Furthermore,
for the exchange of the photon, which is a spin-1 particle, it is necessary to sum
over the quantum-mechanical amplitudes for the possible polarisation states.
The free photon field A, can be written in terms of a plane wave and a four-vector
£W for the polarisation state A,

Ay = 8}(?) PPx—ED)

The Feynman diagram for the QED scattering processe™t~ — e™t".
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The properties of the free photon field in classical electromagnetism are discussed
in detail in Appendix D. For a real (as opposed to virtual) photon, the polarisation
vector is always transverse to the direction of motion. Thus, a photon propagating
in the z-direction can be described by two orthogonal polarisation states

e =(0,1,0,0) and &2 =(0,0,1,0).

The fundamental interaction between a fermion with charge ¢ and an electro-
magnetic field described by a four-potential A, = (¢, A) can be obtained by making
the minimal substitution (see Section 4.7.5)

Oy — 0, +1iqA,,

where A, =(¢,—A) and J,, =(d/0t,+V). With this substitution, the free-particle
Dirac equation becomes

YHO + igy" A + imy = 0. (5.11)

This is the wave equation for a spin-half particle in the presence of the electro-
magnetic field A;,. The interaction Hamiltonian can be obtained by pre-multiplying
(5.11) by iy to give

oy
i+ iy'y - Yy — gy y* Ay — myy = 0,

where ¥ - V is shorthand for y! % + yZ% +93 a%. Since
N oy
Hy =i—,
v ot

the Hamiltonian for a spin-half particle in an electromagnetic field can be
identified as

H=my° - iy’ - V) + ¢y°y"A,. (5.12)

The first term on the RHS of (5.12) is just the free-particle Hamiltonian Hp already
discussed in Chapter 4, and therefore can be identified as the combined rest mass
and kinetic energy of the particle. The final term on the RHS of (5.12) is the contri-
bution to the Hamiltonian from the interaction and thus the potential energy oper-
ator can be identified as

Vb = ¢y'v"A,. (5.13)
This result appears reasonable since the time-like (u=0) contribution to Vj is

qy°y°A¢ = g, which is just the normal expression for the energy of a charge g
in the scalar potential ¢.
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The Lorentz-invariant matrix element for the QED process of e™t~ — e~ 1~ scat-
tering, shown in Figure 5.6, can be obtained by using the potential of (5.13) for the
interaction at the e”vy vertex (labelled by the index u)

WPIIVplp(p) = ul(p3) Oeey’y e ue(p),

where the charge g = Qe is expressed in terms of the magnitude of charge of the
electron (such that Q. = — 1). Since the wavefunctions are four-component spinors,
the final-state particle necessarily appears as the Hermitian conjugate u'(p3)=
u*T(p3) rather than u*(p3). Similarly, the interaction at the Tt~y vertex (labelled
V) can be written as

ul (pa) 0rey™y' e un(p2).

The QED matrix element is obtained by summing over both the two possible
time orderings and the possible polarisation states of the virtual photon. The sum
over the two time-ordered diagrams follows directly from the previous result of
(5.10). Hence the Lorentz-invariant matrix element for this QED process, which
now includes the additional sum over the photon polarisation, is

M= Z[ue<p3>Qeew ne(p)]e 9*"[ui(m)Qrey"quT(pz)]. (5.14)

In Appendix D.4.3, it is shown that the sum over the polarisation states of the
virtual photon can be taken to be

A /l*
()() G

and therefore (5.14) becomes
-9
M= Qe ui(pz)yov”ue(pl)]ﬁ[ re 1 (pa)y"y ux(p2)]. (5.15)
This can be written in a more compact form using the adjoint spinors defined by
v =y,

[Qee ue(P3)'yﬂue(P1)] [Q‘re ur(P4))’ Mr(Pz)] (5.16)

In Appendix B.3 it is shown that the combination of spinors and y-matrices j* =
u(p)y*u(p’) forms as contravariant four-vector under Lorentz boosts. By writing
the four-vector currents

Jo =Ttue(p3)y*ue(pr) and Y = ur(pa)y’us(p2). (5.17)

Equation (5.16) can be written in the manifestly Lorentz-invariant form of a four-
vector scalar product

- 0.0, It (5.18)
q
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This demonstrates that the interaction potential of (5.13) gives rise to a Lorentz-
invariant description of the electromagnetic interaction.

5.4 Feynman rules for QED

A rigorous derivation of the matrix element of (5.16) can be obtained in the frame-
work of quantum field theory. Nevertheless, the treatment described here shares
some of the features of the full QED derivation, namely the summation over all
possible time-orderings and polarisation states of the massless photon which gives
rise to the photon propagator term g,,, / ¢°, and the Qewy*u form of the QED inter-
action between a fermion and photon. The expression for the matrix element of
(5.16) hides a lot of complexity. If every time we were presented with a new
Feynman diagram, it was necessary to derive the matrix element from first prin-
ciples, this would be extremely time consuming. Fortunately this is not the case;
the matrix element for any Feynman diagram can be written down immediately by
following a simple set of rules that are derived formally from QFT.

There are three basic elements to the matrix element corresponding to the
Feynman diagram of Figure 5.6: (i) the Dirac spinors for the external fermions
(the initial- and final-state particles); (ii) a propagator term for the virtual photon;
and (iii) a vertex factor at each interaction vertex. For each of these elements of the
Feynman diagram, there is a Feynman rule for the corresponding term in the matrix
element. The product of all of these terms is equivalent to —iM. In their simplest
form, the Feynman rules for QED, which can be used to calculate lowest-order
cross sections, are as follows.

initial-state particle: u(p) ——e
final-state particle: u(p) —p——
initial-state antiparticle: v(p) ——-—o
final-state antiparticle: v(p) r—a—
initial-state photon: eu(p) Ao
final-state photon: £,(p) o~~~
i
photon propagator: - g_;zw oo
q
g+ m)

fermion propagator: 5 5
qc—m

QED vertex: —iQey* \\g/
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u(p3)liey"Ju(p1)

_iguv
6]2

u(py)liey”lu(pz)

The Feynman diagram for the QED scattering process e"t~ — et~ and the associated elements of the
matrix element constructed from the Feynman rules. The matrix element is comprised of a term for the elec-
tron current, a term for the tau-lepton current and a term for the photon propagator.

It should be noted that in QED, the fundamental interaction is between a single
photon and two spin-half fermions; there is no QED vertex connecting more than
three particles. For this reason, all valid QED processes are described by Feynman
diagrams formed from the basic three-particle QED vertex.

The use of the Feynman rules is best illustrated by example. Consider again the
Feynman diagram for the process e"t~ — e 1", shown in Figure 5.7. The indices
u and v label the two interaction vertices. Applying the Feynman rules to the elec-
tron current, gives an adjoint spinor for the final-state electron, a factor iey* for
the interaction vertex labelled by u, and a spinor for the initial-state electron. The
adjoint spinor is always written first and thus the contribution to the matrix element
from the electron current is

u(p3)liey"Ju(p).
The same procedure applied to the tau-lepton current gives
u(pa)liey"lu(p2).
Finally, the photon propagator contributes a factor
~igu
7
The product of these three terms gives —iM and therefore

=M = [{ps ey u(po)l 3 [T(pliey Ju(p)], (5.19)

which is equivalent to the expression of (5.16), which was obtained from first prin-
ciple arguments.
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5.4.1 Treatment of antiparticles

The Feynman diagram for the s-channel annihilation process e*e™ - u*u™ is
shown in Figure 5.8. Antiparticles are represented by lines in the negative time
direction, reflecting the interpretation of the negative energy solutions to Dirac
equation as particles which travel backwards in time. It is straightforward to obtain
the matrix element for e*e™ — p*u~ from the Feynman rules. The part of the matrix
element due to the electron and muon currents are, respectively,

v(po)liey*lu(p1) and  u(p3)liey”]v(ps),

where v-spinors are used to describe the antiparticles. As before, the photon prop-
agator is
_ig,uv
P

Hence the matrix element for ete™ — p*u™ annihilation is given by

—iM = [fpa)iey™ u(p1)] —22 [@(p3 iy Jo(pa)]. (5.20)

The QED matrix element for the s-channel annihilation process e*e™ — u*tu~
given by (5.20) is very similar to that for the 7-channel scattering process e 1~ —
e 1~ given by (5.19). Apart from the presence of the v-spinors for antiparticles,
the only difference is the order in which the particles appear in the expressions for
the currents. Fortunately, it is not necessary to remember the Feynman rules that
specify whether a particle/antiparticle appears in the matrix element as a spinor
or as an adjoint spinor, there is an easy mnemonic; the first particle encountered
when following the line representing a fermion current from the end to the start in
the direction against the sense of the arrows, always appears as the adjoint spinor.
For example, in Figure 5.8, the incoming e* and outgoing w~ are written as adjoint
spinors.

€ u
P4 P3
Y
u %
P2 Py
e’ p

The lowest-order Feynman diagram for the QED annihilation processe*e™ — u*u™.
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Problems

Summary
- ________________________________________________________________________________|

This chapter described the basic ideas behind the description of particle interactions
in terms of particle exchange and provided an introduction to the Feynman rules of
QED. A number of important concepts were introduced. The sum of all possible
time-ordered diagrams results in a Lorentz-invariant (LI) matrix element including
propagator terms for the exchanged virtual particles of the form

1
The four-momentum appearing in the propagator term was shown to be determined
by energy and momentum conservation at the interaction vertices.

The matrix element for a particular process is then constructed from propagator
terms for the virtual particles and vertex factors. In QED, the interaction between
a photon and a charged fermion has the form

ieQuryu,

where u; is the spinor for the initial-state particle and uy is the adjoint spinor for
the final-state particle. Finally, for each element of a Feynman diagram there is a
corresponding Feynman rule which can be used to construct the matrix element for
the diagram.

Problems
|

@ 5.1  Draw the two time-ordered diagrams for the s-channel process shown in Figure 5.5. By repeating the steps of

Section 5.1.1, show that the propagator has the same form as obtained for the t-channel process.

Hint: one of the time-ordered diagrams is non-intuitive, remember that in second-order perturbation theory
the intermediate state does not conserve energy.

@ 5.2 Draw the two lowest-order Feynman diagrams for the Compton scattering process ye™ — ye™.

@ 5.3  Drawthe lowest-order t-channel and u-channel Feynman diagrams for e*e~ — vy and use the Feynman rules

for QED to write down the corresponding matrix elements.



Electron—positron annihilation

4 Experimental results from electron—positron colliders have been central to the
development and understanding of the Standard Model. In this chapter, the
derivation of the cross section for e*e™ — p*u~ annihilation is used as an
example of a calculation in QED. The cross section is first calculated using
helicity amplitudes to evaluate the matrix elements, highlighting the under-
lying spin structure of the interaction. In the final starred section, the more

9 abstract trace formalism is introduced. p

6.1 Calculations in perturbation theory

128

In QED, the dominant contribution to a cross section or decay rate is usually the
Feynman diagram with the fewest number of interaction vertices, known as the
lowest-order (LO) diagram. For the annihilation process e*e™ — u*u~, there is just
a single lowest-order QED diagram, shown in Figure 6.1. In this diagram there
are two QED interaction vertices, each of which contributes a factor iey* to the
matrix element. Therefore, regardless of any other considerations, the matrix ele-
ment squared | M|* will be proportional to e* or equivalently |M|? oc &%, where « is
the dimensionless fine-structure constant @ = €2 /4. In general, each QED vertex
contributes a factor of @ to the expressions for cross sections and decay rates.

In addition to the lowest-order diagram of Figure 6.1, there are an infinite num-
ber of higher-order-diagrams resulting in the same final state. For example, three of
the next-to-leading-order (NLO) diagrams for e*e™ — u*u~, each with four inter-
action vertices, are shown in Figure 6.2. Taken in isolation, the matrix element
squared for each of these diagrams has a factor « for each of the four QED vertices,
and hence |M|? « o*. However, in quantum mechanics the individual Feynman dia-
grams for a particular process can not be taken in isolation; the total amplitude My;
for a particular process is the sum of all individual amplitudes giving the same final
state. In the case of e*e™ — p*u~, this sum can be written as

Mfi:MLO+ZM1,j+"', (61)
J
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e+ u+

The lowest-order Feynman diagram for the QED annihilation processe*e™ — utu~.

Three of the O(a*) Feynman diagrams contributing the QED annihilation process e*e™ — u*u™.

where Mo is the matrix element for the single lowest-order (LO) diagram of
Figure 6.1, M; ; are the matrix elements for the NLO diagrams with four interac-
tion vertices, including those of Figure 6.2, and the dots indicate the higher-order
diagrams with more than four vertices. The dependence of the each of the terms in
(6.1) on @ can be shown explicitly by writing it as

Mf,‘:a/MLo+a/22M1,j+--- ,
J

where the various powers of the coupling constant @ have been factored out of the
matrix element, such that Mj o is written as a Mo, etc.

Physical observables, such as decay rates and cross sections, depend on the
matrix element squared given by

|ij|2 =|aMio +QZZM1J + ][Q/MEO +CL’ZZMTJ(+
j k

=’ |Miol’ + @ )" (MLoM} ; + Mi oMy j) +a* > My My, +--- .
] I
(6.2)

In general, the individual amplitudes are complex and the contributions from differ-
ent diagrams can interfere either positively or negatively. Equation (6.2) gives the
QED perturbation expansion in terms of powers of @. For QED, the dimensionless
coupling constant @ = 1/137 is sufficiently small that this series converges rapidly
and is dominated by the LO term. The interference between the lowest-order dia-
gram and the NLO diagrams, terms such as (M oM T’j + M{ M, j), are suppressed
by a factor of @ = 1/137 relative to the lowest-order term. Hence, if all higher-order
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terms are neglected, it is reasonable to expect QED calculations to be accurate to
O(1%). For this reason, only the lowest-order diagram(s) will be considered for the
calculations in this book, although the impact of the higher-order diagrams will be
discussed further in Chapter 10 in the context of renormalisation.

6.2 Electron—positron annihilation
I —

The matrix element for the lowest-order diagram for the process e*e™ — u*u~ is
given in (5.20),

2

M= _%gw [0(p2)y* u(p)][u(p3)y"v(pa)] 6.3)
62
= _?guvjéljlr’ (6.4)

where the electron and muon four-vector currents are defined as
U = M sV __ T v
Je =v(p2)yFu(pr) and j = u(p3)y v(ps). (6.5)

The four-momentum of the virtual photon is determined by conservation of energy
and momentum at the interaction vertex, g = pi+ p2 = p3 + p4, and therefore
g% =(p1 + p2)* = s, where s is the centre-of-mass energy squared. Hence the matrix
element of (6.4) can be written as

e2

M= _?je'ju- (6.6)

Assuming that the electron and positron beams have equal energies, which has been
the case for the majority of high-energy e*e™ colliders, the centre-of-mass energy
is simply twice the beam energy, Vs = 2Epeam.

6.2.1 Spinsums

To calculate the ee™ — u*u~ cross section, the matrix element of (6.6) needs to
be evaluated taking into account the possible spin states of the particles involved.
Because each of the e, e™, u* and p~ can be in one of two possible helicity states,
there are four possible helicity configurations in the initial state, shown Figure 6.3,
and four possible helicity configurations in the p*p~ final state. Hence, the process
e*e” — utu consists of sixteen possible orthogonal helicity combinations, each of
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Y - I - . m - = -
€ — «— ¢ € —— «—— ¢ e — «—— ¢ € — «——¢

RL RR LL LR

The four possible helicity combinations in the e ™ e~ initial state.

which constitutes a separate physical process, for example e}re; = WKy (denoted
RR — RR) and e¥e{ - M}“ W, . Because the helicity states involved are orthogonal,
the processes for the different helicity configurations do not interfere and the matrix
element squared for each of the sixteen possible helicity configurations can be
considered independently.

For a particular initial-state spin configuration, the total e*e™ — u*u~ annihila-
tion rate is given by the sum of the rates for the four possible u*u~ helicity states
(each of which is a separate process). Therefore, for a given initial-state helicity
configuration, the cross section is obtained by taking the sum of the four corre-
sponding |M|? terms. For example, for the case where the colliding electron and
positron are both in right-handed helicity states,

2 2 2 2 2
Z|MRR| = IMgrr—grrl” + IMgrr—rLI” + IMRrR= LRI + IMRR-LLI™

In most e*e™ colliders, the colliding electron and positron beams are unpolarised,
which means that there are equal numbers of positive and negative helicity elec-
trons/positrons present in the initial state. In this case, the helicity configuration
for a particular collision is equally likely to occur in any one of the four possi-
ble helicity states of the e*e™ initial state. This is accounted for by defining the
spin-averaged summed matrix element squared,

1
UMy = 7 (Ml + IMeeP + Mg + ML)
=1 (lMRR—>RR|2 + IMgrorLl® + -+ IMRL—rr* + -+ ),

where the factor }T accounts for the average over the four possible initial-state helic-
ity configurations. In general, the spin-averaged matrix element is given by

2_1 2
Ml = 7 D IMP,

spins

where the sum corresponds to all possible helicity configurations. Consequently,
to evaluate the e*e™ — u*u~ cross section, it is necessary to calculate the matrix
element of (6.6) for sixteen helicity combinations. This sum can be performed in
two ways. One possibility is to use the trace techniques described in Section 6.5,
where the sum is calculated directly using the properties of the Dirac spinors. The
second possibility is to calculate each of the sixteen individual helicity amplitudes.
This direct calculation of the helicity amplitudes involves more steps, but has the
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advantages of being conceptually simpler and of leading to a deeper physical under-
standing of the helicity structure of the QED interaction.

6.2.2 Helicity amplitudes

In the limit where the masses of the particles can be neglected, +/s > m,, the four-
momenta in the process e*e™ — uw*u~, as shown Figure 6.4, can be written

p1=(E,0,0,E), 6.7)
p2 = (E,0,0,-E), (6.8)
p3 = (E,Esing,0, E cos6), (6.9)
p4s = (E,—Esin6,0,—E cos8), (6.10)

where, with no loss of generality, the final state u~ and p* are taken to be produced
with azimuthal angles of ¢ = 0 and ¢ = 7 respectively.

The spinors appearing in the four-vector currents of (6.5) are the ultra-relativistic
(E > m) limit of the helicity eigenstates of (4.67):

c —s S c
se'® ce' —ce'® se'?
uT:\/E ,ul:\/f ,UT:\/I_E ,vl:\/E R (6.11)
c s c
se'? —ce'? ce'® se'?

where s = sing and ¢ = cos g. The two possible spinors for initial-state electron
with (6 = 0, ¢ = 0) and for the initial-state positron with (6 = &, ¢ = ) are

1 0 1 0
0 1 0 -1
w(p1) = VE 1l uy(p1) = VE ol vi(p2) = VE 1l v (p2) = VE ol
0 -1 0 -1
e w
w P P3
Ps3
Y
e i > < 0 et H v
P2
+A/4 P2 Pa
W
e’ ut

The QED annihilation process e*e™ — u* ™ viewed in the centre-of-mass frame and the corresponding
lowest-order Feynman diagram.
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The spinors for the final-state particles are obtained by using the spherical polar
angles (6, 0) for the u~ and (7 — 6, ) for the u*. Using the trigonometric relations

LAY 0 n—6\ . (0 in
s1n( > )—cos(z), cos( 5 )—sm(Z) and " =-1,

the spinors for the two possible helicity states of the final-state u* and u~ are

C =S Cc s

N c N —C
ur(p3) = VE| |, uy(ps) = VE| |, vr(pa) = VE| | vi(ps) = VE

N —C ) —C

6.2.3 The muon and electron currents

The matrix element for a particular helicity combination is obtained from (6.6),
2
e . .
M= _?]e']w

where the corresponding four-vector currents of (6.5) are defined in terms of the
above spinors for the helicity eigenstates. The muon current, ji =u(p3)y"v(ps),
needs to be evaluated for the four possible final-state helicity combinations shown
in Figure 6.5. Using the Dirac—Pauli representation of the y-matrices (4.35), it
is straightforward to show that, for any two spinors ¢ and ¢, the components of

YyFe = yiylyre are

0 = vy = wid1 + Wid + Uik + Uik, (6.12)
' =Yy o = wids + Uihs + Wik + Uid, (6.13)
W o =YV e = i s — W3ds + Wida — Uih0), (6.14)
Wo =u"Yr0 = wids — wids + Uik — Wik (6.15)

Using these relations, the four components of the four-vector current j, can be
determined by using the spinors for a particular helicity combination. For example,
for the RL combination where the u~ is produced in a right-handed helicity state
and the p* is produced in a left-handed helicity state, the appropriate spinors are
ur(p3) and v;(p4). In this case, from Equations (6.12)—(6.15), the components of

1/'117 ;/vlf VW y“
N .z z .z

U RL [ RR n LL u LR

The four possible helicity combinations for the p* ™ final state.
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the muon current are

j£ = u1(p3)y v (ps) = E(cs — sc + s — sc) = 0,

J) =Py o (pa) = E(=E + 5* = & + 57 = 2E(s° = ) = =2E cos b,
J =w(p3)Y o (pa) = —iE(—c* = s = * = §%) = 2iE,

jlf = ET(p3)y3vl(p4) = E(cs+ sc+cs+ sc) =4Esc = 2E sin 6.

Hence, the four-vector current for the helicity combination M;MI is

Jure = up(p3)y'vy(ps) = 2E(0, — cos 6, i, sin 6).

Repeating the calculation for the other three w*u~ helicity combinations gives

Jure = ur(p3)y’vy(ps) = 2E(0,—cos 6, i,sin ), (6.16)
Jurr = ur(p3)y vr(ps) = (0,0,0,0),
Jurr = uy(p3)y'vy(ps) = (0,0,0,0),
Jurr = uy(p3)y vr(ps) = 2E(0, - cos 0, —i, sin ). (6.17)

Hence, in the limit where E > m,,, only two of the four u*u~ helicity combinations
lead to a non-zero four-vector current. This important feature of QED is related to
the chiral nature of the interaction, as discussed in Section 6.4.

The electron currents for the four possible initial-state helicity configurations can
be evaluated directly using (6.12)—(6.15). Alternatively, the electron currents can
be obtained by noting that they differ from the form of the muon currents only in
the order in which the particle and antiparticle spinors appear, jt' = v(p2)y*u(p;)
compared to j; =u(p3)y"v(ps). The relationship between vy*u and wy*v can be
found by taking the Hermitian conjugate of the muon current to give

[(p3 )y v(pa)]” = [u(ps)WOV“v(m)r

= v(pa) Y"1y T u(ps) using (AB)" = BTAT
= o(pa) ¥y u(p3) since 0f = 59
= 0(pa) "’y u(p3) since y#Ty0 = yOy#
= 0(pa)y"u(p3).

The effect of taking the Hermitian conjugate of the QED current is to swap the order
in which the spinors appear in the current. Because each element of the four-vector
current, labelled by the index y, is just a complex number, the elements of the four-
vector current for vy*u are given by the complex conjugates of the corresponding
elements of uy*v. Therefore from (6.16) and (6.17),

vy (pa)y ur(p3) = [ur(p3)y v (pa)]” = 2E(0, — cos 6, —i, sin 6)
v1(pa)y uy(p3) = [ (p3)y* vy (pa)]” = 2E(0, - cos 6, i, sin 6).
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By setting 6 =0, it follows that the two non-zero electron currents are

Jere =0y (p2)y*ur(p1) = 2E(0,-1,-i,0), (6.18)
Jer = 01(p2)y*u(p1) = 2E(0,-1,1,0). (6.19)

Furthermore, from j, 11 = jurr =0, it follows that j. 7, and je rg are also zero.

6.2.4 Thee*e™ — u*u™ cross section

In the limit £ >>m, only two of the four helicity combinations for both the ini-
tial and final state lead to non-zero four-vector currents. Therefore, in the process
e"e” — utu” only the four helicity combinations shown in Figure 6.6 give non-
zero matrix elements. For each of these four helicity combinations, the matrix ele-
ment is obtained from

2
e . .
M= _?]e']u-

For example, the matrix element Mg;_g;, for the process e?eI — MMI is deter-
mined by the scalar product of the currents

Jre = 0(p2)y ur(p1) = 2E(0,~1,~i,0),
and j;r,RL =uy(p3)y"v (pa) = 2E(0, — cos 6, i, sin 6).

Taking the four-vector scalar product je gy - ju.re and writing s = 4E? gives

2
Marort = —— [2E(0, =1, —i, 0)]- [2E(0, - cos 6, i, sin 6)]
S

= 62(1 + cos 6)
= 4na(l + cos ).

Using the muon and electron currents of (6.16)—(6.19), it follows that the matrix
elements corresponding to the four helicity combinations of Figure 6.6 are

IMgroril? = IMirsirl? = (Ara)*(1 + cos 6)%, (6.20)
IMgroirl? = IMigorel? = (Ara)*(1 — cos 6)%, (6.21)

/ w / W / W / w
- - - - - -

e —3p ¢ e —— ——e¢e' - e ——3 ¢
WY p SR WY r 1R WY p R WY RS LR

The four helicity combinations fore*e~™ — w*w™ thatin the limit £ > m give non-zero matrix elements.
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where 6 is the angle of the outgoing u~ with respect to the incoming e~ direction.
The spin-averaged matrix element for the process ete™ — u*u~ is given by

1
(IMp?y = 1% (IMRL—>RL|2 + Mgl + IMigosre* + |MiR_>LR|)

= %e“ [2(1 +cos )% + 2(1 - cos 9)2]

= ¢*(1 + cos? 0). (6.22)

The corresponding differential cross section is obtained by substituting the spin-
averaged matrix element squared of (6.22) into the general cross section formula
of (3.50) with p> = p} =F, giving

do 3 1
dQ  64n2s

e4(1 + cos’ 0),

where the solid angle is defined in terms of the spherical polar angles of the p~
as measured in the centre-of-mass frame. Finally, when written in terms of the
dimensionless coupling constant @ = e?/(4r), the e*e” — p*u~ differential cross
section becomes

2
g—g = Z—S(l + cos? ). (6.23)

Figure 6.7 shows the predicted (1 + cos” @) angular distribution of the e*e™ —
wru~ differential cross section broken down into the contributions from the differ-
ent helicity combinations. The distribution is forward—backward symmetric, mean-
ing that equal numbers of u~ are produced in the forward hemisphere (cos 6 > 0) as
in the backwards hemisphere (cos 8 < 0). This symmetry is a direct consequence of
the parity conserving nature of the QED interaction, as explained in Chapter 11.

The right-hand plot of Figure 6.7 shows the measured e*e™ — u*u~ differen-
tial cross section at /s =34.4 GeV from the JADE experiment, which operated
between 1979 and 1986 at the PETRA e*e™ collider at the DESY laboratory in
Hamburg. The (1 + cos?#) nature of the dominant QED contribution is appar-
ent. However, the interpretation of these data is complicated the presence of elec-
troweak corrections arising from the interference between the QED amplitude and
that from the Feynman diagram involving the exchange of a Z boson (see
Chapter 15). This results in a relatively small forward—backward asymmetry in
the differential cross section.

The total e*e™ — u*u~ cross section is obtained by integrating (6.23) over the
full solid angle range. Writing dQ2 = d¢ d(cos 8), the solid angle integral is simply

+1
16
f(l +cos?0)dQ = 27rf (1 + cos? @) d(cos §) = Tﬂ
-1
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12
&
>
> (1 + cos?0) &
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(left) The QED prediction for the distribution of cos @in e*e™ — pw*u™ annihilation, where & is the angle
of the outgoing ™ with respect to the incoming e~ direction. (right) The measured e*e™ — pu* ™~ differ-
ential cross section at +/s = 34.4 GeV from the JADE experiment, adapted from Bartel et al. (1985). The solid
curve is the lowest-order QED prediction. The dotted curve includes electroweak corrections.

Therefore, the lowest-order prediction for the total e*e™ — u*u~ cross section is

Ara

T (6.24)

Figure 6.8 shows the experimental measurements of the e*e™ — p*u~ cross section
at centre-of-mass energies of /s <40GeV. In this case, the electroweak correc-
tions are negligible (the effects of interference with the Z boson exchange diagram
average to zero in the solid angle integral) and the lowest-order QED prediction
provides an excellent description of the data. This is an impressive result, starting
from first principles, it has been possible to calculate an expression for the cross
section for electron—positron annihilation which is accurate at the O(1%) level.

6.2.5 Lorentz-invariant form

The spin-averaged matrix element of (6.22) is expressed in terms of the angle 6
as measured in the centre-of-mass frame. However, because the matrix element is
Lorentz invariant, it also can be expressed in an explicitly Lorentz-invariant form
using four-vector scalar products formed from the four-momenta of the initial- and
final-state particles. From the four-momenta defined in (6.7)—(6.10),

pi-pr=2E*  pi-p3=E*(1-cos6) and pi-ps = E*(1+cosb).
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The measured e"e™ — ™ cross section for /s < 40 GeV. The curve shows the lowest-order QED pre-
diction of (6.24).

Hence the spin-averaged matrix element of (6.22) can be written as

26t (p1-p3)* + (p1-pa)?

Mgl?) =
A (p1-p2)?

(6.25)

The scalar products appearing in (6.25) can be expressed in terms of the Mandel-
stam variables, where for example

s =(p1+p2)’ = pi +p3 +2p1-py = mi +mj +2py-pa.
In the limit, where the masses of the particles can be neglected,
s=+2p1-p2, t=-2pi-p3 and u=-2p;-ps,

and therefore (6.25) can be written as

(6.26)

2 2
<|Mft|2> — 2e4 (t +u )

52

This expression, which depends only on Lorentz-invariant quantities, is valid in all
frames of reference.
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6.3 Spin in electron—positron annihilation
|

The four helicity combinations for the process e*e™ — u*u~ that give non-zero
matrix elements are shown in Figure 6.6. In each case, the spins of the two initial-
state particles are aligned, as are the spins of the two final-state particles. Defining
the z-axis to be in the direction of the incoming electron beam, the z-component
the combined spin of the e* and e~ is therefore either +1 or —1, implying that the
non-zero matrix elements correspond to the cases where the electron and positron
collide in a state of total spin-1. Therefore, the spin state for the RL helicity com-
bination can be identified as |S, S ;) =1, + 1) and that for the LR combinations as
|1, —1). Similarly, the helicity combinations of the u* ™~ system correspond to spin
states of |1, +1)y measured with respect to the axis in the direction of u™, as indi-
cated in Figure 6.9.

The angular dependence of the matrix elements for each helicity combination
can be understood in terms of these spin states. The operator corresponding to the
component of spin along an axis defined by the unit vector n at an angle 6 to the z-
axisis S, = %n-(r. Using this operator, it is possible to express the spin states of the
wru system in terms of the eigenstates of S, (see Problem 6.6). For example, the
spin wavefunction of the RL helicity combination of the w*u~ final state, |1, +1),
can be expressed as

|1, +1)9 = 3(1 = cos§) [1,=1) + ~=sinB]1,0) + 5(1 + cos B) 1, +1).

The angular distributions of matrix elements of (6.20) and (6.21) can be understood
in terms of the inner products of the spin states of initial-state e*e™ system and the

1,1)

2
- -

e —3 ——¢" 1,1),
ut '

RL— RL —1 cos 6 +1

- 1,1
/ n
e 11, -1),
Y/

w '

LR— RL -1 cos 6 +1

The orientations of the spin-1system in the RL — RL and LR — RL helicity combinations and the angular
dependence of the corresponding matrix element in the limit where £ > m.
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final-state u*u~ system. For example,
Mgrrr o (1, +1]1,+1)g = 3(1 + cos )
Mg o (1,=1]1,+1)g = 1(1 = cos 0).

Hence, in the limit E > m, the spin combinations that give non-zero matrix ele-
ments correspond to states of total spin-1 with the spin vector pointing along the
direction of the particles motion and the resulting angular distributions can be
understood in terms of the quantum mechanics of spin-1. This is consistent with
the notion that an interaction of the form ¢y*y corresponds to the exchange of a
spin-1 particle, in this case the photon.

6.4 Chirality

In the limit £ > m only four out of the sixteen possible helicity combinations for
the process e*e™ — e*e™ give non-zero matrix elements. This does not happen by
chance, but reflects the underlying chiral structure of QED. The property of chi-
rality is an important concept in the Standard Model. Chirality is introduced by
defining the y°-matrix as

5 _ . 0.1.2

Y EWYYY =

01
:(1 0). (6.27)

The significance of the y>-matrix, whilst not immediately obvious, follows from
its mathematical properties and the nature of its eigenstates. The properties of the
¥>-matrix can be derived (see Problem 6.1) from the commutation and Hermiticity
relations of the y-matrices given in (4.33) and (4.34), leading to

oS = O O
- o O O
e e 9 =
9 @ — &

@)P=1, (6.28)
Y =9, (6.29)
Yyh = —yhy’. (6.30)

In the limit £ > m, and only in this limit, the helicity eigenstates of (6.11) are
also eigenstates of the y>-matrix with eigenvalues
Yuy = +uy, yuy =-uy, yuvr=-vp and you =+

In general, the eigenstates of the y>-matrix are defined as left- and right-handed
chiral states (denoted with subscripts R, L to distinguish them from the general
helicity eigenstates T, |) such that
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)/SMR = +up and ’)/SML = -uy, (6 31)

ysz = —pg and yva = +vy. '
With this convention, when E >> m the chiral eigenstates are the same as the helic-
ity eigenstates for both particle and antiparticle spinors, for example uy — ug and
vy — vr. Hence, in general, the solutions to the Dirac equation which are also eigen-
states of y° are identical to the massless helicity eigenstates of (6.11),

c —s S c
se'® ce'® —ce'® se'®
ur= N , U= N , REN and v ,= N , (6.32)
C S —S C
se'® —ce'? ce'® se'd

where the normalisation is given by N = VE + m. Unlike helicity, there is no simple
physical interpretation of the property of chirality, it is nevertheless an integral part
of the structure of the Standard Model.

Chiral projection operators

Any Dirac spinor can be decomposed into left- and right-handed chiral components
using the chiral projection operators, Py and Pg, defined by

Pr=11+9",
P =11-9).

Using the properties of the y>-matrix, it is straightforward to show that Pg and Py
satisfy the required algebra of quantum mechanical projection operators, namely,

(6.33)

Pr+P; =1, PrPr=Pgr, P;P;=P; and PLPRIO.
In the Dirac—Pauli representation
Pr =

1
0

3| (6.34)
0

From the definitions of (6.31), it immediately follows that the right-handed chi-
ral projection operator has the properties
PRMR = UR, PRML = 0, PRUR =0 and PRUL =0r.

Hence Pg projects out right-handed chiral particle states and left-handed chiral
antiparticle states. Similarly, for the left-handed chiral projection operator,

PLuR = 0, PLML =uy, PLUR = UR and PLUL =0.
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Since Py and Py, project out chiral states, any spinor u# can be decomposed into left-
and right-handed chiral components with

U=arur+apuy = %(1 +75)u+ %(1 —ys)u,

where ag and a; are complex coefficients and ug and uy, are right- and left-handed
chiral eigenstates.

6.4.1 Chiralityin QED

In QED, the fundamental interaction between a fermion and a photon is expressed
as a four-vector current iQreyry ¢, formed from the Dirac spinors  and ¢. Any
four-vector current can be decomposed into contributions from left- and right-
handed chiral states using the chiral projection operators defined in (6.33). For
example, in the case of QED,

Yyt = (agg +ar )y (brog + bror)
= agbry Ry O + aRbryry" oL + aibri Y ¢r + apbrb Y L. (6.35)
where the coeflicients, a and b, will depend on the spinors being considered. The
form of the QED interaction means that two of the chiral currents in (6.35) are

always zero. For example, consider the term ur(p)y*ugr(p’). The action of P on a
right-handed chiral spinor leaves the spinor unchanged,

ur(p’) = Prug(p’). (6.36)

Therefore Pg can always be inserted in front of right-handed chiral particle state
without changing the expression in which it appears. The equivalent relation for
the left-handed adjoint spinor is

ur(p) = (P’ = [PLuc(p)l™y° = 21 = ¥ )ur(p)]'y°

= [ur()1' 31 =)y’ (using y° = »°")
= [ur (1Y 11 +9°) (using %y = —y%yY)
=ur(p)Pg.

From this it follows that
ur(p)y"ur(p’) = ur(p)Pry"Prugr(p’). (6.37)
But since Y y# = —yHy>,
Pry! = 3(1+ ¥k = y#5(1 =) = y*Pr,
and thus (6.37) can be written

ur(p)y ur(p’) = ur(p)y"PrPrug(p’) = 0,
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because P; Pr = 0. Therefore, the yry*¢ form of the QED interaction, implies that
only certain combinations of chiral eigenstates give non-zero matrix elements, and
the currents of the form

ury"ug = ugy"ur = vpy*vg = vry*or = vpy*ur = vry*ugr =0

are always identically zero.

6.4.2 Helicity and chirality

It is important not to confuse the concepts of helicity and chirality. Helicity eigen-
states are defined by the projection of the spin of a particle onto its direction of
motion, whereas the chiral states are the eigenstates of the y>-matrix. The relation-
ship between the helicity eigenstates and the chiral eigenstates can be found by
decomposing the general form of the helicity spinors into their chiral components.
For example, the right-handed helicity particle spinor of (4.65) can be written as

c
se'¢ . p

ur(p,0,¢) =N e with k= Tim and N = VE +m.
Kkse'®

The spinor can be decomposed into its left- and right-handed chiral components by
considering the effect of the chiral projection operators,

c C
i¢ i9

Prup =51 +0ON| % | and  Pug =31 -0N|
S€i¢ —S€i¢

Therefore, the right-handed helicity spinor, expressed in terms of its chiral compo-
nents, is

c c
se'd se'd
u(p.6.9) =31 +0N| " |+ 3(1-KN
S€i¢ —sei¢
< L1+ ug + 31 =K uy, (6.38)

where ur and uy are chiral eigenstates with ysuR =+ ug and ySML =—u;. From
(6.38) it is clear that it is only in the limit where E > m (when « — 1) that the
helicity eigenstates are equivalent to the chiral eigenstates. Because only certain
combinations of chiral states give non-zero contributions to the QED matrix ele-
ment, in the ultra-relativistic limit only the corresponding helicity combinations
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U e

The helicity combinations at the QED vertex which give non-zero four-vector currents in the limit £ > m.

contribute to the QED interaction. The chiral nature of the QED interaction there-
fore explains the previous observation that only four of the sixteen possible helicity
combinations contribute to the e*e™ — p*u~ annihilation process at high energies.

The correspondence between the helicity and chiral eigenstates in the ultra-
relativistic limit implies that for E > m, the four-vector currents written in terms of
the helicity states,

uyytur = urytup = vpytoy = opytop = vpyHuy = opytup =0,

are all zero. Therefore in the high-energy QED processes, only the helicity combi-
nations shown in Figure 6.10 give non-zero currents. Consequently, the helicity of
the particle leaving the QED vertex is that same as that entering it and helicity is
effectively “conserved” in high-energy interactions.

6.5 *Trace techniques
I —

In the calculation of the e*e™ — pu* ™ cross section described above, the individual
matrix elements were calculated for each helicity combination using the explicit
representations of the spinors and the y-matrices. The resulting squares of the
matrix elements were then summed and averaged. This approach is relatively sim-
ple and exposes the underlying physics of the interaction. For these reasons, the
majority of the calculations that follow will adopt the helicity amplitude approach.
In the limit where the masses of the particles can be neglected, these calculations
are relatively straightforward as they involve only a limited number of helicity com-
binations. However, when the particle masses can not be neglected, it is necessary
to consider all possible spin combinations. In this case, calculating the individual
helicity amplitudes is not particularly efficient (although it is well suited to com-
putational calculations). For more complicated processes, analytic solutions are
usually most easily obtained using a powerful technique based on the traces of
matrices and the completeness relations for Dirac spinors.

6.5.1 Completeness relations

Sums over the spin states of the initial- and final-state particles can be calcu-
lated using the completeness relations satisfied by Dirac spinors. The completeness
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relations are defined by the sum over the two possible spin states of the tensor
formed from the product of a spinor with its adjoint spinor,

2

D u(pii(p),

s=1

where the sum is for two orthogonal spin states. The sum can be performed using
the helicity basis or the spinors u; and u;, both of which form a complete set of
states. Here it is most convenient to work with the spinors #;(p) and u,(p), in which
case the completeness relation is

2

D, us(PYE(p) = w ()L (p) + wa(pYip).
s=1

In the Dirac—Pauli representation, the spinors #1 and u can be written as
Ps . 1 0
us(p) = VE +m| 4, with ¢ = and ¢, = .
Frm®s 0 1

Using (o - p)' = o - p, the adjoint spinor can be written

w=iy = VErm(of g )( 5))= VETm(of —orizm).

s E+m 0 - § s E+m

where [ is the 2 X 2 identity matrix. Hence the completeness relation can be written

2 2 ( ¢l —FEgel
2, 1P = B4 m) ), [ FR 00T — (00 }

s=1 s=1

which using

2

1
D, 0504 =(0 (1’) and (o -p)’ = p” = (E + m)(E —m),
s=1

gives
2 (E+m)l —-o-p
Z; us(p)ids(p) = ( op (B 4m) ) : (6.39)
sS=
Equation (6.39) can be written in terms of the y-matrices as
2
Z usity = (Y'py +ml) = p+m, (6.40)

s=1
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where the “slash” notation is shorthand for p = y#p, = Ey° — pyy! - pyyz -y
Repeating the above derivation, it is straightforward to show that the antiparticle
spinors satisfy the completeness relation,

2
D o= (i py—ml)=p—m, (6.41)
r=1
where the mass term enters with a different sign compared to the equivalent expres-

sion for particle spinors.

6.5.2 Spin sums and the trace formalism

The QED, QCD and weak interaction vertex factors all can be written in the form
u(p)Tu(p’), where T is a 4 X 4 matrix constructed out of one or more Dirac -
matrices. In index notation, this product of spinors and y-matrices can be written

u(p)Tu(p’) = u(p); Liu(p’;,

where the indices label the components and summation over repeated indices is
implied. It should be noted that #(p) T u(p’) is simply a (complex) number.' For
the QED vertex I'=y* and the matrix element for the process e*e™ — pu*tu~ is
given by (6.3),

2
Myi = —% [0(p2)y* ulp )] guy [U(p3)y"v(pa)]
2
= —2— (52" o) [7p3)70(p8)] (6.42)

where summation over the index y is implied. The matrix element squared |M f,~|2

is the product of My; and M}i, with
2

M;i = e_2 [5p2)y"u(p)] [@(p3)yyu(pa)]”
q

where the index v has been used for this summation to avoid confusion with the
index p in the expression for My; given in (6.42). Because the components of the

! If this is not immediately obvious, consider the 2 x 2 case of ¢'Ba, where the equivalent product
can be written as

By Bp \[ a
(Cl,Cz)( I | D ciBiay + ciBpay + caByay + c2Bx

=¢;Bja;,

which is just the sum over the product of the components of a, ¢ and B.
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currents are simply numbers, the order in which they are written does not matter.
Hence 1M f,~|2 =M fiM}i can be written

64

IMGl? = = [Py ulp] [6(p2)y u(pd]" X [#(p3)ye(pa)| p3yyv(pa)]”

=

The spin-averaged matrix element squared can therefore be written

1
MGy = 7 > IMgil

spins

&4

=i [0 (p2)y*u* (p1)] [ (p2)y"u* (p1)]|

Na

x 3" [ 3y )] [# p3r ()] (6.43)

where s, s, r and r’ are the labels for the two possible spin states (or equivalently
helicity states) of the four spinors. In this way, the calculation of the spin-averaged
matrix element squared has been reduced to the product of two terms of the form

> [oro|[orae| . (6.44)

spins

where I'} and I, are two 4 X 4 matrices, which for this QED process are I'j = y*
and I'; = y”. Equation (6.44) can be simplified by writing

[T9]' = [w7°To]" = 6Ty = 67Ty = 3Ty y,
and hence
[oTg|' =Ty with T =Ty

From the properties of the y-matrices given (4.33) and (4.34), it can be seen that
YOy# 0 = y# for all u. Hence for the QED vertex, with ' = y*,

T =0y =yt =T.

Although not shown explicitly, it should be noted that T" = I also holds for the QCD
and weak interaction vertices. Hence for all of the Standard Model interactions,

[org] = 3Tv. (6.45)
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Using (6.45), the spin-averaged matrix element squared for the process ete™ —
wru~ of (6.43) can be written

2 Myt = < Z [0 (p2)y"u* (p0] [ (p)Y "V (p2)]

spins

X Z [@ (P yt” (pa)| [07 (payysie (p3)] (6.46)

Denoting the part of (6.46) involving the initial-state e* and e~ spinors by the
tensor L(‘; ‘)' and writing the matrix multiplication in index form gives

2
L= T2y (o) B (pOYmt(p2) (6.47)

s,;r=1
Since all the quantities in (6.47) are just numbers, with the indices keeping track of
the matrix multiplication, this can be written as

2
D (pou(py)

s=1

L= Z 0, (p2)0(p2) YV (6.48)

Using the completeness relations of (6.40), the electron tensor of (6.48) becomes

L = (py = Mnj(py + Min Y s (6.49)

where (p, —m)y; is the (mj)th element of the 4 X 4 matrix (p,—ml). Equation (6.49)
can be put back into normal matrix multiplication order to give

L‘(lev) = (pz - m)mfyx(pl + m)in')/zm
= [(Pz - m)?’”(pl + m)?’v]mm
= Tr(Ip, — mly*Ip, +mly"). (6.50)

Consequently, the sum over spins of the initial-state particles has been replaced by
the calculation of the traces of 4 X 4 matrices, one for each of the sixteen possible
combinations of the indices u and v. The order in which the two p terms appear
in trace calculation of (6.50) follows the order in which the spinors appear in the
original four-vector currents; the p term associated with the adjoint spinor appears
first (although traces are unchanged by cycling the elements). In constructing the
traces associated with a Feynman diagram it is helpful to remember that the order
in which different terms appear can be obtained by following the arrows in the
fermion currents in the backwards direction. Writing the sum over the spins of
final-state particles of (6.46) as the muon tensor,

£ =" [ (3" (o) [0 (e (p3)]

s’ r
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and expressing this in terms of a trace, leads to

M 2 _ 64 v ()
2 Myl = ALLh
spins
64 v
=7 Tr ([p, — mly"p, +mly") x Te([py + Mlyulp, - Mly) .

(6.51)

where the masses of the initial- and final-state particles are respectively written as
mand M.

6.5.3 Trace theorems

The calculation of the spin-summed matrix element has been reduced to a prob-
lem of calculating traces involving combinations of y-matrices. At first sight this
appears a daunting task, but fortunately there are a number of algebraic “tricks”
which greatly simplify the calculations. Firstly, traces have the properties

Tr(A + B) =Tr(A) + Tr(B), (6.52)
and are unchanged by cycling the order of the elements
Tr(AB...YZ) = Tr(ZAB...Y). (6.53)

Secondly, the algebra of the y-matrices is defined by the anticommutation relation
of (4.33), namely

Yy + ¥yt = 2971, (6.54)

where the presence of the 4 x 4 identity matrix has been made explicit. Taking the
trace of (6.54) gives

Tr(y*y") + Tr (v'y¥) = 29" Tr (D),
which using Tr (AB) =Tr (BA) becomes Tr (y*y") = g*” Tr (I), and hence
Tr (y*y") = 49+ (6.55)

The trace of any odd number of y-matrices can be shown to be zero by inserting
¥>y> =I into the trace. For example, consider the trace of any three y-matrices

Tr(y*y'y") = Tr (¥ y'y"y'y?)
=Tr (ys Yy y Py ) (traces are cyclical)

= -Tr(yr'y"7'7") (since y'y* = —y"y°)



150

Electron—positron annihilation

where the last line follows from commuting y> through the three y-matrices, each
time introducing a factor of —1. Hence Tr (y#y"y?) = —Tr (y*y"y*), which can
only be true if

Tr (y"y"y*) = 0. (6.56)

The same argument can be applied to show that the trace of any odd number of
y-matrices is zero.

Finally, the trace of four y-matrices can be obtained from (6.54) which allows
v9y? to be written as 2g*’ — y?y® and repeated application of this identity gives

YV YOy = 2"y Py =y yHy Py
= 29"y = 29"y YT Py
= 29" yPy” = 29"y Y7 + 2g"7y yP — ¥y Py Ty
= Y'Yy H Yy R = 29"y Py = 210y YT + 2917y y P (6.57)
Taking the trace of both sides of (6.57) and using the cyclic property of traces
2Te(Y*y"yPy7) = 29" Tr (yPy7) = 29" Tr (v'y7) + 29%7 Tr (v'y*),

and using (6.55) for the trace of two y-matrices gives the identity
Te(y"y"y?y7) = 49" — 4g"g™ + 49" g™ (6.58)

The full set of trace theorems, including those involving y° = iy%y!y?y3, are:

(a) Tr(D) =

(b) the trace of any odd number of y-matrices is zero;

(© Tr(y*y") =49"";

(d) Tr(y"y"yPy?) =49"g"7 — 49" g™ +49"7g"";

(e) the trace of ys multiplied by an odd number of y-matrices is zero;
(® Tr(y*) =0

(@ Tr(y

(h) Tr (y yHyY y“”y") =4ig"P7  where £P7 is antisymmetric under the inter-
change of any two indices.

Y yHy ) 0; and

Armed with these trace theorems, expressions such as that of (6.51) can be eval-
uated relatively easily; it is worth going through one example of a matrix element
calculation using the trace methodology in gory detail.



151

6.5 *Trace techniques

e f
P4 P3
Y
u 4
) Ps
e’ f

The lowest-order QED Feynman diagram for e*e~ — ff.

6.5.4 Electron—positron annihilation revisited

Consider the processe*e™ — ff, shown in Figure 6.11, where f represents any of the
fundamental spin-half charged fermions. In the limit where the electron mass can
be neglected, but the masses of the final-state fermions cannot, the spin-averaged
matrix element squared is given by (6.51) with m =0 and M = m;,

2 4

1 Qe
IMsly = 5 D) MGl = 42  Te(pyy"pyy”) Te(Ips + melyulp, — medn) -
spins

(6.59)

This can be evaluated by writing p, =y7p, and p, =y” Pap in which case the first
trace in (6.59) can be written as

Tr (py"p1¥") = Pappis Tr (VYY)
= 4p,, 01,997 = g7 g + g g"")
= 4py'p] = 49" (p1-p2) + 4pypy.

Since the trace of an odd number of y-matrices is zero and Tr (A + B) =Tr(A) +
Tr (B), the second trace in (6.59) can be written

Tr (I + melyulpy — melyy) = Te(pyyup ) — miTe (vy) (6.60)
= 4p3,upay — 4Gun(P3-pa) + 4p3ypay — 4migyy.
(6.61)
Hence, the spin-averaged matrix element squared is given by
<|M |2>_16Qf2:e4|: MoV /JV( . )+ v /J:I
fi = 4q4 byP1—9 P1-P2 PPy

X [paﬂmv — 9u(P3°Pa) + P3yDay — mﬁgm] . (6.62)

This expression can be simplified by contracting the indices, where for example

99 =4 PyPiguw = (p1-p2) and  pypYpaupay = (p2-p3)(p1-pa).
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Thus the twelve terms of (6.62) become

QZ 4
IMyil?)y = 4;—48 [(P1-P4)(P2-P3) = (P1P2)(P3-Pa) + (P1-3) (P2 Pa)

= (p1-p2)(p3-pa) + 4(p1-p2)(p3-pa) — (P1-p2)(P3-p4)
+ (p1-p3)(p2-p4) — (p1-p2)(p3-pa) + (p1-pa)(p2-p3)

—mi(p1-p2) + 4mi(p1-p2) = mi(p1-p2) |
which simplifies to

Py =42 :
(IMyil) = 4 7 [2(p1-P3)(P2-pa) + 2(p1- pa)(p2- p3) + 2mi(p1-pa)| -

In the limit where the electron mass is neglected, the four-momentum squared of
the virtual photon is

g% = (p1 + p2)* = pi + p3 + 2(p1-p2) = 2(p1-p2),

and therefore
Q%e*
Ml = 2m [(P1-P3)(P2-pa) + (p1-pa)(p2-p3) + mi(pr-p2)|. (6.63)

If the final-state fermion mass is also neglected, (6.63) reduces to the expression
for the spin-averaged matrix element squared of (6.25), which was obtained from
the helicity amplitudes.

In the above calculation, neither the explicit form of the spinors nor the specific
representation of the y-matrices is used. The spin-averaged matrix element squared
is determined from the completeness relations for the spinors and the commutation
and Hermiticity properties of the y-matrices alone.

ete” > ffannihilation close to threshold

The spin-averaged matrix element squared of (6.63) can be used to calculate the
cross section for e*e~ — ff close to threshold. Working in the centre-of-mass frame
and writing the momenta of the final-state particles as p =8E, where §=v/c, the
four-momenta of the particles involved can be written

p1 =(E,0,0,+E),
p2 =(E,0,0,-E),
p3 = (E,+BEsin 6,0, +BE cos 6),
pa = (E,—BEsin 6,0, —LE cos 0),
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and the relevant four-vector scalar products are

p1-p3 = pa-ps = E*(1 = Bcosb),
p1-pa = p2-p3 = E*(1 + Bcosb),
p1-p2 = 2E°.
Substituting these expressions into (6.63) gives
2 Qfe“ 4 2, g4 2 2.2
(IMpil™) = 25 [E (1 -=pBcos®)” +E"(1 +pBcosh)” +2E mf]
EZ _ pZ)

= Q%e“(l +,82 cos? 6 + 2

= Qfe* (2+ f* cos* 0 - 7). (6.64)

The differential cross section is then obtained by substituting the spin-averaged
matrix element squared of (6.64) into the cross section formula of (3.50) to give

do 1 p
dQ  64n2sE
1

- EIBQ?QZ (2+ 8 cos? 0 - B7),

(M)

where e = 4na. The total cross section is obtained by integrating over dQ, giving

o(ete” - ff) =

4 2Q2 7 — 9
938 fﬁ( B

ith g%=|1 il 6.65
35 2)‘“/3__7‘ (6.65)

Close to threshold, the cross section is approximately proportional to the velocity
of the final state particles. Figure 6.12 shows the measurements of the total e*e™ —
TF T~ cross section at centre-of-mass energies just above threshold. The data are in
good agreement with the prediction of (6.65). In the relativistic limit where 8 — 1,
the total cross section of (6.65) reduces to the expression of (6.24).

6.5.5 Electron—quark scattering

The main topic of the next two chapters is electron—proton scattering. In the case
of inelastic scattering where the proton breaks up, the underlying QED process
is t-channel scattering of electrons from the quarks inside the proton. In the limit
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0.2 T T

T utu
o
[
T
\

Vs (GeV)

The measured ratio of number of identified e*e™ — t*t~ events to the number of e*e™ — u*u™ at
centre-of-mass energies close to the e"e~ — 1™t~ threshold. The curve shows the 3(3 — 3%) behaviour
of (6.65). The normalisation depends on the efficiency for identifying Tt~ events and a small background
component is included. Adapted from Bacino et al. (1978).

P4 P3

P2 Py

q q
The lowest-order Feynman diagram for QED t-channel electron—quark scattering process.

where the masses of the electron and the quark can be neglected, it is relatively
straightforward to obtain the expressions for the four non-zero matrix elements
using the helicity amplitude approach (see Problem 6.7). However, if the particle
masses cannot be neglected, which is the case for low-energy electron—proton scat-
tering, the spin-averaged matrix element is most easily calculated using the trace
formalism introduced above.

The QED matrix element for the Feynman diagram of Figure 6.13 is

Qq¢® _ N
My = " [u(p3)y* ulp)] guy [U(pa)y"u(p2)] -

Noting the order in which the spinors appear in the matrix element (working back-
wards along the arrows on the fermion lines), the spin-summed matrix element
squared is given by
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Q2€4
> IMpl = ;4 Tr (Ip5 + mely"Ip, +mely”) Te([py + malyulp, +mqly) -

spins

(6.66)

Apart from the signs of the mass terms, which are all positive since only particles
are involved, the expressions in the traces of (6.66) have the same form as those
of (6.60) and can therefore be evaluated using the result of (6.61) with the signs of
the m? terms reversed, giving

16 Q%¢*
DM = qf (P4p = 9" (p1-p3) + pi'p} + m2g™™)

X (mﬂpzy = gu(p2-pa) + pouPav + mﬁgﬂy) .
From this expression, it follows that

1
Ml = 3 D) MGl

spins

8Qze*
REE |(P1-P2)(P3-Pa) + (P1-Pa)(P2-P3)
= (papa) = mi(pr-p3) + 2memg . (6.67)

In the limit where the masses can be neglected, (6.67) reduces to

2 2
Sru ) (6.68)

My = 2Q§e4( 3

Apart from the factor Qé from the quark charge, this spin-averaged matrix element
squared for the f-channel scattering process of eq — eq is identical to the corre-
sponding expression for e*e™ — u*u~ annihilation of (6.26) with s and ¢ inter-
changed. The similarity between these two expressions is to be expected from the
closeness of the forms of the fermion currents for the two processes. This property,
known as crossing symmetry, can be utilised to obtain directly the expression for
the spin-averaged matrix element squared for a #-channel process from that of the
corresponding s-channel process.

6.5.6 Crossing symmetry

The calculations of the spin-averaged squared matrix elements for the s-channel
e*e” — ff annihilation process and the f-channel e f — e~ f scattering processes,
shown in Figure 6.14, proceed in similar way. In the annihilation process, the two
currents are

J¥ =v(p)y up) and ! =u(p3)y v(ps), (6.69)
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e f e e”
u
P4 Ps3 P Ds
Y
u v Y
Py Pa P2 ° Pa

et f f f

The Feynman diagrams for QED s-channel annihilation process ete™ — ff and the QED t-channel scattering
process e~ f — e~ f.

and for the scattering process the corresponding two currents are
j =u(p3)y u(pr) and ! =u(pa)y’u(pa). (6.70)

By making the replacement u(pi) — u(py), v(p2) = u(p3), u(p3) = u(ps) and
v(p4) — u(p2) the currents in the annihilation process (6.69) correspond to those
for the scattering process (6.70). In the calculation of traces, this implies making
the replacement, p; — p1, p2 — p3, p3 — p4 and ps — ps. This accounts for the
order in which the spinors appear in the four-vector currents, but does not account
for the replacement of an antiparticle spinor with a particle spinor. From the com-
pleteness relationships of (6.40) and (6.41), the spin sums lead to a term in the trace
of [p + m] for particles and [p — m] for antiparticles. So when a particle is replaced
by an antiparticle, the sign of the mass term in the trace is reversed. Alternatively,
the effect of changing the relative sign between p and m, can be achieved by chang-
ing the sign of the four-momentum when a particle in one diagram is replaced by
an antiparticle in the other diagram. Hence, crossing symmetry implies that the
matrix element for e f — e~ f can be obtained the matrix element for e*e™ — ff by
making the substitutions,

P1— P, p2—-p3, p3—>ps and py— —po.

The effect on the Mandelstam variables is sZ — 72, 2 — u? and u® — s2, and with
these replacements the matrix element for the s-channel annihilation process
e*e” — ff of (6.26) transforms to the matrix element for the -channel scattering
process e f — e f of (6.68)

£+ u? u* + 52
<|Mﬁ-|2>s=2Q%e“( . ) — <|Mﬂ|2>z=2Q%e“( 3 )
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Summary

In this chapter, the e*e™ — p* ™ annihilation process has been used to introduce the
techniques used to perform lowest-order QED calculations. A number of important
concepts were introduced. The treatment of the different spin states of the initial-
and final-state particles leads to the introduction of the spin-averaged matrix ele-
ment squared given by

2_1 2
WMl = 7 D IMP,

spins

where the sum extends over the sixteen orthogonal spins states. In the limit where
the masses of the particles were neglected, only four of the possible helicity combi-
nations give non-zero matrix elements. This property is due to the chiral nature of
the QED interaction, where the left- and right-handed chiral states are eigenstates
of the y°-matrix defined as

,y5 = iyoylyzyS.

Because of the ¢y*y form of the QED interaction vertex, certain combinations of
chiral currents are always zero, for example ugy*u; =0. In the limit E > m, the
helicity eigenstates correspond to the chiral eigenstates and twelve of the sixteen
possible helicity combinations in the process ee™ — u*u~ do not contribute to the
cross section and helicity is effectively conserved in the interaction. The resulting
spin-averaged matrix element squared for e*e™ — p*u” is

(6.71)

_ _ 2+ u?
e U <|Mfi|2>:2€4( 3 )

In the starred section of this chapter, the method of using traces to perform
spin sums was introduced and was then used to calculate the matrix elements for
e*e” — ff annihilation and e"q— e~q scattering. In the massless limit, the spin-
averaged matrix element squared for electron—quark scattering was shown to be

2 2
S ru ) 6.72)

e qoeq: (MpP)= 2Q§€4( 2
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Problems

™ 65
(D 6.6

Using the properties of the y-matrices of (4.33) and (4.34), and the definition of y° = iy%y'y*y?, show
that

V=1 Y=y ad Yyt =ty
Show that the chiral projection operators

Pr=30+9) and P =1(01-7),

satisfy
Pr+P =1, PPr="Py, PP =P and PPr=0.
Show that
AT = Ly”pﬂ and A = m—_y“pﬂ,
2m 2m

are also projection operators, and show that they respectively project out particle and antiparticle states, i.e.
Atu=u, Av=v and A'v=A"u=0.
Show that the helicity operator can be expressed as

A YYrep

h:Zp

In general terms, explain why high-energy electron—positron colliders must also have high instantaneous
luminosities.

For a spin-1system, the eigenstate of the operator S, = n - § with eigenvalue +1corresponds to the spin being
in the direction f. Writing this state in terms of the eigenstates of 5, i.e.

1, +1 = a1, =1) + BI1,0) + y[1, +1),
and taking n = (sin 8, 0, cos 6) show that

M, +1e = 30— sO) 1, 1) + 5 sin 61,00 + (1 + cos A1, +1).

Hint: write S, in terms of the spin ladder operators.

Using helicity amplitudes, calculate the differential cross section fore™ ™ — e~ scattering in the following
steps:

(a) From the Feynman rules for QED, show that the lowest-order QED matrix element fore~pu~ — e~ is

¢ _ _
M = =38 [0 ") [0y u(p)]

where p; and p; are the four-momenta of the initial- and final-state e ~, and p, and p, are the four-momenta
of the initial- and final-state ..
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(b) Working in the centre-of-mass frame, and writing the four-momenta of the initial- and final-state e~ as
p{‘ =(£,0,0,p)and p3” =(f,psin 6,0, p cos §) respectively, show that the electron currents for the
four possible helicity combinations are

uy(psyy*uy(pm) = 2k, ps, =ips, po),
ur(p3)y*uy(pr) = 2(ms, 0,0,0),
ur(p3)y*ur(pr) = 2(Ec, ps, ips, po),
u (p3)y*uy(p) = =2(ms, 0,0,0),

where m s the electron mass, s = sin(6/2) and ¢ = cos(6/2).
Explain why the effect of the parity operator P = % is

Pur(p, 6, ¢) = Puy(p, m — 0,7 + ¢).

Hence, or otherwise, show that the muon currents for the four helicity combinations are

(c

Uy (pa)y*uy(py) = 2Esc, —ps, —ips, —po),
up(pa)y*uy(p2) = 2(Ms, 0,0,0),
ur(pa)y*ur(py) = 2Exc, —ps, ips, —po),
Uy (pa)y*ur(pr) = —2(Ms,0,0,0),

where M s the muon mass.

(d) Fortherelativistic limit where £ >> M, show that the matrix element squared for the case where the incom-
ing e~ and incoming ™~ are both left-handed is given by

4t
Myl = ———,
Y -y

where s = (p; + p,)?. Find the corresponding expressions for | Mg %, | Mgl? and | Mzl
(e) In this relativistic limit, show that the differential cross section for unpolarised e~ u~ — e~ scattering
in the centre-of-mass frame is

do 222 1+ 301+ 050y
iQ s (-wsh?
6.8 Usingy#y¥ + y¥yH =2g"", prove that
Yv. =4, ydy,=-24 and yHgby, =4a-b.
6.9% Prove the relation [%f”ysq)r = dpy*yYy.

6.10% Use the trace formalism to calculate the QED spin-averaged matrix element squared for ete™ — ff including
the electron mass term.

6.11* Neglecting the electron mass term, verify that the matrix element fore™f — e~ f givenin (6.67) can be obtained
from the matrix element for e*e~ — ff given in (6.63) using crossing symmetry with the substitutions

p—=p, P —p, pp—>pyoand pyp— —p.

6.12* Write down the matrix elements, M; and M,, for the two Feynman diagrams for the Compton scattering
process ey — e~y. From first principles, express the spin-averaged matrix element (| M; + M,[?) asa
trace. You will need the completeness relation for the photon polarisation states (see Appendix D).
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4 In e*e™ collisions, the initial-state particles are fundamental fermions. Conse- )
quently, the cross sections for processes such as e*e™ annihilation are deter-
mined by the QED matrix element and the event kinematics (phase space)
alone. Calculations of cross sections for collisions involving protons, for
example at an electron—proton collider or a hadron collider, also need to
account for the composite nature of the proton. This chapter describes low-
energy electron—proton elastic scattering. The main purpose is to provide an
introduction to a number of concepts which form the starting point for the
description of the high-energy interactions of protons that is the main topic of
the following chapter.

7.1 Probing the structure of the proton

160

Electron—proton scattering provides a powerful tool for probing the structure of the
proton. At low energies, the dominant process is elastic scattering where the pro-
ton remains intact. Elastic scattering is described by the coherent interaction of a
virtual photon with the proton as a whole, and thus provides a probe of the global
properties of the proton, such as its charge radius. At high energies, the dominant
process is deep inelastic scattering, where the proton breaks up. Here the underly-
ing process is the elastic scattering of the electron from one of the quarks within the
proton. Consequently, deep inelastic scattering provides a probe of the momentum
distribution of the quarks.

The precise nature of the e"p — e~ p scattering process depends on the wave-
length of the virtual photon in comparison to the radius of the proton. Electron—
proton scattering can be broadly categorised into the four classes of process shown
schematically in Figure 7.1:

(a) atvery low energies, where the electrons are non-relativistic and the wavelength
of the virtual photon is large compared to the radius of the proton, A > r,, the
e"p — e p process can be described in terms of the elastic scattering of the
electron in the static potential of an effectively point-like proton;
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(a) (b) (©)

A~

o A<r

A>r, b

P

The nature of e~ p scattering depending on the wavelength of the virtual photon.

(b) at higher electron energies, where A ~ rp, the scattering process is no longer
purely electrostatic in nature and the cross section calculation also needs to
account for the extended charge and magnetic moment distributions of the
proton;

(c) when the wavelength of the virtual photon becomes relatively small, 1 < rp,
the elastic scattering cross section also becomes small. In this case, the dom-
inant process is inelastic scattering where the virtual photon interacts with a
constituent quark inside the proton and the proton subsequently breaks up;

(d) at very high electron energies, where the wavelength of the virtual photon
(4 < rp) is sufficiently short to resolve the detailed dynamic structure of the
proton, the proton appears to be a sea of strongly interacting quarks and gluons.

Whilst we will be interested primarily in the high-energy deep inelastic e p scatter-
ing, the low-energy e™p elastic scattering process provides a valuable introduction
to a number of important concepts.

7.2 Rutherford and Mott scattering
|

Rutherford and Mott scattering are the low-energy limits of e p elastic scattering.
In both cases, the electron energy is sufficiently low that the kinetic energy of the
recoiling proton is negligible compared to its rest mass. In this case, the proton can
be taken to be a fixed source of a 1/r electrostatic potential. The cross sections for
Rutherford and Mott scattering are usually derived from non-relativistic scattering
theory using the first-order (¥ ¢|V(r)l;) term in the perturbation expansion. Here
the cross sections are derived using the helicity amplitude approach of the previous
chapter, treating the proton as if it were a point-like Dirac particle. Provided the
wavelength of the virtual photon is much larger than the radius of the proton, this
is a reasonable approximation.
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Rutherford scattering of an electron from a proton at rest in the laboratory frame and the corresponding
Feynman diagram.

In the limit where the proton is taken to be a point-like Dirac fermion, the matrix
element for the Feynman diagram for low-energy e p elastic scattering, shown in
Figure 7.2, is given by

2
M;i = Q;: [i(p3)y*u(p )] guv [@(pa)y u(p2)] . (7.1

From (4.65), the Dirac spinors describing the two possible helicity states of the
electron can be written in the form

c -5
i¢ i
se ce
ur = Ne and u) = N, )
KC KS
Kkse'? —kce'®

where Ne = VE + me, s = sin(0/2) and ¢ = cos(6/2). The parameter « is given by

_ p _ Beve
E+me e+ 1

where 3. and vy, are respectively the speed and Lorentz factor of the electron. Writ-
ing the electron spinors in terms of the parameter « clearly differentiates between
the non-relativistic (k < 1) and highly relativistic (x = 1) limits. If the velocity
of the scattered proton is small, its kinetic energy can be neglected, and to a good
approximation the energy of the electron does not change in the scattering process.
Hence the same value of « applies to both the initial- and final-state electron. For
an electron scattering angle 6 (see Figure 7.2) and taking the azimuthal angle for
the electrons to be ¢ = 0, the possible initial- and final-state electron spinors are

1 0 c -5
0 1 s

ur(p1) = Ne < | uy(p1) = Ne 0 and wup(p3) = Ne wl u(p3) = Ne s
0 —K KS —KC
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The electron currents for the four possible helicity combinations, calculated from
(6.12)—(6.15), are

Jerr = up(p3)y'ur(p1) = (E + me) [(K2 + 1)c, 2ks, +2iks, 2KC] s (7.2)
Jeww =W (pa uy(pr) = (E + me) [ + 1)e, 2ks, =2iks, 2«c|,  (1.3)
Jeir = wy(p)Y*uy(p1) = (E + me) (1 - £7)5,0,0,0] , (7.4)
Jert = Wy (p3)y ur(p1) = (E + me) [ = 1)5,0,0,0] . (7.5)

Thus, in the relativistic limit where « = 1, only two of the four helicity combi-
nations give non-zero electron currents, reflecting the chiral nature of the QED
interaction vertex. At lower energies, where « < 1, all four helicity combinations
give non-zero matrix elements; in this limit the helicity eigenstates no longer cor-
respond to the chiral eigenstates and helicity is not conserved in the interaction.

In the limit where the velocity of the recoiling proton is small (8, < 1), the
lower two components of the corresponding particle spinors are approximately zero
(since xk =~ 0). Taking the spherical polar angles defining the direction of the (rel-
atively small) recoil momentum of the proton as (6, = 1, ¢, = ), the initial-state
and final-state protons can be described respectively by the helicity states

1 0
0f_ L
ur(p2) = 4/2m, 0 =ui(p2) and  wuy(p2)=,/2my, 0 = uz(p2),
0 0
and
Cn —Sy
—Sy Cn
ur(ps) = yJ2m, 0 and u|(ps) ~ [2m, 0 |
0 0

where ¢, = cos(7/2) and s;, = sin(n/2). The proton four-vector currents for the four
possible combinations of the initial- and final-state helicity states, again calculated
using (6.12)—(6.15), are

Jott = —Jply = 2mp [€,0,0,0] and gy = jpip = —2mp [5,,0,0,0].  (7.6)

Thus, in the limit where the proton recoil momentum is small, all four spin combi-
nations for the proton current contribute to the scattering process.
From the QED matrix element,
2
e . .
My = ;]e']py
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and the expressions for the electron and proton currents of (7.2)—(7.6), the spin-
averaged matrix element squared is

MG = 5 Zwﬂ
:}Lq—x4mp(E+me) c2+ s3] - [40 + k3% + 41 = 2)57]
4 e + 1
- mme§y+)[(1— Y+ 4], (7.7)
q

where in the last step, the electron energy was written as £ = y.m.. The above
expression can be simplified further by writing
_ Beye
Ve + 1
in which case, after some algebraic manipulation, (7.7) becomes

and (1-p5y2=1,

2m2e4

5 16m 5 6
M)y = —=—— |1 + B2y2 cos? (7.8)
q* 2
In the #-channel e"p — e p scattering process, the square of four-momentum
carried by the virtual photon is given by
= (p1 - p3)*.

For the elastic scattering process where the recoil of the proton can be neglected,
the energies and momenta of the initial- and final-state electrons are £y = E3 = E
and p; = p3 = p, and hence

g* = (0,p; — p3)* = —2p>(1 — cos 6) = —4p? sin*(6/2).

Substituting this expression for ¢ into (7.8) gives

2.2 4
mymze 0
UME]y = —2 |1+ g3y2cos® = |. (7.9)
T2 pAsin?(0/2) e¥e €% 3

Provided the proton recoil can be neglected, this matrix element is equally appli-
cable when the electron is either non-relativistic or relativistic.

7.2.1 Rutherford scattering

Rutherford scattering is the limit where the proton recoil can be neglected and
the electron is non-relativistic, S.ye < 1. In this case, the spin-averaged matrix
element squared of (7.9) reduces to

m2e*

2
20 M
(M) =

- 7.10
p*sin*(6/2) 710
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The laboratory frame differential cross section is obtained from the cross section
formula of (3.48),

doo 1 1

dQ  64n2 mp + Ey — Ej cos 6
In the Rutherford scattering limit, where the electron is non-relativistic, E1 ~ m, <
mp, and (7.11) therefore reduces to

2
) (UIMgl®. (7.11)

do 1 m2e*
dQ ~ 6an2 2<|Mfi|2>: 2 46' 4 '
64m-my; 647°p* sin”(6/2)
Equation (7.12) can be expressed in the more usual form by writing the kinetic

energy of the non-relativistic electron as Ex = p?/2m. and writing ¢? = 4na to
give

(7.12)

dO') 02
= - - (7.13)
(dQ Rutherford 16E%( sm4(0 /2)

The Rutherford scattering cross section of (7.13) is usually derived from first-order
perturbation theory by considering the scattering of a non-relativistic electron in the
static Coulomb potential of the proton, V(r) = a/r. Therefore, it can be concluded
that in the non-relativistic limit, only the interaction between the electric charges
of the electron and proton contribute to the scattering process; there is no signifi-
cant contribution from the magnetic (spin—spin) interaction. It should be noted that
the angular dependence of the Rutherford scattering cross section originates solely
from the 1/¢* propagator term.

7.2.2 Mott scattering

Mott scattering is the limit of electron—proton elastic scattering where the electron
is relativistic but the proton recoil still can be neglected. These conditions apply
when me < E < my,. In this case, the parameter « ~ 1 and two of the four possible
electron currents of (7.2)—(7.5) are zero. Writing E = y.m, and taking the limit
Beye > 1 for which E = p, the matrix element of (7.9) reduces to
SR LAY
WMab =~ swto < 7

which when substituted into (7.11) gives

d 2 0
(—0) = __cos?-. (7.14)

The Mott scattering cross section formula of (7.14) could have been derived by
considering the scattering of a relativistic electron in the Coulomb potential of a
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spin-less nucleus. Again it can be concluded that the contribution to the scattering
process from a purely magnetic spin—spin interaction is negligible.

7.3 Form factors
|

The Rutherford and Mott scattering formulae of (7.13) and (7.14) can be calcu-
lated from first-order perturbation theory for scattering in the Coulomb potential
from a point-like object. To account for the finite extent of the charge distribution
of the proton, this treatment must be modified by introducing a form factor. Qual-
itatively, the form factor accounts for the phase differences between contributions
to the scattered wave from different points of the charge distribution, as indicated
in Figure 7.3. If the wavelength of the virtual photon is much larger than the radius
of the proton, the contributions to the scattered wave from each point in the charge
distribution will be in phase and therefore add constructively. When the wavelength
is smaller than the radius of the proton, the phases of the scattered waves will have a
strong dependence on the position of the part of the charge distribution responsible
for the scattering. In this case, when integrated over the entire charge distribution,
the negative interference between the different contributions greatly reduces the
total amplitude.

The mathematical expression for the form factor (which is not a Lorentz-invariant
concept) can be derived in the context of first-order perturbation theory. Consider
the scattering of an electron in the static potential from an extended charge distri-
bution, as indicated in Figure 7.4. The charge density can be written as Q p(r’),

A cartoon indicating the origin of the form factor in elastic scattering.

The potential due to an extended charge distribution.
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where Q is the total charge and p(r’) is the charge distribution normalised to

unity
fp(r') dr=1.

The potential at a distance r from the origin, written in terms of this charge density
is simply

QP(I'/) d3 r/

V(r) =
() Al — 1|

(7.15)

In the Born approximation, where the wavefunctions of the initial-state and scat-
tered electrons are expressed as the plane waves, y; = ¢/®1T7ED and yy p = /PsT=ED,
the lowest-order matrix element for the scattering process is

My =@Vl = [ ePrvmers .

Writing q = (p; — p3) and using the potential of (7.15) leads to

qr 000 3,
.= q-r d /d
My ffe y— r'd’r

) f f pate-rgiar L0 3y, (7.16)

drjr — 1’|
By expressing the difference r — r’ as the vector R, the integral of (7.16) separates
into two parts

iqe Q /N iqer’ ’
Mfi = f@lqud3pr(r )e’qr d3r .

The integral over d°R is simply the equivalent expression for scattering from a
potential due to a point charge. Hence the matrix element can be written

My = M%F(qz),
where MEE is the equivalent matrix element for a point-like proton and the form
factor F(q?) is given by
F(q®) = f p(r)e'dT d’r.

Therefore, in order to account for the extended charge distribution of the proton,
the Mott scattering cross section of (7.14) has to be modified to

do a? 2(9) 22
— — —— COS = F . 717
(dﬂ)Mm B o) F) 74D

The form factor F(q?) is the three-dimensional Fourier transform of the charge
distribution. If the wavelength of the virtual photon is large compared to the size of
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p(r) point-like exponential Gaussian uniform Fermi
k \ sphere function
r

IF(q?)| flat “dipole” Gaussian “sinc-like”
> \ \/\_ \ |q2|
Dirac fermion proton 6Li nucleus 40Ca nucleus

Possible three-dimensional charge distributions and the corresponding form factors plotted as a
function of g.

the charge distribution then q - r ~ 0 over the entire volume integral. In this case,
the scattering cross section is identical to that for a point-like object and therefore,
regardless of the form of the charge distribution, F(0) = 1. In the limit where the
wavelength is very small compared with the size of the charge distribution, the
phases of the contributions from different regions of the charge distribution will
vary rapidly and will tend to cancel and F(q> — oo) = 0. Thus, for any finite
size charge distribution, the elastic scattering cross section will tend to zero at high
values of q?. The exact form of F(q?) depends on the charge distribution; some
common examples and the corresponding form factors are shown in Figure 7.5.
For a point-like particle, F(q?) = 1 for all q.

7.4 Relativistic electron—proton elastic scattering
|

In the above calculations of the Rutherford and Mott elastic scattering cross sec-
tions, it was assumed that the recoil of the proton could neglected. This a reasonable
approximation provided |q| < my. In this low-energy limit, it was inferred that the
contribution to the scattering process from the pure magnetic spin—spin interaction
is negligibly small. For electron—proton elastic scattering at higher energies, the
recoil of the proton cannot be neglected and the magnetic spin—spin interaction
becomes important.

For the general case, the four-momenta of the initial- and final-state particles,
defined in Figure 7.6, can be written as

p1 = (E1,0,0, Ey), (7.18)
p2 = (mp’o’ 0’ 0)9 (719)
p3 = (E3,0, E3sin6, E5 cos 6), (7.20)

Pa = (E4, py)- (7.21)
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v P3
P4

. . @ N2
p

%p

The kinematics of electron—proton scattering in the proton rest frame.

Here the energy of the scattered electron is no longer equal to that of the incident

electron. Assuming that the electron energy is sufficiently large that terms of O(m?)

can be neglected, and (initially) treating the proton as a point-like Dirac particle,

the matrix element for the elastic scattering process e”p — e p is given by (6.67)
4

8
ﬁ [(m -p2)(p3.p4) + (p1.p4)(p2.p3) — mf,(pl .p3)] . (7.22)

M) =
AIMil™) o

7.4.1 Scattering kinematics

In most electron—proton elastic scattering experiments, the final-state proton is not
observed. Consequently, the matrix element of (7.22) is most usefully expressed in
terms of the experimental observables, which are the energy and scattering angle
of the electron. To achieve this, the final-state proton four-momentum p4 can be
eliminated using energy and momentum conservation, ps = p + p> — p3. From the
definitions of the four-momenta in (7.18)—(7.20), the four-vector scalar products
in (7.22) which do not involve p4 are

p2-p3 = E3mp, pi1-p2= Elmp and p;-p3 = E1E3(1 —cosé).
The two terms involving p4, which can be rewritten using p4 = p; + p2 — p3, are
P3:Pa=p3-p1+ p3p2—p3-p3 = EE3(1 —cosb)+ Ezmy,
pP1°p4 =p1-p1+p1-p2—p1-p3 = Eymp — E1E3(1 — cos 0),

where the terms p1-p; = p3-p3 = m? have been been dropped. Hence, the matrix
element of (7.22), expressed in terms of the energy of the final-state electron E;3
and the scattering angle 6 is

8¢t
<|Mfl|2> = mmpE]E3 [(E] - E3)(1 — COS 0) + mp[(l + COos 6)]
8e* ., 0 , 0
= mZmp&Eg [(E] — E3)sin 3 + my COs 5] . (7.23)

The four-momentum squared of the virtual photon, ¢> = (p; — p3)?, also can be
expressed in terms of E3 and 6 using

q* = (p1 = p3)* = p} + p3 = 2p1-p3 ~ —2E 1 E5(1 — cos ), (7.24)
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where again the terms p;-p; = p3-p3 = mg have been neglected. Hence, to a good
approximation,

0
¢> = —4E, E3 sin’ 5 (7.25)

Because ¢ is always negative, it is more convenient to work in terms of Q2
defined by

9
Q% = —¢* = 4E|E; sin® 3 (7.26)

which is always positive.
The energy lost by the electron in the scattering process, E| — E3, can be ex-
pressed in terms of Q7 by first noting that

q-p2 = (p1 — p3)-p2 = mp(Ey — E3). (7.27)

A second equation for g- p, can be obtained by expressing g in terms of the proton
four-momenta, g = p4 — p, such that

pi=(q+p2)* =q* +2q-p>+ ps,

which, using p% = pi = mg, gives

q-p2 = —4*/2. (7.28)
Equating (7.27) and (7.28) enables (£ — E3) to be expressed as a function of Q2,
2 2
q 0
El—E3=—-——- ==, 7.29
e (7.29)

which (unsurprisingly) demonstrates that the electron always loses energy in the
scattering process. Using the relations of (7.25) and (7.29), the spin-averaged matrix
element squared of (7.23) can be expressed as
2 4 2
mse 0 0
<|Mfi|2> = ].3—4 {cos2 -+ Q—z sin® —} .

' E1E3sin"(6/2) 2 2m 2
The differential cross section again can be obtained the cross section formula of
(3.47), giving

2
do 1 E3
— & IMil).
dQ 64 \mpE,
Hence, the differential cross section for the scattering of relativistic electrons from
a proton that is initially at rest is
do a’? E3( ,0 Q% .6

co

-_— = — S —+ ——=SsIin" —|. 7.30
dQ  4EZsin*(6/2) E 2 ] (730
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Although (7.30) is expressed in terms of Q2, E3 and 6, it is important to realise
that there is only one independent variable; both Q” and E3 can be expressed in
terms of the scattering angle of the electron. This can be seen by firstly equating
(7.24) and (7.29) to give

—2mp(E1 - E3) = —2E1E3(1 — COS 9),

and hence

3 Eym,
B my + Ei(1 —cos6)

Es (7.31)

Substituting (7.31) back into (7.24) then gives an expression for Q? in terms of the

electron scattering angle

) _ 2mpEi(l - cos )
mp + E1(1 —cos6)’

(7.32)

Therefore, if the scattering angle of the electron is measured in the elastic scattering
process, the entire kinematics of the interaction are determined. In practice, mea-
suring the e"p — e p differential cross section boils down to counting the number
of electrons scattered in a particular direction for a known incident electron flux.
Furthermore, because the energy of an elastically scattered electron at a particular
angle must be equal to that given by (7.31), by measuring the energy and angle
of the scattered electron, it is possible to confirm that the interaction was indeed
elastic and that the unobserved proton remained intact.

In the limit of Q% < mg and E3 =~ Ej, the expression for the electron—proton
differential cross section of (7.30) reduces to that for Mott scattering, demonstrat-
ing that the Mott scattering cross section formula applies when me < E; < m,,.
Equation (7.30) differs from the Mott scattering formula by the additional factor
E5/E,, which accounts for the energy lost by electron due the proton recoil, and
by the new term proportional to sin*(6/2), which can be identified as being due to
a purely magnetic spin—spin interaction.

7.5 The Rosenbluth formula

Equation (7.30) is the differential cross section for elastic e"p — e p scattering
assuming a point-like spin-half proton. The finite size of the proton is accounted
for by introducing two form factors, one related to the charge distribution of the
proton, Ge(0?), and the other related to the magnetic moment distribution within
the proton, Gy (0?). Tt can be shown that the most general Lorenz-invariant form



172

Electron—proton elastic scattering

for electron—proton scattering via the exchange of a single photon, known as the
Rosenbluth formula, is

do a? E; (G2 +7G3, , 0 > .20
— = — —+2 in” — 7.
a0 4E% n*@/2) E: ( 1+0 cos > + 27 Gy, sin Ak (7.33)
where 7 is given by
2
T:f%, (7.34)
mp

In the Lorentz-invariant Rosenbluth formula, the form factors Gg(Q?) and G 4(Q?)
are functions of the four-momentum squared of the virtual photon. Unlike the form
factor F(q?) introduced previously, which was a function of the three-momentum
squared, the form factors Ge(0%) and Gy(Q?%) cannot be interpreted simply as the
Fourier transforms of the charge and magnetic moment distributions of the proton.
However, the relation between Gz(Q?) and G(Q?) and the corresponding Fourier
transforms can be obtained by writing

0’ =-¢* =q* - (E| - E3)°,
which from (7.29) gives
2 g 2
1+ = |=q".
Q ( 4m§) 4

Therefore, in the limit where 0% < 4m§, the time-like component of 0? is rela-
tively small and Q? ~ g>. Thus, in this low-Q? limit, the form factors Gg(Q?) and
G u(Q?) approximate to functions of ¢ alone and can be interpreted as the Fourier
transforms of the charge and magnetic moment distributions of the proton

Ge(Q%) ~ Ge(q®) = f e p(r)d’r,

Gu(0%) = Gu(q®) = f T u(r)dr .

There is one further complication. The form of the Rosenbluth equation follows
from (7.30), which was obtained from the QED calculation where the proton was
treated as a point-like Dirac particle. But the magnetic moment of a point-like Dirac
particle (see Appendix B.1) is related to its spin by

p=1s,
m

whereas the experimentally measured value of the anomalous magnetic moment of
the proton (discussed further in Chapter 9) is

p=279"58.
ny
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For consistency with this experimental observation, the magnetic moment distribu-
tion has to be normalised to +2.79 rather than unity, and therefore

Ge(0) = f p(r)d’r = 1

Gu(0) = f u(r)dr = +2.79.
It is worth noting that, even taken in isolation, the observation of the anomalous
magnetic moment of the proton already provides evidence that the proton is not a

point-like particle.

7.51 Measuring G¢(@%) and Gy(Q%)

The e"p — e p differential cross section is a function of both the charge and
magnetic moment distributions of the proton. Whilst it is tempting to assume that
magnetic moment distribution follows that of the charge distribution, Gu(Q? =
2.79 GE(Q?), there is no a priori justification for making this assumption. Fortu-
nately Gy(Q?) and Gg(Q?) can be determined separately from experiment. This
can be seen by writing the Rosenbluth formula of (7.33) as

do (G +1Gy, s, 0) (do
— | M 5 ~|. = .
o) ( 1+ 0 + 217G, tan > (dQ)O’ (7.35)
where
do a? (E3) , 0
— | = ———F——|—=|cos" =, 7.36
(dﬂ)o 4E?sin*(0/2) \ E1 2 (730

is the Mott cross section, modified to account for the proton recoil. At low @2,
where 7 <« 1, the electric form factor dominates and (7.35) is approximately

do [(do

— =] =G

dQ / ( dQ)O E
In this limit, G% is equivalent to the form factor |F(q)|> described previously. At
high Q?, where 7 > 1, the purely magnetic spin—spin term dominates and (7.35)

approximates to
do |(do 0
— == =~[1+2rt 2—)G2.
dQ/(dQ)O ( Ey

In general, the 0? dependence of Gu(Q?) and Gg(Q?) can be inferred from
e p — e p elastic scattering experiments by varying the electron beam energy.
For each beam energy, the differential cross section is measured at the angle cor-
responding to a particular value of Q?, given by (7.32). For example, Figure 7.7a
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Low energy e"p — e p elastic scattering data. Data from Hughes et al. (1965).

shows the measured e”p — e p differential cross sections for six different scatter-
ing angles and a range of beam energies. The five data points that are highlighted
all correspond to e"p — e p elastic scattering at Q> = 0.292 GeV?. In this way,
the cross section can be measured at fixed Q2 but over a range of scattering angles.
Figure 7.7b shows, for the five data points with Q2 = 0.292 GeV?, the measured
cross sections normalised to the expected Mott cross section of (7.36), plotted as
a function of tan?(6/2). The observed linear dependence on tan’(6/2) is expected
from (7.35), where it can be seen that the gradient and intercept with the y-axis are

given respectively by

[Ge@] + 7 [Gu(@d]
(1+17) '

m=27 [Gu(@)] and c=

Hence, the data shown in Figure 7.7b can be used to extract measurements of both
GE(Q%) and Gy(Q?) at Q% = 0.292GeV? (see Problem 7.6). A similar analysis
can be applied to cross section measurements corresponding to different values
of Q?, providing an experimental determination of the electric and magnetic form
factors of the proton over a range of Q? values, as shown in Figure 7.8a. The fact
that the measured form factors decrease with Q2 provides a concrete experimental
demonstration that the proton has finite size. The shape of G(Q?) closely follows
that of Gg(Q?), showing that the charge and magnetic moment distributions within
the proton are consistent. Furthermore, the measured values extrapolated to Q> = 0
are in agreement with the expectations of Gg(0) = 1 and Gp(0) = 2.79. Finally,
Figure 7.8b shows measurements of G(Q?) at Q% values up to 32 GeV?. For these
data recorded at higher values of Q2, the contribution from Gg(Q?) is strongly

suppressed and only G ,(Q?%) can be measured.
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F (b)
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(a) Measurements of G¢(@?) and Gy (@?) frome"p — e p elastic scattering data at low (%, adapted from
Hughes et al. (1965) and references therein. (b) Measurements of Gy (Q?) at higher ¢%, data from Walker ef al.
(1994) (solid circles) and Sill et al. (1993) (open circles). The curves correspond to the dipole function described
in the text.

The data shown in Figures 7.8a and 7.8b are reasonably well parameterised by
the empirically determined “dipole function”
1
(1+02%/0.71 GeV?2)?

Gu(0%) =2.79GE(0*) ~ 2.79 (7.37)

By taking the Fourier transform of the dipole function for G£(Q?), which provides
a good description of the low Q? data where Q% ~ q?, the charge distribution of
the proton is determined to be

r/a

p(r) = poe %,

with a = 0.24 fm. This experimentally determined value for a corresponds to a
proton root-mean-square charge radius of 0.8 fm.

7.5.2 Elastic scattering at high @2

At high Q?, the electron—proton elastic scattering cross section of (7.35) reduces to

(do-) o> Es [ L, ., }
10 ~ 1 = 3Gy sin” S|
dQ/ agic 4E12 sin*(6/2) E1 [ 2mg 2

From (7.37) it can be seen that in the high—Q2 limit, G/(Q?%) o« Q~* and therefore

( do ) 1 ( do )
- o — | — .
dQ elastic Q6 dQ Mott
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Consequently, due to the finite size of the proton, the elastic scattering process
becomes increasingly unlikely for interactions where the virtual photon has large
Q. If the inelastic scattering process, where the proton breaks up, also involved
a coherent interaction of the virtual photon with the charge and magnetic moment
distribution of the proton as a whole, a similar high-Q? suppression of the cross
section would be expected. In practice, no such suppression of the inelastic e™p
cross section is observed. This implies that the interaction takes place with the
constituent parts of the proton rather than the proton as a whole. This process of
high-energy deep inelastic scattering is the main topic of next chapter.

Summary
|

In this chapter, the process of e"p — e p elastic scattering has been described in
some detail. In general, the differential elastic scattering cross section is given by
the Rosenbluth formula

dQ ~ 4E2sin*(6/2) E1

do a’? E; G%+TG12W
1+17) 2

60 60
cos® — + 27 G2, sin’ 5] ,

where the form factors Gg(Q?%) and Gy (Q?) describe the charge and magnetic
moment distributions of the proton. The techniques used to measure the form fac-
tors were described in some detail. It is important that you understand the concepts;
they will be used again in the following chapter.

Because of the finite size of the proton, both G£(Q?) and G ;(Q?) become small
at high Q% and the elastic scattering cross section falls rapidly with increasing
Q2. Consequently, high-energy electron—proton scattering is dominated by inelas-
tic processes where the virtual photon interacts with the quarks inside the proton,
rather than the proton as a coherent whole.

Problems
|

(B 72 The derivation of (7.8) used the algebraic relation

(y + D' - ) =4,

where

_ By N
K= and (1-p4) =1.

Show that this holds.
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Problems

D 15
> 16

D 17
(© 78

By considering momentum and energy conservation in e~ p elastic scattering from a proton at rest, find an
expression for the fractional energy loss of the scattered electron (£, — £3)/F; in terms of the scattering angle
and the parameter

__P _ By

CEHE+me y+1°

In an e~ p scattering experiment, the incident electron has energy £; = 529.5 MeV and the scattered electrons
are detected at an angle of @ = 75° relative to the incoming beam.

(a) At this angle, almost all of the scattered electrons are measured to have an energy of £5 ~ 373 MeV.
What can be concluded from this observation?
(b) Find the corresponding value of ¢%.

For a spherically symmetric charge distribution p(r), where

f p(ndr=1,

Hﬁ=%frWWMM
0

show that the form factor can be expressed as

1
2‘]__2R2 +oee,
(R

where (R?) is the mean square charge radius. Hence show that

dF(q?) ]
dq2 q270 -

Ry = -6 [
Using the answer to the previous question and the data in Figure 7.8a, estimate the root-mean-squared charge
radius of the proton.

From the slope and intercept of the right plot of Figure 7.7, obtain values for Gy(0.292 GeV?) and
G£(0.292 Ge\?).

Use the data of Figure 7.7 to estimate Gg(@) at ¢ = 0.500 GeV?.

The experimental data of Figure 7.8 can be described by the form factor

6(0)
6@ = —"—,
@ (1+ @/

with Qg = 0.71GeV. Taking @ ~ q?, show that this implies that proton has an exponential charge distri-
bution of the form

p(r) = poe™,

and find the value of a.
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4 This chapter describes high-energy electron—proton inelastic scattering where
the proton breaks up in the interaction. The inelastic scattering process is first
discussed in terms of a general Lorentz-invariant extension of the ideas intro-
duced in the previous chapter, with form factors replaced by structure func-
tions. Deep inelastic scattering is then described by the QED interaction of
a virtual photon with the constituent quarks inside the proton. The experi-
mental data are then interpreted in the quark—parton model and the measured
structure functions are related to parton distribution functions that describe the
momentum distributions of the quarks. From the experimental measurements,
the proton is found to be a complex dynamical system comprised of quarks,

9 gluons and antiquarks.

8.1 Electron—proton inelastic scattering
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Because of the finite size of the proton, the cross section for electron—proton elastic
scattering decreases rapidly with energy. Consequently, high-energy e p interac-
tions are dominated by inelastic scattering processes where the proton breaks up.
For e"p — e X inelastic scattering, shown in Figure 8.1, the hadronic final state
resulting from the break-up of the proton usually consists of many particles. The
invariant mass of this hadronic system, denoted W, depends on the four-momentum
of the virtual photon, W? = pﬁ = (p» + ¢)?, and therefore can take a range of val-
ues. Compared to the elastic scattering process, where the invariant mass of the
final state is always the mass of the proton, this additional degree of freedom in
the inelastic scattering process means that the event kinematics must be specified
by two quantities. Whereas e"p — e p elastic scattering was described in terms
of the electron scattering angle alone, the two kinematic variables used to describe
inelastic scattering are usually chosen from the Lorentz-invariant quantities W, x,
y,vand Qz, defined below.
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Electron—proton inelastic scattering.

8.1.1 Kinematic variables for inelastic scattering

As was the case for elastic scattering, Q7 is defined as the negative four-momentum
squared of the virtual photon,

0’ =-¢
When written in terms of the four-momenta of the initial- and final-state electrons,
Q2 =—(p1 — p3)2 = —2m§ +2p1-p3 = —2m§ + 2EE3 —2p1p3 cos 6.

In inelastic scattering, the energies are sufficiently high that the electron mass can
be neglected and therefore, to a very good approximation

6
Q? ~ 2E Ex(1 — cos 0) = 4E, E5 sin’ >

implying that Q7 is always positive.

Bjorken x

The Lorentz-invariant dimensionless quantity

Q2
2p2-q’°

x (8.1)
will turn out to be an important kinematic variable in the discussion of the quark
model of deep inelastic scattering. The range of possible values of x can be found
by writing the four-momentum of the hadronic system in terms of that of the virtual
photon

W2=p2=(q+p)’=q +2pr-q+ps
mg = 2P2"],
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and therefore, from the definition of (8.1),

Q2

X=——. (8.2)
2
0%+ W2 - g

Because there are three valence quarks in the proton, and quarks and antiquarks
can be produced together only in pairs, the hadronic final state in an e”p inelastic
scattering process must include at least one baryon (qqq). Consequently, the invari-
ant mass of the final-state hadronic system is always greater than the mass of the
proton (which is the lightest baryon), thus

Because Q% > 0 and W? > my, the relation of (8.2) implies that x is always in the
range

0<x<1.

The value of x expresses the “elasticity” of the scattering process. The extreme case
of x = 1 is equivalent to W? = m2, and therefore corresponds to elastic scattering.

p’
yand v
A second dimensionless Lorentz-invariant quantity, the inelasticity y, is defined as

p2-q
P2°P1

In the frame where the proton is at rest, pp = (mp,0,0,0), the momenta of the
initial-state e, the final-state e and the virtual photon can be written

p1 = (E1,0,0,E1), p3 = (E3,E3sin6,0,E3cos6) and g = (E1 — E3,p; — P3),

and therefore

SR DN} (8.3)
mpE 1 E 1
Hence y can be identified as the fractional energy lost by the electron in the scat-
tering process in the frame where the proton is initially at rest. In this frame, the
energy of the final-state hadronic system is always greater than the energy of the
initial-state proton, E4 > my,, which implies the electron must lose energy. Conse-
quently, y is constrained to be in the range

0<y<l.
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Sometimes it is more convenient to work in terms of energies, rather than the
fractional energy loss described by y. In this case the related quantity

_ DP2q
y= —,
mp

(8.4)

is often used. In the frame where the initial-state proton is at rest,
v=E| - Ej,

is simply the energy lost by the electron.

Relationships between kinematic variables

For a given centre-of-mass energy +/s, the kinematics of inelastic scattering are
fully defined by specifying two independent observables which are usually chosen
to be two of Lorentz-invariant quantities, Q%, x, y and v. Provided the chosen quan-
tities are independent, the other two quantities then can be determined through the
relations that follow from the definitions,

2 . .
2= P 0 P24 pa v=P29 (8.5)

» Yy
2p2-q P2°P1 mp

For example, it immediately can be seen that x is related to Q% and v by

2
X = 0 . (8.6)
2mpv
Furthermore, for a fixed centre-of-mass energy,
s =(p1+p2)” = pi +p; +2pi-p2 = 2p1-pa +my + mg.
Since m2 < mg, to a good approximation
2p1-py = s —m,
and then from the definitions of (8.5), it follows that y is proportional to v,
2my
Yy = 5 |- (8.7)
s —mg
Finally from (8.6) and (8.7), it can be seen that Q? is related to x and y by
0% =(s-— mg)xy. (8.8)

Hence, for a fixed centre-of-mass energy, the kinematics of inelastic scattering can
be described by any two of the Lorentz-invariant quantities x, Q2, y and v, with the
exception of y and v, which are not independent.
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8.12 Inelastic scattering at low @*

For electron—proton scattering at relatively low electron energies, both elastic and
inelastic scattering processes can occur. For example, Figure 8.2 shows the observed
energy distribution of electrons scattered through an angle of 6§ = 10° at a fixed-
target experiment at DESY, where electrons of energy E; = 4.879 GeV were fired
at a liquid hydrogen target (essentially protons at rest). Because two independent
variables are required to define the kinematics of inelastic scattering, the corre-
sponding double-differential cross section is expressed in terms of two variables,
in this case d*c/dQ dE3.

Since the kinematics of an individual interaction are fully specified by two inde-
pendent variables, in this case the angle and energy of the scattered electron, 6
and E3, the invariant mass W of the unobserved final-state hadronic system can be
determined on an event-by-event basis using

W2 = (p2+q)° = p3+2p2:qg+q° =m} +2py-(p1 = p3) + (p1 — p3)°
~ |m3 + 2mpEr | = 2|my + Er(1 = cos 6)| Es. (8.9)

Hence, for electrons detected at a fixed scattering angle, the invariant mass W of
the hadronic system is linearly related to the energy E3 of the scattered electron.
Consequently the energy distribution of Figure 8.2 can be interpreted in terms of
W. The large peak at final-state electron energies of approximately 4.5 GeV cor-
responds to W = my,, and these electrons can be identified as coming from elastic
scattering. The peak at E3 ~ 4.2 GeV corresponds to resonant production of a sin-
gle A* baryon with mass W = 1.232 GeV (see Chapter 9). The two smaller peaks
at E3 ~ 3.85GeV and E; ~ 3.55GeV correspond to resonant production of other

1500 | _ Jﬁl{
E=4.879 GeV g

E oo %M ‘f}}% % i

g ool g

9 i LA TOE

EL“ [ﬂﬁifhhﬁiwmw Rﬂw Wiﬂﬁ 1{

Ol s00f | Yo

© % Elastic scattering ﬁmwﬁf
(divided by 15)

1 1 1 1
28 30 32 34 36 3.8 40 42 44 4.
E; [GeV]
L 1 1 1 1 ]

2.0 1.8 16 14 12 1.0
W [GeV]

The energy of the scattered electron in low-energy electron—proton scattering and the corresponding
invariant mass W of the final state hadronic system. From Bartel et al. (1968).
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Low-Q? measurements of the electron—proton inelastic scattering cross section scaled to the Mott cross
section. Also shown is the expected dependence for elastic scattering. Adapted from Breidenbach et al.
(1969).

baryon states. These resonances are essentially excited bound states of the proton
(uud), which subsequently decay strongly, for example A* — pri®. The full-width-
at-half-maximum (FWHM) of a resonance as a function of W is equal to the total
decay rate I', which in turn is related to the lifetime of the resonant stateby I' = 1/7.
The continuum at higher W is the start of the deep inelastic region where the proton
is broken up in the collision, resulting in multi-particle final states.

Figure 8.3 shows measurements of the e"p — e~ X differential cross section
scaled to the Mott scattering cross section of (7.36). The data are plotted as function
of Q? for three different values of W. The expected ratio for elastic scattering,
assuming the dipole form for Gg(Q?) and G/(Q?) is shown for comparison. The
inelastic cross sections are observed to depend only weakly on Q, in contrast to
rapidly falling elastic scattering cross section. In the deep inelastic region (higher
values of W), the near Q” independence of the cross section implies a constant
form factor, from which it can be concluded that deep inelastic scattering occurs
from point-like (or at least very small) entities within the proton.

8.2 Deep inelastic scattering
|

The most general Lorentz-invariant form of the e"p — e™p elastic scattering cross
section from the exchange of a single photon is given by the Rosenbluth formula
of (7.33),



184

Deep inelastic scattering

dQ ~ 4E2sin*(0/2) E1

do a? Ey (GL+7GY, .0 5 .50
( a+0 cos §+27GMsm 5

This can be expressed in an explicitly Lorentz-invariant form using the definitions
of 0% and y (see Problem 8.2):

G2 + 1G> miy*) 1
£ M1 - Y- L —yzG%,[ .
1+1) 0r |72

do B dra?

o2 o4

The Q2 dependence of the form factors Gg(0% and Gp(Q%) and T = Q?/ 4m,, can
be absorbed into two new functions, here written as f;(Q%) and f>(Q?), such that

d 4ra? miy? 1
d—gz = % [(1 V- )fz<Q2> + §y2f1<Q2>l : (8.10)

Although y appears in this formula, it should be remembered that for elastic scat-
tering x = 1 and therefore y is a function of Q? alone. In this form, f;(Q?) is asso-
ciated with the purely magnetic interaction and f>(Q?) has electric and magnetic
contributions.

8.2.1 Structure functions

Equation (8.10) can be generalised to the inelastic scattering process, where the
differential cross section has to be expressed in terms of two independent kine-
matic quantities. It can be shown that the most general (parity conserving) Lorentz-
invariant expression for the cross section for ep — eX inelastic scattering, mediated
by the exchange of a single virtual photon, is

) 5 2,2 2

dxdQ? ~ Q* 02

Here the functions fl(Qz) and fz(Qz) of (8.10) have been replaced by the two
structure functions, Fi(x, 0?) and F,(x, Q%), where F;(x, Q%) can be identified as
being purely magnetic in origin. Because the structure functions depend on both Q2
and x, they cannot be interpreted as the Fourier transforms of the proton charge and
magnetic moment distributions; as we will see shortly they represent something
more fundamental.

For deep inelastic scattering, where Q2 > mgyz, Equation (8.11) reduces to

do 4ra? (1- )Fz(x, 0%
Y X

dxdQ? = 0 +y’Fi(x, Q). (8.12)
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In fixed-target electron—proton deep inelastic scattering experiments, the Lorentz-
invariant kinematic variables Q?, x and y can be obtained on an event-by-event
basis from the observed energy and scattering angle of the electron, E3 and 6,

0 Ej

and y=1-—

Q2=4E1E3 sin® Q, X R
E;

2 ~ 2my(E) - E3)
where E) is the incident electron energy. The double-differential cross section
is measured by counting the numbers of events in the range x — x + Ax and
0> — 0% + AQ?. The double-differential cross section at a particular value of x
and Q7 can be determined for a range of y values, obtained by varying the incident
electron energy (see Problem 8.3). The y-dependence of the measured cross sec-
tions is then used to disentangle the contributions from F(x, 0?%) and F»(x, 0%), in
much the same way as for the determination of Ge(0?) and G (0Q?) as described
in Section 7.5.1.

Bjorken scaling and the Callan—Gross relation

The first systematic studies of structure functions in inelastic electron—proton scat-
tering were obtained in a series of experiments at the Stanford Linear Accelerator
Center (SLAC) in California. Electrons of energies between 5 GeV and 20 GeV
were fired at a liquid hydrogen target. The scattering angle of the electron was
measured using a large movable spectrometer, in which the energy of the detected
final-state electrons could be selected by using a magnetic field. The differential
cross sections, measured over a range of incident electron energies, were used to
determine the structure functions. The experimental data revealed two striking fea-
tures, shown in Figure 8.4. The first observation, known as Bjorken scaling, was
that both F;(x, Q%) and F»(x, Q%) are (almost) independent of 02, allowing the
structure functions to be written as

Fi(x,0%) — Fi(x) and Fa(x, Q%) = Fa(x).

The lack of Q? dependence of the structure functions is strongly suggestive of
scattering from point-like constituents within the proton.

The second observation was that in the deep inelastic scattering regime, Q2
greater than a few GeV?, the structure functions F;(x) and F»(x) are not inde-
pendent, but satisfy the Callan—Gross relation

Fr(x) = 2xF1(x).

This observation can be explained by assuming that the underlying process in
electron—proton inelastic scattering is the elastic scattering of electrons from point-
like spin-half constituent particles within the proton, namely the quarks. In this case
the electric and magnetic contributions to the scattering process are related by the
fixed magnetic moment of a Dirac particle.
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Early structure function measurements from fixed-target electron—proton inelastic scattering at SLAC. Left:
measurements of F,(x, Q%) showing Bjorken scaling. Right: measurements of 2xF; /F, showing the Callan—
Gross relation. Adapted from Friedman and Kendall (1972) and Bodek et al. (1979).

8.3 Electron—quark scattering
|

In the quark model, the underlying interaction in deep inelastic scattering is the
QED process of e”q — e™q elastic scattering and the deep inelastic scattering cross
sections are related to the cross section for this quark-level process. The matrix
element for e"q — e~ q scattering is obtained from the QED Feynman rules for the
Feynman diagram of Figure 8.5. The electron and quark currents are

u(p3)liey*lu(pr) and u(ps)[-iQqey”lu(p2),

and the photon propagator is given by —igw,/q2 where ¢> = p; — ps3. Hence the
matrix element can be written

2
Myi = Q;: [u(p3)y*u(p)] guv [u(pa)y u(p2)] . (8.13)

The spin-averaged matrix element squared can be obtained from the helicity ampli-
tudes (see Problem 6.7), or using the trace approach as described in Section 6.5.5.
In either case, in the limit where the electron and quark masses can be neglected,
the spin-averaged matrix element squared is given by (6.68),

2 2 2 2
(M) = 202¢* (—s ;” ): 2026+ 212 2)125’2”’ 2 (8.14)

where as usual, s = p; + p2,t = p; — ps and u = p| — pa.
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P4 P3

v
=<

P2 v Pa

q q q

Electron—quark scattering in the centre-of-mass frame and the corresponding lowest-order Feynman
diagram.

Here it is convenient to work in the centre-of-mass frame and to express the
Lorentz-invariant matrix element of (8.14) in terms of the electron scattering angle,
6*, as shown in Figure 8.5. Writing the energy of the electron in the centre-of-
mass frame as E = +/s/2, and neglecting the electron and quark masses, the four-
momenta of the initial- and final-state particles are given by

p1 =(E,0,0,+E), p3=(E,+Esind",0,+E cos@"),
p2 =(E,0,0,—E), p4=(E,—Esing",0,—E cosf").

The four-vector scalar products appearing in (8.14) are
p1-pr=2E%  pi-ps=E*(1—cos6) and p;-ps = E*(1 + cos6").

Hence the spin-averaged matrix element squared for the QED process e"q — e q
is
JA4E* + EX(1 + cos 6%)2

E*(1 — cos 6*)?

(MY = 2Qze

The differential cross section is obtained by substituting this expression for (| M filz)
into the cross section formula of (3.50), giving

dor  Q2¢*[1+5(1+cos6)]

= 8.15
dQ*  8n%s (1 —cos6*)? ®.15)
The angular dependence in the numerator of (8.15),
1+ (1 +cos), (8.16)

reflects the chiral structure of the QED interaction. From the arguments of
Section 6.4.2, helicity is conserved in the ultra-relativistic limit of the QED inter-
action. Therefore, the only non-zero matrix elements originate from spin states
where the helicities of the electron and the quark are unchanged in the interaction,
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-1 cos +1 -1 cosf  +1 -1 cosf +1 -1 cosf +1
The four helicity combinations contributing to the process e"q — e~q in the limit where £ > m. The
firsttwo, RR — RRand LL — LL, occur in a total spin state with S, = 0. The second two, RL — RL and
LR — LR, take placein §, = +1states.

as shown in Figure 8.6. The RR — RR and LL — LL scattering processes occur
in a §,; = 0 state, where there is no component of the angular momentum in the
z-direction. Consequently, there is no preferred polar angle, accounting for the con-
stant term in (8.16). The RL — RL and LR — LR scattering processes occur in
S, = =1 states and hence (see Section 6.3) result in an angular dependence of

}f(l + cos 0%)?,

explaining the second term in (8.16). The denominator in the expression for the
differential cross section of (8.15) arises from the 1/¢> propagator term with

q2 =f= (p] — p3)2 ~ —E2(1 — COS 6*)

When ¢> — 0, in which case the scattering angle 8 — 0, the differential cross
section tends to infinity. This should not be a surprise. It is analogous to the scat-
tering of a particle in a 1/r potential in classical dynamics; regardless of the impact
parameter, there is always a finite deflection (however small). The presence of the
propagator term implies that in the QED elastic scattering process, the electron is
predominantly scattered in the forward direction.

Lorentz-invariant form

Equation (8.15) gives the e"q — e™q differential cross section in terms of the
centre-of-mass scattering angle 6*. This can be expressed in a Lorentz-invariant
form by writing cos 6 in terms of s and ¢ and changing variables using

do do

dg? Ao

dQ*
dq?
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Alternatively, the spin-averaged matrix element squared of (8.14) can be substi-
tuted directly into the Lorentz-invariant form for the differential cross section of
(3.37) with 1 = ¢?, giving

do 1 Q2€4 s2+u?
= —— (M) = — *2( ) (8.17)

dg? 64nsp 32nrsp 2
Since p; = V/s/2 and t = g%, Equation (8.17) can be written as

dr Qe (s2+u2) gt [1 +(u)2}

d2 ~ 8ng*\ 2 ) Sng s

(8.18)

Finally, this equation can be expressed in terms of ¢> and s alone by recalling that
the sum of the Mandelstam variables s + ¢ + u is equal to the sum of the masses of
the initial- and final-state particles. Therefore, in the high-energy limit where the
electron and quark masses can neglected,

Ux—s—t=-s-q°,

and the differential cross section for the e"q — e™q elastic scattering process of
(8.18), expressed in terms of s and ¢> alone, is
d 27T(12Q2 2\2
- ( q). (8.19)

== +1+—
dq? q* s

8.4 The quark—parton model

Before quarks and gluons were generally accepted, Feynman proposed that the
proton was made up of point-like constituents, termed partons. In the quark—parton
model, the basic interaction in deep inelastic electron—proton scattering is elastic
scattering from a spin-half quark within the proton, as shown in Figure 8.7. In this
process, the quark is treated as a free particle; this assumption will be justified in
Chapter 10. The quark—parton model for deep inelastic scattering is formulated
in a frame where the proton has very high energy, E > m,, referred to as the
infinite momentum frame. In the infinite momentum frame the mass of the proton
can be neglected, such that its four-momentum can be written p, = (E3,0,0, E3).
Furthermore, in this frame any component of the momentum of the struck quark
transverse to the direction of motion of the proton also can be neglected. Hence,
in the infinite momentum frame, the four-momentum of the struck quark can be
written

Pq = €p2 = (€E2,0,0,€E>),



190

Deep inelastic scattering

Electron—quark scattering in the centre-of-mass frame and the corresponding lowest-order Feynman
diagram.

(Exp) e

P2 Epo+q
(Es, Epy) ’

The quark—parton model description of inelastic scattering in terms of the QED interaction between a virtual
photon and a quark with the fraction & of the momentum of the proton.

where £ is the fraction of momentum of proton carried by the quark, as indicated
by Figure 8.8.

The four-momentum of the quark after the interaction with the virtual photon is
simply £p, + ¢. Since the four-momentum squared of the final-state quark is just
the square of its mass,

Epr+ ) =Eps+2prg+q° =m. (8.20)

However, £p; is the just four-momentum of the quark before the interaction and
therefore &2 p% = mczl. Thus, (8.20) implies that g> + 2¢p>-g = 0 and the momentum
fraction £ can be identified as

&= -7 - o’
2p2:q  2p2-q

X.

Hence, in the quark—parton model, Bjorken x can be identified as the fraction of
the momentum of the proton carried by the struck quark (in a frame where the
proton has energy E > m,). Therefore, the measurements of the x-dependence of
the structure functions can be related to the momentum distribution of the quarks
within the proton.

The kinematic variables for the underlying electron—quark scattering process
can be related to those for the electron—proton collision. Neglecting the electron
and proton mass terms, the centre-of-mass energy of the e™p initial state is
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s =(p1+ p2)* = 2p1-pa.

Because the four-momentum of the struck quark is pq = xp», the centre-of-mass
energy of the initial-state e~q system is

sq = (p1 + xp2)* ~ 2xpy-ps = xs.

The kinematic variables x and y, defined in terms of the four-momentum of the
proton, are

. 2
y= P29 and x= .
P2p1 2p2-q
Similarly, for the electron—quark system,
_ Paq _ xp2q _
Yq = = =
Pq'P1 Xp2°Pi

Finally, because the underlying electron—quark interaction is an elastic scattering
process, xq = 1. Hence, the kinematic variables for the e™q interaction are related
to those defined in terms of the e™p interaction by

Sq=xs, Yg=y and xq=1,

where s, x and y are defined in terms of the electron and proton four-momenta.
The cross section for e”q — e~q scattering, given by (8.19), can now be written

d 27TCVZQ2 212
d—i: - 1+(1+q—) , (8.21)
q q Sq

where s is the electron—quark centre-of-mass energy squared. From (8.8), the four-
momentum squared of the virtual photon ¢> can be expressed as

g =-0% = ~(sq — m})xqyq,

which in the limit where the quark mass is neglected gives

2
— = —XgYq = Y.
aYq
Sq
Hence, the differential cross section of (8.21) can be written

do 27m2QZ

2
7 [1+a-p7].
Finally, using ¢> = —Q? and rearranging the terms in the brackets leads to
do 47T0’2Qé y?
—=— |- =1, 8.22
o [( v+ (8.22)
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which resembles the form of the deep inelastic scattering cross section expressed
in terms of the structure functions, as given by (8.12). Equation (8.22) gives the
differential cross section for e~q elastic scattering where the quark carries a fraction
x of the momentum of the proton. Although x does not appear explicitly in this
equation, the x dependence is implicit through (8.8) whereby

Q2

- (s — mg)x'

8.4.1 Parton distribution functions

The quarks inside the proton will interact with each other through the exchange of
gluons. The dynamics of this interacting system will result in a distribution of quark
momenta within the proton. These distributions are expressed in terms of Parton
Distribution Functions (PDFs). For example, the up-quark PDF for the proton uP(x)
is defined such that

uP(x) Ox,

represents the number of up-quarks within the proton with momentum fraction
between x and x + dx. Similarly dP(x) is the corresponding PDF for the down-
quarks. In practice, the functional forms of the PDFs depend on the detailed
dynamics of the proton; they are not a priori known and have to be obtained from
experiment. Figure 8.9 shows a few possible forms of the PDFs that correspond to:
(i) the proton consists of a single point-like particle which carries all of the momen-
tum of the proton, in this case the PDF is a Dirac delta-function at x = 1; (ii) the
proton consists of three static quarks each of which carries 1/3 of the momentum
of the proton, in this case the PDF has the form of a delta-function at x = 1/3
with a normalisation of three; (iii) the three quarks interact with each other and the
delta-function at x = 1/3 is smeared out as the quarks exchange momentum; and
(iv) higher-order processes, such as virtual quark pairs being produced from gluons

() (ii) (iii) (iv)

qP(x) qP(x) qP(%)

Four possible forms of the quark PDFs within a proton: (i) a single point-like particle; (ii) three static quarks
each sharing 1/3 of the momentum of the proton; (iii) three interacting quarks which can exchange momen-
tum; and (iv) interacting quarks including higher-order diagrams. After Halzen and Martin (1984).
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inside the proton, tend to result in an enhancement of the PDFs at low x, reflecting
the 1/4? nature of the gluon propagator.

The electron—proton deep inelastic scattering cross section can be obtained from
the definition of the parton distribution functions and the expression for the differ-
ential cross section for underlying electron—quark elastic scattering process given
in (8.22). The cross section for elastic scattering from a particular flavour of quark
i with charge Q; and momentum fraction in the range x — x + dx, is

d’o B 4ma?

g2~ 0*
where q?(x) is the PDF for that flavour of quark. The double-differential cross
section is obtained by dividing by x and summing over all quark flavours

2
[(1 —y+ % X Q2¢P(x)ox,

d2oeP 47

—dde2 o [(l—y)+—

Z 074} (). (8.23)

This is the parton model prediction for the electron—proton deep inelastic scattering
cross section. Comparison with (8.12), which is the general expression for the deep
inelastic scattering cross section in terms of the structure functions,

d’o 47ra/ ep( Qz)
dxdQ? ~ (- )—
xdQ? ot

leads to the parton model predictions for F ?p(x, 0% and F ;p(x, 0%,

+y FP(x, Qz)l :

FSP(x, 0%) = 2xFP(x, 0%) = x ) 0P (x).

The parton model naturally predicts Bjorken scaling; because the underlying pro-
cess is elastic scattering from point-like quarks, no (strong) Q” dependence is
expected. Consequently, both F; and F, can be written as functions of x alone,
Fi(x,0%) — F(x) and F»(x, 0*) — F»(x). The parton model also predicts the
Callan—Gross relation, F(x) = 2xF(x). This is due to the underlying process
being elastic scattering from spin-half Dirac particles; the quark magnetic moment
is directly related to its charge and therefore the contributions from the electromag-
netic (F3) and the pure magnetic (F) structure functions are fixed with respect to
one another.

8.4.2 Determination of the parton distribution functions

The parton distribution functions reflect the underlying structure of the proton. At
present they cannot be calculated from first principles. This is because the theory
of QCD has a large coupling constant, &g ~ O(1), and perturbation theory cannot
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Production of virtual qq pairs within the proton.

be applied. The PDFs therefore have to be extracted from measurements of the
structure functions in deep inelastic scattering experiments and elsewhere.

For electron—proton deep inelastic scattering, the structure function F zp (x) is
related to the PDFs by

FP) =x ) 01qh(x). (8.24)

In the static model of the proton, it is formed from two up-quarks and a down-
quark, and it might be expected that only up- and down-quark PDFs would appear
in this sum. However, in reality the proton is a dynamic system where the strongly
interacting quarks are constantly exchanging virtual gluons that can fluctuate into
virtual qq pairs through processes such as that shown in Figure 8.10. Because glu-
ons with large momenta are suppressed by the 1/ gluon propagator, this sea of
virtual quarks and antiquarks tend to be produced at low values of x. Electron—
proton inelastic scattering therefore involves interactions with both quarks and
antiquarks. Furthermore, there will be contributions to the scattering process from
strange quarks through interactions with virtual ss pairs and even very small con-
tributions from off-mass shell heavier quarks. Here, for the sake of clarity, the rela-
tively small contribution from strange quarks is neglected and the sum in (8.24) is
restricted to the light flavours, giving the quark—parton model prediction

FP(x) = xZ 07¢"(x) ~ x(gup(x) + édp(x) + gﬁp(x) + %Zzp (x)) . (8.25)

where uP(x), dP(x), uP(x) and Ep(x) are respectively the up-, down-, anti-up and
anti-down parton distribution functions for the proton. A similar expression can be
written down for the structure functions for electron—neutron scattering,

4 1 4 1-n
F3'(x) = xZ Q?q?(x) ~ x(§u“(x) + §d"(x) + §ﬁn(x) + §d (x)) , (8.26)

where the PDFs now refer to the momentum distributions within the neutron.
With the exception of the relatively small difference in Coulomb interactions
between the constituent quarks, the neutron (ddu) would be expected to have the
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same structure as the proton (uud) with the up- and down-quarks interchanged.
This assumed isospin symmetry (see Chapter 9) implies that the down-quark PDF
in the neutron is the same as the up-quark PDF in the proton and thus

d"(x) = uP(x) and u"(x) = d°(x).

In order to simplify the notation, the PDFs for the proton are usually written as
u(x), d(x), u(x) and d(x), in which case the neutron PDFs can be taken to be

d"(x) = uP(x) = u(x) and u"(x) =d°(x) = d(x).

Likewise, the assumed isospin symmetry implies that the neutron antiquark PDFs
can be written in terms of the antiquark PDFs of the proton,

d () =) =ux) and #(x)=d (x) = d(x).

Thus the proton and neutron structure functions of (8.25) and (8.26), can be written
in terms of the PDFs of the proton,

FP(x) = 2xFP(x) = x(gu(x) + éd(x) + gﬁ(x) + éz;(x)), (8.27)
n en 4 1 4- o1
F3'(x) = 2xF{"(x) = x(gd(x) + §u(x) + §d(x) + §u(x)). (8.28)

Integrating these expressions for the structure functions over the entire x range
gives
- 4 1 . 4 1
Fr(x)dx=<fu+-fa and Fy'(x)dx = —fa + = fu, (8.29)
0 9 9 0 9 9

where f, and fy are defined by

1 1
fu = f [xu(x) + xu(x)]dx and fj= f [xd(x) + xd(x)] dx.
0 0

The quantity f, is the fraction of the momentum of the proton carried by the
up- and anti-up quarks. Similarly fq is the fraction carried by the down-/anti-down-
quarks. The momentum fractions f; and fy can be obtained directly from the exper-
imental measurements of the proton and neutron structure functions. For example,
Figure 8.11 shows an experimental measurement of F’ gp(x, 0?) as a function of x
for deep inelastic scattering events with 2GeV? < Q2 < 30 GeV? as observed at
SLAC. The area defined by the measured data points gives

ngp(x) dx~0.18.



196

Deep inelastic scattering

04 ——————
[
e T,
i 5
T e,
L
¥,
X 02 S .
*e.
°h
>h
¥
-«
0 ! ! ! ! | ! .1\‘
0 0.5 1
X

SLAC measurements of F,” (x, @%) for2 < @%/ GeV* < 30. Data from Whitlow et al. (1992).

Similarly, F5"(x) can be extracted from electron—deuterium scattering data (see
Problem 8.6), and it is found that

ngn(x) dx =~ 0.12.

Using the quark—parton model predictions of (8.29), these experimental results can
be interpreted as measurements of the fractions of the momentum of the proton
carried by the up-/anti-up- and down-/anti-down-quarks:

fu~036 and f3=~0.18.

Given that the proton consists of two up-quarks and one down-quark, it is perhaps
not surprising that f, = 2 f3. Nevertheless, the total fraction of the momentum of the
proton carried by quarks and antiquarks is just over 50%; the remainder is carried
by the gluons that are the force carrying particles of the strong interaction. Because
the gluons are electrically neutral, they do not contribute to the QED process of
electron—proton deep inelastic scattering.

8.4.3 Valence and sea quarks

It is already clear that the proton is a lot more complex than first might have been
anticipated. The picture of a proton as a bound state consisting of three “valence”
quarks is overly simplistic. The proton not only contains quarks, but also contains
of a sea of virtual gluons that give rise to an antiquark component through g — qq
pair production. To reflect these two distinct components, the up-quark PDF can
be split into the contribution from the two valence quarks, written as uy(x), and a
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contribution from the sea of up-quarks that are pair-produced from virtual gluons,
us (x). In this way, the proton light quark PDFs can be decomposed into

u(x) = uy(x) + us(x) and d(x) = dy(x) + ds(x).
In the case of the antiquark PDFs, there are only sea quark contributions,
u(x) = us(x) and d(x) = ds(x).

Since the proton consists of two valence up-quarks and one valence down-quark, it
is reasonable to expect that the valence quark PDFs are normalised accordingly,

1 1
f uy(x)dx =2 and f dv(x)dx=1.
0 0

Although there is no corresponding a priori expectation for the sea quarks, some
reasonable assumptions can be made. Firstly, since the sea quarks and the anti-
quarks of a given flavour are produced in pairs, the sea quark PDF will be the same
as the PDF for the corresponding antiquark. Furthermore, since the masses of the
up- and down-quarks are similar, it is reasonable to expect that the sea PDFs for
the up- and down-quarks will be approximately the same. With these assumptions,
the sea PDFs can all be approximated by a single function, written S (x), such that

us(x) = tis(x) ~ ds(x) = ds(x) = §(x).
Writing (8.27) and (8.28) in terms of the valence and sea quark PDFs leads to

e 4 1 10
F3P(x) = x(§uv(x) + §dv(x) + KS(X)) )

4 1 10
F'(x) = x(§dv(x) + §uv(x) + ES(X)).

With the above assumptions, the ratio of F5"(x) to F. gp (x) is predicted to be

F'X)  4dy(x) + uy(x) + 105 (x)
FP(x)  duy(x) +dy(x) + 10S (x)’

(8.30)

Although the PDFs need to be determined experimentally, some qualitative pre-
dictions can be made. For example, since the sea quarks are expected to be pro-
duced mainly at low ux, it is reasonable to hypothesise that the sea quarks will give
the dominant contribution to the proton PDFs at low x. In this case, the low-x limit
of (8.30) would be

F3'(x)

Fep(x) —1 as x— 0.
2

This prediction is supported by the data of Figure 8.12, which shows the ratio
of the F' g“(x) /F gp (x) obtained from electron—proton and electron—deuterium deep
inelastic scattering measurements.
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The ratio of F5"(x)/ erp(x) obtained from electron—deuterium and electron—proton deep inelastic scattering
measurements at SLAC. Data from Bodek et al. (1979).

Owing to the 1/¢* gluon propagator, which will suppress the production of sea
quarks at high x, it might be expected that the high-x PDFs of the proton will be
dominated by the valence quarks. In this case,

FS'N(x)  4dy(x) + uy(x)

- s x—1.
FPx)  4uy(x)+dv(x)

If it is also assumed that uy(x) = 2dy(x), the ratio of Fg“(x)/ng(x) would be
expected to tend to 2/3 as x — 1. This is in clear disagreement with the data of
Figure 8.12, where it can be seen that

F$"(x)
FP(x)

1
- 1.
—>4 as x —

This would seem to imply that the ratio dy(x)/uy(x) — 0 as x — 1. Whilst this
behaviour is not fully understood, a qualitative explanation based on the exclu-
sion principle can be made. At high x, one of the valence quarks carries most
of the momentum of the proton and the other two valence quarks must be in a
low momentum state. Since the exclusion principle forbids two like-flavour quarks
being in the same state, the configuration where the down-quark in the proton is at
high x and both up-quarks have low momentum is disfavoured.

There are a number of conclusions that can be drawn from the above discussion.
Firstly, the proton is a complex system consisting of many strongly interacting
quarks and gluons. Secondly, whilst qualitative predictions of the properties of the
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PDFs can be made, relatively simplistic arguments do not always work. Ultimately,
the parton distribution functions have to be inferred directly from experimental
data.

8.5 Electron—proton scattering at the HERA collider

The studies of deep inelastic scattering at very high Q” and at very low x were
amongst the main goals of the HERA electron—proton collider that operated from
1991 to 2007 at the DESY (Deutsches Elektronen-Synchrotron) laboratory in Ham-
burg, Germany. It consisted of a 3 km circumference ring where 27.5 GeV electrons
(or positrons) were collided with 820 GeV or 920 GeV protons. Two large experi-
ments, H1 and ZEUS, were located at opposite sides of the ring. Each experiment
recorded over one million e*p deep inelastic collisions at Q%> > 200 GeV?2. These
large data samples at a centre-of-mass energy of /s ~ 300 GeV, enabled the struc-
ture of the proton to be probed with high precision, both at Q? values of up to
2 x 10* GeV? and at x below 1074

Figure 8.13 shows an example of a very-high-Q? interaction recorded by the H1
experiment. The final-state hadronic system is observed as a jet of high-energy par-
ticles. The energy and direction of this jet of particles is measured less precisely
than the corresponding properties of the electron. Consequently, for each observed
event, Q? and x are determined from the energy and scattering angle of the elec-
tron. The results from deep inelastic scattering data from the H1 and ZEUS exper-
iments, summarised in Figure 8.14, provide a precise determination of the proton
structure functions over a very wide range of x and Q. The data show a number

A high-energy electron—proton collision in the H1 detector at HERA. In this event the electron (the particle
recorded in the lower part of the detector) is scattered through a large angle and the hadronic system from
the break up of the proton forms a jet of particles. Courtesy of the H1 Collaboration.
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Measurements oszep(x, @) at HERA. Results from both the H1and ZEUS experiments are shown. The different
bands of data points correspond to the Q* evolution of F for different values of x. For clarity, the data at
different values of x are shifted by —log x. Also shown are lower-Q? data from earlier fixed-target experiments
(BCDMS, E665, NMC and the SLAC experiments). From Beringer et al. (2012), ©the American Physical Society.

of interesting features. For 0.01 < x < 0.5, where the measurements extend out to
0% =2x10*GeV?, only a weak 0? dependence of F' ;p (x, 0?) is observed, broadly
consistent with Bjorken scaling. It can therefore be concluded that quarks appear
to be point-like particles at scales of up to Q> = 2 x 10* GeV?. If the quark was a
composite particle, deviations from Bjorken scaling would be expected when the
wavelength of the virtual photon, 4 ~ hc/|Q|, became comparable to the size of
the quark. The observed consistency with Bjorken scaling therefore implies that
the radius of a quark must be smaller than

rq < 1078 m.
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8.5.1 Scaling violations

Whilst Bjorken scaling holds over a wide range of x values, relatively small devi-
ations are observed at very low and very high values of x. For example, at high
(low) values of x, the proton structure function is observed to decrease (increase)
with increasing Q. Put another way, at high Q? the measured structure functions
are shifted towards lower values of x relative to the structure functions at low Q2,
as indicated in Figure 8.15. This behaviour, known as scaling violation, implies
that at high Q?, the proton is observed to have a greater fraction of low x quarks.
These scaling violations are not only expected, but the observed Q? dependence is
calculable in the theory of the strong interaction, QCD.

The mathematical description of the origin of scaling violations is beyond the
scope of this book and only a qualitative description is given here. At low Q?, there
is a length scale, determined by the wavelength of the virtual photon, below which
it is not possible to resolve any spatial sub-structure, as indicated in Figure 8.16a.
At higher values of Q°, corresponding to shorter-wavelengths of the virtual photon,
it is possible to resolve finer detail. In this case, the deep inelastic scattering process
is sensitive to the effects of quarks radiating virtual gluons, q — qg, over smaller
length scales, as indicated in Figure 8.16b. Consequently, more low-x quarks are
“seen” in high-Q? deep inelastic scattering.

Although currently it is not possible to calculate the proton PDFs from first prin-
ciples within the theory of QCD, the Q? dependence of the PDFs is calculable

(a) (b)

Low x
'R
c Medium x
x
In Q2 X

The general features of the evolution of £, (x, ¢%): (a) the @ dependence at low and high x and (b) the x
dependence at low and high ¢?.

@ e

Finer structure within the proton can be resolved by shorter-wavelength virtual photons leading to the obser-
vation of lower x partons at higher Q2. The circled regions indicate the length scale below which structure
cannot be resolved.
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using the parton evolution functions known as the DGLAP (Dokshitzer—Gribov—
Lipatov—Altarelli—Parisi) equations. These equations are based on universal parton
splitting functions for the QCD processes ¢ — qg and g — qq. The observed scal-
ing violations in deep inelastic scattering therefore provide a powerful validation
of the fundamental QCD theory of the strong interaction. A good introduction to
the DGLAP evolution equations can be found in Halzen and Martin (1984).

8.6 Parton distribution function measurements
|

Information about the parton distribution functions of the proton can be extracted
from high-energy measurements involving protons, such as: fixed-target electron—
proton and electron—neutron scattering; high-energy electron—proton collider data;
neutrino—nucleon scattering data (discussed in Chapter 12); high-energy pp collider
data from the Tevatron; and very-high-energy pp collider data from the LHC. The
different experimental measurements provide complementary information about
the PDFs. For example, neutrino scattering data provide a direct measurement of
the (x) and d(x) content of the proton and the pp collider data provides information
on the gluon PDF, g(x).

The proton PDFs are extracted from a global fit to a wide range of experimental
data. Owing to the complementary nature of the different measurements, tight con-
straints on the PDFs are obtained. In practice, the PDFs are varied, subject to the

The current understanding of the proton PDFs at ¢* = 10 GeV? as determined from the MRST fit to a wide
range of experimental data. The relatively small strange quark PDF s(x) is shown. PDFs from the Durham
HepData project.
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constraints imposed by the theoretical framework of QCD such as the DGLAP
evolution equations, to obtain the best agreement with experimental data. The
output of this procedure is a set of PDFs at a particular Q% scale. For example,
Figure 8.17 shows the extracted PDFs at Q°> = 10 GeV? obtained from a recent fit
to the experimental data, where it is assumed that u(x) = wuy(x) + u(x). The con-
tribution from gluons is large and, as expected, is peaked towards low values of x.
The antiquark PDFs are relatively small and, because the antiquarks originate from
g — qq, also are peaked towards low values of x. Apart from at high values of x, it
is found that uy(x) ~ 2dy(x) as expected. Finally, it is worth noting that although
the PDFs for U and d are similar, there is a small difference with E(x) > u(x).
This may be explained by a relative suppression of the g — uu process due to
the exclusion principle and the larger number of up-quark states which are already
occupied.

Summary
|

In this chapter the process of deep inelastic scattering has been described in terms
of the quark—parton model, where the underlying process is the elastic scattering
of the electron from the quasi-free spin-half constituent quarks. The kinematics
of inelastic scattering were described in terms of two of the kinematic variables
defined below

In the quark—parton model, x is identified as the fraction of the momentum of the
proton carried by the struck quark in the underlying e"q — e™q elastic scattering
process. The quark—parton model naturally describes the experimentally observed
phenomena of Bjorken scaling, F(x, Qz) — F(x), and the Callan—Gross relation,
Fz(x) = 2xF1(x).

In the quark—parton model, cross sections can be described in terms of par-
ton distribution functions (PDFs) which represent the momentum distributions of
quarks and antiquarks within the proton. The PDFs can not yet be calculated from
first principles but are determined from a wide range of experimental data. The
resulting PDF measurements reveal the proton to be much more complex than a
static bound state of three quarks (uud); it is a dynamic object consisting of three
valence quarks and a sea of virtual quarks, antiquarks and gluons, with almost
50% of the momentum of the proton carried by the gluons. The precise knowl-
edge of the PDFs is an essential ingredient to the calculations of cross sections
for all high-energy processes involving protons, such as proton—proton collisions
at the LHC.
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The quark—parton model provides a hugely successful description of the dynamic
nature of the proton. However, it does not explain why the only observed hadronic
states are baryons and mesons or why the proton is the lowest mass baryon. The
static quark model is the subject of the next chapter.

Problems
|

(B 81  Usethe datain Figure 8.2 to estimate the lifetime of the A* baryon.
@ 8.2  Infixed-target electron—proton elastic scattering
¢ =2my(E - B) =2mky and @ = 4EE5sin’(6/2).
(a) Use these relations to show that

_m
8

(b) Assuming azimuthal symmetry and using Equations (7.31) and (7.32), show that

0y £ m, E (0
sinz(i)zf—;ﬁpy2 and hence chosz(i)=1—y

dQ| do nwdo

do B ’
i@~ ldetl dQ B2 dQ’
(c) Using the results of (a) and (b) show that the Rosenbluth equation,

4Q ~ 4in0/) B

0 0
cos’ = + 27 G, sin? E] ,

do a? I3 Gﬁ + TG,ZW
(+7 2

can be written in the Lorentz-invariant form

do _ 4o’ & + 76, . _ﬂ Lo
@ ¢ | d+1) Q@ m-

@ 8.3  Infixed-target electron—proton inelastic scattering:

(@) show that the laboratory frame differential cross section for deep-inelastic scattering is related to the
Lorentz-invariant differential cross section of Equation (8.11) by

do _ kb do _ hE 2mp)(2 do

5dQ 7 &A@ 7 @ ded?’

where £, and £; are the energies of the incoming and outgoing electron.
(b) Show that

me o 1E L0 mey B 6
L 286l and T—y— -2 —icoszi.

02 7 mpE1 2 02 _E1
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SLAC measurements of F(x, Q%) infor2 < @2/ GeV* < 30. Data from Whitlow et al. (1992).

@) 84
) 85
(D 86

(c) Hence, show that the Lorentz-invariant cross section of Equation (8.11) becomes
do a? H ,6

= s +2IE1 sinze
didQ  4f2sinte/2|v 2 omy T 2]

(d) Afixed-target ep scattering experiment consists of an electron beam of maximum energy 20 GeV and a
variable angle spectrometer that can detect scattered electrons with energies greater than 2 GeV. Find
the range of values of 6 over which deep inelastic scattering events can be studied atx = 0.2and @ =

2GeV~
If quarks were spin-0 particles, why would £, (x) /F," (x) be zero?
What is the expected value of f01 u(x) — u(x) dx for the proton?

Figure 8.18 shows the raw measurements of the structure function £,(x) in low-energy electron—deuterium
scattering. When combined with the measurements of Figure 8.1, it is found that

1
FEP(x) dx

f"]i— ~0.84
A FP(x) dx

Write down the quark—parton model prediction for this ratio and determine the relative fraction of the momen-
tum of proton carried by down-/anti-down-quarks compared to that carried by the up-/anti-up-quarks, f3/1,.

Including the contribution from strange quarks:

(a) show that F;” () can be written

4 _ 1 - -
FP00 = 5 [ + W] + 5 [d00) + d0) + () + 50|
where s(x) and s(x) are the strange quark—parton distribution functions of the proton.
(b) Find the corresponding expression for 5" (x) and show that

1 /_-ep( )_Fen( ) 1 _
[EOEW, 12 [ -]

X 30

and interpret the measured value of 0.24 + 0.03.
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Deep inelastic scattering

At the HERA collider, electrons of energy £, = 27.5 GeV collided with protons of energy £, = 820 GeV. In deep
inelastic scattering events at HERA, show that the Bjorken x is given by
Y= E 1—cosO
T h|2-B/E)(1+wsO) |

where @ is the angle through which the electron has scattered and £; is the energy of the scattered electron.

Estimate x and @’ for the event shown in Figure 8.13 assuming that the energy of the scattered electron
is 250 GeV.




Symmetries and the quark model

4 Symmetries are a central to our current understanding of particle physics. In
this chapter, the concepts of symmetries and conservation laws are first intro-
duced in the general context of quantum mechanics and are then applied to the
quark model. The approximate light quark flavour symmetry is used to predict
the structure and wavefunctions of the lightest hadronic states. These wave-
functions are used to obtain predictions for the masses and magnetic moments
of the observed baryons. The discussion of the quark model provides an intro-
duction to the algebra of the SU(2) and SU(3) symmetry groups that play a
central r6le in the Standard Model. No prior knowledge of group theory is
assumed; the required properties of the SU(2) and SU(3) symmetry groups
are obtained from first principles.

.

9.1 Symmetries in quantum mechanics

207

In both classical and quantum physics, conservation laws are associated with sym-
metries of the Hamiltonian. For particle physics it is most natural to introduce these
ideas in the context of quantum mechanics. In quantum mechanics, a symmetry of
the Universe can be expressed by requiring that all physical predictions are invari-
ant under the wavefunction transformation

v -y =0y,

where, for example, U could be the operator corresponding a finite rotation of
the coordinate axes. The requirement that all physical predictions are unchanged
by a symmetry transformation, constrains the possible form of U. A necessary
requirement is that wavefunction normalisations are unchanged, implying

W) = W'Y = OOy = GO O).

From this it can be concluded that the operator corresponding to any acceptable
symmetry transformation in quantum mechanics must be unitary

U0 =1,
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where [ represents unity (which could be 1 or the identity matrix). Furthermore, for
physical predications to be unchanged by a symmetry operation, the eigenstates of
the system also must be unchanged by the transformation. Hence the Hamiltonian
itself must possess the symmetry in question, H — H’ = H. The eigenstates of the
Hamiltonian satisfy

Hy; = Ey,

and because of the invariance of the Hamiltonian, the energies of the transformed
eigenstates ¢ will be unchanged,

A’y = Hy} = E}.
Since ¢} = Uy, this implies
HUy; = E;:Uy; = UEy; = UHY;.

Therefore, for all states of the system, HUw; = UHy;, and it can be concluded that
U commutes with the Hamiltonian

[A,0]= A0 - 0f =0,

Hence, for each symmetry of the Hamiltonian there is a corresponding unitary
operator which commutes with the Hamiltonian.

A finite continuous symmetry operation can be built up from a series of infinites-
imal transformations of the form

Ue) = I + ieG,

where € is an infinitesimally small parameter and G is called the generator of the
transformation. Since U is unitary,

U)UT(e) = (I +ieG)I - ieGT) = I + ie(G = GT) + O(€?).

For this infinitesimal transformation terms of O(e>) can be neglected, and therefore
the requirement that U U = I implies that

G=G"

Thus, for each symmetry of the Hamiltonian there is a corresponding unitary sym-
metry operation with an associated Hermitian generator G. The eigenstates of a
Hermitian operator are real and therefore the operator G is associated with an
observable quantity G. Furthermore, since U commutes with the Hamiltonian,
[FI A+ ieé] = 0, the generator G also must commute with the Hamiltonian,

[Fl, G] =0.
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In quantum mechanics the time evolution of the expectation value of the operator
G is given by (2.29),
d A~ 1A oA
Ser=i(nc),
and because here G commutes with the Hamiltonian,
d A
—(G)=0.
) t( )

Hence, for each symmetry of the Hamiltonian, there is an associated observable
conserved quantity G. Thus in quantum mechanics, symmetries are associated
with conservation laws and vice versa. This profound statement is not restricted
to quantum mechanics, in classical dynamics symmetries of the Hamiltonian also
correspond to conserved quantities. The relationship between symmetries and con-
servation laws is an expression of Noether’s theorem, which associates a symmetry
of the Lagrangian with a conserved current (see, for example, Appendix E).

Translational invariance

As an example of the above arguments, consider the simple case of translational
invariance in one dimension. The Hamiltonian for a system of particles depends
only on the velocities and the relative distances between particles and therefore
does not change if all particles are translated by the same infinitesimal distance ¢,

X — X+eE
The corresponding wavefunction transformation is
Y(x) = Y'(x) = Y(x + €).

Performing a Taylor expansion of ¥(x) in terms of € gives

, 0
V0 =+ 9 =40 + e+ 0E)
For this infinitesimal transformation, the terms of O(e”) can be dropped, giving
, 0
vix)y=[1+ 6(9_ w(x). 9.1
X
This can be expressed in terms of the quantum-mechanical momentum operator,
. .0
= —1—7
P 0x

giving

¥'(x) = (1 + iep ().
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Comparison with (9.1) shows that the generator of the symmetry transformation,
X — X + €, is the quantum-mechanical momentum operator p,. Hence, the transla-
tional invariance of Hamiltonian implies momentum conservation.

In general, a symmetry operation may depend on more than one parameter, and
the corresponding infinitesimal unitary operator can be written in terms of the set
of generators G= (G:),

U=1+ie-G,

where € = {¢;}. For example, an infinitesimal three-dimensional spatial translation
X — X + € can be associated with the generators p = (py, p,, p;) with

U(e)=1+ie-p=1+iepy+iepy,+ep,

9.1.1 Finite transformations

Any finite symmetry transformation can be expressed as a series of infinitesimal
transformations using

n—oo

N 1 A\
U(a) = lim (1 + i;a- G) =exp (ia - G).

For example, consider the finite translation x — x+x( in one dimension. The corre-
sponding unitary operator, expressed in terms of the generator of the infinitesimal
translation py, is

. o 0
U(xo) = exp (ixopx) = exp (xoa)-

Hence for this finite translation, wavefunctions transform according to

N 0
' (x) = Ug(x) = exp (xoa—)kl’(x)
X
o x50
Z(l +X0&+Eﬁ+“‘]w()€)

dy %Py
=(J/(X)+)C()a+?ﬁ+“‘,

which is just the usual Taylor expansion for ¥(x + xp), and therefore U(xp) results
in the transformation

Y(x) = ' (x) = Uxo)y = (x + xo),

as required.
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9.2 Flavour symmetry
|

In the early days of nuclear physics, it was realised that the proton and neutron have
very similar masses and that the nuclear force is approximately charge independent.
In other words, the strong force potential is the same for two protons, two neutrons
or a neutron and a proton

Vop ® Vip = Vi,

Heisenberg suggested that if you could switch off the electric charge of the proton,
there would be no way to distinguish between a proton and a neutron. To reflect
this observed symmetry of the nuclear force, it was proposed that the neutron and
proton could be considered as two states of a single entity, the nucleon, analogous
to the spin-up and spin-down states of a spin-half particle,

o=(8) wa a=(?)

This led to the introduction of the idea of isospin, where the proton and neutron
form an isospin doublet with total isospin / = 1/2 and third component of isospin
I = £1/2. The charge independence of the strong nuclear force is then expressed
in terms of invariance under unitary transformations in this isospin space. One
such transformation would correspond to replacing all protons with neutrons and
vice versa. Physically, isospin has nothing to do with spin. Nevertheless, it will be
shown in the following section that isospin satisfies the same SU(2) algebra as spin.

9.2.1 Flavour symmetry of the strong interaction

The idea of proton/neutron isospin symmetry can be extended to the quarks. Since
the QCD interaction treats all quark flavours equally, the strong interaction pos-
sesses a flavour symmetry analogous to isospin symmetry of the nuclear force. For
a system of quarks, the Hamiltonian can be broken down into three components

H= ﬁO + I:Istrong + ﬂema 9.2)

where Hy is the kinetic and rest mass energy of the quarks, and Flstrong and Hep,
are respectively the strong and electromagnetic interaction terms. If the (effective)
masses of the up- and down-quarks are the same, and H., is small compared to
ﬂstrong, then to a good approximation the Hamiltonian possesses an up—down (ud)
flavour symmetry; nothing would change if all the up-quarks were replaced by
down-quarks and vice versa. One simple consequence of an exact ud flavour sym-
metry is that the existence of a (uud) bound quark state implies that there will a

corresponding state (ddu) with the same mass.
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The above idea can be developed mathematically by writing the up- and down-
quarks as states in an abstract flavour space

{3) e (1)

If the up- and down-quarks were indistinguishable, the flavour independence of
the QCD interaction could be expressed as an invariance under a general unitary
transformation in this abstract space

(u’) A(u) Ui Uz |[u

, | =U = .

d d Uz Uxn J\d

Since a general 2 X 2 matrix depends on four complex numbers, it can be described
by eight real parameters. The condition UUT = I, imposes four constraints; there-
fore a 2 X 2 unitary matrix can be expressed in terms of four real parameters or,

equivalently, four linearly independent 2 X 2 matrices representing the generators
of the transformation

U= exp (i;G)).

One of the generators can be identified as

U—loﬂ (9.3)
“lo1) '

This U(1) transformation corresponds to multiplication by a complex phase and is
therefore not relevant to the discussion of transformations between different flavour
states. The remaining three unitary matrices form a special unitary SU(2) group
with the property' det U = 1. The three matrices representing the Hermitian gener-
ators of the SU(2) group are linearly independent from the identity and are there-
fore traceless. A suitable choice” for three Hermitian traceless generators of the ud
flavour symmetry are the Pauli spin-matrices

(01 (0 —i and (1 0
1=\1o0) 7270 o 73=\o -1/
The ud flavour symmetry corresponds to invariance under SU(2) transformations
leading to three conserved observable quantities defined by the eigenvalues of Pauli

' The property detU = 1 follows from the properties of determinants, detU'U = det] =
detUT detU = det U* det U = |det U* = 1. For the corresponding infinitesimal transformation to
be close to the identity, det U must equal +1.

The algebra of the SU(2) is determined by the commutation relations of the generators. The use of
the Pauli spin-matrices is purely conventional. An equally valid choice of the generators G; would
be STo;S where S is an arbitrary unitary matrix. The commutation relations are unchanged by
this redefinition, and thus the algebra of SU(2) does not depend on the specific representation of
the generators.
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spin-matrices. The algebra of the ud flavour symmetry is therefore identical to that
of spin for a spin-half particle. In analogy with the quantum-mechanical treatment
of spin-half particles, isospin T is defined in terms of the Pauli spin-matrices

-1
T_20'.

Any finite transformation in the up—down quark flavour space can be written in
terms of a unitary transformation

such that

£)-~(2)

where @ - T = a1Ty + axT> + a3T5. Hence, the general flavour transformation
is a “rotation” in flavour space, not just the simple interchange of up and down
quarks. A general unitary transformation in this isospin space would amount to
relabelling the up-quark as a linear combination of the up-quark and the down-
quark. If the flavour symmetry were exact, and the up- and down-quarks were
genuinely indistinguishable, this would be perfectly acceptable. However, because
the up- and down-quarks have different charges, it does not make sense to form
states which are linear combinations of the two, as this would lead to violations of
electric charge conservation. Consequently, the only physical meaningful isospin
transformation is that which corresponds to relabelling the states, u < d.

9.2.2 Isospin algebra

Whilst isospin has nothing to do with the physical property of spin, it has exactly
the same mathematical structure defined by the generators of the SU(2) symme-
try group. In the language of group theory the generators of SU(2) define a non-
Abelian (i.e. non-commuting) Lie algebra. The three generators of the group, which
correspond to physical observables, satisfy the algebra

[Tl, Tz] = l'T3, [Tz, T3] = lT] and [TS, Tl] = iTz.
This is exactly the same set of commutators as found for the quantum mechanical
treatment of angular momentum, introduced in Section 2.3.5. Consequently, the

results obtained for angular momentum can be applied directly to the properties of
isospin. The total isospin operator,

£D A2 A2 A2
T"=T7+T5+T13,
which commutes with each of the generators, is Hermitian and therefore also corre-
sponds to an observable quantity. Because the three operators 7, 7> and 73 do not
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-0 ® O /3

The isospin ladder operators step along the states in /; within an isospin multiplet.

commute with each other, the corresponding observables cannot be known simul-
taneously (see Section 2.3.4). Hence, isospin states can be labelled in terms of the
total isospin / and the third component of isospin /3. These isospin states ¢(/, I3)
are the mathematical analogues of the angular momentum states |/, m) and have the
properties

T°¢ (1) = I+ Dp (I, 1) and T3¢, 1) = Lo (I, Iy).

In terms of isospin, the up-quark and down-quark are represented by
(1~ o(1 .1 _(OY_ (1 _1
u—(o)—¢(§,+§) and d_(l)_¢(§’_§)‘

The up- and down-quarks are the two states of an isospin one-half multiplet with
respective third components of isospin +% and —% as indicated in Figure 9.1.

Isospin ladder operators

The isospin ladder operators, analogous to the quantum mechanical angular momen-
tum ladder operators, defined as

T_ = Tl = iTz and T+ = Tl + iTz,

have the effect of moving between the (2 + 1) states within an isospin multiplet,
as indicated in Figure 9.2. The action the ladder operators on a particular isospin
state are

T.p(B)= VIU+1)-L(L+ )¢, 13+ 1), (9.4)
T¢I, 1) = IU+ 1) - L - D¢ - 1), 9.5)

where the coefficients were derived in Section 2.3.5. For an isospin multiplet with
total isospin /, the ladder operators have the effect of raising or lowering the third
component of isospin. The action of the ladder operators on the extreme states with
Iz = =1 yield zero,

T_¢,-I)=0 and T,¢(,+I) =0.
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Therefore, the effects of the isospin ladder operators on the u- and d-quarks are

T.u=0, T,d=u, T-u=d and 7_d=0.

9.3 Combining quarks into baryons
|

The strong interaction Hamiltonian does not distinguish between up- and down-
quarks, therefore in the limit where the up- and down-quark masses are the same,
physical predictions involving the strong interaction alone are symmetric under
unitary transformations in this space. The conserved observable quantities, corre-
sponding to the generators of this symmetry are /3 and /. Because /3 and [/ are
conserved in strong interactions, the concept of isospin is useful in describing low-
energy hadron interactions. For example, isospin arguments can be used to explain
the observation that the decay rate for A* — pn® is twice that for A° — nzn® (see
Problem 9.3). Here the concept of isospin will be used to construct the flavour
wavefunctions of baryons (qqq) and mesons (qq).

The rules for combining isospin for a system of two quarks are identical to those
for the addition of angular momentum. The third component of isospin is added as
a scalar and the total isospin is added as the magnitude of a vector. If two isospin
states ¢ (I“, Ig‘) and ¢ (Ib s Ié’) are combined, the resulting isospin state ¢ (I, I3) has

L=+ and |I“-1°|<I<|I“+ 1

These rules can be used to identify the possible isospin states formed from two
quarks (each of which can be either an up- or down-quark). The third component
of isospin is the scalar sum of /5 for the individual quarks, and hence the /5 assign-
ments of the four possible combinations of two light quarks are those of Figure 9.3.
The isospin assignments for the extreme states immediately can be identified as

w=¢(3.4)6(3.3)=¢0.+1) and dd=g¢(.-3)e(3.-3)=0.-D.

This identification is unambiguous, since a state with /3 = +1 must have I > 1
and the maximum total isospin for a two-quark state is / = 1. The quark combina-
tions ud and du, which both have I3 = 0, are not eigenstates of total isospin. The

dd ud, du uu
—e ® *—> /5
-1 0 +1

The /5 assignments for the four possible combinations of two up- or down-quarks. There are two states with
I3 = 0 (indicated by the point and circle) ud and du.



216

Symmetries and the quark model

1 1 _
dd ﬁ(ud + du) uu E(ud du)
—e ® *—>/; @ —— 3
-1 = 0 *—=—" + 0
T, T,

The isospin eigenstates for the combination of two quarks.

ddu uud
a a1 a1 _ a1 _
ddd \/E(ud+du)d \E(ud+du)u uuu \E(Ud du)d @(ud du)u
o> [y @ —o—— o> /;
4 4 B4 4 4

The /5 assignments of three-quark states built from the qq triplet and singlet states.

appropriate linear combination corresponding to the / = 1 state can be identified
using isospin ladder operators,

T_¢(1,+1) = V2¢(1,0) = T_(uu) = ud + du,
and thus
#(1,0) = %(ud+du).

The ¢ (0, 0) state can be identified as the linear combination of ud and du that is
orthogonal to ¢ (1, 0), from which

#(0,0) = %(ud — du). (9.6)

Acting on the I = 0 singlet state of (9.6) with either T, or T_ gives zero, confirming
that it is indeed the ¢ (0, 0) state, for example
7.5 (ud = du) = 35 ((T4uld + u[7,d] - [T4d]u - d[T'u])
_ 1 _ —
= ﬁ(uu uu) = 0.

The four possible combinations of two isospin doublets therefore decomposes into
a triplet of isospin-1 states and a singlet isospin-0 state, as shown in Figure 9.4,
This decomposition can be written as 2 ® 2 = 3 @ 1. It should be noted that the
isospin-0 and isospin-1 states are physically different; the isospin-1 triplet is sym-
metric under interchange of the two quarks, whereas the isospin singlet is antisym-
metric.

The isospin states formed from three quarks can be obtained by adding an up-
or down-quark to the qq isospin singlet and triplet states of Figure 9.4. Since I3
adds as a scalar, the I3 assignments of the possible combinations are those shown
in Figure 9.5. The two states built from the I = 0 singlet will have total isospin
I = 1/2, whereas those constructed from the I = 1 triplet can have either I = 1/2
or I = 3/2. Of the six combinations formed from the triplet, the extreme ddd and
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uuu states with I3 = —3/2 and I3 = +3/2 uniquely can be identified as being part of
isospin / = 3/2 multiplet. The other two I = 3/2 states can be identified using the
ladder operators For example, the ¢ (— ——) state, which is a linear combination of

the ddu and —= (ud + du)d states, can be obtained from the action of 7, on
¢(3.-3) = ddd,
from which

T.¢(3.-3) = V3¢ (3.-1) = T'.(ddd) = [T, d]dd + d[T’,d]d + dd[7"d]
= udd + dud + ddu,

and therefore

¢(3.-3) = J5(udd + dud + ddu). ©.7)

From the repeated action of the ladder operators, the four i 1sosp1n—— states, built
from the qq triplet, can be shown to be

¢(3.-3) = ddd, 9.8)
(g _%) = \F(udd + dud + ddu), 9.9)
$(3.+3) = 5 (uud + udu + duu), (9.10)
¢(§ +%) = uuu. (9.11)

The two states obtained from the qq triplet with total isospin / = 1/2 are orthog-
onal to the I3 = +1/2 states of (9.9) and (9.10). Hence, the ¢ (%, —%) state can be

identified as the linear combination of ddu and \L@(ud + du)d that is orthogonal to
the ¢ (%, —%) state of (9.9), giving

¢s(3.-1) = —~7(2ddu — udd - dud), 9.12)
and similarly
bs (2, —) ‘f(2uud udu — duu). (9.13)

The relative phases of (9.12) and (9.13) ensure that the ladder operators correctly
step between the two states. In addition, the two states constructed from the qq
isospin singlet of (9.6) are

Pa ( )

¢A(

’

(udd — dud), 9.14)

+

1 L
2 V2
1 ne
2 V2

I\)I'—' =

(udu — duu). (9.15)
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ddd %(udd + dud + ddu) %(udu +duu+uud) uuu

1= % —-o——o— e —e&» /3 O
—%(deu — udd - dud) %(QUUC‘ — duu - udu) ié(udd dud) iz(udu duu)
I= % —o—eo> |, ($) —o———o >3
3 4 3 4

The three-quark ¢ (/, ;) states in SU(2) flavour symmetry. The eight combinations decompose into a sym-
metric quadruplet and two mixed symmetry doublets.

Hence, the eight combinations of three up- and down-quarks, uuu, uud, udu, udd,
duu, dud, ddu and ddd, have been grouped into an isospin—% quadruplet and two
isospin-% doublets, as shown in Figure 9.6. In terms of the SU(2) group structure
this can be expressed as

20202=200301)=283)02®1)=406262,

where 2 ® 2 ® 2 represents the combinations of three quarks represented as isospin
doublets. The different isospin multiplets have different exchange symmetries. The
flavour states in the isospin—— quadruplet, (9 8)—(9.11), are symmetric under the
interchange of any two quarks. The isospin-3 L doublets are referred to as mixed sym-
metry states to reflect the symmetry under the interchange of the first two quarks,
but lack of overall exchange symmetry. The doublet states of (9.12) and (9.13),
labelled ¢5, are symmetric under the interchange of quarks 1 < 2, whereas the
doublet states of (9.14) and (9.15), labelled ¢4, are antisymmetric under the inter-
change of quarks 1 < 2. These two isospin doublets have no definite symmetry
under the interchange of quarks 1 < 3 and 2 < 3.

9.3.1 Spin states of three quarks

Because the SU(2) algebra for combining spin-half is that same as that for isospin,
the possible spin wavefunctions of three quarks, denoted by y, are constructed in
the same manner. Hence the combination of three spin-half particles gives: a spin-%
quadruplet, with spin states

x(3,+3) =111, 9.16)
x(3.+3) = AT+ 101 + 11, 9.17)
x(3:-3) = HAULT + 111+ 11D, 9.18)
x(3.-3) =1L 9.19)
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a mixed symmetry doublet which is symmetric under 1 < 2,

xs (3:-3) =~ @ LT =1L - 11D, (9.20)
xs (3:43) = @ 1L = 141 = 117; 9.21)
and a mixed symmetry doublet which is antisymmetric under 1 & 2,
xa(-3) = Bau-u, 9.22)
xa(3+3) = 501 - 1. 9.23)

9.4 Ground state baryon wavefunctions
I —

There are eight possible isospin states for a system of three quarks and eight pos-
sible spin states, leading to a total of 64 possible combined flavour and spin states.
However, not all combinations satisfy the required fermion exchange symmetry
of the total wavefunction. In addition to spin and flavour components, the wave-
function for a qqq state also needs to describe the colour content and the spatial
wavefunction. The overall wavefunction for a bound qqq state, accounting for all
degrees of freedom, can be written

¥ = Pfiavour Xspin Ecolour Nspace- (9.24)

Because quarks are fermions, the overall wavefunction of (9.24) is required to be
antisymmetric under the interchange of any two of the quarks. For a system of
like fermions, for example uuu, this is simply a statement of the Pauli exclusion
principle. However, because of the assumed SU(2) flavour symmetry, when the
flavour wavefunction is included, the fermion exchange symmetry applies to the
wavefunction as a whole (the argument is given in the starred Addendum in Section
9.7 at the end of this chapter).

The requirement that the wavefunction of (9.24) is totally antisymmetric places
restrictions on the individual parts. In Chapter 10, it is shown that the colour wave-
function is necessarily totally antisymmetric. Here the discussion is restricted to
the L = 0 ground state baryons, in which there is no orbital angular momentum. In
this case, the quarks are described by £ = 0 s-waves. Since the exchange symmetry
of the orbital states is given by (=1)¢, here the orbital wavefunction is symmetric
under the interchange of any two quarks. Consequently, for the L = O baryons the
combination &colour Mspace 18 antisymmetric under the interchange of any two quarks.
For the overall wavefunction to be antisymmetric, the combined flavour and spin
wavefunctions, @fayour Xspin, Must be symmetric.

L = 0 baryons:  ¢fayour Xspin = Symmetric.
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ddd %(ddu +dud + udd) %(uud +udu +duu) uuu
A~ AO AT AT
—_— e — 0 —— 00— l3
3 1 1 3
3 3 "3 *3

The flavour wavefunctions of the / = % light quark A-baryons, each of which has total spin s = %

The possible forms of the flavour and spin parts of the wavefunction are respec-
tively given by (9.8)—(9.15) and (9.16)—(9.23). There are two ways to construct a
totally symmetric combination of ¢gavour and xpin. Firstly, the totally symmetric
flavour wavefunctions of (9.8)—(9.11) can be combined with the totally symmetric
spin wavefunctions of (9.16)—(9.19) to give four spin-%, isospin—% baryons. These
are known as the A-baryons with the flavour wavefunctions shown in Figure 9.7.

The second way to construct a totally symmetric ¢gayour Xspin Wavefunction is to
note that the combinations of mixed symmetry wavefunctions, ¢s ys and ¢y, are
both symmetric under interchange of quarks 1 < 2. However, neither combination
on its own has a definite symmetry under the interchange of quarks 1 < 3 and
2 & 3. Nevertheless, it is easy to verify that the linear combination

Y= %(%)(S + daxa) (9.25)

is symmetric under the interchange of any two quarks, as required. Here the two
possible flavour states correspond to the spin-half proton (uud) and neutron (ddu).
Therefore, from (9.25), the wavefunction for a spin-up proton can be identified as

P = 5 |85 (3. +5) xs (3. +5) + 6a (5. +3) xa (5. +3)]

5 (2uud —udu — duw)(2 174 = 141 = U1 + -5 (udu — du)(1YT = LT1),

which when written out in full is

p1) = =Qututdl-utuld-uluTd?

+2ufTdluT-ufTdful—-uldTu?
+2dlufuT—-dTuful—-dTulu. (9.26)

The fully antisymmetric version of the proton wavefunction would include the anti-
symmetric colour wavefunction, which itself has six terms, giving a wavefunction
with a total of 54 terms with different combinations of flavour, spin and colour. In
practice, the wavefunction of (9.26) is sufficient to calculate the physical properties
of the proton.
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9.5 Isospin representation of antiquarks
|

In the above description of SU(2) flavour symmetry, the up- and down-quarks were
placed in an isospin doublet,
_fu
q - d .

A general SU(2) transformation of the quark doublet, ¢ — q’ = Uq, can be written

-G

where a and b are complex numbers which satisfy aa* + bb* = 1. In Section 4.7.5,
the charge conjugation operation was identified as ' = Cy = iy?y*. Hence taking
the complex conjugate of (9.27) gives the transformation properties of the flavour
part of the antiquark wavefunctions

ISR

In SU(2) it is possible to place the antiquarks in a doublet that transforms in the
same way as the quarks, @ — q = UQq. If the antiquark doublet is written as

(RN e

E =Sl E: = -1y
(d)—S q and (d) STq,

Equation (9.28) can be written

then since

S—](—l/ — U*S_lq
= g =5U's'q.
Using the definition of the S of (9.29),

ce] 0-1)\[a* b* 01 a b
SU*S™ = = =,
1 0J\-b a -10 -b* a*

and therefore, as desired,

q—q =Uq.
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The isospin representation of d and u quarks and dandu antiquarks.

Hence, by placing the antiquarks in an SU(2) doublet defined by

the antiquarks transform in exactly the same manner as the quarks. The ordering of
the d and U in the doublet and the minus sign in front of the d, ensure that quarks and
antiquarks behave in the same way under SU(2) flavour transformations and that
physical predictions are invariant under the simultaneous transformations of the
formu < d and U & d. The I3 assignments of the quark and antiquark doublets
are shown in Figure 9.8. The effect of the isospin ladder operators on the antiquark
doublet can be seen to be

T.u=-d, T,d=0, T_-u=0 and 7.d=-u

It is important to note that, in general, it is not possible to place the quarks and
antiquarks in the same representation; this is a feature SU(2). It cannot be applied
to the SU(3) flavour symmetry of Section 9.6.

Meson states

A meson is a bound state of a quark and an antiquark. In terms of isospin, the
four possible states formed from up- and down-quarks/antiquarks can be expressed
as the combination of an SU(2) quark doublet and an SU(2) antiquark doublet.
Using the isospin assignments of Figure 9.8, the du state immediately can be iden-
tified as the qq isospin state, ¢ (1, —1). The two other members of the isospin triplet
can be identified by application of the isospin ladder operator T, leading to

¢(1,-1) = du,
¢(1,0) = 5(ull - dd),
¢ (1,+1) = —ud.

The isospin singlet, which must be orthogonal to the ¢ (1, 0) state, is therefore
$(0,0) = \L@(umda).

This decomposition into an isospin triplet and an isospin singlet, shown in
Figure 9.9, is expressed as 2 ® 2 = 3 @ 1, where the 2 is the isospin representa-
tion of the quark doublet and the 2 is the isospin representation of an antiquark
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_ TR =N R
du ﬁ(uu dd) ud \/E(uu+dd)
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-1 T, 0 T, +1 0

The qq isospin triplet and singlet states.

doublet (in the language of group theory the quark doublet is a fundamental repre-
sentation of SU(2) and the antiquark doublet is the conjugate representation). The
action of the isospin raising and lowering operators on the ¢ (0, 0) state both give
zero, confirming that it is indeed a singlet state.

9.6 SU(3) flavour symmetry

The SU(2) flavour symmetry described above is almost exact because the difference
in the masses of the up- and down-quarks is small and the Coulomb interaction
represents a relatively small contribution to the overall Hamiltonian compared to
the strong interaction. It is possible to extend the flavour symmetry to include the
strange quark. The strong interaction part of the Hamiltonian of (9.2) treats all
quarks equally and therefore possesses an exact uds flavour symmetry. However,
since the mass of the strange quark is different from the masses of the up- and
down-quarks, the overall Hamiltonian is not flavour symmetric. Nevertheless, the
difference between mg and m,/q, which is of the order 100 MeV, is relatively small
compared to the typical binding energies of baryons, which are of order 1 GeV. It is
therefore possible to proceed as if the overall Hamiltonian possessed a uds flavour
symmetry. However, the results based on this assumption should be treated with
care as, in reality, the symmetry is only approximate.

The assumed uds flavour symmetry can be expressed by a unitary transformation
in flavour space

u’ u Uit U Uiz \(u
d |=0|d|=| Uy Uy Usps || d
s’ s Usy Uz Usz )\s

In general, a 3 X 3 matrix can be written in terms of nine complex numbers, or
equivalently 18 real parameters. There are nine constraints from requirement of
unitarity, UTU = I. Therefore U can be expressed in terms of nine linearly inde-
pendent 3 X 3 matrices. As before, one of these matrices is the identity matrix
multiplied by a complex phase and is not relevant to the discussion of transforma-
tions between different flavour states. The remaining eight matrices form an SU(3)
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group and can be expressed in terms of the eight independent Hermitian generators
T; such that the general SU(3) flavour transformation can be expressed as

N

U — eid-T
The eight generators are written in terms of eight A-matrices with

L1
T=_a,
2

where the matrices act on the SU(3) representations of the u, d and s quarks

1 0 0
u:[O], dz(l] and s=[0]. (9.30)
0 0 1

The SU(3) uds flavour symmetry contains the subgroup of SU(2) u « d flavour
symmetry. Hence, three of the A-matrices correspond to the SU(2) ud isospin sym-
metry and have the Pauli spin-matrices in the top left 2 x 2 block of the 3 x 3 matrix
with all other entries zero,

010 0-i0 1 00
A4=1100], A=|i 00] and A3={0-10].
000 000 0 00
The third component of isospin is now written in terms of the operator
T3 = 143,
such that
Tsu = +%u, Tsd = —%d and Tis =0.

As before, isospin lowering and raising operators are defined as 7. = %(/11 +idp).

The remaining A-matrices can be identified by realising that the SU(3) uds flavour
symmetry also contains the subgroups of SU(2) u & s and SU(2) d & s flavour
symmetries, both of which can also be expressed in terms of the Pauli spin-matrices.
The corresponding 3 X 3 A-matrixes for the u <> s symmetry are

001 00 —i 10 O
A4={000(f, 4A5={00 0] and Ax=|00 O],
100 i0 0 00 -1

and for the d & s symmetry they are

000 00 O 00 O
A=1001], A7={00-i| and Ay=({01 O].

010 0i O 00 -1
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Of the nine A-matrices identified above, only eight are independent; one of the
three diagonal matrices, A3, Ax and Ay, can be expressed in terms of the other two.
Because the u & d symmetry is nearly exact, it is natural to retain A3 as one of the
eight generators of the SU(3) flavour symmetry. The final generator is chosen as
the linear combination of Ay and Ay that treats u and d quarks symmetrically

00 O 10 O 10 O
_ L € - L
w2 alos (s o)

The eight matrices used to represent the generators of the SU(3) symmetry, known
as the Gell-Mann matrices, are therefore

010 001 000
=100, 4=]000|, c=|001
000 100 010
0-i0 00 —i 00 0
L=li 00|, 1s=/00 0|, &7=/00 —i (9.31)
000 i0 0 0i 0
1 00 10 0
@:040,@:%010.
0 00 00 -2

9.6.1 SU(3) flavour states

For the case of SU(2) flavour symmetry there are three Hermitian generators, each
of which corresponds to an observable quantity. However, since the generators do
not commute, they correspond to a set of incompatible variables. Consequently
SU(2) states were defined in terms of the eigenstates of the third component of
isospin T3 and the total isospin 72 = le + Tzz + T32. In SU(3) there is an analogue of
total isospin, which for the fundamental representation of the quarks can be written

8 8 4100
W:Zﬁ£§2ﬁ:§01o.

001

Of the eight SU(3) generators, only 73 = %/13 and Tg = %/lg commute and therefore
describe compatible observable quantities. Hence, in addition to the analogue of the
total isospin, SU(3) states are described in terms of the eigenstates of the A3 and Ag
matrices. The corresponding quantum numbers are the third component of isospin
and the flavour hypercharge defined by the operators

T3 = %/13 and ¥ = \/Lg/lg.



226

Symmetries and the quark model
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Isospin and hypercharge in SU(3) flavour symmetry for the quarks and antiquarks.

The quarks are the fundamental “3” representation of the SU(3) flavour symmetry.
Using the definitions of the quark states of (9.30) it is easy to verify that the isospin
and hypercharge assignments of the u, d and s quarks are

Tsu = +%u and Yu= +%u,
Tsd=-1d and Yd=+1d,

T3s=0 and f/s=—%s.

The flavour content of a state is uniquely identified by Is = ny —ng and ¥ =
%(nu + ng — 2ng), where ny, nq and ny are the respective numbers of up-, down- and
strange quarks. The /3 and Y quantum numbers of the antiquarks have the opposite
signs compared to the quarks and they form a 3 multiplet, as shown in Figure 9.10.

Whilst the Gell-Mann A3 and Ag matrices label the SU(3) states, the six remain-
ing A-matrices can be used to define ladder operators,

T, = 5(4 £idy),
V. = 3( £ ids),
. = 5(A¢ £ idy),

which respectively step along the d < u, s & uand d < s directions. From the
matrix representations of these ladder operators it is straightforward to verify that

Vis=+u, Vou=+s, U,s=+d, U_.d=+s, T,d=+u and T_u = +d,

with all other combinations giving zero. In SU(3) flavour symmetry it is not pos-
sible to express the antiquarks as a triplet which transforms in the same way as
the quark triplet. Nevertheless, following the arguments given in Section 9.5, the
effect of a single ladder operator on an antiquark state must reproduce that from
the corresponding SU(2) subgroup, such that the states can be obtained from

A A A

V.u=-5, V.s=-u, U,d=-5, Us=-d, T,u=-d and 7_d = -1.
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‘Q

SU(3) isospin and hypercharge assignments of the nine possible qq combinations.

9.6.2 Thelight mesons

In the discussion of SU(2) flavour symmetry, the third component of isospin is an
additive quantum number, in analogy with angular momentum. In SU(3) flavour
symmetry, both /3 and Y are additive quantum numbers, which together specify the
flavour content of a state. The light meson (qq) states, formed from combinations
of u, d and s quarks/antiquarks, can be constructed using this additive property to
identify the extreme states within an SU(3) multiplet. Having identified the extreme
states, the ladder operators can be used to obtain the full multiplet structure. The
I5 and Y values for all nine possible combinations of a light quark and a light
antiquark are shown in Figure 9.11. The pattern of states can be obtained quickly
by drawing triangles corresponding to the antiquark multiplet centred on each of
the three positions in the original quark multiplet (this is equivalent to adding the
I3 and Y values for all nine combinations).

The states around the edge of the multiplet are uniquely defined in terms of
their flavour content. The three physical states with I3 = Y = 0 will be lin-
ear combinations of utl, dd and s5, however, they are not necessarily part of the
same multiplet. The I3 = Y = 0 states which are in the same multiplet as the
{uS, ud, du, ds, su, sd} states can be obtained using the ladder operators, as indi-
cated in Figure 9.12,

T.|du) = jut) — |dd) and T7_|ud) = |dd) — |uT), (9.32)
V,|su) = |ut) — [sS) and V_|uS) = [sS) — |ull), (9.33)
U,lsd) = |dd) — |ss) and U_|dS) = |s5) — |dd). (9.34)

Of these six states, only two are linearly independent and therefore, of the three
physical I3 = Y = 0 states, it can be concluded that one must be in a different
SU(3) multiplet. Hence, for the assumed SU(3) flavour symmetry, the qq flavour
states are decomposed into an octet and a singlet. The singlet state g is the linear
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and |ss) which are orthogonal to the singlet state.

combination of ut, dd and s§ that is orthogonal to the states of (9.32)—(9.34) and is
readily identified as
— 1 Kl 3
sy = \B(uu + dd + s8). (9.35)

The application of the SU(3) ladder operators on |is ) all give zero, for example

T \L@([nu]ﬁ +u[T.0] + [Td]d + d[T+d] + [Tss]s + s[T43])

S S _
_\/5(0 ud+ud+0+0+0)=0,

confirming that |5 ) is the singlet state.

Figure 9.13 shows the multiplet structure for combining a quark and an antiquark
in SU(3) flavour symmetry. In the language of group theory, the combination of a
quark 3 representation and an antiquark 3 representation decomposes into an octet
and a singlet, 3® 3 = 8 @ 1. It worth pausing to consider the physical significance
of the singlet state. For spin, the corresponding singlet state for the combination of
two spin-half states, |s, m) = |0, 0), is a state of zero angular momentum that carries
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The nine £ = 0,5 = 0 pseudoscalar mesons and nine £ = 0,s = 1vector mesons formed from the light
quarks, plotted in terms of 5 and Y.

no information about the spins of its constituent particles; it could just have been
formed from two scalar particles. Similarly, the SU(3) flavour singlet |5 ) can be
thought of as a “flavourless” state, carrying no information about the flavours of its
constituents.

The L = 0 mesons

In general, the wavefunction for a meson can be written in terms of four compo-
nents,

lﬁ (meson) = ¢ﬂav0ur/\/ spin {1 colour space-

Because quarks and antiquarks are distinguishable, there is no restriction on the
exchange symmetry of the wavefunction for a qq state. For each flavour state, there
are two possible spin states, s = 0 and s = 1. For the lightest mesons, which
have zero orbital angular momentum (£ = 0), the total angular momentum J is
determined by the spin state alone. Consequently the lightest mesons divide into
the J = 0 pseudoscalar mesons and the J = 1 (the vector mesons), respectively
with s = 0 and s = 1. Since quarks and antiquarks have opposite intrinsic parities,
the overall parity is given by

P(qQ) = P(Q)P@) x (1) = (+D)(=1)(-1)",

where (—1)! is the symmetry of the orbital wavefunction. Hence, the lightest mesons
(with £ = 0) have odd intrinsic parities. In Chapter 10, it is shown that there is only
one possible colour wavefunction for a bound qq system. Therefore, there are nine
light J¥ = 0~ pseudoscalar mesons and nine J = 1~ light vector mesons, corre-
sponding to nine possible flavour states each with two possible spin states.

Figure 9.14 shows the observed ¢ = 0 meson states plotted in terms of /3 and Y.
The n°, n and 1 can be associated with the two I3 = ¥ = 0 octet states and the
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Iz = Y = 0 singlet state of Figure 9.13. The v/, which has an anomalously large
mass, can be identified as the singlet state with wavefunction

'y ~ \/Lg(uﬁ +dd + s3).

If the SU(3) flavour symmetry were exact, the two I3 = Y = 0 octet states would
have exactly the same mass and the flavour wavefunctions could be taken to be
any two orthogonal linear combinations of (9.32)—(9.34). However, because mg >
my,4, the SU(3) flavour symmetry is only approximate and the choice of the flavour
wavefunctions for the observed states will lead to different physical predictions.
Experimentally, the lightest pseudoscalar mesons, namely the ni*, i and 7™, are
observed to have approximately the same mass of about 140 MeV. Since the nt*
and 7~ correspond to the ud and du states, the 7t can be identified as

%) = %(uﬁ —dd).

The final I3 = Y = 0 pseudoscalar meson, the 7, is the linear combination of uu, dd
and ss that is orthogonal to both the |n)’) and the |70 states,

S I P
My = %(uu+dd 2s8).

In the case of the vector mesons, the predictions of the SU(3) flavour symmetry
prove to be less useful; the physical I3 = Y = 0 states are mixtures of the octet and
singlet states. Experimentally, the observed states are found to correspond to

) = J5(uT ~ dd),
) & ~5(u + dd),
I§) ~ 5.

9.6.3 Meson masses

The measured masses of the £ = 0 pseudoscalar and vector mesons are listed in
Table 9.1. If the SU(3) flavour symmetry were exact, all the states in pseudoscalar
meson octet would have the same mass. The observed mass differences can be
ascribed to the fact that the strange quark is more massive than the up- and down-
quarks. However, this does not explain why the vector mesons are more massive
than their pseudoscalar counterparts. For example, the flavour wavefunctions for
the mt and the p states are the same, but their masses are very different. The only
difference between the pseudoscalar and vector mesons is the spin wavefunction.
Therefore, the different masses of the & and p mesons can be attributed to a spin—
spin interaction.
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Table 9.1 Thel = 0 pseudoscalar and vector meson masses.

Pseudoscalar mesons Vector mesons
g 135 MeV p° 775 MeV
L 140 MeV p* 775 MeV
* 494 MeV K*= 892 MeV
KO, K° 498 MeV K*/K*0 896 MeV
n 548 MeV [0 783 MeV
N 958 MeV [0} 1020 MeV

In QED, the potential energy between two magnetic dipoles contains a term pro-
portional to scalar product of the two dipole moments, g; -y ;. For two Dirac parti-
cles of masses m; and m;, this corresponds to a potential energy term of the form

[0

UOCiS,"iSjOC S,”Sj,
m; m j m;m j

where « is the fine structure constant. This QED interaction term, which contributes
to the hyperfine splitting of the energy levels of the hydrogen atom, is relatively
small. In Chapter 10 it is shown that, apart from a numerical constant that accounts
for colour, the QCD vertex has the same form as that of QED. Therefore, there will
be a corresponding QCD “‘chromomagnetic” spin—spin interaction giving a term in
the qq potential of the form

a
UocS

S;-S o
mim j

where @y is the coupling constant of QCD. Since as ~ 1 is much greater than
a ~ 1/137, the chromomagnetic spin—spin interaction term is relatively large and
plays an important role in determining the meson masses. For an £ = 0 meson
formed from a quark and an antiquark with masses m; and m,, the meson mass can
be written in terms of the constituent quark masses and the expectation value of the
chromomagnetic spin—spin interaction

A
minty

m(qiqp) = my +my + (S1+S2), (9.36)

where the parameter A can be determined from experiment.
The scalar product S + S, in (9.36) can be obtained by writing the total spin as
the vector sum, S = S; + S5, and squaring to give

S? =82 +28,-8,+83,
which implies that
Si-8; =[S =87 -8/
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Therefore, the expectation value of S; - S, can be written as

3[(s) - (87) - (s3)]

TIs(s+ 1) = si(sy + 1) = s2(s2 + D],

(S1-82)

where s; = s, = % and s is the total spin of the qq system. For the pseudoscalar
mesons s = 0 and for the vector mesons s = 1 and hence (9.36) can be written
3A

Pseudoscalar mesons (s = 0): mp = my +mp —
dmimy

, (9.37)

Vector mesons (s = 1): my =my +my + (9.38)

dmimy
Hence the masses of the spin-0 pseudoscalar mesons are predicted to be lower
than the masses of the spin-1 vector mesons. The observed meson masses listed in
Table 9.1 are in good agreement with the predictions of the meson mass formulae
of (9.37) and (9.38) with the parameters

mg =my =0.307GeV, m;=0490GeV and A =0.06GeV°. (9.39)

The one exception is the 1’, where the predicted mass of 355 MeV differs signifi-
cantly from the anomalously large observed value of 958 MeV. The reason for this
discrepancy is attributed to the i’ being a “flavourless” singlet state that can, in
principle, mix with possible purely gluonic flavourless bound states.

9.6.4 The L =0 uds baryons

The ground states of the (qqq) baryons are states with no orbital angular momen-
tum in the system. Assuming SU(3) flavour symmetry, the wavefunctions for these
L = 0 baryons can be obtained by first considering the multiplet structure for the
combination of two quarks and then adding the third. This is essentially a repeat
of the process used to derive the proton wavefunction in Section 9.4. Here, we will
concentrate on the multiplet structure rather than the wavefunctions themselves.

Since I3 and Y are additive quantum numbers, the (3, Y) values of the combina-
tion of two quarks in SU(3) are just the sums of the individual values. The multiplet
structure for the combination of two quarks can be obtained by starting at one of
the extreme SU(2) qq states and applying the SU(3) ladder operators. In this way it
can be shown that in SU(3) flavour symmetry, the combination of two quarks leads
to a symmetric sextet of states and an antisymmetric triplet of states, as shown in
Figure 9.15. Since the triplet has the same (73, Y) states as the SU(3) representation
of a single antiquark, the multiplet structure arising from the combination of two
quarks can be written as 3® 3 = 6 @ 3.

The multiplet structure for the 27 possible flavour combinations in the qqq sys-
tem is then obtained by adding a quark triplet to each of the sextet and triplet of
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The /3 and Y assignments for the qqq multiplets in SU(3) flavour symmetry broken down into the 6 ® 3 and
3 ® 3 parts (showninband ).

Figure 9.15. In terms of the group structure, this can be written 3®3®3 = (663)®3
as indicated in Figure 9.16a. Adding an additional quark to the sextet, gives a decu-
plet of totally symmetric states and a mixed symmetry octet, as shown in Fig-
ure 9.16b, where the states without strange quarks are exactly those identified in
Section 9.4. This 10 @ 8 multiplet structure can be verified by repeated applica-
tion of the SU(3) ladder operators to the SU(2) states of (9.8)—(9.11) and to the
states of (9.12)—(9.13) to obtain respectively the decuplet and the mixed symme-
try octet.

The second set of qqq flavour states are obtained by adding a quark to the qq
triplet (3). In terms of the multiplet structure, this is the same as combining the
SU(3) representation of a quark and antiquark (3 ® 3), giving a mixed symmetry
octet and a totally antisymmetric singlet state, as indicated in Figure 9.16c. The
wavefunctions for this octet can be obtained from the corresponding SU(2) states
of (9.14)—(9.15) using the SU(3) ladder operators. Hence, 26 of the possible states
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(10 + 8 + 8) can be obtained from the SU(2) qqq states using ladder operators. The
final state, which must be in a singlet, is

lWs) = \/Lg(uds —usd + dsu — dus + sud — sdu). (9.40)

It is straightforward to verify that this is the singlet state by showing that the action
of all the SU(3) ladder operators give zero, for example

T+|1,//s) = %(uus — usu + usu — uus + suu — suu) = 0.

In summary, the combination of three quarks in SU(3) flavour symmetry gives a
symmetric decuplet, two mixed symmetry octets and a totally antisymmetric sin-
glet state,

33®3=30663)=1008a8a 1.

The existence of the singlet state will have important consequences when it comes
to the discussion of the SU(3) colour symmetry of QCD.

The baryon wavefunctions are obtained by combining the SU(3) flavour wave-
functions with the spin wavefunctions of Section 9.3.1, respecting the requirement
that the overall baryon wavefunction has to be antisymmetric under the exchange
of any two of the quarks. Since the colour wavefunction is always antisymmetric
and the ¢ = 0 spatial wavefunction is symmetric, baryon states can be formed from
combinations of spin and flavour wavefunctions which are totally symmetric under
the interchange of any two quarks. This can be achieved in two ways. Firstly, a sym-
metric spin—% wavefunction can be combined with the symmetric SU(3) flavour
decuplet to give ten spin-% baryons (including the A-particles). Secondly, as in
(9.25), the mixed symmetry flavour octet states can be combined with the mixed
symmetry spin states to give a spin—% octet (including the proton and neutron). It is
not possible to construct a totally symmetric flavour X spin wavefunction from the
flavour singlet of (9.40) because there is no corresponding totally antisymmetric
spin state formed from the combination three spin-half particles. The experimen-
tally observed L = 0 baryons fit neatly into this SU(3) flavour symmetry prediction
of an octet of spin—% states and a decuplet of spin—% states, as shown in Figure 9.17.

Baryon masses

If the SU(3) flavour symmetry were exact, the masses of all the baryons within
the octet would be the same, as would the masses of all the baryons within the
decuplet. Because the strange-quark mass is greater than that of the up- and down-
quarks, this is not the case. The measured masses of the L = 0 baryons are listed
in Table 9.2. The patterns of masses within a multiplet largely reflects the number
of strange quarks in the state, whereas the difference between the masses of the
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Table 9.2 Measured masses and number of strange quarks for the L = 0

light baryons.
s quarks Octet Decuplet
0 p,n 940 MeV A 1230 MeV
z 1190 MeV =* 1385 MeV
1 A 1120 MeV
2 = 1320 MeV =" 1533 MeV
3 Q 1670 MeV
JP=1 JP=32
n(ddu) p(uud) A~ (ddd) A°(ddu) A" (duu) AT (uuu)
[ IR e 'y [ S R SO S Y'Y
T(dds) S TO(uds) %, T*(uus) = (dds) *, 30 (uds) 2 (uus)
% Aduds)
. ......... 1 ......... ‘.
=~ (ssd) =0(ssu)

The observed octet and decuplet of light baryon states.

octet and decuplet states is due to the chromomagnetic spin—spin interactions of the
individual quarks. Following the argument presented in Section 9.6.3, the L = 0
baryon mass formula is

(S1-S2) N (S1-83) N (S2-S3)

mpmy myms3 mams3

), (9.41)

m(q1q2q3) = my + my +m3 + A'(

where S;, S; and S;3 are the spin vectors of the three quarks. This expression is
found to give good agreement with the observed baryon masses using

mg =my =0.365GeV, my=0540GeV and A’ =0.026GeV>.

It is important to note that the quark masses needed to explain the observed
baryon masses are about 50 MeV higher than those used to describe the meson
masses, as given in (9.39). Furthermore, they are very different from the funda-
mental up- and down-quark masses, known as the current masses, which are just
a few MeV. The quark masses that enter the meson and baryon mass formulae
are the constituent masses, which can be thought of as the effective masses of the
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quarks as they move within and interact with the QCD potential inside baryons and
mesons. Since the QCD environments within baryons and mesons will be differ-
ent, it should not be a surprise that the constituent masses are different for baryons
and mesons. This distinction between current and constituent quark masses implies
that only 1% of the mass of a proton is attributable to the masses of the quarks, the
remainder arises from the energy associated with the internal QCD gluon field.

9.6.5 Baryon magnetic moments

In Chapter 7 it was seen that the magnetic moment of the proton differs from
that expected for a point-like Dirac fermion. The experimentally measured val-
ues of the anomalous magnetic moments of the proton and neutron are 2.792 uy
and —1.913 uy respectively, where uy is the nuclear magneton defined as

eh
HN = 5—.

2my,
The origin of the proton and neutron anomalous magnetic moments can be
explained in terms of the magnetic moments of the individual quarks and the
baryon wavefunctions derived above.

Since quarks are fundamental Dirac fermions, the operators for the total mag-
netic moment and z-component of the magnetic moment are

A~ € A N e A
A=0—S and [, =0-5..
m m

For spin-up (m; = +%) quarks, the expectation values of the z-component of the
magnetic moment of the up- and down-quarks are

. eh 2m
pa =l ut) = (+3) 5 = +3Lu, (9.42)
u u
. eh m
pa = (d712:1d1) = (-3) S = (9.43)

The corresponding expressions for the spin-down states are

llfzlul)=—py and (dl]|f:[d]) = —pq.

The total magnetic moment of a baryon is the vector sum of the magnetic moments
of the three constituent quarks

PN A(l A2 ~(3
f= a0+ a® 4o,

where i'” is the magnetic moment operator which acts on the ith quark. Therefore,
the magnetic moment of the proton can be written

o = ) = A" + o + a0 p1). (9.44)
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The order that the quarks appear in the proton wavefunction does not affect the
calculation of the magnetic moment and it is sufficient to write

p1) = Jzututdl-utuldt-ulutd?),

and thus (9.44) can be written as

tp = +{(Qututdl-utuld?-ulutdD|flututdl-uTuldT—uluTdD),
where [, = ,a;l) + ,19 + ,a?). Because of the orthogonality of the quark flavour and
spin states, for example (uTuTd] |[uluTdT) = 0, the expression for the proton

magnetic moment reduces to
pp = £@rutdlipdututdl) + § @luldtifclutuld?)
+g(ulutdtiglulutd?). (9.45)

Equation (9.45) can be evaluated using

pzluT) = +pufuT)y and  fful) = —puful),

fedT) = +paldT) and  fildl) = —paldl),
giving

Hp = & (tu+ ft = pa) + § (pa = pu + 1) + § (—pta + pu + Ha) -

Therefore, the quark model prediction for the magnetic moment of the proton is

Hp = 3itu — FHha.

The prediction for the magnetic moment of the neutron can be written down by
replacing u — d and vice versa,

Hin = SHd — 3itu.

Assuming that m, = myq, the relations of (9.42) and (9.43) imply that y, = —2ugq.
Consequently, the ratio of the proton and neutron magnetic moments is predicted
to be

Hp _ Ay — pa _ 3
Hn  4ld — 2

which is in reasonable agreement with the experimentally measured value of —1.46.
The best agreement between the quark model predictions and the measured values
of the magnetic moments of the L = 0 baryons is obtained with

my = 0.338GeV, mg=0.322GeV and ms =0.510GeV.

Using these values in (9.42) and (9.43) gives py, = +1.85uy and pg = —0.97uy,
reproducing the observed values of the proton and neutron magnetic moments.
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9.6.6 Final words on SU(3) flavour symmetry

Whilst the SU(3) flavour symmetry is only approximate, it is able to account for
the observed states of the L = 0 mesons and baryons. Furthermore, the hadron
wavefunctions derived in the context of SU(3) flavour symmetry can be used to
obtain reasonable predictions for baryon and meson masses and the baryon mag-
netic moments. If anything, it is perhaps surprising that the predictions from SU(3)
flavour symmetry give such reasonable results. After all, the SU(3) flavour symme-
try can be only approximate because the mass of the strange quark is about 0.1 GeV
greater than the masses of the up- and down-quarks, although this mass difference
is relatively small compared to the typical QCD binding energy which is of order
1 GeV. A further issue with the static quark model is that the hadronic states have
been treated as bound states of valence quarks, whereas from the discussion of deep
inelastic scattering it is clear that hadrons are far more complex. To some extent,
these additional degrees of freedom are accounted for in the constituent masses
of the quarks used to obtain the predictions for meson and baryon masses and the
baryon magnetic moments. These masses are much larger than the current masses
listed in Table 1.1; most of the mass of the hadrons originates from of the energy
of the strongly interacting sea of virtual quarks and gluons.

The above discussion was restricted to the approximate SU(3) flavour symme-
try of the three light quarks. It is tempting to extend this treatment to an SU(4)
flavour symmetry including the charm quark. However, this makes little sense; the
difference between the mass of the charm quark and the light quarks is greater than
1 GeV, which is the typical QCD binding energies of hadrons. For this reason, the
Hamiltonian for the hadronic states does not possess even an approximate SU(4)
flavour symmetry.

Summary
|

In this chapter a number of important concepts were introduced. Symmetries of
the Hamiltonian were associated with unitary transformations expressed in terms
of Hermitian generators

U(a) = exp (i - G).

In this way, each symmetry of the Hamiltonian is associated with an observable
conserved quantity.

The flavour symmetry of the static quark model was used to illustrate these
ideas and to introduce the SU(2) and SU(3) groups. Based on symmetry arguments
alone, it was possible to derive static wavefunctions for the mesons and baryons
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formed from u, d and s quarks. The static quark model was shown to provide a
good description of the masses and magnetic moments of the light hadrons. In the
following chapter, these ideas will be extended to the abstract SU(3) local gauge
symmetry that lies at the heart of QCD.

9.7 *Addendum: Flavour symmetry revisited
|

In the derivation of the proton wavefunction, given in Section 9.4, the overall
wavefunction,

¥ = dfavour Xspin Eeolour Mspace>

was required to be antisymmetric. For cases where the flavour wavefunction
describes like particles, for example ¢gavour = Uuu, the requirement of an over-
all antisymmetric wavefunction is just an expression of Pauli exclusion principle,
which arises from the spin-statistics of fermions. It is less obvious why this should
also apply to the more general case with different quark flavours; the reasoning is
subtle.

In quantum field theory an up-quark state with spin r is expressed by the action
of the creation operator ai ~ on the vacuum state,

lut) = a’,l0),

where the + sign refers to the creation of the I5 = +% state labelling an up-quark

in SU(2) flavour symmetry. The creation operator air satisfies the requirements of

fermion spin statistics, which can be written as the anticommutator
(a},.al,} =0,
which implies
a0y =0 9.46
a+ra+r| > - ( : )

and therefore two identical particles can not be produced in the same state. For the
SU(2) isospin flavour symmetry T_luT) = |dT), which implies

T_al,10y = a’,10),

4

where a', is the creation operator for a spin-up down quark with I3 = —%. There-

fore one can write T_aL = air. Applying the isospin lowering operator to (9.46)
gives

T_(a,al )0y = a’,al,10) + al,a’,10) = 0,
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and hence

{a.,,a’,}=0.

Therefore, within the assumed SU(2) flavour symmetry, the creation operators for
up- and down-quarks satisfy the same anticommutation relations as the creation
operators for two up-quarks or two down-quarks. Consequently, within the SU(2)
or SU(3) flavour symmetries, the requirement that the overall wavefunction is anti-
symmetric applies equally to states where the flavours of the quarks are different.

Problems

9.1

9.2

93

9.4

9.5

9.6

9.7

By writing down the general term in the binomial expansion of

.I n
(1+i—a-G) ,
n

. T .Y
) = nIme (1 + iEa . G) = exp (i - G).

show that

For an infinitesimal rotation about the z-axis through an angle e show that
U=1-ie,
where J, is the angular momentum operator J, = xpy — ybx.

By considering the isospin states, show that the rates for the following strong interaction decays occur in the
ratios
LA~ - an):T(A" - ap): TA" - 7'n) : (AT — zt¥n):
[(A" - ') : (A" > atp)=3:1:2:1:2:3.

If quarks and antiquarks were spin-zero particles, what would be the multiplicity of the L = 0 multiplet(s).
Remember that the overall wavefunction for bosons must be symmetric under particle exchange.

The neutral vector mesons can decay leptonically through a virtual photon, for example by V(qq) — v —
e*e™. The matrix element for this decay is proportional to (wl?)q [y, where y is the meson flavour wavefunc-

tionand oq is an operator that is proportional to the quark charge. Neglecting the relatively small differences in
phase space, show that

I’ —ete): T(o—ee) : T(p—ete)~9:1:2

Using the meson mass formulae of (9.37) and (9.38), obtain predictions for the masses of the ;t*, 7, nn,
p%, p*, w and ¢. Compare the values obtained to the experimental values listed in Table 9.1,

Compare the experimentally measured values of the masses of the J* = %+ baryons, given in Table 9.2, with

the predictions of (9.41). You will need to consider the combined spin of any two quarks in a spin-% baryon
state.
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Problems

D 9.8

D 910

Starting from the wavefunction for the X~ baryon:

(a) obtain the wavefunction for the X° and therefore find the wavefunction for the A;
(b) using (9.41), obtain predictions for the masses of the X’ and the A baryons and compare these to the
measured values.

Show that the quark model predictions for the magnetic moments of the X*, X~ and Q™ baryons are

UED) =1 Gy — ), pE) =5 @ug—ps)  and  p(Q7) = ;.
What values of the quark constituent masses are required to give the best agreement with the measured
values of
W) = 246 £0.00uy, u(E")=(-116=0.03)uy and
u(Q7) = (=2.02 + 0.06)uy?

If the colour did not exist, baryon wavefunctions would be constructed from

Y= ¢ﬂavour/\/spin Mspace -

Taking L = 0and using the flavour and spin wavefunctions derived in the text:

(a) showthatitisstill possible to construct a wavefunction for a spin-up proton for which @ayeur X spin is totally
antisymmetric;

(b) predict the baryon multiplet structure for this model;

() for this colourless model, show that 11, is negative and that the ratio of the neutron and proton magnetic
moments would be

Hn
Hp

=-2.



Quantum Chromodynamics (QCD)

4 This chapter provides an introduction to the theory of Quantum Chromody- )
namics (QCD). Firstly, the concept of a local gauge symmetry is described
and then used to obtain the form of the QCD interaction. Superficially QCD
appears like a stronger version of QED with eight gluons replacing the sin-
gle photon, but because the gluons carry the charge of the interaction, QCD
behaves very differently. A number of important topics are discussed includ-
ing colour confinement, hadronisation, renormalisation, running coupling con-
stants and colour factors. The last part of chapter provides an introduction to

\_ hadron-hadron collisions at the Tevatron and the LHC. Y.

10.1 The local gauge principle

42

Gauge invariance is a familiar idea from electromagnetism, where the physical E
and B fields, which are obtained from the scalar and vector potentials ¢ and A, do
not change under the gauge transformation

0
¢_>¢’=¢—a—): and A—)A’=A+V/\(.
This gauge transformation can be written more succinctly as

Ay — A=Ay = Oy, (10.1)

where A, = (¢,—A) and 9, = (9, V).

In relativistic quantum mechanics, the gauge invariance of electromagnetism can
be related to a local gauge principle. Suppose there is a fundamental symmetry of
the Universe that requires the invariance of physics under local phase transforma-
tions defined by

Y(x) = ' (x) = Up(x) = NIy (x). (10.2)

This is similar to the U(1) global phase transformation of ¢ — ' = ey of (9.3),
but here the phase ¢ y(x) can be different at all points in space-time. For this local
U(1) phase transformation, the free-particle Dirac equation
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iy o = my, (10.3)
becomes
iy"@,l(eiq)((x)w) — mei‘JX(x)lﬁ
= W jyH [8,11# + iq((?#)()w] = ' Wmy
iy"(0u + iqO ) W = mys, (10.4)

which differs from (10.3) by the term —gy*(d,x)¢. Hence, as it stands, the free-
particle Dirac equation does not possess the hypothesised invariance under a U(1)
local phase transformation. More generally, local phase invariance is not possible
for a free theory, i.e. one without interactions. The required invariance can be estab-
lished only by modifying the Dirac equation to include a new degree of freedom
Ay, such that the original form of the Dirac equation of (10.3) becomes

iyH(0u + igA Y —my = 0, (10.5)

where A, will be interpreted as the field corresponding to a massless gauge boson.
Equation (10.5) is invariant under the local phase transformation defined in (10.2)
provided A, transforms as

Ay = Al = Ay~ O,

in order to cancel the unwanted —gy*(9,x)¢ term in (10.4). Stating this another
way, for physical predictions to remain unchanged under a local U(1) phase trans-
formation, it is necessary to introduce a new field that exhibits the observed gauge
invariance of classical electromagnetism, as given in (10.1). More significantly, the
modified Dirac equation of (10.5) no longer corresponds to a wave equation for a
free particle, there is now an interaction term of the form

qy"Au. (10.6)

This is identical to the QED interaction term of (5.13) which was previously iden-
tified using minimal substitution.

The requirement that physics is invariant under local U(1) phase transformations
implies the existence of a gauge field which couples to Dirac particles in exactly the
same way as the photon. This is a profound statement; all of QED, including ulti-
mately Maxwell’s equations, can be derived by requiring the invariance of physics
under local U(1) transformations of the form U = ¢/ %™,

10.1.1 From QED to QCD

Quantum FElectrodynamics (QED) corresponds to a U(1) local gauge symmetry
of the Universe. The underlying symmetry associated with Quantum Chromody-
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namics (QCD), which is the Quantum Field Theory of the strong interaction, is
invariance under SU(3) local phase transformations,

Y(x) = P/ (x) = exp [igsa(x) - Ty, (10.7)

Here T = {T9} are the eight generators of the SU(3) symmetry group, which are
related to the Gell-Mann matrices of (9.31) by

T = 124,
and a“(x) are eight functions of the space-time coordinate x. Because the gen-
erators of SU(3) are represented by 3 X 3 matrices, the wavefunction yy must now
include three additional degrees of freedom that can be represented by a three com-
ponent vector analogous to the representation of the u, d and s quarks in SU(3)
flavour symmetry. This new degree of freedom is termed “colour” with red, blue
and green labelling the states. The SU(3) local phase transformation corresponds
to “rotating” states in this colour space about an axis whose direction is different at
every point in space-time. For the local gauge transformation of (10.7), the Dirac
equation becomes

iy [0y + igs (Bua) - T = my. (10.8)

The required local gauge invariance can be asserted by introducing eight new fields
Gjy(x), where the index a = 1, ... , 8, each corresponding to one of the eight gen-
erators of the SU(3) symmetry. The Dirac equation, including the interactions with
the new gauge fields,

iy [0, + igs GAT |y — my = 0, (10.9)

is invariant under local SU(3) phase transformations provided the new fields trans-
form as

Gl — Gﬁ, = G — 00y — gs Gl (10.10)

The last term in (10.10) arises because the generators of the SU(3) symmetry do
not commute and the f;j are the structure constants of the SU(3) group, defined by
the commutation relations [4;, 4;] = 2if; xAx. Because the generators SU(3) do not
commute, QCD is known as a non-Abelian gauge theory and the presence of the
additional term in (10.10) gives rise to gluon self-interactions (see Appendix F).
The mathematical forms of these triple and quartic gluon vertices, shown in Fig-
ure 10.1, are completely specified by the SU(3) gauge symmetry. Putting aside
these self-interactions for now, the required SU(3) local gauge invariance necessi-
tates the modification of the Dirac equation to include new interaction terms, one
for each of the eight generators of the gauge symmetry. The eight new fields G* are



245

10.2 Colour and QCD

(o]

g g g g
The predicted QCD interaction vertices arising from the requirement of SU(3) local gauge invariance.

the gluons of QCD and from (10.9) it can be seen that the form of qqg interaction
vertex is

gsT*y*Goy = gs 3A°y"Gor. (10.11)

10.2 Colour and QCD

The underlying theory of quantum chromodynamics appears to be very similar to
that of QED. The QED interaction is mediated by a massless photon corresponding
to the single generator of the U(1) local gauge symmetry, whereas QCD is medi-
ated by eight massless gluons corresponding to the eight generators of the SU(3)
local gauge symmetry. The single charge of QED is replaced by three conserved
“colour” charges, r, b and g (where colour is simply a label for the orthogonal
states in the SU(3) colour space). Only particles that have non-zero colour charge
couple to gluons. For this reason the leptons, which are colour neutral, do not feel
the strong force. The quarks, which carry colour charge, exist in three orthogo-
nal colour states. Unlike the approximate SU(3) flavour symmetry, discussed in
Chapter 9, the SU(3) colour symmetry is exact and QCD is invariant under unitary
transformations in colour space. Consequently, the strength of QCD interaction is
independent of the colour charge of the quark. In QED the antiparticles have the
opposite electric charge to the particles. Similarly, in QCD the antiquarks carry the
opposite colour charge to the quarks, 7, g and b.
The three colour states of QCD can be represented by colour wavefunctions,

1 0 0
r=(0{, g=]1 and b=]0].
0 0 1

Following the discussion of SU(3) flavour symmetry in Chapter 9, the colour states
of quarks and antiquarks can be labelled by two additive quantum numbers, the
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—+
win
o

~lI
W=

The representations of the colour of quarks and the anticolour of antiquarks.

third component of colour isospin /5 and colour hypercharge Y as indicated in
Figure 10.2.

10.2.1 The quark—gluon vertex

The SU(3) local gauge symmetry of QCD implies a conserved colour charge and an
interaction between quarks and gluons of the form given by (10.11). By comparing
the QCD interaction term to that for QED given in (10.6),

—igy* A — —igs 5y G,
the QCD vertex factor can be identified as
—igy" — —igsy"1a%.
Apart from the different coupling constant, the quark—gluon interaction only differs
from the QED interaction in the appearance of the 3 X 3 Gell-Mann matrices that
only act on the colour part of the quark wavefunction. The quark wavefunctions
therefore need to include this colour degree of freedom. This can be achieved by
writing
u(p) = ciu(p),

where u(p) is a Dirac spinor and ¢; represents one of the possible colour states

1 0 0
cr=r=(01], c=g=|1 and ¢3=b=1]0
0 0 1

Consequently, the quark current associated with the QCD vertex, shown in
Figure 10.3, can be written

Ji = u(p3)ct {~igs 19"} cau(py), (10.12)

where the ¢; and c; are the colour wavefunctions of the quarks and the index a
refers to gluon corresponding to the SU(3) generator 7¢. (In other textbooks you
may see the colour index appended to the spinor c;u(p) — u;(p).)
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4240000000000 #* *

The QCD quark—gluon vertex representing the interaction of quarks with colours i and j with a gluon of type
a and the gluon propagator.

In the quark current of (10.12), the 3 x 3 Gell-Mann matrix A4 acts on the three-
component colour wavefunction, whereas the 4 X 4 y-matrices act on the four com-
ponents of the Dirac spinor. Therefore the colour part of the current factorises,
allowing (10.12) to be written as

u(p3)e{=Ligidy*cu(p) = =%igy [cla%e;] x [@(p3)y*u(py)]
The factorised colour part of the interaction is
A4,
1
cj./l“c,- = cj 4 | =
a
A5
Hence the qqg vertex can be written as

—3igs A [u(ps)y*u(p1)],

where /l;fi is just a number, namely the jith element of A?. Therefore, the Feynman
rule associated with the QCD vertex is

a

—5igs Ay,
For lowest-order diagrams, the Feynman rule for the gluon propagator of
Figure 10.3 is

_ig_"zydab’
q

where the delta-function ensures that the gluon of type a emitted at the vertex
labelled u is the same as that which is absorbed at vertex v.

10.3 Gluons
|

The QCD interaction vertex includes a factor /l;?l., where i and j label the colours
of the quarks. Consequently, gluons corresponding to the non-diagonal Gell-Mann
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b r b r b r b r

Colour flow for the t-channel process rb — br. Shown as the Feynman diagram, the colour flow and the two
time-ordered diagrams.

matrices connect quark states of different colour. In order for colour to be con-
served at the interaction vertex, the gluons must carry colour charge. For example,
the gluon corresponding to A4, defined in (9.31), which has non-zero entries in the
13 and 31 positions, contributes to interactions involving the changes of colour
r — b and b — r. This is illustrated in Figure 10.4, which shows the QCD process
of qq — qq scattering where the colour flow corresponds to br — rb, illustrated
both in terms the colour flow in the Feynman diagram and as the two correspond-
ing time-ordered diagrams. Because colour is a conserved charge, the interaction
involves the exchange of a b7 gluon in the first time-ordering and a rb gluon in
the second time-ordering. From this discussion, it is clear that gluons must carry
simultaneously both colour charge and anticolour charge.

Since gluons carry a combination of colour and anticolour, there are six gluons
with different colour and anticolour, rg, gr, rE, br, gE and bg. Naively one might
expect three gluons corresponding to 17, gg and bb. However, the physical gluons
correspond to the fields associated with the generators A; g of the SU(3) gauge
symmetry. The gluons are therefore an octet of coloured states, analogous to the qq
meson SU(3) flavour states. The colour assignments of the eight physical gluons
can be written

G, gF, rb, b, gb, bg, (7~ gg) and (T + gg - 2bb).

Even though two of these gluon states have I5 = Y = 0, they are part of a colour
octet and therefore still carry colour charge (unlike the colourless singlet state).

10.4 Colour confinement
|

There is a wealth of experimental evidence for the existence of quarks. However,
despite many experimental attempts to detect free quarks, which would be observed
as fractionally charged particles, they have never been seen directly. The non-
observation of free quarks is explained by the hypothesis of colour confinement,
which states that coloured objects are always confined to colour singlet states and
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9 g ¢} 9 9 9
g
g
¢} 9 ¢} 9 9 9
Lowest-order Feynman diagrams for the process gg — gg, formed from the triple and quartic gluon vertices
of Figure 10.1.

Qualitative picture of the effect of gluon—gluon interactions on the long-range QCD force.

that no objects with non-zero colour charge can propagate as free particles. Colour
confinement is believed to originate from the gluon—gluon self-interactions that
arise because the gluons carry colour charge, allowing gluons to interact with other
gluons through diagrams such as those shown in Figure 10.5.

There is currently no analytic proof of the concept of colour confinement,
although there has been recent progress using the techniques of lattice QCD. Nev-
ertheless, a qualitative understanding of the likely origin can be obtained by consid-
ering what happens when two free quarks are pulled apart. The interaction between
the quarks can be thought of in terms of the exchange of virtual gluons. Because
they carry colour charge, there are attractive interactions between these exchanged
virtual gluons, as indicated in Figure 10.6a. The effect of these interactions is to
squeeze the colour field between the quarks into a tube. Rather than the field lines
spreading out as in QED (Figure 10.6b), they are confined to a tube between the
quarks, as indicated in Figure 10.6c. At relatively large distances, the energy den-
sity in the tube between the quarks containing the gluon field is constant. Therefore
the energy stored in the field is proportional the separation of the quarks, giving a
term in the potential of the form

V(r) ~ kr, (10.13)

where experimentally xk ~ 1GeV/fm. This experimentally determined value for
K (see Section 10.8) corresponds to a very large force of O(10°) N between any
two unconfined quarks, regardless of separation! Because the energy stored in the
colour field increases linearly with distance, it would require an infinite amount
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of energy to separate two quarks to infinity. Put another way, if there are two free
colour charges in the Universe, separated by macroscopic distances, the energy
stored in the resulting gluon field between them would be vast. As a result, coloured
objects arrange themselves into bound hadronic states that are colourless combina-
tions with no colour field between them. Consequently quarks are always confined
to colourless hadrons.

Another consequence of the colour confinement hypothesis is that gluons, being
coloured, are also confined to colourless objects. Therefore, unlike photons (the
force carriers of QED), gluons do not propagate over macroscopic distances. It is
interesting to note that had nature chosen a U(3) local gauge symmetry, rather than
SU(3), there would be a ninth gluon corresponding to the additional U(1) generator.
This gluon would be the colour singlet state,

Go = — (7 + gg + bb).

Because this gluon state is colourless, it would be unconfined and would behave
like a strongly interacting photon, resulting in an infinite range strong force; the
Universe would be a very different (and not very hospitable) place with long-range
strong interactions between all quarks.

10.4.1 Colour confinement and hadronic states

Colour confinement implies that quarks are always observed to be confined to
bound colourless states. To understand exactly what is meant by “colourless”, it
is worth recalling the states formed from the combination of spin for two spin-half
particles. The four possible spin combinations give rise to a triplet of spin-1 states
and a spin-0 singlet 2®2 =3& 1):

[L+1) =11, 11,0) = (1L + 1. [1,-1)=L] and [0,0) = -5(1L - L1).

The singlet state is “spinless” in the sense that it carries no angular momentum.
In a similar way, SU(3) colour singlet states are colourless combinations which
have zero colour quantum numbers, /5 = Y = 0. It should be remembered that
I5 = Y° = 0 is a necessary but not sufficient condition for a state to be colourless.
The action of any of the SU(3) colour ladder operators on a colour singlet state must
yield zero, in which case the state is analogous to the spinless |0, 0) singlet state.

The colour confinement hypothesis implies that only colour singlet states can
exist as free particles. Consequently, all bound states of quarks and antiquarks must
occur in colour singlets. This places a strong restriction on the structure of possi-
ble hadronic states; the allowed combinations of quarks and antiquarks are those
where a colour singlet state can be formed. The algebra of the exact SU(3) colour
symmetry was described in Chapter 9 in the context of SU(3) flavour symmetry
and the results can be directly applied to colour with the replacements, u — r,
d—>gands — b.
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The multiplets from the colour combinations of two quarks,3 ® 3 = 6 @ 3, and three quarks,3®3®3 =
NVe8p8adl.

First consider the possible colour wavefunctions for a bound qq state. The com-
bination of a colour with an anticolour is mathematically identical to the construc-
tion of meson flavour wavefunctions in SU(3) flavour symmetry. The resulting
colour multiplets, shown in Figure 10.7, are a coloured octet and a colourless sin-
glet. The colour confinement hypothesis implies that all hadrons must be colour
singlets, and hence the colour wavefunction for mesons is

V4@ = =07 + g + bb).

The addition of another quark (or antiquark) to either the octet or singlet state in
Figure 10.7 will not yield a state with I = Y© = 0. Therefore, it can be concluded
that bound states of qqq or qq q do not exist in nature.

These arguments can be extended to the combinations of two and three quarks as
shown in Figure 10.8. The combination of two colour triplets yields a colour sextet
and a colour triplet (3). The absence of a colour singlet state for the qq system,
implies that bound states of two quarks are always coloured objects and therefore
do not exist in nature. However, the combination of three colours yields a single
singlet state with the colour wavefunction
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¥v(qqq) = %(rgb —rbg + gbr — grb + brg — bgr), (10.14)

analogous to the SU(3) flavour singlet wavefunction of Section 9.6.4. This state
clearly satisfies the requirement that /5 = Y = 0. The colour ladder operators
can be used to confirm it is a colour singlet. For example, the action of the colour
isospin raising operator 7¢, for which T<g = r, gives

TSy (qqq) = \/Lg(rrb —rbr + rbr —rrb + brr — brr) = 0,

as required. Hence a SU(3) colour singlet state can be formed from the combination
of three quarks and colourless bound states of qqq are observed in nature. Since the
colour singlet wavefunction of (10.14) is totally antisymmetric, and it is the only
colour singlet state for three quarks, the colour wavefunction for baryons is always
antisymmetric. This justifies the assumption used in Chapter 9 to construct the
baryon wavefunctions.

Colour confinement places strong restrictions on the possible combinations of
quarks and antiquarks that can form bound hadronic states. To date, all confirmed
observed hadronic states correspond to colour singlets either in the form of mesons
(qq), baryons (qqq) or antibaryons (qqq). In principle, combinations of (qq) and
(qqq) such as pentaquark states (qqqqq) could exist, either as bound states in their
own right or as hadronic molecules such as (qq)-(qqq). In recent years there have
been a number of claims for the existence of pentaquark states, but the evidence is
(at best) far from convincing.

10.4.2 Hadronisation and jets

In processes such as ete™ — qq, the two (initially free) high-energy quarks are
produced travelling back to back in the centre-of-mass frame. As a consequence
of colour confinement, the quarks do not propagate freely and are observed as
jets of colourless particles. The process by which high-energy quarks (and gluons)
produce jets is known as hadronisation.

A qualitative description of the hadronisation process is shown in Figure 10.9.
The five stages correspond to: (i) the quark and antiquark produced in an inter-
action initially separate at high velocities; (ii) as they separate the colour field is
restricted to a tube with energy density of approximately 1 GeV/fm; (iii) as the
quarks separate further, the energy stored in the colour field is sufficient to pro-
vide the energy necessary to form new qq pairs and breaking the colour field into
smaller “strings” is energetically favourable; (iv) this process continues and further
qq pairs are produced until (v) all the quarks and antiquarks have sufficiently low
energy to combine to form colourless hadrons. The hadronisation process results
in two jets of hadrons, one following the initial quark direction and the other in the
initial antiquark direction. Hence, in high-energy experiments, quarks and gluons
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Qualitative picture of the steps in the hadronisation process.

are always observed as jets of hadrons (see for example, Figures 10.19 and 10.30).
The precise process of hadronisation is poorly understood. Nevertheless, there are
a number of phenomenological models (often with many free parameters) that are
able to provide a reasonable description of the experimental data. Whilst these
models are motived by QCD, they are a long way from a first-principles theoretical
description of the hadronisation process.

10.5 Running of a5 and asymptotic freedom
I —

At low-energy scales, the coupling constant of QCD is large, as ~ O(1). Conse-
quently, the perturbation expansion discussed in the context of QED in
Section 6.1, does not converge rapidly. For this reason (low-energy) QCD pro-
cesses are not calculable using traditional perturbation theory. Nevertheless, in
recent years, there has been a significant progress with the computational technique
of lattice QCD, where quantum-mechanical calculations are performed on a dis-
crete lattice of space-time points. Such calculations are computationally intensive,
with a single calculation often taking many months, even using specially adapted
supercomputing facilities. With lattice QCD it has been possible to calculate the
proton mass with a precision of a few per cent, thus providing a first principles test
of the validity of QCD in the non-perturbative regime. Despite this success, most
practical calculations in particle physics are based on perturbation theory. For this
reason, it might seem problematic that perturbation theory cannot be applied in
QCD processes because of the large value of as. Fortunately, it turns out that @y is
not constant; its value depends on the energy scale of the interaction being consid-
ered. At high energies, as becomes sufficiently small that perturbation theory can
again be used. In this way, QCD divides into a non-perturbative low-energy regime,
where first-principles calculations are not currently possible, such as the hadroni-
sation process, and a high-energy regime where perturbation theory can be used.
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The running of ay is closely related to the concept of renormalisation. A thorough
mathematical treatment of renormalisation is beyond the level of this book. Never-
theless, it is necessary to introduce the basic ideas in order to provide a qualitative
understanding of the running of the coupling constants of both QED and QCD.

10.5.1 *Renormalisation in QED

The strength of the interaction between a photon and an electron is determined by
the coupling at the QED vertex, which up to this point has been taken to be constant
with value e. The experimentally measured value of the electron charge e, which
corresponds to @ =~ 1/137, is obtained from measurements of the strength of the
static Coulomb potential in atomic physics. This is not the same as the strength of
coupling between an electron and photon that appears in Feynman diagrams, which
can be written as eq (often referred to as the bare electron charge); the experimen-
tally measured value of e is the effective strength of the interaction which results
from the sum over all relevant QED higher-order diagrams.

Up to this point, only the lowest-order contribution to the QED coupling between
a photon and a charged fermion, shown in Figure 10.10a, has been considered.
However, for each QED vertex in a Feynman diagram, there is an infinite set of
higher-order corrections; for example, the O(e?) corrections to the QED e~ ve™ ver-
tex are shown in Figures 10.10b—10.10e. The experimentally measured strength of
the QED interaction is the effective strength from the sum over of all such dia-
grams. The diagram of Figure 10.10b represents correction to the propagator and
the diagrams in Figures 10.10c—10.10e represent corrections to the electron four-
vector current. In principle, both types of diagram will modify the strength of the
interaction relative to the lowest-order diagram alone.

For each higher-order diagram, it is relatively straightforward to write down the
matrix element using the Feynman rules for QED. Each loop in a Feynman diagram
enters as an integral over the four momenta of the particles in the loop and such dia-
grams lead to divergent (infinite) results. Fortunately, the infinities associated with
the loop corrections to the photon propagator can be absorbed into the definition
of the electron charge (described below). However, the corrections to four-vector

(@) (b) (©) (d) (e)

The lowest-order diagram for the QED vertex and the O(é?) corrections.
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Renormalisation in QED, relating the running charge e(q?) to the bare charge ;.

current, Figures 10.10c—10.10e, are potentially more problematic as they involve
loops that include virtual fermions. Consequently, the results of the corresponding
loop integrals will depend on the fermion masses. In principle, this would result in
the effective strength of the QED interaction being dependent on the mass of the
particle involved, which is not the case. However, in a field theory with local gauge
invariance such as QED, the effect of the diagram of Figure 10.10c is exactly can-
celled by the effects of diagrams 10.10d—10.10e. This type of cancellation, that is
known as a Ward identity, holds to all orders in perturbation theory. Consequently,
here we only need to consider the higher-order corrections to the photon propaga-
tor.

The infinite series of corrections to the photon propagator, known as the photon
self-energy terms, are accounted for by replacing the lowest-order photon exchange
diagram by the infinite series of loop diagrams expressed in terms on the bare elec-
tron charge, eg. As a result of the loop corrections, the photon propagator includ-
ing the self-energy terms, will no longer have a simple 1/¢*> form. The physical
effects of the modification to the propagator can be accounted for by retaining the
1/¢* dependence for the effective propagator and absorbing the corrections into
the definition of the charge, which now necessarily depends on ¢2. This procedure
is shown in Figure 10.11, where the infinite sum over the self-energy corrections
to the photon with bare charge e, indicated by the blob, is replaced by a 1/4>
propagator with effective charge e(g?).

The effective photon propagator, here denoted as P, can be expressed in terms
of the propagator with the bare charge,

by inserting an infinite series of the fermion loops. Each loop introduces a correc-
tion factor (¢%), such that the effective propagator is given by

P = Py + Pyn(q?) Py + Poni(g®) Por(q®) Po + -+,

where, for example, the second term in the above sum corresponds to a single
loop correction (¢?) inserted between two bare P propagator terms, and therefore
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represents the second diagram in Figure 10.11. This geometric series can be
summed to give
_p 1 _p 1
T-r@ P 1= Mg

where I1(¢%) = n(¢*)/q* is the one-loop photon self-energy correction. The effec-
tive propagator can then be expressed in terms of the running coupling e(g?) as

AP 1

P =20 :
el B (D)

Since scattering cross sections are known to be finite, it is an experimentally estab-
lished fact that e(qz) is finite, therefore

2

AP = (10.15)

0
-
is finite, even though the denominator contains II(g®) which is divergent. If the
physical electron charge is known at some scale g = w2, then (10.15) can be
rearranged to give an expression for the bare charge

)
1+ e2(u)I(u?)’
which can be substituted back into (10.15) to give the exact relation,
()

1 = e2(u?) - [T(g?) — H(u?)]

As a result of the loop integral for the photon self-energy, both IT(¢%) and IT(u?)
are separately divergent. However, the difference I1(g%) — II(?) is finite and cal-
culable. Although the infinities have been renormalised away, the finite difference
between the effective strength of the interaction at different values of ¢ remains.
Consequently, the coupling strength is no longer constant, it runs with the ¢> scale

of the virtual photon. For values of g and u? larger than the electron mass squared,
it can be shown that

2 _
€ =

(g =

(10.16)

2 2 1 q

Substituting this into (10.16) and writing a(q?) = €*(¢?)/4n gives
a(u?)

2y _
a(q)—l 211 qz,
—a'(,u)grnl?

(10.17)
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Measurements of a(q?) at different ¢ scales from e*e~ — ff with the OPAL experiment at LEP. The dotted
line shows the low-q? limit of o ~ 1/137. Adapted from Abbiendi et al. (2004).

and the coupling has acquired a dependence on the ¢> of the photon. Hence, the
lowest-order QED diagram with a running coupling constant a/(¢>) incorporates the
effects of the virtual loop diagrams in the photon propagator. The above derivation
applies equally to s-channel and t-channel processes and (10.17) holds in both
cases. In a ¢-channel process both ¢ and u? are negative and the running of the
coupling constant is often written as a(Q?). It should be noted that a(¢*) should be
read as a(lqzl).

The minus sign in (10.17) implies that the coupling of QED increases with
increasing |¢?|, although the evolution is rather slow. In measurements from atomic
physics at g> ~ 0, the fine-structure constant is determined to be

1
137.035 999 074(94)

a(q* ~ 0) =

The QED coupling a(g?) has also been measured in e*e™ annihilation at LEP; the
results from the highest ¢g> measurements are shown in Figure 10.12. At a mean
centre-of-mass energy of /s = 193 GeV, it is found that

1
YT 7420

providing a clear demonstration of the running of the coupling of QED.

10.5.2 Running of a

The treatment of renormalisation in QCD is similar to that of QED. However,
owing to the gluon—gluon self-interactions, there are additional loop diagrams, as
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Renormalisation in QCD.

shown in Figure 10.13. For values of ¢ and u? larger than the confinement scale,
the difference between the gluon self-energy again grows logarithmically

B 2
s (¢?) — s (i) ~ ‘Eln(,%)’

where the B depends to the numbers of fermionic (quark) and bosonic (gluon)
loops. For Ny quark flavours and N, colours,

_ 1IN, - 2Ny

- 12
The effect of the bosonic loops enters the expression for the g* evolution of ag
with the opposite sign to the pure fermion loops, with the fermion loops leading

to a negative contributions (which was also the case for QED) and the gluon loops
leading to positive contributions. The corresponding evolution of ag(g?) is

as(u?)

as(q) = =~
1 + Bas(u?) 1n{q—2]
M

For N. = 3 colours and Ny < 6 quarks, B is greater than zero and hence ag
decreases with increasing ¢°.

There are many ways in which ag can be measured. These include studies of the
hadronic decays of the tau-lepton, the observed spectra of bound states of heavy
quarks (cc and bb), measurements of deep inelastic scattering, and jet production
rates in e*e~ annihilation. Figure 10.14 shows a summary of the most precise mea-
surements of ag which span |g| = 2 — 200 GeV. The predicted decrease in ag with
increasing |g| is clearly observed and the data are consistent with the QCD predic-
tions for the running of g with a value of ay at |¢*| = m% of

as(m3) = 0.1184 + 0.0007.
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Measurements of s at different |g| scales. The barely noticeable kinks in the QCD prediction occur at the
thresholds for producing ss, cc and bb; these affect the evolution of as as the number of effective fermion
flavours N changes. Adapted from Bethke (2009).

Asymptotic freedom

The strength of the QCD coupling varies considerably over the range of energies
relevant to particle physics. At |[g| ~ 1 GeV, as is of O(1) and perturbation theory
cannot be used. This non-perturbative regime applies to the discussion of bound
hadronic states and the latter stages in the hadronisation process. At |g| > 100 GeV,
which is the typical scale for modern high-energy collider experiments, asg ~ 0.1,
which is sufficiently small that perturbation theory again can be used. This prop-
erty of QCD is known as asymptotic freedom. It is the reason that, in the previous
discussion of deep inelastic scattering at high ¢, the quarks could be treated as
quasi-free particles, rather than being strongly bound within the proton. It should
be noted that at high g2, even though a5 ~ 0.1 is sufficiently small for perturbation
theory to be applicable, unlike QED, it is not so small that higher-order correc-
tions can be neglected. For this reason, QCD calculations for processes at the LHC
are almost always calculated beyond lowest order. These calculations, which often
involve many Feynman diagrams, are extremely challenging.

10.6 QCD in electron—positron annihilation
|

A number of the properties of QCD can be studied at an electron—positron collider,
primarily through the production of qq pairs in the annihilation process e e™ — qq,
shown Figure 10.15. There are a number of advantages in studying QCD at an
electron—positron collider compared to at a hadron collider. The QED production
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The lowest-order QED Feynman diagram for e*e~ — qq production and the appearance of the interaction
in a detector as a final state consisting of two jets of hadrons.

process of e*e™ annihilation is well understood and can be calculated to high preci-
sion; there are no uncertainties related to the parton distribution functions. In addi-
tion, the observed final state corresponds to the underlying hard interaction. This
is not the case for hadron—hadron collisions, where the remnants of the colliding
hadrons are also observed, typically as forward-going jets.

The differential cross-section for the process ete™ — u*u~ was calculated in
Chapter 6. Assuming that quarks are spin-half particles, the angular dependence of
the differential cross section for ete™ — qq is expected to be

g—g o (1+ cos’ 0),

where 6 is the angle between the incoming e~ and the final-state quark. Because the
quark and antiquark will hadronise into jets of hadrons, it is not generally possible
to identify experimentally which flavour of quark was produced. For this reason,
the e*e™ — q cross section is usually expressed as an inclusive sum over all quark
flavours, e*e™ — hadrons. Furthermore, it is also not usually possible to identify
which jet came from the quark and which jet came from the antiquark. To reflect
this ambiguity, the differential cross section is usually quoted in terms of |cos 6.
For example, Figure 10.16 shows the observed angular distribution of the jets in
the process ete™ — hadrons in the centre-of-mass energy range 38.8 < /s <
46.5 GeV. The angular distribution is consistent with expected (1 + cos? ) form,
demonstrating that quarks are indeed spin-half particles.

The total QED e*e™ — u*u~ cross section, was calculated previously

oefe” - ptu) = . (10.18)
The corresponding cross section for the QED production of a qq pair is

4 2
o(ete” = qq) =3 ¥ %Qé, (10.19)
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The angular distribution of the jets produced in e*e™ annihilation at centre-of-mass energies between
38.8GeV < /s < 46.5GeV as observed in the CELLO experiment at the PETRA e*e™ collider at DESY.
The expected (1 + cos?6) distribution for the production of spin-half particles is also shown. Adapted from
Behrend et al. (1987).

where the factor of three accounts for the sum over the three possible colour com-
binations of the final-state qq that can be produced as gg, 17 or bb. The inclusive
QED cross section for o-(e*e~ — hadrons) is the sum of the cross sections for the
quark flavours that are kinematically accessible at a given centre-of-mass energy

(‘/E > 2mq)a

4 2
o(e*e” — hadrons) = ——x3 Y 02, (10.20)
N

flavours

It is convenient to express the inclusive cross section of (10.20) in terms of a ratio
relative to the u*u~ cross section of (10.18),

o(ete” — hadrons)
=3 Z 02

R
T o(etem - wtp)

(10.21)

flavours

This has the advantage that a number of experimental systematic uncertainties can-
cel since R, is related to the ratio of the observed numbers of events. The expected
value of R, depends on the sum of the squares of the charges of the quark flavours
that can be produced at a particular centre-of-mass energy. For v/s < 3GeV, only
u, d and s quarks can be produced, giving the predicted value

dus _ 4 1, 1) _
Ry _3x(9+9+9)_2.
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Experimental measurements of R,, as a function of +/s. The dashed line s the lowest-order prediction assum-
ing three colours. The solid line includes the first-order QCD correction of (1 + as(¢%)/7r). Based on data
compiled by the Particle Data Group, Beringer et al. (2012).

Above the thresholds for cc production (3.1 GeV) and bb production (9.5 GeV) the
predictions for R, are respectively

c_3yw(l_ 4,1 4)_10 b_a (L 4 1 4, 1y_11
RH_3><(9+9+9+9)_3 and Rﬂ_3x(9+9+9+9+9)_3.

Figure 10.17 shows the measurements of R, over a wide range of centre-of-
mass energies. At relatively low energies, there is significant structure due to res-
onant production of bound qq states with the same spin and parity as the virtual
photon, J¥ = 1. These resonances greatly enhance the ete~ — hadrons cross
section when the centre-of-mass energy is close to the mass of the state being pro-
duced. At very low energies, the resonance structure is dominated by the J© = 1~
mesons introduced in Section 9.6.3, namely the p0(770 MeV), w(782MeV) and
$(1020 MeV) mesons. At higher energies, charmonium (cc) and bottomonium (bB)
states are produced, such as the J/y(3097 MeV), ' (3686 MeV) and Y states. These
heavy quark resonances are discussed further in Section 10.8.

In the continuum between the meson resonances, the data disagree with the pre-
dictions for R, given in (10.21) at the level of approximately 10%. The origin of the
discrepancy is that the cross sections of (10.18) and (10.19) are only relevant for
the lowest-order process, whereas the measured cross sections will include p*u~y,
qqy and qqg final states, as shown in Figure 10.18. The cross sections for these
processes will be suppressed relative to the lowest-order process by respective fac-
tors of @, @ and ag due to the additional vertex. The QED corrections are relatively
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small, but the O(ag ) correction cannot be neglected. If the first-order QCD correc-
tion from e*e™ — qqg is included, the prediction of (10.21) is modified to

+ . 2
R, = U((f(;e__;hiff_n;) _3 (1 + “57(:’ )) > e (10.22)
flavours

With the QCD correction included, the prediction for R,,, shown by the solid line in
Figure 10.17, is in excellent agreement with the experimental measurements away
from the resonances. This agreement provides strong evidence for the existence of
colour (which is never directly observed); without the additional colour degree of
freedom, the prediction for R, would be a factor of three smaller and would be
incompatible with the observed data.

Gluon production in e* e~ annihilation

Jet production in high-energy electron—positron collisions also provides direct evi-
dence for the existence of gluons. Figure 10.19 shows three examples of efe™ —
hadrons events observed in the OPAL detector at LEP. Whilst the majority of the
e*e” — hadrons events are produced with a clear two-jet topology, final states
with three- or four-jets are also observed. The three-jet events originate from the
process ete” — qqg, where the gluon is radiated from either the final-state quark
or antiquark, as shown in Figure 10.19b. The relative cross section for the produc-
tion of three-jet events compared to the two-jet final states is proportional to ag.
Hence the observed number of three-jet events relative to the number of two-jet
events, provides one of the most precise measurements of as(¢>). Jet production in
electron—positron collisions also provides a direct test of the SU(3) group structure
of QCD. For example, one of the Feynman diagrams for four-jet production, shown
in Figure 10.19c¢, involves the triple gluon vertex. The Feynman rules for this ver-
tex are determined by the local gauge symmetry of QCD. By studying the angular
distributions of the jets in four-jet events, it is possible to distinguish between an
underlying SU(3) colour symmetry and alternative gauge symmetries. Needless to
say, the experimental data are consistent with the predictions of SU(3).
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Jet production in e* e~ annihilation. The example events were recorded at /s = 91 GeV by the OPAL exper-
iment at LEP in the mid 1990s. They correspond to (a) e" e~ — qq — two-jets, (b) e*e™ — qqg —
three-jets and (c) e*e™ — qqgg — four-jets. Reproduced courtesy of the OPAL collaboration. Also shown
are possible Feynman diagrams corresponding to the observed events. In the case of four-jet production there
are also diagrams where both gluons are radiated from the quarks.

10.7 Colour factors
]

At hadron colliders, such as the LHC, the observed event rates are dominated by
the QCD scattering of quarks and gluons. Figure 10.20 shows one of the parton-
level processes contributing to the cross section for pp — two jets + X, where X
represents the remnants of the proton that are observed as forward jets in the direc-
tion of the incoming proton beams. The calculation of the corresponding matrix
element needs to account for the different colours of the quarks and gluons that can
contribute to the scattering process.

In the Feynman diagram of Figure 10.20, the incoming and outgoing quark
colours are labelled by i, j, k and . The exchanged gluon is labelled by a and b
at the two vertices, with the *” term in the propagator ensuring that the gluon at
vertex u is the same as that at vertex v. The colour flow in the diagram corresponds
to ik — jI. There are 3* possible colour combinations for the four quarks involved
in this process. In addition, there and eight possible gluons that can be exchanged.
Consequently, there are 648 distinct combinations of quark colours and gluons that
potentially can contribute to the process. Fortunately, the effect of summing over
all the colour and gluon combinations can be absorbed into a single colour factor.
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jet u; u

ua

v,b
jet di d

One of the processes contributing to two-jet production in pp collisions at the LHC, shown in terms of the
colliding protons and one of the contributing Feynman diagram, with quark colours ik — jl.

The matrix element for the Feynman diagram of Figure 10.20 can be written
down using the Feynman rules for QCD:

—ig, - .
q;” 5 [i(pa)—Ligs Ay hu(pa)|.

—iM = [a(p3){—Ligs Ay u(py)|
This can be rearranged to give

2
1
M= _%S’l?i’lfk?%v[ﬁ(m)y” u(p)][u(pa)y"u(p2)]. (10.23)

This matrix element resembles that for the QED process e™q — e~ q given in (8.13),

2
M= Qq%guv[ﬁ(pm“u(p])][ﬁ(p4)yvu(pz)]-

The QCD matrix element for a particular combination of quark colours can be
obtained from the calculated QED matrix element by making the replacements
—Qqe* — g3, or equivalently —Qqa — as, and multiplying by the colour factor
C(ik — jl) that accounts for the sum over the eight possible exchanged
gluons

8
Clik > jl) = 7 > A% (10.24)
a=1

Bl—
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Examples of the four classes of colour exchange diagram in quark—quark scattering.

The QCD colour factor C(ik — jl) can be evaluated using the Gell-Mann

matrices
010 001 000 1 00
=100, ={oool, =]0011[, A=]0-10
000 100 010 0 00
0-i0 00 —i 00 0 10 0
L=|li 00|, 2s=(00 0], A2=100 —i|, Ag:% 01 0
0 00 i0 0 0i 0 00 -2

r b
i=1 j=3
k=3 /1=2
b g

where A; and A, correspond to the exchange of rg and gr gluons, 44 and As rep-
resent rb and bF gluons, A and A7 represent gb and by gluons, and A3 and Ag
represent the exchange of %(r?— gg) and \/La(ﬁ +gg —2bb) gluons. The 3 possible
combinations of the colours i, j, k and / can be categorised into the four classes of
colour exchange, shown in Figure 10.21. These correspond to the following cases:
all four colours are the same, e.g. rr — rr; the two initial-state quarks have dif-
ferent colours but do not change colour, e.g. rb — rb; the two initial-state quarks
have different colours and exchange colour, e.g. ¥b — br; and all three colours are
involved. The different colour indices determine which elements of the A-matrices
are relevant to the scattering process, which in turn determines which gluons con-
tribute.
From (10.24) the colour factor for rr — rris

8
1
Cirr > rr) = 1 Z/l‘fl/l‘l’l.
a=1

Here the non-zero contributions arise from A3 and Ag, which are the only
Gell-Mann matrices with non-zero values in the 11-element. Hence

Clrr = rr)=—

8
303 . )8 58
42 1Al = (/111/111"‘/111/111)
a=1

-309-1

4>|~
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Because of the underlying exact SU(3) colour symmetry, there is no need to repeat
the exercise for gg — gg or bb — bb ; the SU(3) colour symmetry guarantees that
the same result will be obtained, thus

For the second class of diagram of Figure 10.21, rb — rb, the corresponding colour
factor is

8
1
Crb = rb) = 7 ) X145,
a=1

Hence only the gluons associated with the Gell-Mann matrices with non-zero
entries in the 11 and 33 positions give a non-zero contribution, thus

8
1 ; s 5 1 1
Clrb—rb)= 3 " 444 = A”A%— (I;) %
a=1

and, from the SU(3) colour symmetry,

C(rb = rb) = C(rg — rg) = C(gr — gr) =
C(gb — gb) = C(br — br) = C(bg — bg) = —%. (10.26)
For the third class of colour exchange of Figure 10.21, rg — gr, the only non-

zero contributions arise from the A-matrices with non-zero entries in the 12 and 21
positions, therefore

C(rg — gr) =

RN

8

11 92 2
Z 545, = /121/112 + /121/112) =
a=1

and thus
C(rb — br) = C(rg — gr) = C(gr — rg) =
C(gh — bg) = C(br — rb) = C(bg — gb) = 1. (10.27)

Finally, for the case where three different colours are involved, e.g. rb — bg,

8

a ja
2/131/123‘
a=1

Because none of the A-matrices has non-zero entries in both the 31 and 23 posi-
tions, the colour factor is zero. This should come as no surprise, colour is a con-
served charge of the SU(3) colour symmetry and the process rb — bg would result
in a net change of colour.

C(rb — bg) =

I
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Averaged colour factor

The colour factors calculated above account for the summation over the eight pos-
sible gluon intermediate states for a particular colour exchange ik — jl. In the scat-
tering process ud — ud, the colours of each of the initial-state quarks are equally
likely to be r, b or g. Therefore the nine possible initial-state colour combinations
are equally probable. For a particular initial-state colour combination, the cross
section will depend on the sum of the squared matrix elements for each of the nine
possible orthogonal final-state colour combinations. The possible colour combina-
tions are accounted for by the colour-averaged sum of squared matrix elements,

1
IMPY=5 D IMGj— kDF. (10.28)

ijki=1

where the sum is over all possible colours in the initial- and final-state, and the
factor of é averages over the nine possible initial-state colour combinations. The
colour part of (10.28),

3

> Ichj - ki, (10.29)
ijkl=1

(CP?) =

O —

can be evaluated using the expressions for the individual colour factors of (10.25)—
(10.27). There are three colour combinations of the type rr — rr (i.e. rr — rr,
bb — bb and gg — gg) each with an individual colour factor %, six combinations
of the type rb — rb with colour factor —% and six combinations of the type b — br
with colour factor % Hence the overall colour factor is

(ICP) = 4 [3 x(3) +6x(~1) +6x (%)2] =2 (10.30)

Hence, the entire effect of the 648 possible combinations of quark colours and
types of gluons is encompassed into a single number.

The QCD cross section for the scattering process ud — ud can be obtained from
the QED cross section for e"q — e~ q of (8.19),

2\2
1+(1+q—)l,
h)

by replacing aQq with as and by multiplying by the averaged colour factor of

(10.30), to give
2\2
1+(1+q7) l (10.31)
N

do 27rQécy2

dg? ¢

do 4710%
dg? - 944

where § is the centre-of-mass energy of the colliding ud system.
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10.7.1 Colour in processes with antiquarks

Figure 10.22 shows the vertices for the basic QCD interaction between quarks
and/or antiquarks. The quark current associated with the qqg vertex is given by
(10.12)

J& = u(p3)c’ {=Ligs A%y*| ciu(py),
where the outgoing quark enters as the adjoint spinor. In the equivalent expression
for the qqg vertex, the incoming antiparticle is now represented by the adjoint
spinor

JE = pe] {~higs Ay* ) e ju(ps).

Consequently, the colour part of the expression is
a
T f /llj
— AT a —
c;A%j=c; | 4; | =4
a
A,

The order of the indices ij is swapped with respect to the quark case, ji — ij. In
general, the colour index associated with the adjoint spinor appears first, and thus
the colour factor associated with the qqg annihilation vertex shown of Figure 10.22
is Ay

Figure 10.23 shows the four possible combinations of two quarks/antiquarks
interacting via the exchange of a single gluon. For the quark—antiquark and
antiquark—antiquark scattering diagrams, the expressions for the colour factors are

I
Al

8 8
C(ik - jI) = Zafjﬂg,, and C(ik — jl) = sz;ﬁz,,
a=1 a=1
which can be compared to the expression for the colour factor for quark—quark
scattering of (10.24). Because the Gell-Mann matrices have the property that either

AT = 2 or AT = -2, the same colour factors are obtained for qq and qq scattering,

Colour indices for the qqg, qqg and qqg vertices.
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| Ej: | | E q | E
a k I q a k T g g k T
The four diagrams involving the interaction of two quarks/antiquarks via a single gluon.
g r r 9 7 T oor
r g T g T g 9
Examples of colour flow in the t-channel scattering processes of ud — ud, ud — udandid — ud

scattering, and the s-channel annihilation process qg — qq. In each case the gluons exchanged are
rgandgr.

q q q

r

9

and it is straightforward to show that the non-zero colour factors for the #-channel
scattering processes are

Crr—>rr)=C@rr—>rr)=C@r—>7rr)= %, (10.32)
Crg—rg)=C(rg—rg) =CFg—>7rg) =—4, (10.33)
C(rg—gr)=C(rF—gg =CFg—gr =3 (10.34)

For the s-channel annihilation diagram, the expression for the individual colour
factors is

Cy(ik — jl) =

8
a ya
2 Ay
a=1

Bl

from which it follows that
Crr—>rRn=43 Crg—rg=3 and Ci(rF—>gg) =-¢. (1035

For all four processes shown in Figure 10.23, the colour-averaged colour factor,
defined in (10.29), is (|C*) = 2/9. Each of the individual colour factors given in
(10.32)—(10.35) can be associated with the exchange of a particular type of gluon,
such that colour charge is conserved at each vertex. For example, Figure 10.24
shows the colour flow in the Feynman diagrams of Figure 10.23 for the case where
the virtual gluon corresponds to the combined effect of the exchange of rg and gr
gluons.
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10.7.2 *Colour sums revisited

The overall colour factor for quark (or antiquark) scattering via the exchange of
a single gluon can be obtained directly by considering the factors that enter the
expression for the matrix element squared. For example, the qq — qq matrix ele-
ment M for colours ik — jl includes the colour factor
C= l/l”‘ A
= gt

where summation over the repeated gluon indices is implied. The matrix element
squared for this colour combination, [M|> = MM, is proportional to

* 1 * *
CC" = e A5 (G (45)

1
= Eﬂ%ﬂﬁ‘kﬂ?jﬁ%, (10.36)

where the second line follows from the Gell-Mann matrices being Hermitian. The
colour-averaged summed matrix element squared therefore can be written

8 3
L1
(ICPY=(CC) = 572 D >, il
ab=1ijki=1
1 8
- ayb
=7 42:“1 [Tr (492%)]

It is straightforward to show that Tr (/l“/lb ) = 204, and thus

8
1 1 2
Y= D Qo) =— > 2 ==
C 144”:1( ab) 42 24 9

The same result will be obtained independent of the order in which the indices
appear in the initial expression, and therefore the same colour-averaged colour fac-
tor is obtained for all four processes of Figure 10.23.

10.8 Heavy mesons and the QCD colour potential

Heavy quark cc (charmonium) and bb (bottomonium) bound states are observed as
resonances in e*e” annihilation, as seen previously in Figure 10.17. The multiple
charmonium and bottomonium resonances correspond to eigenstates of the qq sys-
tem in the QCD potential. Whilst only states with spin-parity J* = 1~ are produced
in e*e™ annihilation, other states are observed in particle decays. Unlike the quarks
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y(4415) ce 1p e bb
W(4160) Y'(10860)
4+ (4040) . Y(49)
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The masses and J”C assignments of the observed charmonium (cc) and bottomonium (bb) bound states,

where C is the charge conjugation quantum number discussed in Chapter 14.

in the light uds mesons, which are relativistic, the velocities of the heavy quarks in
the charmonium and bottomonium states are relatively low, 8. ~ 0.3 and S, ~ 0.1.
In this case, the observed spectra of charmonium and bottomonium states, shown
in Figure 10.25, provide a probe of the QCD potential in the non-relativistic limit.

In non-relativistic QCD (NRQCD), the interaction between two quarks (or
between a quark and an antiquark) can be expressed as a static potential of the
form V(r). Owing to the gluon self-interactions (10.13), the potential at large dis-
tances is proportional to the separation of the quarks, V(r) ~ «r. The short-range
component of the NRQCD potential can be obtained by considering the analo-
gous situation for QED. The non-relativistic limit of QED gives rise to a repulsive
Coulomb potential between two electrons (i.e. two particles), V(r) = a/r, and an
attractive potential between an electron and its antiparticle, V(r) = —a/r. With the
exception of the treatment of colour, which factorises from the spinor part, the fun-
damental QCD interaction has exactly the same ¢y*y form as QED. Therefore, the
short-range NRQCD potential between two quarks must be

V() = +C 22, (10.37)
r
and that between a quark and an antiquark is
V() = -C=, (10.38)
r

where C is the appropriate colour factor. Depending on the sign of this colour
factor, which will depend on the colour wavefunction of the state, the short-range
static potential for the qq system could be either attractive or repulsive.
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From the colour confinement hypothesis, it is known that mesons are colour
singlets, with a colour wavefunction
- =
o= ﬁ(rr + gg + bb).
Thus, the expectation value of the NRQCD potential for a meson can be written

(Vgg» = WVqeply) = %((ﬁlVQCDlﬁ) + -+ (FAVqcplbb) + - ) (10.39)

where the dots indicate the other seven colour combinations. From the form of the
NRQCD potential identified in (10.38),

(FAVacplrF) = —C(F — i) and  (/7Vacplbb) = —CF — bb) .,
r r
and therefore the expectation value of the QCD potential of (10.39) can be written
<%@=—%{aﬁ_nﬂ+~wmmieba+n).
r

This expression contains three terms of the form rr — rr and six of the form
rr — gg, and therefore
o
Vag) =~
Using the expressions for the colour factors for the #-channel exchange of a gluon
between a quark and an antiquark, given in (10.32) and (10.34), the non-relativistic
QCD potential can be written

[3XCOUr — rr)+6xXC@rr — gg)].

o 4o
<qu>:—3—i[3x%+6x%]:—§TS.

Hence, the short range NRQCD potential in the qq colour singlet state is attractive.

Adding in the long-range term of (10.13), gives the expression for the NRQCD

potential

Vg(r) = —gaTS s (10.40)

The non-relativistic QCD potential of (10.40) can be used to obtain the predicted
spectra for the cc and bb bound states. The more accurate predictions are obtained
for the bb system, where the non-relativistic treatment is a good approximation.
Reasonable agreement with observed [ = 0 and / = 1 charmonium and bottom-
onium states of Figure 10.25 is found assuming A4 = 1 GeV/fm, providing further
evidence for the presence of the linear term in the potential, which is believed to
be responsible for colour confinement.

Figure 10.26 shows the non-relativistic QCD potential of (10.40) for as =
0.2 and « = 1 GeV/fm. The potential energy becomes positive at approximately
0.25 fm, with the linear term dominating at larger radii, setting the length scale for
confinement for these heavy quark states.
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The approximate form of the non-relativistic QCD potential for a bound qq state, assuming s = 0.2 and
k = 1GeV/ fm.

10.9 Hadron-hadron collisions

Hadron colliders, either proton—proton or proton—antiproton, provide a route to
achieving higher centre-of-mass energies than is possible with circular e*e™ col-
liders, and are central to the search for the production of new particles at high-mass
scales. The underlying process in hadron—hadron collisions is the interaction of two
partons, which can be either quarks, antiquarks or gluons.

10.9.1 Hadron collider event kinematics

In electron—proton elastic scattering, a single variable was sufficient to describe the
event kinematics. This was chosen to be the scattering angle of the electron. In
electron—proton deep inelastic scattering two variables are required, reflecting the
additional degree of freedom associated with the unknown momentum fraction x
of the struck quark. In hadron—hadron collisions, the momentum fractions x; and
xp of the two interacting partons are unknown, and the event kinematics have to be
described by three variables, for example Q?, x; and x,. These three independent
kinematic variables can be related to three experimentally well-measured quanti-
ties. In hadron collider experiments, the scattered partons are observed as jets. In
a process such as pp — two jets + X, the angles of the two-jets with respect to
the beam axis are relatively well measured. Consequently, differential cross sec-
tions are usually described in terms of these two jet angles and the component of
momentum of one of the jets in the plane transverse to the beam axis, referred to
as the transverse momentum
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Pt = APi+ Dy

where the z-axis defines the beam direction.

At a hadron-hadron collider, such as the LHC, the collisions take place in the
centre-of-mass frame of the pp system, which is not the centre-of-mass frame of the
colliding partons. The net longitudinal momentum of the colliding parton—parton
system is given by (x| —x)E},, where E, is the energy of the proton. Consequently,
in a process such pp — 2 jets + X, the two final-state jets are boosted along the
beam direction. For this reason, the jet angles are usually expressed in terms of the
rapidity y, defined by

1 (E
y= —ln( +pz), (10.41)
2 E-p,

where E and p, are the measured energy and z-component of momentum of a jet.
The use of rapidity has the advantage that rapidity differences are invariant under
boosts along the beam direction. This can be seen by considering the effect of a
Lorentz transformation along the z-axis, where the rapidity y in the boosted frame
of reference is given by

y = lln E' +p] _ lln [V(E_ﬂpz) +v(p: - BE)
2 |E'-pi| 2 |v(E-Bp)-—y(p.-BE)
B lln (I=B)E + p,)
2 (A +B)UE - p2)
_o b (1-p
—y+2ln(1+ﬁ).

Hence, differences in rapidities are the same measured in any two frames, Ay’ =
Ay. Therefore, the a priori unknown longitudinal boost of the parton—parton system
does not affect the distribution of rapidity differences.

The invariant mass of the system of particles forming a jet is referred to as the jet
mass. The jet mass is not the same as the mass of the primary parton; it is mainly
generated in the hadronisation process. For high-energy jets, the jet mass is usually
small compared to the jet energy and p, ~ E cos 6, where € is the polar angle of the
jet with respect to the beam axis. Hence the rapidity can be approximated by

1 I +cosf) 1 20
y= Eh’l(]_—cosg) = Eln(cot 5)

Therefore, the pseudorapidity 7 defined as

n=-In (tan g)

can be used in place of rapidity y when jet masses can be neglected. Figure 10.27
illustrates the polar angle ranges covered by different regions of pseudorapidity.
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n=1

The lowest-order Feynman diagram for the Drell-Yan process pp — pu*u=X.

Broadly speaking, the differential cross sections for jet production in hadron—hadron
collisions are approximately constant in pseudorapidity, implying that roughly equal
numbers of jets are observed in each interval of pseudorapidity shown in

Figure 10.27, reflecting the forward nature of jet production in pp and pp colli-

sions.

10.9.2 The Drell-Yan process

The QED production of a pair of leptons in hadron-hadron collisions from the
annihilation of an antiquark and a quark, shown in Figure 10.28, is known as the
Drell-Yan process. It provides a useful example of a cross section calculation for
hadron—hadron collisions, in this case pp — p*u™X, where X represents the rem-
nants of the colliding hadrons.

The QED annihilation cross section for e*e™ — u*u~ was calculated in
Chapter 7. The corresponding cross section for qq — w*u~ annihilation is

24ﬂa

a 35’
where Oy is the quark/antiquark charge and § is the centre-of-mass energy of the
colliding qq system. The factor 1/N,, where N, = 3 is the number of colours,

o(qq - p'p) = —Q (10.42)
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accounts for the conservation of colour charge, which implies that of the nine pos-
sible colour combinations of the qq system, the annihilation process can only occur
for three, 77, bb and gg. From the definition of the parton distribution functions, the
contribution to the pp Drell-Yan cross section from an up-quark within the proton
with momentum fraction x; — xj + dx; annihilating with an anti-up-quark within
the antiproton with momentum fraction x, — xp + dx; is

Ara?
9§

d’o = Q2 uP(x1)dox; 7P (x2) dixy, (10.43)
where 7P (x») is the PDF for the anti-up-quark in the antiproton. Because the anti-
quark PDFs within the antiproton will be identical to the corresponding quark PDFs
in the proton, uP(x) = uP(x) = u(x), Equation (10.43) can be written

4  4ra?

d’c = -
779 "oz

The centre-of-mass energy of the qq system can be expressed in terms of that of
the proton—antiproton system using

u(x))u(xy) dxdx,. (10.44)

§ = (xip1 + x2p2)* = X1p} + 5p5 + 2X1X2P1 2.
In the high-energy limit, where the proton mass squared can be neglected, p% =
p% ~ 0 and
§ = x1x22p1-p2) = X112,
where s is the centre-of-mass energy of the colliding pp system. Hence (10.44),
expressed in terms of s, becomes

4  Ara?

d’o = -
7 9 Oxi1xas

u(x))u(xy) dxidxy. (10.45)

Accounting for the (smaller) contribution from the annihilation of a u in the proton

with a u in the antiproton and the contribution from dd annihilation, leads to

4ma’

d’o =
9x1x28

| 3{uCenutx) + w0e)EC)} + § {dGa)d(x) + don)d(x)}] dxidx,.
(10.46)

The Drell-Yan differential cross section is most usefully expressed in terms of
the experimental observables. Here a suitable choice is the rapidity and the invari-
ant mass of the ™™ system, both of which can be determined from the momenta
of the u* and u™ as reconstructed in the tracking system of the detector. The coordi-
nate transformation from x; and x; to these experimental observables is not entirely
straightforward, but is shown to illustrate the general principle. The invariant mass
of the u*pn~ system is equal to the centre-of-mass energy of the colliding partons,

M? = x1x35. (10.47)
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The rapidity of the u*u~ system is given by

y_l n(E3+E4+P3z+P4z)_l n(Eq+Eq+pQZ+pQZ)
E3 + Eq — p3; — p4; 2 Eq+ Eq— pqz — Pz ’

2

where the equality of four-momenta of the p*u~ system and that of the colliding
partons follows from energy and momentum conservation. The four-momenta of
the colliding q and q are respectively given by

s s
Pq = %—(-xh()’ O’ xl) and Pq = %(XZ,O, 0’ _-xZ)’
and hence
I (e +x2) +(x - Xz)) I x
==In =—=In—. (10.48)
=3 ((xl +tx)-(x1—-x)) 2 x

From (10.47) and (10.48), x; and x, can be written in terms of M and y,

M M
x1=—¢€ and x; = —e Y. (10.49)
Vs Vs
The differential cross section in terms of dx;dx, can be expressed in terms of dy dM
using the determinant of the Jacobian matrix for the coordinate transformation

dy Oy
Ay, M
dyam = 28 4y 4, = | T Te gy dn,,
0(x1,x2) x ox

where the partial derivatives obtained from (10.47) and (10.48) give

dydM = ﬁdxldxz.

Hence the differential cross section of (10.46) can be expressed as

4ra? 2M
2 _
do = Wf(xl,xz)TdydM,

where

£ x2) = [§{uGeute) + aGe)iaeo)] + § {d(xd() + dean)d(x)}],
and thus, the Drell-Yan differential cross section, written in terms of the invariant
mass and rapidity of the u*u~ system, is

do 8rar

2
dydm = %f(xl,xz),

where x; and x, are given by (10.49).

The above treatment of the Drell-Yan process considered only the QED photon-
exchange diagram. However, any neutral particle which couples to both quarks
and muons can contribute. For example, Figure 10.29 shows the measured differ-
ential cross section for pp — p"u"X from the CDF experiment at the Tevatron,
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The measured Drell-Yan cross section in pp collisions at /s = 1.8 TeV in the CDF detector at the Tevatron
collider. Adapted from Abe et al. (1999).

which operated from 1989 to 2011. The strong enhancement in the cross section
at M+~ ~ 91 GeV is due to the resonant production of the Z boson, through the
annihilation process qq — Z — p*u~. The Drell-Yan process also provides a way
of searching for physics beyond the Standard Model through the production of new
massive neutral particles that couple to both quarks and leptons, through the pro-
cess qq — X° — ptu. To date, no such signals of physics beyond the Standard
Model have been observed.

10.9.3 Jet production at the LHC

The Large Hadron Collider at CERN is the highest energy accelerator ever built. It
is a pp collider designed to operate at an ultimate centre-of-mass energy of 14 TeV.
The LHC commenced full operation at s = 7TeV in 2010 and ran at /s =
8 TeV in 2012. The most common, although not the most interesting, high-energy
process at the LHC is the QCD production of two-jets. Figure 10.30 shows an
example of a two-jet event recorded at /s = 7TeV in the ATLAS experiment.
Since the colliding partons have no momentum transverse to the beam axis, the
jets are produce back to back in the transverse plane and have equal and opposite
transverse momenta, pr. In the other view, the jets are not back to back due to
the boost of the final-state system from the net momentum of the colliding partons
along the beam axis, (x| — x2) V/s/2.

The cross section for the production of two jets from the #-channel gluon
exchange process qq — qq is given by (10.31),



280

Quantum Chromodynamics (QCD)

An example of a pp — two-jets X event observed in the ATLAS detector a the LHC: (left) the transverse
view (perpendicular to the beam direction) and (right) the yz-view with the z-axis along the beam direction.
Reproduced courtesy of the ATLAS collaboration.

At 2\2
do . S[H(l—%”,
R

dg?> ~ 90*

where Q> = —¢? and § = x|xps is the centre-of-mass energy of the colliding
quarks. The contribution to the proton—proton cross section, expressed in terms of
the parton density functions, is therefore

do 47ra/§ . 0?
dg? 90"

where g(x1, xp) is the sum over the products of the relevant parton distribution

functions for the scattering process qq — qq, which for up- and down-quarks is

g(x1, x2) = [u(x)u(x2) + u(x1)d(x2) + d(x)u(x2) + d(x1)d(x2)] .

The differential cross section therefore can be written as

d3 Ara 2 \?
ALl PR PR ) g(x1, x2). (10.50)
sz dx1 dXQ 9Q4 SX1X2

2
) l g(x1, x2) dx1dx;.
SX1X2

This expression has three degrees of freedom; one from the underlying elastic
scattering process, here written in terms of 7, and one from each of the parton
momentum fractions, x; and x,. In the process pp — two-jets X, the experimen-
tally well-measured quantities are the rapidities of the two final-state jets, y3 and
Y4, and the magnitude of the transverse momentum, pt (which is the same for both
jets). Equation (10.50) can be written in terms of these measured quantities using
the determinant of the Jacobian for the coordinate transformation from {Q?, x1, x»}
to {pr,y3,ys} (see Problems 10.6 and 10.7). In principle, given knowledge of the
PDFs, it would be possible to calculate the lowest-order QCD contribution to the
LHC two-jet production cross section from the process qq — qq and express it
in terms of these three experimental observables. However, qq — qq is just one
of a number of parton-level processes that contribute to pp — two-jets X at the
LHC. For example, some of the other Feynman diagrams resulting in a two-jet
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LXXXX
X XHH

Feynman diagrams for two-jet production in proton—proton collisions. There are also diagrams involving
initial-state antiquarks.

final state are shown in Figure 10.31. The contributions from all processes, includ-
ing the interference between diagrams with the same final-state partons, need to
be summed to obtain the cross section for pp — two-jets X. Furthermore, for
accurate predictions, the effects of higher-order QCD diagrams also need to be
considered.

At this point, it should be clear that unlike the case of electron—positron anni-
hilation, cross section calculations for the LHC are highly complex. Not only are
the PDFs required, but multiple diagrams are involved and higher orders have to
be included. In practice, such calculations are performed numerically in highly
sophisticated computer programs. Nevertheless, the comparison of the predictions
from these calculations with the experimental data from the LHC provides a pow-
erful test of QCD. For example, Figure 10.32 shows early data from the CMS
experiment. The plot shows the inclusive jet production cross section d*o/dprdy
in intervals of Ay = 0.5 of rapidity (which correspond to different ranges of polar
angles in the detector). The pr distribution is peaked towards zero, reflecting the
1/Q* propagator term and the large values of the PDFs at low x. The measured
cross sections for each interval of rapidity are similar, with roughly equal num-
bers of jets being observed in each of the (pseudo)rapidity intervals shown in
Figure 10.27, demonstrating that jets are produced preferentially in the forward
directions.

The data of Figure 10.32 are compared to next-to-leading-order (NLO) QCD
predictions using the current knowledge of the PDFs. The predicted cross sections
are in good agreement with the data that span a wide range of jet pr. In general,
QCD is found to provide an excellent description of jet phenomena in hadron—
hadron collisions. The success of QCD in describing the experimental results is
an important achievement of modern particle physics and provides overwhelming
evidence for the existence of the underlying SU(3) gauge symmetry.
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The measurement of the inclusive differential cross section for jet production from data recorded at /s =
7TeV in the CMS experiment at the LHC. The curves are the predicted cross sections from NLO QCD. Adapted
from Chatrchyan et al. (2011).

Summary
|

Quantum Chromodynamics is the quantum field theory of the strong interaction. It
corresponds to a non-Abelian SU(3) local gauge symmetry, with eight gluons asso-
ciated with the eight generators. The interactions between the gluons and quarks
are described by the qqg vertex factor

1. a
—jlgs/lﬁ’)’#,

where i and j are the colour charges of the quarks. The corresponding Feynman
rule for the gluon propagator is
Iuv ap
—i—-0".
pe
Whilst the Feynman rules for the QCD vertex and the gluon propagator resem-
ble those of QED, the presence of gluon self-interactions leads to very different
behaviour. For example, colour is confined and all freely propagating particles are
colour singlet states; free quarks and gluons are not observed.
The running of e (Q?) implies that the strength of the QCD interaction decreases
with energy scale, a property known as asymptotic freedom. As a consequence,
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perturbative calculations can be used for high-energy QCD processes. Despite the
practical difficulties of performing accurate calculations, QCD is found to provide
an excellent description of hadron collider data and the SU(3) local gauge symme-
try should be considered to be an experimentally established fact.

Problems

™ 101

D 102

(D 103
(Q 104

> 105
D 106

(Q 107

By considering the symmetry of the wavefunction, explain why the existence of the Q~(sss) L = 0 baryon
provides evidence for a degree of freedom in addition to space X spin X flavour.

From the expression for the running of a5 with N = 3, determine the value of ¢ at which as appears to
become infinite. Comment on this result.

Find the overall “colour factor”for qq — qq if QCD corresponded to a SU(2) colour symmetry.

(alculate the non-relativistic QCD potential between quarks ¢; and q; in a ¢;q,q3 baryon with colour wavefunc-
tion

1
W = —(rgb — grb + gbr — bgr + brg — rbg).
V6

Draw the lowest-order QCD Feynman diagrams for the process pp — two-jets + X, where X represents the
remnants of the colliding hadrons.

The observed events in the process pp — two-jets at the LHC can be described in terms of the jet pr and the

jet rapidities y; and y,.

(a) Assuming that the jets are massless, £2 = p% + p2, show that the four-momenta of the final-state jets can
be written as

ps = (pr cosh ys, +py sin @, +py os ¢, pr sinh y3),
ps = (pr cosh yq, —pr sin @, —py C0S @, pr sinh yy).

(b) By writing the four-momenta of the colliding partons in a pp collision as
Vs Vs
p= T(XuO, 0,x) and p, = T(XZ,O, 0, —x1),
show that conservation of energy and momentum implies
_ P _ P

n=—E”?+e”) and x=—(E” +e).

1 \/E( ) \/g(
(c) Hence show that

¢ =p0+e" ).

Using the results of the previous question show that the Jacobian

(s yasP}) s
A, %, %) X
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@ 10.8 The total cross section for the Drell—Yan process pp — w*u™X was shown to be

dra?

TN e

f f [4U(X1)U(X2) + 4u(x)u(x) + d(n)d(x) + d()ﬁ)d(xz)] dady; .

() Express this cross section in terms of the valence quark PDFs and a single PDF for the sea contribution, where
S(x) = u(x) = d(x).

(b) Obtain the corresponding expression for pp — u*p=X.

() Sketchthe regionin thex;—x; plane corresponding sq; > /4. Comment on the expected ratio of the Drell—
Yan cross sections in pp and pp collisions (at the same centre-of-mass energy) for the two cases: (i) § << s
and (ii) § > s/4, where S is the centre-of-mass energy of the colliding partons.

(D 10.9  Drell-Yan production of y* y-pairs with an invariant mass @ has been studied in 7t interactions with carbon
(which has equal numbers of protons and neutrons). Explain why the ratio
o(tC— pruX)
o C— uruX)

tends to unity for small @ and tends to ‘11 as Q% approaches s.



The weak interaction

4 This chapter provides an introduction to the weak interaction, which is medi- h
ated by the massive W* and W~ bosons. The main topics covered are: the
origin of parity violation; the V—A form of the interaction vertex; and the con-
nection to Fermi theory, which is the effective low-energy description of the
weak charged current. The calculation of the decay rate of the charged pion is
used to illustrate the role of helicity in weak decays. The purpose of this chap-
ter is to describe the overall structure of the weak interaction; the applications
are described in the following chapters on charged-current interactions, neu-
trino oscillations and CP violation in the weak decays of neutral mesons.

/

1.1 The weak charged-current interaction
. __________________________________________________________________________________________|

At the fundamental level, QED and QCD share a number of common features.
Both interactions are mediated by massless neutral spin-1 bosons and the spinor
part of the QED and QCD interaction vertices have the same u(p’)y*u(p) form.
The charged-current weak interaction differs in almost all respects. It is mediated
by massive charged W* bosons and consequently couples together fermions differ-
ing by one unit of electric charge. It is also the only place in the Standard Model
where parity is not conserved. The parity violating nature of the interaction can
be directly related to the form of the interaction vertex, which differs from that of
QED and QCD.

1.2 Parity

The parity operation is equivalent to spatial inversion through the origin, x — —X.
In general, in quantum mechanics the parity transformation can be associated with
the operator P, defined by

w(x,1) = ¥ (x,1) = Py(x, 1) = Y(-x,1).

285
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The original wavefunction is clearly recovered if the parity operator is applied
twice,

PPy(x,1) = Py(—x,1) = Y(x,1),
and hence the parity operator is its own inverse,
PP =1 (11.1)

If physics is invariant under parity transformations, then the parity operation must
be unitary

PTP=1. (11.2)
From (11.1) and (11.2), it can be inferred that
P =P,

and therefore P is a Hermitian operator that corresponds to an observable prop-
erty of a quantum-mechanical system. Furthermore, if the interaction Hamiltonian
commutes with P, parity is an observable conserved quantity in the interaction. In
this case, if ¥/(x, t) is an eigenstate of the Hamiltonian, it is also an eigenstate of the
parity operator with an eigenvalue P,

Py(x, 1) = Py(x, 1).
Acting on this eigenvalue equation with P gives
PPy(x.1) = PPy(x.1) = P2y(x. 1),

which implies that P> = 1 since PP = I. Because P is Hermitian, its eigenvalues
are real and are therefore equal to +1.

1.2.1 Intrinsic parity

Fundamental particles, despite being point-like, possess an intrinsic parity. In
Section 4.9, it was shown that the parity operator for Dirac spinors is y°, which
in the Dirac—Pauli matrix representation is

It was also shown that spin-half particles, which necessarily satisfy the Dirac
equation, have the opposite parity to the corresponding antiparticles. By conven-
tion, the particle states are defined to have positive intrinsic parity; for example
P(e™) = P(v.) = P(q) = +1, and therefore antiparticles have negative intrinsic parity,



287

1.2 Parity

for example P(e*) = P(ve) = P(q) = —1. From the Quantum Field Theory describ-
ing the force carrying particles, it can be shown that the vector bosons responsible
for the electromagnetic, strong and weak forces all have negative intrinsic parity,

P(y) = P(g) = P(W*) = P(Z) = - 1.

11.2.2 Parity conservation in QED

Parity conservation in QED arises naturally from the form of the interaction. For
example, the matrix element for the QED process of e”q — e™q scattering, shown

in Figure 11.1, can be written as the four-vector scalar product
= Qqezj J
- e’ q»
pE

where the electron and quark currents are defined by
Jj& =u(pa)yy*u(pr) and ji = u(pa)y u(pa). (11.3)
The equivalent matrix element for the parity transformed process, where the

three-momenta of all the particles are reversed, can be obtained by applying the
parity operator P = 7 to the spinors of (11.3). Since Dirac spinors transform as

P 4
u — Pu=~"u, (11.4)
the adjoint spinors transform as
—  +9 P oA v 0 " —
i=u'y" — (Pu)'y’ ="y’ = uly’ = wy,

and hence

7w, (11.5)

=

P4 P3

P2 Pq

q q
The lowest-order Feynman diagram for the QED ¢-channel electron—quark scattering process.
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From (11.4) and (11.5), it can be seen that the four-vector currents of (11.3) become

. _ Po_
74 = u(p3)y u(pr) — u(pa)y’y*y u(pr).

Because "y = I, the time-like component of the current is unchanged by the
parity operation,

0 P _ _ )
J& — wy°y°yu = uy u = j2.

The space-like components of j#, with indices k = 1,2, 3, transform as

k Po— 0 ko — k0.0 — k K

Je Uy Yy yu=-uywyyu=-uyu=-—Jje,
since yy* = —y*y0. Therefore, as expected, the parity operation changes the signs
of the space-like components of the four-vector current but the time-like compo-

nent remains unchanged. Consequently, the four-vector scalar product in the QED
matrix element, je-jq = jd j((]) - jk jé‘, transforms to

. 0. xk Pooo. . . .
Jerdq = Jig = ki — JLig = =iHEiD) = Jedgs (11.6)

and it can be concluded that the QED matrix element is invariant under the parity
operation. Hence the terms in the Hamiltonian related to the QED interaction are
invariant under parity transformations. This invariance implies that

parity is conserved in QED.

Apart from the colour factors, the QCD interaction has the same form as QED and
consequently

parity is conserved in QCD.

The conservation of parity in strong and electromagnetic interactions needs to
be taken into account when considering particle decays. For example, consider the
two decays

p%(17) > ¥ )+ (07) and 1(07) > x*(07) + 7 (07),

where the J¥ values are shown in brackets. The total parity of the two-body final
state is the product of the intrinsic parities of the particles and the parity of the
orbital wavefunction, which is given by (=1)¢, where ¢ is the orbital angular
momentum in the final state. In order to conserve angular momentum, the «t* and
n~ in the p° — m*n~ decay are produced with relative orbital angular moment
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¢ = 1, whereas the "™ in the decay of the y must have ¢ = 0. Therefore, conser-
vation of parity in the two decays can be expressed as follows:

P(p°) = P(*) - P(") - (-1)"! = —1=(=)(=1)-1) v
P() = P(") - P(r) - (=1)'=° = —1=(=1)(=1)(+1) X

Hence the strong interaction decay process p’ — m*zn~ is allowed, but the strong
decay 1 — m* @~ does not occur as it would violate the conservation of parity
that is implicit in the strong interaction Hamiltonian. It can also be shown that the
QED and QCD interactions are invariant under the charge conjugation operation C,
defined in Section 4.7.5, which changes particles into antiparticles and vice versa,
and therefore there is a corresponding conserved quantity C = +1.

Scalars, pseudoscalars, vectors and axial vectors

Physical quantities can be classified according to their rank (dimensionality) and
parity inversion properties. For example, single-valued scalar quantities, such as
mass and temperature, are invariant under parity transformations. Vector quantities,
such as position and momentum, change sign under parity transformations, x —
—x and p — —p. There is also a second class of vector quantity, known as an
axial vector, which is sometimes referred to as a pseudovector. Axial vectors are
formed from the cross product of two vector quantities, and therefore do not change
sign under parity transformations. One example is angular momentum L = x X p.
Because both x and p change sign under parity, the axial vector L is unchanged.
Other examples of axial vectors include the magnetic moment and the magnetic
flux density B, which is related to the current density j by the Biot—Savart law,
dB o j x dx. Scalar quantities can be formed out of scalar products of two vectors
or two axial vectors, the simplest example being the magnitude squared of the
momentum vector, p> = p-p. There is a second class of scalar quantity known as a
pseudoscalar. Pseudoscalars are single-valued quantities formed from the product
of a vector and an axial vector, and consequently change sign under the parity
operation. One important example of a pseudoscalar is helicity, # o< S - p. The
different scalar and vector quantities are listed in Table 11.1.

Table 11.1 The parity properties of scalars, pseudoscalars, vectors and

axial vectors.

Rank Parity Example
Scalar 0 + Temperature, 7'
Pseudoscalar 0 — Helicity, h
Vector 1 - Momentum, p
Axial vector 1 e Angular momentum, L



290

The weak interaction

K e (p)

p
é
: e (-p)

The [3-decay of polarised ®Co. On the left, an electron is emitted in a particular direction. On the right the
parity inverted equivalent is shown.

1.2.3 Parity violation in nuclear 3-decay

The parity inversion properties of the different types of physical quantity can be
exploited to investigate whether parity is conserved in the weak interaction. In
1957, Wu and collaborators studied nuclear [3-decay of polarised cobalt-60,

ok — —_
0Co — ONi” + e~ + Ve.

The ®°Co nuclei, which possess a permanent nuclear magnetic moment g, were
aligned in a strong magnetic field B and the 3-decay electrons were detected at
different polar angles with respect to this axis, as shown in Figure 11.2. Because
both B and u are axial vectors, they do not change sign under the parity trans-
formation. Hence when viewed in the parity inverted “mirror”, the only quantity
that changes sign is the vector momentum of the emitted electron. Hence, if parity
were conserved in the weak interaction, the rate at which electrons were emitted at
a certain direction relative to the B-field would be identical to the rate in the oppo-
site direction. Experimentally, it was observed that more electrons were emitted in
the hemisphere opposite to the direction of the applied magnetic field than in the
hemisphere in the direction of the applied field, thus providing a clear demonstra-
tion that

parity is NOT conserved in the weak interaction.

From this observation it can be concluded that, unlike QED and QCD, the weak
interaction does not have four-vector currents of the form j* = u(p’)y*u(p).

1.3 V - Astructure of the weak interaction
|

QED and QCD are vector interactions with a current of the form j* = u(p”)yy*u(p).
This particular combination of spinors and y-matrices transforms as a four vec-
tor (as shown in Appendix B.3). From the observation of parity violation, the
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Table11.2 Lorentz-invariant bilinear covariant currents.

Type Form Components  Boson spin
Scalar 2 1 0
Pseudoscalar Uy 1 0
Vector Uyre 4 1
Axial vector Uyryd 4 1
Tensor U(yty — v yH)e 6 2

weak interaction vertex is required have a different form. However, the require-
ment of Lorentz invariance of the interaction matrix element severely restricts the
possible forms of the interaction. The general bilinear combination of two spinors
can be written u(p’)['u(p), where I' is a 4 X 4 matrix formed from products of the
Dirac y-matrices. It turns out that there are only five combinations of individual
y-matrices that have the correct Lorentz transformation properties, such that they
can be combined into a Lorentz-invariant matrix element. These combinations are
called bilinear covariants and give rise to the possible scalar, pseudoscalar, vector,
axial vector and tensor currents listed in Table 11.2.

In QED, the factor g, in the matrix element arises from the sum over the
(2J + 1) + 1 polarisation states of the J¥ = 1~ virtual photon, which includes the
time-like component of the polarisation four-vector. These four polarisation states
correspond to the four degrees of freedom of the vector current j* = yy*¢, labelled
by the index u = 0, 1,2, 3. The single component scalar and pseudoscalar interac-
tions therefore can be associated with the exchange of a spin-0 boson (J = 0),
which possesses just a single degree of freedom. Similarly, the six non-zero com-
ponents of a tensor interaction can be associated with the exchange of a spin-2
boson (J = 2), with (2J + 1) + 1 = 6 polarisation states for the spin-2 virtual
particle.

The most general Lorentz-invariant form for the interaction between a fermion
and a boson is a linear combination of the bilinear covariants. If this is restricted to
the exchange of a spin-1 (vector) boson, the most general form for the interaction
is a linear combination of vector and axial vector currents,

J* o w(p ) gvy* + gay Y u(p) = gv jily + gajh

where gy and g4 are vector and axial vector coupling constants and the current has
been decomposed into vector and axial vector components

J4=ap)y u(p) and ¥ =u(p Yy v u(p).
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The parity transformation properties of jC were derived in Section 11.2.2. The
parity transformation properties of the pure axial vector current can be obtained
the same way

o = P _
i =wyyu — wy’y Y u = =y y Oy u,
which follows from y>y? = —y%y>. Hence the time-like component of the axial

vector current transforms as

. P _ _ R
s =— - wy"Y"YYu = -uiy’yu = -,

and the space-like components transform as

e _ P 0 k0.5 — k.5 -k

JATT WYY Y US FUY Y U= Ty
Therefore, the scalar product of two axial vector currents is invariant under parity
transformations

L. .0 -0 -k ok P .0 .0 kook ..
Jvi2 =gy = dva — Ci)R) = Jidy = Je e (IL.7)
This should come as no surprise, the matrix element is a scalar quantity; if it is
formed from the four-vector scalar product of either two vectors or two axial vec-
tors it has to be invariant under the parity transformation.
To summarise, the parity transformation properties of the components of the
vector and the axial vector currents are
0 P .0 x P .k o0 P .0 x P .k
Jv = *iys v —Jy, and  ju— —jg 4 = iy
Whilst the scalar products of two vector currents or two axial vector currents are
unchanged in a parity transformation, the scalar product jy-j4 transforms to —jy-ja.
Hence the combination of vector and axial vector currents provides a mechanism
to explain the observed parity violation in the weak interaction.

Consider the (inverse-3-decay) charged-current weak interaction process ved —
e u, shown in Figure 11.3, with assumed currents of the form

Joe = WP3gvy" + gay* Y up1) = gvjve + gajoes
Jiw = WPDGVY +gay Y Iup2) = gv iy, + 9aja,
The matrix element is proportional to the four-vector scalar products of two
currents
Myi & fue jau = GydveJi + GadveJan + 9vIaUve Jau + Joe- Jiu)-
The terms j),- jv. and j4.- /4. do not change sign under a parity transformation, but
the mixed V and A combinations do, and therefore

. . P v . A . v . A .
JveJdu = Gy ve e + Tadue iy — GvaAGine: Fa + Jie" Jna)-
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P4 Ps3

P2 Pq

d u

The lowest-order Feynman diagram for the charged-current weak interaction ved — e~ u.

Thus the relative strength of the parity violating part of the matrix element com-
pared to the parity conserving part is given by

gvga
2, 2"
gy T 94
Hence, if either gy or g4 is zero, parity is conserved in the interaction. Furthermore,
maximal parity violation occurs when |gy| = |gal, corresponding to a pure V — A or
V + A interaction. From experiment, it is known that the weak charged current due

to the exchange of W* bosons is a vector minus axial vector (V — A) interaction of
the form y* — y#y>, with a vertex factor of

_igW 1
\/5 2
Here gw is the weak coupling constant (which is often written simply as g). The

origin of the additional numerical factors will be explained in Chapter 15. The
corresponding four-vector current is given by

u(p") 3y =y )u(p).

Y1 -y). (11.8)

_ 9w

V2

jﬂ

11.4 Chiral structure of the weak interaction
|

In Chapter 6, the left- and right-handed chiral projection operators,
Pr=3(1+y") and Pp=3(1-7),

were introduced. Any spinor can be decomposed into left- and right-handed chiral
components,

u= %(1 + ’}/S)u + %(1 — ys)u = PRM + PLM = arur +aruy,

with coefficients ag and a;. In Section 6.4.1, it was shown that only two combi-
nations of chiral spinors (RR and LL) gave non-zero values for the QED vector
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current, u(p’)y*u(p). For the weak interaction, the V — A vertex factor of (11.8)
already includes the left-handed chiral projection operator,

1A -9

In this case, the current where both the spinors are right-handed chiral states is
also zero

Jrg = L5 ur(p)y" 5 (1 =7 )u(p)
= %ER(P')V”PLMR(P) =0,

and the only non-zero current for particle spinors involves only left-handed chi-
ral states. Hence only left-handed chiral particle states participate in the charged-
current weak interaction. For antiparticle spinors P; projects out right-handed
chiral states,

1A =y = v,

and therefore only right-handed chiral antiparticle states participate in the charged-
current weak interaction. In the limit £ > m, where the chiral and helicity states
are the same, the V — A term in the weak interaction vertex projects out left-handed
helicity particle states and right-handed helicity antiparticles states. Hence, in this
ultra-relativistic limit, the only allowed helicity combinations for the weak interac-
tion vertices involving electrons/positrons and electron neutrinos/antineutrinos are
those shown in Figure 11.4.

The maximally different coupling of the weak charged-current interaction to left-
handed and right-handed chiral states is the origin of parity violation. For example,
the left-hand plot of Figure 11.5 shows the helicity configuration of the allowed
weak interaction of a high-energy left-handed e~ and a right-handed V.. In the
parity mirror, the vector quantities are reversed, p — —p, but the axial vector spins
of the particles remain unchanged, giving a RH particle and a LH antiparticle.
Hence the parity operation transforms an allowed weak interaction into one that is
not allowed, maximally violating the conservation of parity.

_ 4 _ v et
e \ e Ve © \ __ 7, e
w w
4 A
The allowed helicity combinations in weak interaction vertices involving the e™, e™, v, and Ve, in the limit
where £ > m (where the helicity states are effectively the same as the chiral states).
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RH antiparticle LH particle A RH particle LH antiparticle
- — — _ P _ — — -
Ve e - e Ve
Py Pe —Pe —Py

The allowed helicity combination for a e~ v, weak interaction, and (right) its parity transformed equivalent.

1.5 The W-boson propagator

The Feynman rule for the propagator of QED, corresponding to the exchange of
the massless spin-1 photon, is

_iguv
g
The weak interaction not only differs from QED and QCD in the form of the inter-
action vertex, but it is mediated by the massive W bosons, with mw ~ 80 GeV.
Consequently, the g>-dependence of the W-boson propagator is given by (5.7),
1
5

qz_mw

The g,,, term in the Feynman rule for QED propagator is associated with the sum
over the polarisation states of the virtual photon,

Z el’}*ef = —gu-

A

Massive spin-1 particles differ from massless spin-1 particles in having the addi-
tional degree of freedom of a longitudinal polarisation state. In Appendix D, it is
shown that the corresponding sum over the polarisation states of the exchanged
virtual massive spin-1 boson gives

A% A _ Qudv
ZEM € = —YGuy + —
2 My

Therefore, the Feynman rule associated with the exchange of a virtual W boson is

—[g ﬁ] (11.9)
q° — Ny My

In the limit where ¢*> < m%v, the g,q, term is small and the propagator can be
taken to be

_ig,uy

5 -

(11.10)
q2_mw
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More generally, for the lowest-order calculations in the following chapters the ¢,q,
term in (11.9) does not contribute to the matrix element squared and it is sufficient
to take the propagator term to be that given in (11.10).

N.5.1 Fermitheory

For most low-energy weak interactions, such as the majority of particle decays,
% < m%v and the W-boson propagator of (11.10) can be approximated by

Guv
2
W

(11.11)

i
m

and the effective interaction no longer has any ¢> dependence. Physically this cor-
responds to replacing the propagator with an interaction which occurs at a single
point in space-time, as indicated in Figure 11.6. Hence, in the low-energy limit,
the weak charged-current can be expressed in terms of this four-fermion contact
interaction.

The original description of the weak interaction, due to Fermi (1934), was for-
mulated before the discovery of the parity violation and the matrix element for
[3-decay was expressed in terms of a contact interaction

Mii = Gr guw sy Y1y vol, (11.12)

where the strength of the weak interaction is given by the Fermi constant Gg. After
the discovery of parity violation by Wu et al. (1957), this expression was modi-
fied to

Mii = <5 Gr g3y (1 =y W lldgy' (1 = ¥ )], (11.13)
Ve e Ve e
n

P4 P3

. U

W

v

P2 e Py
d u d u

The weak interaction Feynman diagram and the ¢ << 2, limit of an effective contact interaction.
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where the factor of V2 was introduced so that the numerical value of G did not
need to be changed. The expression of (11.13) can be compared to the full expres-
sion obtained using the Feynman rules for the weak interaction,

_ [gyv - QﬂCIV/m%V

My = = | S5y (1 =y R l~[%%%vv(l—y5)wz ,
q- — My,

which in the limit of ¢*> < m%v reduces to

2
My = %gﬂy[%y“a Y,y (1 =y sl (11.14)
W

Hence, by comparing (11.13) and (11.14), it can be seen that the Feynman rules
in the low-¢” limit, give the same expression for the matrix element as obtained
from Fermi theory and therefore the Fermi constant is related to the weak coupling
strength by

G _ 9w

= . (11.15)
V2 8mg,

Strength of the weak interaction

The strength of the weak interaction is most precisely determined from low-energy
measurements, and in particular from the muon lifetime. For these low-energy mea-
surements, where for example m, < my, Fermi theory can be used. The calcula-
tion of the decay rate for u~ — e~ v, V. includes a fairly involved integration over
the three-body phase space of the final state and the results are simply quoted here.
The muon lifetime 7, is related to its mass by

1 Gpm
T 19273

T~ — e Vve) = (11.16)

The precise measurements of the muon lifetime and mass,
my = 0.105 658 371 5(35)GeV  and 7, = 2.196 981 1(22) X 1075,
provide a precise determination of the Fermi constant,
Gr = 1.166 38 x 107> GeV 2.

However, G does not express the fundamental strength of the weak interaction, it
is related to the ratio of the coupling strength gw and the W-boson mass by (11.15).
Nevertheless, G is the quantity that is precisely measured in muon decay and it is
still used parameterise the strength of weak interaction.

The value of fundamental coupling constant gy can be obtained from Gf using
the precise measurement of my = 80.385 + 0.015 GeV (see Chapter 16). From
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the relation of (11.15) and the measured values of Gg and my, the dimensionless
coupling constant of the weak interaction is

g%v 8m%vGF 1

aW_E_—4\/§ﬂ— ~%.
Hence the weak interaction is in fact intrinsically stronger than the electromagnetic
interaction, aw > a. It is only the presence of the large mass of the W boson in the
propagator that is responsible for the weakness of the low-energy weak interaction
compared to that of QED. For a process where the exchanged boson carries four-
momentum ¢, where |¢?| < m%v, the QED and weak interactions propagators are
respectively

1 1 1

PQED q2 and PW qz —m%v ~ m%v

Therefore weak interaction decay rates, which are proportional to |M|?, are sup-
pressed by a factor ¢* /m‘\‘,\, relative to QED decay rates. In contrast, in the high-
energy limit where |¢%| > m%v, the m%V term in the weak propagator is relatively
unimportant and the electromagnetic and weak interactions have similar strength,
as will be seen directly in the results from high-Q? electron—proton interactions,
described in Section 12.5.

11.6 Helicity in pion decay

The charged pions (%) are the J© = 0~ meson states formed from ud and du. They
are the lightest mesons with m(st*) ~140 MeV and therefore cannot decay via the
strong interaction; they can only decay through the weak interaction to final states
with lighter fundamental fermions. Hence charged pions can only decay to final
states with either electrons or muons. The three main decay modes of the m™ are
the charged-current weak processes T~ — € Ve, T — W vy and T — povyy,
with decays to u~v, dominating.

The Feynman diagrams for the decays n~ — €™V, and @~ — u~v,, are shown in
Figure 11.7. Because the strength of the weak interaction for the different lepton
generations is found to be the same (see Chapter 12), it might be expected that
the matrix elements for the decays ®1~ — e Ve and @~ — u™v, would be simi-
lar. For a two-body decay, the phase space factor is proportional the momentum
of the decay products in the centre-of-mass frame, see (3.49). On this basis, the
decay rate to € Ve would be expected to be greater than that to u~v,. However, the
opposite is found to be true; charged pions decay almost entirely by 7= — u™v,
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Two of the three main decay modes for the st~ The decay = — w™v,,y (not shown) has a comparable
branching ratio to that fort™ — e v,.

,‘- ‘ ‘tg,

V¢ €

The helicity configurationin &~ — £~V decay, where £ = e or .

(or equivalently 7" — p*v,) with a branching ratio of 99.988% and the measured
ratio of the decay rates to electrons and muons is

O
T = e Vo) _ 304y x 10,
[(w= — uvy)

This counterintuitive result is a manifestation of the chiral structure of the weak
interaction and provides a clear illustration of the difference between helicity,
defined by o - p/|pl, and chirality defined by the action of the chiral projection
operators.

The weak interaction only couples to LH chiral particle states and RH chiral
antiparticle states. Because neutrinos are effectively massless, m, <« FE, the neu-
trino chiral states are, in all practical circumstances, equivalent to the helicity states.
Therefore, the antineutrino from a st~ decay is always produced in a RH helicity
state. Because the pion is a spin-0 particle, the lepton—neutrino system must be
produced in the spin-0 singlet state, with the charged lepton and neutrino spins in
opposite directions. Therefore, because the neutrino is RH, conservation of angular
momentum implies that the charged lepton is also produced in a RH helicity state,
and the only allowed spin configuration is that of Figure 11.8. Since the weak inter-
action vertex is non-zero only for LH chiral particle states, the charged lepton has,
in some sense, the “wrong helicity” for the weak interaction. If the charged leptons
were also massless, the decay would not occur. However, chiral and helicity states
are not equivalent and the weak decay to a RH #helicity particle state can occur,
although it may be highly suppressed.

In general the RH helicity spinor 1 can be decomposed into RH and LH chiral
components, ug and uy, given by (6.38),

1 p 1 p
" 7(1+E+m)u,g+§(1— )uL. (11.17)

E+m
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In the weak interaction vertex only the u; component of (11.17) will give a non-zero
contribution to the matrix element. Putting aside the relatively small differences
from the normalisations of the lepton and neutrino spinors, the charged-current
weak decay matrix element is proportional to the size of the LH chiral component
in (11.17) and

1 pe
M~§(1—E[+m£), (11.18)
where E¢, pe and m, are the energy, momentum and mass of the charged lepton.
If the charged lepton is highly relativistic, the left-handed chiral component of
the right-handed helicity state will be very small, resulting in a suppression of the
decay rate.

Taking the mass of the neutrino to be zero, it is straightforward to show that

2 2 2 2

m:. +m m_- —m
Er=——L and pr=——%, (11.19)
2my 2my
giving
pe My — My

E,+mg a mn+mg’
which when substituted into (11.18), demonstrates that

M~
My + My

Because my/me ~ 200, pion decays to electrons are strongly suppressed with
respect to those to muons. This helicity suppression reflects the fact that the elec-
trons produced in pion decay are highly relativistic, 8 = 0.999 97, and therefore
the chiral states almost correspond to the helicity states. For the decay to muons,
B =0.27, and the u;, coefficientin (11.17) is significant. The above discussion gives
a qualitative explanation of why charged pions predominantly decay to muons
rather than electrons. The full calculation, which is interesting in its own right,
is given below.

1.6.1 Pion decay rate

Consider the 1~ — ¢V, decay in its rest frame, where the direction of the charged
lepton defines the z-axis, as shown in Figure 11.9. In this case, the four-momenta
of the n~, £ and v, are respectively,

Pr = (m7,0,0,0), pe=p3=(E,0,0,p) and py=ps=(p,0,0,-p),
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The definition of the four-momenta in the process T~ — £~ Vy.

where p is the magnitude of the momentum of both the charged lepton and antineu-
trino in the centre-of-mass frame.
The weak leptonic current associated with the £~v, vertex is

Ji = L5u(p3)3y" (1 = y)u(pa).

Because the pion is a bound qq state, the corresponding hadronic current cannot
be expressed in terms of free particle Dirac spinors. However, the pion current
has to be a four-vector such that the four-vector scalar product with the leptonic
current gives a Lorentz-invariant expression for the matrix element. Since the pion
is a spin-0 particle, the only four-vector quantity that can be used is the pion four-
momentum. Hence, the most general expression for the pion current is obtained by
replacing vy“(1 —y>)u with f;p%, where f, is a constant associated with the decay.
The matrix element for the decay n~ — £V, therefore can be written as

Guv

2
My

Myi = [‘i_wﬁ%fnp;j] x X [%ﬁ(m)yv%(l — ¥ )v(pa)

2
g _
= TG aPRA(pY 3 (1= 7 u(py),
My

where the propagator has been approximated by the Fermi contact interaction
(which is an extremely good approximation because ¢* = m2 < m%v). In the pion
rest frame, only the time-like component of the pion four-momentum is non-zero,

pY = my, and hence

2
9 —
Myi = 5 famadi(p3)y’ 31 = 7" )u(pa).
4m?>
w
Because uy" = u'y%y? = ', this can be written as
Gy Fpo)L 5
Mi famzu" (p3)5(1 = y)u(pa). (11.20)

=12
4mW
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For the neutrino, which has m <« E, the helicity eigenstates are essentially equiv-
alent to the chiral states and therefore %(1 — Y )(ps) = v1(p4), and thus (11.20)
becomes

2

Myi = =2 famau’ (p3)or(pa). (11.21)

4dm 2

The spinors corresponding to the two possible helicity states of the charged lep-
ton spinor are obtained from (4.65) with (6 = 0, ¢ = 0),

1 0
0 1
ur(p3)=vE¢+me| p | and wu(p3)=+vE¢+my 0 . (11.22)

Ep+mg

0 —

E[+m[

and the right-handed antineutrino spinor is given by (4.66) with (6 = 7, ¢ = m),

opr(p)=vp| _; |- (11.23)
0

From (11.22) and (11.23) it is immediately clear that uI(p3)vT(p4) = 0. Therefore,
as anticipated, of the four possible helicity combinations, the only non-zero matrix
element corresponds to the case where both the charged lepton and the antineu-
trino are in RH helicity states. Using the explicit forms for the spinors, the matrix
element of (11.21) is

Eg+m[

2
Mﬁ:f%fnmﬂ\/Eg+mg\/f)(l— P ) (11.24)
W

Equation (11.24) can be simplified using the expressions for E; and p given in
(11.19), such that

9

Myi= %

1
2 2\2
My + my {mn—m{;]z 2my

2

w
2 fﬂmﬂ' .
g, 2my

2my My + myg

(2—w) fnmg(mi — m?)%.
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1.7 Experimental evidence for // — A

Since the pion is a spin-0 particle, there is no need to average over the initial-state
spins, and the matrix element squared is given by

Mgy = IMaP? = 2G2 f2mi(m2 — m2),

where gw has been expressed in terms of G using (11.15). Finally, the decay rate
can be determined from the expression for the two-body decay rate given by (3.49),
where the integral over solid angle introduces a factor of 4 as there is no angular

dependence in (| M;[*). Hence
A ”n e 5 , e
= 327r2m$5p<|Mﬂ| )= Sﬂm;’[f” [mf(mn - mg)] , (11.25)

where p is given by (11.19). Therefore, to lowest order, the predicted ratio of the
T — e Ve tom — uv, decay rates is

M —>ev,) [me(mi - m?)

2
= = =1.26x 1074,
L™ — pvy) ]

my(m3, — )

which is in reasonable agreement with the measured value of 1.230(4) X 1074,

1.7 Experimental evidence for V- A
I —

The V — A nature of the weak interaction is an experimentally established fact.
For example, if the weak interaction was a scalar () or pseudoscalar (Jy>¢)
interaction, the predicted ratio of the charged pion leptonic decay rates would be
['(@™ — e™Vve)/I'(w™ — uv,) = 5.5, in clear contradiction with the experimental
observations. In general, any weak decay can be expressed in terms of a linear
combination of the five bilinear covariants, scalar (S), pseudoscalar (P), vector
(V), axial vector (A) and tensor (T):

gswd, grbY’ e, gy e, gadyy’¢ and gry(r'y’ -y,
By comparing these predictions with the experimental measurements, limits can be
placed on the possible sizes of the different contributions. The most precise test of
the V — A structure of the weak interaction is based on measurements of the angu-
lar distribution of decays of approximately 10'* polarised muons by the TWIST
experiment: see Bayes ef al. (2011). The measurements are expressed in terms of
the Michel parameters which parameterise the general combination of the possible
S +P+V+A+T interaction terms. For example, the Michel parameter p, which for
a pure V — A interaction should be 0.75, is measured to be p = 0.749 97 £ 0.000 26.

All such tests indicate that the charged-current weak interaction is described by a
V — A vertex factor.
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Summary
|

In this chapter, the general structure of the weak charged-current interaction was
introduced. Unlike QED and QCD, the weak interaction does not conserve parity.
Parity violation in the weak charged-current interaction is a direct consequence of
the V — A form of the weak charged-current, which treats left-handed and right-
handed particles differently. The weak charged-current vertex factor was found
to be

—igw

V2

and the propagator associated with the exchange of the massive W bosons is

—i v quv
qz_mz (gy - "2 )
W W

Because of the V — A interaction only

yFA =),

LH chiral particle states and RH chiral antiparticle states

participate in the weak charged-current.

Problems
|

(B 11 Explain why the strong decay p® — 7t~t* is observed, but the strong decay p® — 77t is not.

Hint: you will need to consider conservation of angular momentum, parity and the symmetry of the r°t wave-
function.

@ 1.2 When 7t~ mesons are stopped in a deuterium target they can form a bound (st~ — D) state with zero orbital
angular momentum, € = 0. The bound state decays by the strong interaction

7t D — nn.

By considering the possible spin and orbital angular momentum states of the nn system, and the required sym-
metry of the wavefunction, show that the pion has negative intrinsic parity.

Note: the deuteron hasJ” = 1* and the pion is a spin-0 particle.

@ 1.3 assify the following quantities as either scalars (S), pseudoscalars (P), vectors (V) or axial-vectors (A):
(@) mechanical power,P = F-v;
(b) force, F;
(c) torquee G=rxF;
(d) vorticity, @ =V X v;
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Problems

(D na

@ ns

D ne

B nr

(D ns

@ n9
D 10

(e) magneticflux, ¢ = [ B -dS;
(f) divergence of the electric field strength, V - E .

In the annihilation process e*e~ — qg, the QED vector interaction leads to non-zero matrix elements only for
the chiral combinations LR — LR, LR — RL,RL — RL,RL — LR. What are the corresponding allowed chiral
combinations for S, Pand § — Pinteractions?

Consider the decay at rest T — 7t~v, Where the spin of the tau is in the positive z-direction and the v
and st~ travel in the + z-directions. Sketch the allowed spin configurations assuming that the form of the weak
charged-current interaction is (i) V — Aand (i) V + A.

Repeat the pion decay calculation for a pure scalar interaction and show that the predicted ratio of decay
ratesis

[(w > eVe) s
[ —pv)

Predict the ratio of the K™ — ™V, andK™ — n~v,, weak interaction decay rates and compare your answer
to the measured value of

K- v,
TUT = €V ) 488+ 0.02) x 10~
LK — pvy)
Charged kaons have several weak interaction decay modes, the largest of which are
K'W) - p'vy, K > afa’ and K > atatn

(@) Draw the Feynman diagrams for these three weak decays.
(b) Using the measured branching ratio

Br(K* — p*v,) = 63.55 + 0.11%,
estimate the lifetime of the charged kaon.

Note: charged pions decay almost 100% of the time by the weak interaction 7t — 11 *v,, and have a lifetime
of (2.6033 + 0.0005) x 1078

From the prediction of (11.25) and the above measured value of the charged pion lifetime, obtain a value
for f,.

(alculate the partial decay width for the decay T~ — s~ v, in the following steps.
(@) Draw the Feynman diagram and show that the corresponding matrix element is
M~ NGy §( = ¥ (PGP
(b) Taking the T~ spin to be in the z-direction and the four-momentum of the neutrino to be
py = p*(1,sin 6,0, cos B),

show that the leptonic current is
JH = N2mep* (=5, —¢, —ic,5)

wheres = sin (g) and ¢ = cos (%’) Note that, for this configuration, the spinor for the T~ can be taken
to be uy for a particle at rest.
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(c) Write down the four-momentum of the st~ and show that
IMP* = 4G 2mip* sin® (g) )
(d) Hence show that
2f2

2 2\2
m: —m
[(t™ > av,) = F"m3( i ”).

T T\ m

(e) Using the value of f; obtained in the previous problem, find a numerical value for I'(t™ — 7™ v,).
(f) Given that the lifetime of the T-lepton is measured to be T, = 2.906 x 107" s, find an approximate value
forthe T~ — 7~ v, branching ratio.



The weak interactions of leptons

/In the previous chapter, the general structure of the charged-current weak\

interaction was introduced. In this chapter, these ideas are applied to the weak
interactions of charged leptons and neutrinos. The scattering cross sections for
neutrinos on nucleons are calculated from first principles and the experimental
measurements are related to the nucleon parton distribution functions. In the
final section, the high-energy charged-current process e"p — v.X is used as

| an example of the weak interaction in the limit 0 > m3,. )

12.1 Lepton universality

307

From the observed decay rates of muons and tau leptons, it is found that the strength
of the weak interaction is the same for all lepton flavours. For example, Figure 12.1
shows the Feynman diagram for muon decay, =~ — €V, Vy. It involves two weak-
interaction vertices, uw~v,W and We™ve. In principle, the coupling at these two
vertices could be different. Allowing for this possibility, the muon decay rate of
(11.16) can be written

1 _GEGEm

F(w™ - e vevy) = —

- , 12.1
T 19270 (12.1)

where the weak couplings to the electron and muon are respectively G;e ) and G;”).

The same calculation for the decay rate T~ — e Vv, gives
GGV ms
19273

The tau-lepton is sufficiently massive that it can also decay into a muon or to
mesons formed from light quarks, as shown in Figure 12.2. Therefore the tau life-
time needs to expressed in terms of the total decay rate

1
Z:rzzi:r,-,

[t > e Vevy) = (12.2)
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Vu
P3
o
" P1 q P
w
Pa A
The lowest-order Feynman diagram for muon decay.
Vt Vi Vi
e w d
T T T
Ve V u

The lowest-order Feynman diagrams for tau decay.

where I'; are the partial decay rates for the individual decay modes. The ratio of the
partial width I'(t™ — e™VeV;) to the total decay rate gives the branching ratio

I'(t™ > e VeVy)

- =T(T" = e VeVy) X Tr. (12.3)

Br(t™ — e VeVy) =

From (12.2) and (12.3), the tau lifetime can be expressed as

19273 _
T BT e Vevy). (12.4)

GGV m]

Comparing the expressions for the muon and tau-lepton lifetimes given in (12.1)
and (12.4), gives the ratio
Gg ) B maru
5

W= Br(t™ — € VeVq). (12.5)
Gyl MRty

The ratios of the couplings can be obtained from the measured branching ratios for
the leptonic decays of the tau-lepton, which are

Br(t™ — e Vevy) = 0.1783(5) and Br(t™ — w vuvo) = 0.1741(4),
and the measured masses and lifetimes of the muon and tau-lepton,

my, = 0.1056583715(35) GeV and 7, =2.1969811(22) x 107%s,
m; = 1.77682(16) GeV and 7, = 0.2906(10) x 10™'s.
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From these measured values and the relation of (12.5), the ratio of the muon and
tau weak charged-current coupling strengths is determined to be

G(T)
F
—— = 1.0023 + 0.0033.
G(M)
F
Similarly, by comparing Br(t~ — €™ VeVq) to Br(t™ — w” v, V), taking into account
the expected small difference due to phase space, gives
(e)
—F = 1.000 + 0.004.
G(M)
F

Therefore, within the accuracy of the experimental measurements, it can be con-
cluded that Gg’ ) = G;“) = GS ), providing strong experimental evidence for the lep-
ton universality of the weak charged current; there is a universal coupling strength
at the Weve, Wy, and Wrv; interaction vertices.

12.2 Neutrino scattering
|

Although neutrinos interact only weakly in matter, precise measurements of their
properties can be made using sufficiently intense neutrino beams. The general
scheme for producing a collimated beam of neutrinos is shown schematically in
Figure 12.3. The neutrino beam is produced by firing an intense beam of high-
energy protons at a target, resulting in a large flux of high-energy hadrons from the
hard QCD interaction and subsequent hadronisation process. A significant fraction
of the produced hadrons are charged pions, both ™ and ™. The charged pions of
a particular charge sign can be focussed in the magnetic field generated by one or
more “neutrino horns"; the other charge will be defocussed. In this way it is possi-
ble to produce a collimated beam of pions with a particular charge sign. The pion

. b
Magnetic o Decay tunnel
focussing
Proton beam e

_ P T s »v. Neutrino

....... u
Target ........................................... ’V“ beam
- T — Uy
T

The general scheme for producing a neutrino beam from a proton beam. The focussed pions produced from
the target are allowed to decay in a long decay tunnel.
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Neutrino deep inelastic scattering and the Feynman diagram for the corresponding v, d process. In the centre-
of-mass frame the ™ is produced at an angle * to the incoming neutrino direction.

beam is then allowed to decay in flight over a distance of order yct,; in an evacu-
ated decay tunnel, which is typically a few hundred metres long. Because the mass
of the pion is small compared to the typical pion energy, the neutrinos produced in
the 7* — p*v, or 1~ — p7v, decays are boosted along the direction of motion
of the pions. The choice of the sense of the magnetic field in the neutrino horns
enables either & or i~ to be focussed, and therefore either a vy, Or v, beam can be
produced. The muons produced from the pion decays are stopped in the rock at the
end of the decay tunnel, before they decay themselves. The result is a collimated
beam of almost entirely muon neutrinos or muon antineutrinos.

The phenomenology of neutrino scattering closely follows that of electron—
proton scattering, discussed in Chapter 8. At low @2, there is a quasi-elastic pro-
cess, vyn — W p, which is quasi-elastic in the sense that the nucleon changes type
but does not break up. At slightly higher neutrino energies (a few GeV), resonant
inelastic processes such as vyn — p~A* — upn’ are observed. At higher energies
still, neutrino interactions are dominated by the neutrino deep inelastic scattering
process, shown in Figure 12.4.

In the neutrino scattering experiments considered in this chapter, the neutrino
energy is sufficiently high that only the deep inelastic process is of relevance. For
a neutrino interacting with a nucleon at rest, the centre-of-mass energy squared is

s = (p1 + p2)* = (Ey + mn)? — EZ = 2myEy + m3, (12.6)

where my is the mass of the nucleon. The maximum Q? in the scattering process is
restricted by

Q% = (s = m{)xy = 2mnEyxy,
and since x and y are always less than or equal to one, for a given neutrino energy,

0% < 2myE,.
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12.2 Neutrino scattering

The highest-energy neutrinos produced in an accelerator-based neutrino beam had
E, = 400 GeV, for which Q2 < 750 GeV?. This is sufficiently small that, for all
practical purposes, the weak interaction propagator can be approximated by

—i i
e
2 m2

2
q _mw

W

Furthermore, for high-energy neutrino interactions where the mIZ\I term in (12.6)
can be neglected, the centre-of-mass energy squared is proportional to the neutrino
energy,

s =~ 2mNEy. (12.7)

The underlying interactions in neutrino—nucleon scattering are the parton-level
processes, v,d — pu and v,u — u~d. The cross sections for these processes are
calculated below. Because only left-handed chiral particle states and right-handed
chiral antiparticle states participate in the weak charged-current, only one helicity
combination needs to be considered in each case.

12.2.1 Neutrino—quark scattering cross section

Neglecting the g> dependence of the propagator, the matrix element for the Feynman
diagram of Figure 12.4 is

—iMy; = [—i%ﬁ(pm“%(l - y%u(m)] —i%ﬁ(pm%(l - y%u(m)]
2

My = zin_wgﬂw [@ps 1y 50 = Yoo [payy 30 = Vup)] . (12.8)

iguy [

2
My

For high-energy neutrino scattering, both the masses of the neutrinos and quarks
are sufficiently small that the LH chiral states are effectively identical to the LH
helicity states and (12.8) can be written

2 2
g _ _ v Iw . .
Myi = =Gy [0 (p3)y* uy(pO) [Ty (pa)y uy (p2)] = =2 jerjor  (12.9)
2my, 2my,

where j’; = uy(p3)y*uy(p1) and jy = uy(psa)y”u (p2) are respectively the lepton
and quark currents.

The matrix element is most easily evaluated in the centre-of-mass frame. Taking
the initial neutrino direction to define the z-axis and 6* to be the polar angle of the
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The spin orientations of the particles in (a) charged-current v, d — w~uand (b) charged-current v, u —
w*d weak interactions.

final-state u~, then the spherical polar angles of the four particles, as indicated in
Figure 12.4, are

01,01) =(0,0), (62,¢2) = (m,7), (63,¢3) =(6",0) and (04, ¢4) = (m — 6", 7).

The corresponding LH spinors are given by (4.67),

0 -1 —s —c
1 0 ¢ g

up) = VE| ol u(pp) = VE| 1 w(py) = VE| | w(pa) = VE| Y.
_1 O —c s

(12.10)

where ¢ = cos %*, s = sin % and FE is the energy of each of the four particles in
the centre-of-mass frame. The lepton and quark currents then can be evaluated by
using the relations of (6.12)—(6.15), giving

Jg = uy (p3)yHuy(pr) = 2E(c, s, —is, ¢),

.]a = ﬁl(p4)’)/yul(p2) = 2E(C$ -, _is’ _C)7

and hence
2 P
Myi = =5 jejq = —-4EX( + 5> + 5 + ).
2mW 2mw

Therefore, the matrix element for v,d — u™u scattering is simply
My = =38, (12.11)

where § = (2E)? is the vud centre-of-mass energy. The matrix element of (12.11)
does not depend on the polar angle 8* and therefore represents an isotropic distribu-
tion of the final-state particles in the centre-of-mass frame. This can be understood
in terms of the helicities of the colliding particles, shown in Figure 12.5a. Because
both the quark and neutrino are left-handed, the interaction occurs in an S, = 0
state and thus there is no preferred polar angle in the centre-of-mass frame.
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In the limit where the particle masses can be neglected, the centre-of-mass frame
differential cross section is given by (3.50),

do 1

= ——— (M),
Ao " as Ml

where (M fi|2> is the spin-averaged matrix element squared. In this weak charged-
current process, the only non-zero matrix element is that for the helicity combina-
tion LL — LL, calculated above. Previously the average over the spins of the two
initial-state fermions gave rise to a factor 1/4 in the spin-averaged matrix element.
Here, because it was produced in a weak decay, the neutrino will always be left-
handed and it is only necessary to average over the two spin states of the quark.
Hence the spin-averaged matrix element squared is

2

1 2

MRy = = Wl (12.12)

2| m2
\\%

and the differential cross section is

2
do 1 g%v
— = —— (M= —=2—] s
= eams Ml (8 «/inm%v] '
Using Gg = \/Eg%v / 8m%v, this can be written as
d G?>
T 2By (12.13)

dQ*  4n?

and the total cross section, obtained by integrating over dQQ*, is

Tyq = —E. (12.14)

12.2.2 Antineutrino—quark scattering

Figure 12.6 shows the Feynman diagram for antineutrino—quark scattering. In order
to conserve electric charge, the antineutrino can interact with an up-quark, but not
a down-quark. The corresponding matrix element is

2
Myi = ;1—W%vgm [5p1y# 51 = y)ops) | [ipayy” (1 = ¥ yu(p2)] -
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v ur

P P3

P2 Pa

u d

The Feynman diagram for v,u — p*d.

In the high-energy limit, only LH helicity particles and RH helicity antiparticles
participate in the charged-current weak interaction and thus the only non-zero
matrix element is given by

2
g _ _
My = —2;; guv [01(pDYH01(p3)] [y (pa)y uy(p2)] .
W

Proceeding as before, it is straightforward to show that this leads to

2
Myq = 3(1 + cos 9*)9—‘;& (12.15)
My

where 6" is the polar angle of the u* in the centre-of-mass frame. This matrix ele-
ment differs from the corresponding matrix element for neutrino—quark scattering
(12.11) by the factor %(1 + cos 8*). The origin of this difference can be understood
in terms of spins of the particles, as shown in Figure 12.5b. The V — A nature of the
weak interaction means that the vq interaction occurs in an S, = 1 state and, from
the discussion of Section 6.3, this results in an angular dependence of the matrix
element of %(1 + cos §"). Therefore, the v,u differential cross section is related to
that for v, d by

do dor G;
= 11 +cosg)? dgvf = _16F2
m

#\2 A
o 1 (1 +cosd)s,

and the total cross section is obtained by integrating over solid angle with

27 +1
16
f(l+cos€*)2d£2*=f d¢*f (1+x)2dx:Tn,
0 -1

where the substitution x = cos8* was used. Hence, the total antineutrino—quark
Cross section is
2 A
GFS

0=
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The four possible Feynman diagrams and corresponding helicity combinations for the weak charged-current
interactions involving v,,, v, and any light (ud) quark or antiquark. Also shown are the corresponding angu-
lar distributions in the centre-of-mass frame.

which is a factor three smaller than the neutrino—quark cross section

O_Vq _1

Ovg 3

Neutrino—nucleon differential cross sections

Neutrino interactions in matter are described by their interactions with the con-
stituent quarks of nucleons. From the conservation of electric charge, there are only
four possible interactions between a v, or v, and the light constituents (u, d, u and
d) of the nucleon. These are vpd = nu, veu - nd, Vuu — pu~dand Vua - utu
For each process only one helicity combination is involved. The differential cross
sections for scattering from the antiquarks can be obtained directly from those
derived above by considering the spin state in which the interaction occurs, as
shown in Figure 12.7. The differential cross section for neutrino/antineutrino scat-
tering from antiquarks can be equated to the corresponding scattering cross section
for quarks that occurs in the same spin state. Hence

= = = = 1 6*)>.
QA e O - d - 1eel tees?)
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Writing dQQ* = d¢*d(cos ) and integrating over the azimuthal angle gives

do— d G35
a___ 9w __7F (12.16)
d(cos6*)  d(cos %) 2
do, do G35§
and Tva  _ _COvi _ ZE2 (4 cos @) (12.17)

d(cos#*)  d(cos®*)  8rm

The differential cross sections of (12.16) and (12.17) can be expressed in a
Lorentz-invariant form using the Lorentz-invariant kinematic variable

- pP2-q
P2 p1

The choice of y is motivated by the fact that it related to the fraction of the neutrino
energy carried by the observed final-state muon and it can be measured directly in
neutrino scattering experiments. For elastic neutrino—quark scattering in the centre-
of-mass frame, the four-momenta appearing in the expression for y are

P1 = (E’an’ E)a P2 = (E,O, 0, _E) and p3 = (E,O,Esine*,ECOSQ*),
and therefore y can be written as

_P2q _p2p1=p3) _

= = 5(1 —cos§").
p2 - p1 P2 D1
Differentiating y with respect to cos 6* gives
dy 1
d(cos6*) 2’
and thus
do do

d_O' 3 ‘d(cos %)
dy | dy

) ,
d(cos 6%) d(cos 6%)

and the differential cross section of (12.16) can be expressed as

d dovg G>
Yvq _ %9va _ VE, (12.18)
dy dy T

Furthermore, using (1 — y) = %(1 + cos 6%), the Lorentz-invariant forms of the vq
and vq differential cross sections of (12.17) are

= —9 - TEq_y2s (12.19)
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u

The parton model picture of the charged-current scattering of a neutrino from a d quark in a nucleon.

12.2.3 Neutrino deep inelastic scattering

The interaction of high-energy neutrinos and antineutrinos with matter can be
expressed in terms of deep inelastic scattering with protons and neutrons. The
underlying interaction, shown in Figure 12.8, is between a neutrino/antineutrino
and a quark/antiquark carrying a fraction x of the nucleon momentum. Neglecting
the contributions from the strange quark sea, the underlying physical processes for
neutrino—proton deep inelastic scattering are v,d — pu u and v,u — u-d with dif-
ferential cross sections given by (12.18) and (12.19). The number of down-quarks
within a proton in the momentum fraction range x — x+dx is d(x) dx, where d(x) is
the down-quark parton distribution function for the proton. The equivalent expres-
sion for the anti-up-quarks is u(x) dx. The contribution to the total neutrino—proton
scattering cross section from vd and vu scattering is therefore

doP
dj

G2
= —Ls[d(x) + (1 - §)%u(x)] dx,

Vs
where § and j refer to the neutrino—quark system. The kinematic variables § and j
can be expressed in terms of the neutrino—proton system using

Pg'd _ Xp2q _
Pq- D1 Xp2-P1

S=(p1+ xp2)2 ~2xp1-pp=xs and j=

Hence, the parton model differential cross section for neutrino—proton scattering is

d2 oP
dxdy

2

_ GF 2—

= —Lsx[d) + (1 -y u(x)|. (12.20)
n

The underlying processes for antineutrino—proton scattering are vu and vd scatter-

ing, and the corresponding differential cross section is

2 G? _
(ciled; = 7st |1 = ) u(x) + d(v)]. (12.21)




318

The weak interactions of leptons

The differential cross sections for neutrino/antineutrino scattering with neutrons
can be obtained from (12.20) and (12.21) by replacing the PDFs for the proton
with those for the neutron, and using isospin symmetry to relate the neutron PDFs
to those of the proton, d"(x) = u(x), etc., giving

d2gm G? —
T dy = 7st [u(x) +(1 - y)zd(X)] , (12.22)
20 G2 _
o —sx [(1 - 9)2dx) +aw)]. (12.23)

In practice, because neutrino cross sections are so small, massive detectors are
required. Consequently, the majority of the experiments that have studied high-
energy neutrino deep inelastic scattering have employed detectors constructed from
a dense material, usually steel (which is predominantly iron). Therefore, the mea-
sured neutrino cross sections are a combination of the cross sections for protons
and neutrons. For an isoscalar target, with an equal number of protons and neu-
trons, the average neutrino scattering cross section per nucleon is

dxdy 2

dxdy " dxdy

d2 O.VN 1 ( d2 o'pP d2 o )

which, from (12.20) and (12.22), can be written in terms of the PDFs as

20N Gimn
dxdy

Ey x [d(x) + u(x) + (1 - y)* {@(x) + d)} |, (12.24)

where the centre-of-mass energy has been expressed in terms of the neutrino energy,
s ~ 2mnE,. The integral of (12.24) over the momentum fraction x of the struck
quark (or antiquark) gives the differential cross section in terms of y,

do'N G%mN

dy  «

E[fo+ (1 -yPf)], (12.25)

where fq and f3 are the fractions of the nucleon momentum respectively carried by
the quarks and the antiquarks,

1 1
fo= f x[u(x) +d(x))dx and fy= f x[i(x) + d(x)| dx.
0 0

Likewise, the average antineutrino—nucleon scattering cross section, obtained from
(12.21) and (12.23), is

2 VN 2
d o _GimN g (1= y)? (u(x) + d(0)} + (x) + d(x)]. (12.26)
dxdy n
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which when integrated over x gives

do™N G%mN
dy B

Ey[(1 -9 fy + 7] (12.27)

Here the factor (1 — y)? appears in front of the quark term rather than the anti-
quark term as in (12.25). The y-dependence of the differential cross sections for
neutrino/antineutrino nucleon scattering can be utilised to provide a direct mea-
surement of the antiquark content of the proton and neutron.

12.3 Neutrino scattering experiments
|

Over the past few decades there have been several high-energy neutrino beam
experiments, such as the CDHS experiment at CERN, which took data from 1976
to 1984. The CDHS experiment used a collimated neutrino beam of either v, or v,
in the energy range 30 GeV—-200 GeV, created from a 400 GeV proton beam. The
neutrino interactions were observed in a detector with a mass of 1250 tons, which
consisted of 19 magnetised iron modules, separated by wire drift chambers that
provided a precise measurement of the position of the muon produced in charged-
current neutrino interactions. The iron modules were built up of several iron plates
with planes of plastic scintillator detectors in between them. The muon momen-
tum was reconstructed from its curvature in the magnetic field of the detector and
the energy of the final-state hadronic system was determined from the total energy
deposited in the scintillator detectors between the iron plates.

An example of a charged-current v, interaction in the CDHS detector is shown
in Figure 12.9. The upper half of the event display shows the deposited energy,
as a function of distance along the detector. The energy deposition at the start of
the interaction provides a measurement of the energy of the hadronic system, E.

N.E.P.  MIN= |0.0 MAX= 75.0

'~PROJ MIN=-2000.0 MAX= 2000.0

A deep inelastic neutrino interaction in the CDHS detector. The upper half of the left-hand plot shows the
energy deposition as a function of depth in the detector and the lower half shows the precise position mea-
surements provided by the drift chambers. The right-hand figure shows the interpretation of the event.
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The measured shape (arbitrary normalisation) of the vN and VN differential cross sections from the CDHS
experiment. Adapted from de Groot et al. (1979). The relative normalisation of the v and v data have been
corrected to correspond to the same flux. The plots on the right show the expected shapes of the measured
differential cross sections in terms of quark and antiquark components.

The lower half of the event display shows the hit positions, from which the muon
momentum can be reconstructed from the measured curvature. Thus, for each
observed neutrino interaction, the neutrino energy can be reconstructed as

E, =E, +Ey,
and the value of y for each interaction can be determined from (8.3),

y:(l_ﬂ):i
E,) " Ex+E,

The measured y-distributions for vN and VN scattering from the CDHS experiment
are shown in Figure 12.10. The data can be compared to expected distributions
given in (12.25) and (12.27). The v beam data show a clear contribution from vq
scattering with a flat y distribution and smaller contribution from vq scattering with
a(l —y)2 distribution. The antineutrino data are dominated by the contribution from
¥ q scattering, which results in a (1 — y)? distribution, with a smaller contribution
from vq scattering. Therefore the observed data can be understood in terms of a
large quark component in the nucleon and a smaller antiquark component, as indi-
cated in the plots on the left of Figure 12.10. The observed shapes of the measured
y distributions are consistent with the quarks carrying about five times the momen-
tum fraction of the proton as the antiquarks.
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A summary of the measurements of the total vN and VN cross sections divided by the laboratory frame neu-
trino energy. The data are taken from references given in Beringer et al. (2012). The lines show the average
values of the cross sections measured by a subset of the experiments in the range 30—200 GeV.

The total expected neutrino—nucleon cross section can be obtained by integrating
(12.25) over y to give

O_VN —

G2mNE, 1
N [fq 4 §fq]' (12.28)

Similarly, the integral of (12.27) gives the total antineutrino—nucleon cross section,

G2mnEs 1
oN = % [gfq +fq]. (12.29)

The total neutrino deep inelastic cross section is proportional to the laboratory
frame neutrino energy E,, and the ratio of the vN to the VN total cross section is

oN B 3fq+fﬁ
oWN T fa+3f5

(12.30)

Figure 12.11 summarises the experimental measurements of c*N/E, and "N/ Ey
for neutrino energies of up to 350 GeV. In the deep inelastic region, above about
30 GeV, the cross sections are approximately proportional to the neutrino energy
and the measurements in the range 30—150 GeV are consistent with

o"NJE, = 0.677 £0.014 x 1078 cm® GeV~!, (12.31)
o"N/E; = 0.334 £ 0.008 X 1078 cm® GeV™!, (12.32)
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giving the measured ratio

VN
(’,N = 1.984 +0.012.

O-V

If there were no antiquarks in the nucleon, the parton model prediction would be
o"N/o"N = 3. The presence of the antiquarks reduces this ratio to approximately
two. The total cross section measurements of (12.31) and (12.32) can be interpreted
as measurements of f; and f3 using the predicted deep inelastic cross sections of
(12.28) and (12.29), giving

fo~041 and f;~0.08.

Again, it is seen that only about half of the momentum of the proton is carried by
the quarks/antiquarks, the remaining 50% is due to the gluons that do not interact
with the W bosons of the weak interaction. Just under a tenth of momentum of the
proton is carried by the antiquarks.

12.4 Structure functions in neutrino interactions
|

In the limit where particle masses can be neglected, the e*p deep inelastic cross
section of (8.11) can be written in terms of y as
d2oe’p B 4ma’s
dxdy @4

(1= y) Fa(x, @) + yxF1(x, 07 (12.33)

where Fi(x, 0%) and F»(x, Q%) are the structure functions described in Chapter 8.
Equation (12.33) is the most general Lorentz-invariant parity conserving expres-
sion for the e*p cross section mediated by single photon exchange. The corre-
sponding general expressions for neutrino/antineutrino deep inelastic scattering,
which are modified to allow parity violation, are

d2oP 25

S [(1 = PP 0 + A, 00 4y (1= 5) xF G, Q2>],
A2 GZ3s _ _ y _

AP (1= FP0 00+ 2ar (0 0 -y (1 - 2) . 09

(12.34)

The structure functions are the experimental observables of deep inelastic scatter-
ing experiments that can then be interpreted in the parton model. By equating the
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f(x)

Measurements ofFZVN(x) andxF;N(x) in neutrino/antineutrino nucleon deep inelastic scattering in the NuTeV
experiment at Fermilab for 7.5 GeV2 < @2 < 13.0 GeV?, compared to the expected distributions from the
parton distribution functions at @ = 10 GeV2 shown in Figure 8.17. Data from Tzanov et al. (2006).

powers of y in (12.34) with those in the parton model prediction of (12.20), the
structure functions can be expressed as

F)P = 2xF P = 2x[d(x) + u(x)],
xF3P = 2x [d(x) - u(x)] .
The equivalent expressions for neutrino—nucleon scattering are
FyN = 2xF\N = J(FY? + F3) = x [u(x) + d(x) + u(x) + d(x)), (12.35)
XFYN = YFy? + xFY) = x[u(x) +d(x) - w(x) - d(v)].  (12.36)

Using the parton model prediction that F;N = 2xF ‘I’N, the y-dependence of the
cross sections can be expressed in terms of F;(x, 0?%) and Fi(x, 0%),

d2oN GIZ;S [(

dxdy o

1 - y_z vN 2 _y vN 2
y+ 2)F2 (x,Q)+y(1 2)xF3 (x,Q)]. (12.37)

The structure functions, F' EN(x, 0% and F gN (x, 0?), can be obtained from the exper-
imental measurements of the y-dependence of the measured neutrino cross sections
at a particular value of x. For example, Figure 12.12 shows experimental measure-
ments of F3N and xF}N at Q% ~ 10GeV? from the NuTeV experiment at Fermi-
lab, which had a similar sandwich structure of steel plates and active detectors to
the CDHS experiment described in Section 12.3. The data are compared to the
predictions obtained using the PDFs shown in Figure 8.17, including the contribu-
tion from the strange quarks.
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From (12.35) and (12.36), it can be seen that the difference
FyNx) = xFyN(x) = 2x [ii(x) + d(v)],

provides a direct measure of the antiquark content of the nucleon. The data of
Figure 12.12 show clearly that the x distribution of the antiquarks is, as expected,
largest at low values of x. Furthermore, if the PDFs are written in terms of valence
and sea quark contributions, it follows from (12.36) that

FYN(x) = uy(x) + dy(x).

Therefore F ;N(x) provides a direct measurement of the sum of the PDFs for the
valence quarks alone. If there are three valence quarks within the nucleon, then

1 1
f FN(x)dx = f uy(x) + dy(x) dx = 3,
0 0

which is known as the Gross—Llewellyn-Smith sum rule. The measurement of
xF ;N(x), shown in Figure 12.12, is consistent with this prediction.

12.5 Charged-current electron—proton scattering
I —

Section 8.5 described electron—proton scattering at a centre-of-mass energy of
Vs = 300GeV at the HERA collider. In addition to electron—proton collisions,
which constituted the largest part of HERA operation, HERA also collided
positrons and protons. For collisions at Q% < m%v the e"p and e*p interactions
are dominated by neutral-current QED ¢-channel deep inelastic scattering, medi-
ated by photon exchange. However, since Q> ~ sxy, the Q” values obtainable at
HERA extend above m%v Therefore, for the interactions at the highest Q2 values,
charged-current scattering processes mediated by W* exchange, become increas-
ingly important. Figure 12.13 shows the parton-level Feynman diagrams for the
weak charged-current e”p — veX and e*p — VX scattering processes. The exper-
imental signature for high-Q? weak charged-current interactions is similar to the
event shown in Figure 8.13, except that there is no final-state charged lepton. As

cl
o

u d d u d u

Lowest-order diagrams contributing to charged-current e~ p and e* p scattering.
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discussed in Section 1.3, although the neutrino is not observed, its presence can be
inferred from the momentum imbalance in the plane transverse to the beam axis.
Consequently, the charged-current interactions mediated by the exchange of a W
boson are clearly identifiable from the more common QED neutral-current interac-
tions.

The calculations of the differential cross sections for charged current e”p and
e*p scattering follow closely that for vp and Vp scattering described above. Con-
sequently, the results can be obtained directly from the neutrino scattering cross
sections by replacing the approximate low-Q? form of the W-boson propagator by

1 1

_ﬁ—
2 2 27
my, 0 + my,

and by making the replacement u(x) < d(x) and u(x) < d(x) to reflect the dif-
ferent quarks involved in the electron scattering interaction, which can be seen by
comparing the Feynman diagrams of Figure 12.7 to those of Figure 12.13. With
these replacements, the neutrino—proton cross section of (12.20) can be adapted to
give the electron—proton weak charged-current scattering cross section,

2 2 4
d O'CC B 1G My,
dxdy 27 (Q* + mi;)>

sx (u(x) + (1 - y)*d(x). (12.38)

where the additional factor of one-half comes from the need to average over the
two spin states of the electron and quark, rather than just the quark spin in neutrino
scattering. Using Q% = sxy, (12.38) can be written

do B ol | oy 1 ol
dxdQ?  dxdy (9Q2 sx dx dy
Hence the differential cross section for charged-current e”p — veX scattering is
Foel _ Gimy -
TR T (u(x) + (1 - y)?d(x)). (12.39)

and the corresponding expression for charged-current e*p — VX scattering is

d2 ecg G2 4

dxdQ?  27(02 + W)Z(

(1 = y)*d(x) + u(x). (12.40)

Figure 12.14 shows the measured charged-current and neutral-current differ-
ential cross sections for electron—proton and positron—proton scattering obtained
by the H1 experiment at HERA. The main features of this plot can be under-
stood in terms of the Q2 dependence of the photon and W-boson propagators. For
0’ < m%v, the W-boson propagator is approximately independent of Q?,

1/(m3, + Q%) ~ 1/m3,,
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The double-differential charged-current and neutral-current current cross sections for electron—proton and
positron—proton scattering measured by the H1 experiment at /s = 319 GeV at the HERA collider. Adapted
from data in Aaron et al. (2012).

which explains the relative flatness of the charged-current cross section at low Q2.
At higher values of Q?, the charged-current cross section decreases more rapidly
with Q? due to the 1/ (m%N + 0?%) dependence of the propagator.

The observed differences in the e”p and e*p charged-current cross sections can
be understood in terms of the PDFs involved. At low Q2, the cross sections are
dominated by interactions with low-x sea quarks and antiquarks. Because the sea
quark PDFs are approximately the same for up- and down-quarks, the e p and e*p
cross sections given in (12.39) and (12.40) are roughly equal. Whereas at high Q?,
interactions with valence quarks become more important (Q = xys) and therefore
the e™p cross section is greater than that for e*p because uy(x) > dy(x) and due to
the presence of the factor of (1 — y)?> multiplying d(x) in (12.40).

From the Q? dependence of the y and W-boson propagators and the size of the
QED and weak coupling constants,

ED
ohe. o (QP+m)
W 2 T o
9cc Y Q

Consequently, at low Q7 the neutral-current cross section, which is dominated by
photon exchange, is larger than weak charged-current cross section. However, for
0° > m%v, the photon and W-boson propagator terms are approximately equal and
the observed convergence of the neutral-current and charged-current cross sections
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reflects the similar intrinsic strengths of the electromagnetic and weak interactions,
a ~ 1/137 and ay ~ 1/30. Hence, the high-energy e*p scattering data from HERA
provide direct experimental evidence that the coupling constants of QED and the
weak interaction are not very different.

Finally, it is worth noting that for Q2 > mZ, the neutral-current cross section
includes significant contributions from both y- and Z-exchange diagrams. The con-
tribution to the scattering amplitude from the Z boson leads to the observed small
differences between the e"p and e*p neutral-current cross sections at high Q2.

Summary
-_____________________________________________________________________________|

The main aim of this chapter was to provide an introduction to cross section calcu-
lations for the weak charged-current. In the limit where the masses of the particles
can be neglected, these calculations are relatively straightforward, since for each
Feynman diagram only one helicity combination needs to be considered. In the
limit where Q% < mw, the W-boson propagator has little Q? dependence and the
neutrino interaction cross sections are proportional to the laboratory frame neutrino
energy. The total neutrino and antineutrino interaction cross sections per nucleon,
assuming equal numbers of protons and neutrons, were found to be
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The 1/(Q* + m%v) form of the W-boson propagator was evident in the discussion
of e"p and e*p scattering, where both charged-current (W exchange) and neutral
current (y and Z exchange) processes contribute. The convergence of the charged-
current and neutral-current cross sections provides a direct demonstration that the
QED and weak coupling constants might be related, hinting at the unified elec-
troweak theory described in Chapter 15.

Problems
|

@ 12.1  Explain why the tau-lepton branching ratios are observed to be approximately

Br(t™ — e viVe) @ Br(tT — e7v¢Vy) @ Br(tT — v, +hadrons) 21 : 1 : 3.
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Assuming that the process vee™ — e~ v, occurs only by the weak charged-current interaction (i.e. ignoring
the Z-exchange neutral-current process), show that

)
e __ 2m. £, G;

( Pre ’

where £, is neutrino energy in the laboratory frame in which the struck e~ is at rest.

Using the above result, estimate the probability that a 10 MeV Solar v, will undergo a charged-current weak
interaction with an electron in the Earth if it travels along a trajectory passing through the centre of the Earth.

Take the Earth to be a sphere of radius 6400 km and uniform density p = 5520 kg m~3.

By equating the powers of y in (12.34) with those in the parton model prediction of (12.20), show that the struc-
ture functions can be expressed as

R =2A" = i [d) + ()] and  xF® = 2 [d(x) — U] .
In the quark—parton model, show that F£" = 1(Q% + @)R".
Hence show that the measured value of
FNEN =029 + 0.0,

is consistent with the up- and down-quarks having respective charges of +§ and — %

Including the contributions from strange quarks, the neutrino—nucleon scattering structure functions can be
expressed as

B = ®d(x) +s(0) +u(x)] and  F" = A[u(x) + dx) + 5001,

where s(x) and 5(x) are respectively the strange and anti-strange quark PDFs of the nucleon. Assuming s(x) =
5(x), obtain an expression for xs(x) in terms of the structure functions for neutrino—nucleon and electron—
nucleon scattering

FN = %(F;P(x) + F;"(x)) and FN= %(Fj"(x) + F§"(X))-

The H1and ZEUS experiments at HERA measured the cross sections for the charged-current processes e p —
veX ande*p — VX for different degrees of electron longitudinal polarisation. For example, the ZEUS mea-
surements of the total e*p — VX cross section at /s = 318 GeVand ¢* > 200 GeV? for positron polarisa-
tions of P. = —36%, 0% and +33% are:

0(—0.36) = 22.9 = 1.1pb, o(0) = 34.8 = 1.34 pb and o(+0.33) = 48.0 + 1.8 pb,

see Abramowicz et al. (2010) and references therein. Plot these data and predict the corresponding cross section
for Pe = —1.0,i.e. when the positrons are all left-handed. What does this tell you about the nature of the weak
charged-current interaction?
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4 This chapter focusses on the properties of neutrinos and in particular the phe- h
nomenon of neutrino oscillations, whereby neutrinos undergo flavour tran-
sitions as they propagate over large distances. Neutrino oscillations are a
quantum-mechanical phenomenon and can be described in terms of the rela-
tionship between the eigenstates of the weak interaction v, v, and vy, and the
eigenstates of the free-particle Hamiltonian, known as the mass eigenstates,
vi, V2 and v3. The mathematical description of neutrino oscillations is first
introduced for two flavours and then extended to three flavours. The predic-
tions are compared to the recent experimental data from reactor and long-
baseline neutrino oscillation experiments.

13.1 Neutrino flavours

329

Unlike the charged leptons, which can be detected from the continuous track
defined by the ionisation of atoms as they traverse matter, neutrinos are never
directly observed; they are only detected through their weak interactions. Different
neutrino flavours can only be distinguished by the flavours of charged lepton pro-
duced in charged-current weak interactions. Consequently, the electron neutrino
Ve, 18 defined as the neutrino state produced in a charged-current weak interaction
along with an electron. Similarly, by definition, the weak charged-current interac-
tions of a v, will produce an electron. For many years it was assumed that the ve, v,
and v, were massless fundamental particles. This assumption was based, at least in
part, on experimental evidence. For example, it was observed that the interactions
of the neutrino/antineutrino produced along with a positron/electron in a nuclear
[3-decay, would produce an electron/positron as indicated in Figure 13.1. This nat-
urally led to the idea that the electron neutrino carried some property related to
the electron that is conserved in weak interactions, which was referred to as elec-
tron number. Similarly, in beam neutrino experiments, such as those described in
Chapter 12, it was observed that the neutrinos produced from n* — p*v, decays
always produced a muon in charged-current weak interactions.
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A possible Feynman diagram for @~ — ey for the case where the v, and v, are not distinct.

Further evidence for the distinct nature of the electron and muon neutrinos was
provided by the non-observation of the decay p~ — ey, which is known to have a
very small branching ratio,

BR(W — e y) < 1071,

In principle, this decay could occur via the Feynman diagram shown in Figure 13.2.
The absence of the decay suggests that the neutrino associated with Wu~™v vertex
is distinct from the neutrino associated with the We™v vertex.

Until the late 1990s, relatively little was known about neutrinos beyond that there
are three distinct flavours and that they are extremely light (and possibly massless).
However, even at that time several experiments had reported possible anomalies
in the observed interaction rates of atmospheric and solar neutrinos. This picture
changed with the publication of the solar and atmospheric neutrino data from the
Super-Kamiokande detector, which provided compelling experimental evidence
for the phenomenon of neutrino flavour oscillations over very large distances. The
subsequent study of neutrino oscillations has been one of the highlights of particle
physics in recent years.

13.2 Solar neutrinos
|

Nuclear fusion in the Sun produces a large flux of electron neutrinos, 2 x 1038 v, s71.

Despite the smallness of neutrino interaction cross sections and the large distance
to the Sun, solar neutrinos can be observed with a sufficiently massive detector.
Nuclear fusion in the Sun proceeds through a number of distinct processes, each of
which has several stages. The resulting solar neutrino energy spectrum is shown in
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Figure 13.3. The main hydrogen burning process, known as the pp cycle, proceeds
through three steps:

p+tp—oD+e’ +ve,
D+p—3He+v,
gHe+gHe—>3He+p+p.

Because the binding energy of the deuteron %D is only 2.2 MeV, the neutrinos pro-
duced in the process p+p — D +e* + v, have low energies, E, < 0.5 MeV. Conse-
quently, they are difficult to detect. For this reason, the majority of experiments
have focussed on the detection of the higher-energy solar neutrinos from rarer
fusion processes. The highest energy solar neutrinos originate from the 3-decay
of boron-8 (®B) that is produced from the fusion of two helium nuclei,

3He+§He—>ZBe+y,
ZBe+p—>§B+y,

with the subsequent {3-decay,
8 8 * +
5B —, Be” +e” +ve,

giving neutrinos with energies up to 15 MeV.

A number of experimental techniques have been used to detect solar neutrinos.
The earliest experiment, based in the Homestake Mine in South Dakota, USA,
used a radiochemical technique to measure the flux of solar neutrinos. It consisted
of a tank of 615 tons of dry-cleaning fluid, C,Cls. The solar neutrino flux was
measured by counting the number of 37 Ar atoms produced in the inverse 3-decay
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process, Ve + 37Cl — 3TAr+e”. The ¥/ Ar atoms where extracted from the tank and
counted through their radioactive decays. Despite the huge flux of neutrinos, only
1.7 interactions per day were expected. The observed rate was only 0.48 + 0.04
neutrino interactions per day; see Cleveland ef al. (1998). This apparent deficit
of solar neutrinos became known as the solar neutrino problem. The Homestake
experiment was sensitive to the relatively high-energy 8B neutrinos. Subsequently,
the SAGE and GALLEX radiochemical experiments used gallium as a target, and
were sensitive to the low-energy neutrinos from the first step of the pp chain. These
experiments also observed a deficit of solar neutrinos.

Radiochemical experiments played an important role in demonstrating the exis-
tence of the solar neutrino deficit; Ray Davis, who conceived the Homestake exper-
iment, was awarded the Nobel prize for its discovery. However, it was the results
from the large water Cerenkov detectors that firmly established the origin of the
deficit of solar neutrinos.

13.2.1 The Super-Kamiokande experiment

The 50 000 ton Super-Kamiokande water Cerenkov detector, shown schematically
in Figure 13.4a, was designed to detect Cerenkov radiation (see Section 1.2.1)
from relativistic particles produced within the volume of the detector. In essence,
Super-Kamiokande is a large vessel of water surrounded by photo-multiplier tubes
(PMTs) that are capable of detecting single photons.

(a) (b)

36 m

34 m

(a) The Super-Kamiokande experiment comprising a tank of 50 000 tons of water viewed by 11146 PMTs.
(b) A neutrino interaction in the Super-Kamiokande experiment showing the ring of Cerenkov light produced
by the relativistic e~ with v > ¢/n as detected as signals in the PMTs on the walls of the detector. Left-hand
diagram courtesy of the Super-Kamiokande collaboration.



333

13.2 Solar neutrinos

e Ve e e

The two Feynman diagrams contributing to vee™ — v.e™ elastic scattering.

Because oxygen is a particularly stable nucleus, the charged-current process
Ve + éﬁo - é(’F + e~ is kinematically forbidden for the neutrino energies being
considered here. Consequently, solar neutrinos are detected by the elastic scatter-
ing process vee~ — Vee , shown in Figure 13.5. The final-state electron is relativis-
tic and can be detected from the Cerenkov radiation photons that are emitted at a
fixed angle to its direction of motion as it travels through water. The photons form
a ring of hits in the PMTs on the sides of the detector, as shown in Figure 13.4b.
The number of detected photons provides a measure of the neutrino energy and the
direction of the electron can be determined from the orientation of the Cerenkov
ring. In this way, Super-Kamiokande is able to detect electron neutrino elastic scat-
tering interactions down to neutrino energies of about 5 MeV. Below this energy,
background from the 3-decays of radioisotopes dominates. Because of this effec-
tive threshold, the Super-Kamiokande detector is sensitive primarily to the flux of
8B neutrinos.

The angular distribution of the scattered electron with respect to the incom-
ing neutrino direction is isotropic in the centre-of-mass frame, as was the case
for neutrino—quark scattering cross section of (12.13). Because the centre-of-mass
frame is boosted in the direction of the neutrino, in the laboratory frame the scat-
tered electron tends to follow the direction of the solar neutrino. Consequently, the
directional correlation with the Sun is retained.

Figure 13.6 shows the reconstructed electron direction with respect to the direc-
tion of the Sun for neutrino interactions with £, > 5MeV. The peak towards
cos Bgun =1 provides clear evidence for a flux of neutrinos from the Sun. The flat
background arises from the [3-decay of radioisotopes. Whilst Super-Kamiokande
observes clear evidence of solar neutrinos from the Sun, the flux of electron neu-
trinos is measured to be about half that expected.

13.2.2 The SNO experiment

Results from Super-Kamiokande and other solar neutrino experiments demonstra-
ted a clear deficit of electron neutrinos from the Sun. The Sudbury Neutrino Obser-
vatory (SNO) experiment in Canada was designed to measure both the v, and fotal
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neutrino flux from the Sun. SNO consisted of 1000 tons of heavy water, D, 0, inside
a 12 m diameter vessel, viewed by 9,600 PMTs. Heavy water was used because the
deuteron, the bound state of a proton and a neutron, has a binding energy of just
2.2 MeV, which is relatively small compared to the energies of the 3B solar neutri-
nos. For this reason, solar neutrinos can be detected in SNO through three different
physical processes. Crucially, the different processes have different sensitivities to
the fluxes of electron, muon and tau neutrinos, ¢(ve), ¢(vy,) and ¢(vq).

Because of the low binding energy of the deuteron, the charged-current (CC)
interaction of electron neutrinos, ve + D — e + p + p, shown in Figure 13.7 (left), is
kinematically allowed. The final-state electron can be detected from the resulting
Cerenkov ring. From the discussion of Section 12.2.2, it can be appreciated that
in the centre-of-mass frame the angular distribution of the electron relative to the
incoming neutrino is almost isotropic. Because E, < mp, the laboratory frame
is almost equivalent to the centre-of-mass frame and therefore the final-state elec-
tron does not correlate strongly with the direction of the Sun. The charged-current
interaction with the deuteron is only sensitive to the v, flux and therefore

CC rate o< ¢(ve). (13.1)
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All flavours of neutrinos can interact with the deuteron via the neutral-current
(NC) interaction of Figure 13.7 (right), where the momentum imparted to the
deuteron is sufficient to break up this loosely bound state. The neutron produced
in the final state will (eventually) be captured in the reaction n + %H - -;’H + v,
releasing a 6.25 MeV photon. Through its subsequent interactions, this photon will
produce relativistic electrons that give a detectable Cerenkov signal. The neutral-
current process is equally sensitive to all neutrino flavours, thus

NC rate oc ¢(Ve) + (V) + d(Ve). (13.2)

Finally, neutrinos can interact with the atomic electrons through the elastic scat-
tering (ES) processes of Figure 13.5. For electron neutrinos, both the charged-
current process and the neutral-current process contribute to the cross section,
whereas for v, and v, only the neutral-current process, which has a smaller cross
section, contributes. The observed elastic scattering rate is therefore sensitive to all
flavours of neutrinos but has greater sensitivity to Ve,

ES rate o ¢(ve) + 0.154[¢(v,) + ¢(vo)] . (13.3)

The electrons from the ES scattering process point back to the Sun and can there-
fore be distinguished from those from the CC process.

The different angular and energy distributions of the Cerenkov rings from CC,
NC and ES interactions allows the rates for each individual process to be deter-
mined separately. Using the knowledge of the interaction cross sections, the mea-
sured rates can be interpreted in terms of the neutrino fluxes using (13.1)—(13.3),
with the CC process providing a measure of the v, flux and the NC process pro-
viding a measure of the total neutrino flux (ve + v, + v;). The observed CC rate
was consistent with a flux of v. of 1.8 x 107%cm™2s~! and the observed NC rate
was consistent with a total neutrino flux of 5.1 x 10™®cm™2s7!, providing clear
evidence for an unexpected v, /v, flux from the Sun.

The observed neutrino rates in SNO from the CC, NC and ES processes can be
combined to place constraints on the separate v and v, + v fluxes, as shown in
Figure 13.8, giving the overall result

d(ve) = (1.76 £ 0.10) % 107% cm™2 S—l,
P(vy) + ¢(v) = (3.41 £0.63) x 10 em™ 57",

The total neutrino flux, obtained from the NC process is consistent with the expec-
tation from theoretical modelling of the Sun that predicts a v, flux of

d(Ve)prea = (5.1 £0.9) x 107 ecm 257",

The SNO data therefore demonstrate that the total flux of neutrinos from the Sun
is consistent with the theoretical expectation, but rather than consisting of only
Ve, there is a large v, and/or v; component. Since v,/v; cannot be produced in
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to all neutrinos. The ES rate is proportional to ¢p(ve) + 0.154 [zp(vu) + ¢>(vr)]. The ellipse is the resulting
68% confidence limit from combining the three measurements. Adapted from Ahmad et al. (2002).

the fusion processes in the Sun, SNO provides clear evidence of neutrino flavour
transformations over large distances.

13.3 Mass and weak eigenstates
I —

The neutrino flavour transformations observed by SNO and other experiments can
be explained by the phenomenon of neutrino oscillations. The physical states of
particle physics, termed the mass eigenstates, are the stationary states of the free-
particle Hamiltonian and satisfy

. oy
H =]— =
=1 ot

The time evolution of a mass eigenstate takes the form of (2.25),

Ey.

Y(x,1) = p(x)e .

The neutrino mass eigenstates (the fundamental particles) are labelled v;, v, and
v3. There is no reason to believe that the mass eigenstates should correspond to
the weak eigenstates, Ve, v, and vy, which are produced along with the respective
flavour of charged lepton in a weak interaction. This important distinction between
mass and weak eigenstates is illustrated in Figure 13.9. Here any one of the three
mass eigenstates can be produced in conjunction with the electron in the initial
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weak interaction. Since it is not possible to know which mass eigenstate was pro-
duced, the system has to be described by a coherent linear superposition of vy, v»
and v3 states. In quantum mechanics, the basis of weak eigenstates can be related
to the basis of mass eigenstates by a unitary matrix U,

Ve Uet Uz Uez (V1
Vu | = U ul U w2 Uu3 V2 |. (13.4)
Vz Un U Ui J\v3

Hence the electron neutrino, which is the quantum state produced along with a
positron in a charged-current weak interaction, is the linear combination of the
mass eigenstates defined by the relative charged-current weak interaction couplings
of the vy, vo and v3 at the W' — e*v vertex

o) = Ugyvi) + Ugylva) + Uglva). (13.5)

The neutrino state subsequently propagates as a coherent linear superposition of
the three mass eigenstates until it interacts and the wavefunction collapses into a
weak eigenstate, producing an observable charged lepton of a particular flavour. If
the masses of the vi, v, and vs3 are not the same, phase differences arise between
the different components of the wavefunction and the phenomenon of neutrino
oscillations occurs. In this way, a neutrino produced along with one flavour of
charged lepton can interact to produce a charged lepton of a different flavour.

13.3.1 The leptonic charged-current vertex revisited

In Chapter 12, the charged-current interaction between a charged lepton and a neu-
trino was described in terms of the neutrino weak eigenstates. For example, the
weak charged-current vertex has the form



338

Neutrinos and neutrino oscillations

- * g _
la Uak% Vi Vi Uak\/_\% ly
W w
_ gw - - s
ly & UakT\g Vi Vi Uakg\/—‘%l g
9
W7 UakTVEV
v
« W w

The charged-current weak interaction vertices for charged lepton of flavour @ = e, ., T and a neutrino of
typek =1,2,3.

SIW = 1 5
_l%eyﬂi(l - 7 )Vee

where here v, and e denote the electron neutrino spinor and the electron adjoint
spinor. In terms of the neutrino mass eigenstates, the weak charged-current for a
lepton of flavour @ = e, u, T and a neutrino of type k = 1, 2, 3 takes the form

—ig—v\%zayﬂ%(l — V) Wak V-

Defining the neutrino state produced in a weak interaction using the matrix U of
(13.4) implies that, when the neutrino appears as the adjoint spinor, the factor U?
appears in the weak interaction vertex. Consequently, the couplings between neu-
trinos or antineutrinos and the charged leptons are those shown in Figure 13.10.

13.4 Neutrino oscillations of two flavours

The full treatment of neutrino oscillations for three flavours is developed in
Section 13.5. However, the main features can be readily understood by consider-
ing just two flavours. For example, consider the weak eigenstates v, and v, which
here are taken to be coherent linear superpositions of the mass eigenstates v; and
v,. The mass eigenstates propagate as plane waves of the form

|V1(f)> = |Vl>ei(P1-x—E11) — e—ip]-x,
IVa(£)) = [vo)e!PrX—E2D) = pip2x

where (E1, p;) and (E3, p,) are the respective energy and three-momenta of the v,
and v;, and p -x = Et — p - x is the (Lorentz-invariant) phase. In the two-flavour
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Nuclear 3-decay and its relation to the mass eigenstates for two flavours.

treatment of neutrino oscillations, the weak eigenstates are related to the mass
eigenstates by a 2 X 2 unitary matrix that can be expressed in terms of a single

mixing angle 6,
( Ve ) [ cos sing | v (13.6)
Vu | =sin@ cosh vy ) ’

Now suppose at time ¢ = 0, a neutrino is produced in the process u — de*v,,
as shown in Figure 13.11. The wavefunction at time ¢t = 0 is the coherent linear
superposition of vi and v,, corresponding to the v, state

[Y(0)) = [ve) = cosB|vy) + sin 6 |vy).

The state subsequently evolves according to the time dependence of the mass
eigenstates

l(x, 1)) = cos @ [vi e ' + sin @ |vo)e P>,

where p; and p, are the four-momenta associated with the mass eigenstates v; and
v,. If the neutrino then interacts at a time 7 and at a distance L along its direction
of flight, the neutrino state at this space-time point is

[W(L,T)) = cos 0 |viYe @ +sin @ |vy)e 2, (13.7)
where the phases of the two mass eigenstates are written as
¢i = pi-x = E;T — p;L.

Equation (13.7) can be written in terms of the weak eigenstates using the inverse

of (13.6),
(v1 ) B (cos@ —sin@)(ve]
V2 sing cosf J\ v, ’
leading to
| (L, T)) = cosf (cos 0 |ve) —sinf |Vu>) e 4sing (sin 0|ve) + cos O Ivu)) e

= (e”0 cos? 6 + e sin? 0) [ve) — (71 — ¢7%2) cos Osin O Vi)

= [(cos2 0+ %2 sin” ) |ve) — (1 — €412) cos Osin 0 |VH>] > (13.8)
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with
A1z = ¢ — ¢ = (E1 — E2)T — (p1 — p2)L. (13.9)

If the phase difference A¢;, = 0, the neutrino remains in a pure electron neutrino
state and will produce an electron in a subsequent weak charged-current interac-
tion. However, if A¢1» # 0, there is now a muon neutrino component to the wave-
function. The relative sizes of the electron and muon neutrino components of the
wavefunction can be obtained by writing (13.8) as

(L, T)) = celve) + Cuh’u%

where ¢, = (vely) and ¢, = (vul¢y). The probability that the neutrino, which was
produced as a ve, will interact to produce a muon is P(ve — vy) = cuc;. Compari-
son with (13.8) gives

P(ve = v) = el = (1 = €292)(1 = e742) cos® O sin” 6
= 1(2 - 2cos A¢yp) sin*(26)

= sin%(26) sin’ (%) (13.10)

Hence, the v — v, oscillation probability depends on the mixing angle 6 and the
phase difference between the mass eigenstates, A¢,. The derivation of the phase
difference, A¢1o = (E1 — E2)T — (p1 — p2)L, in terms of the masses of v; and v,
requires care. One could assume, without any real justification, that the momenta
of the two mass eigenstates are equal, p; = p» = p, in which case

m?)2 m2)2
1 2
A1 = (E — Eo)T = p(1+—2) —p(1+—2) T. (13.11)
p p
Because m <« E, the square roots in (13.11) are approximately,

1
2\73 2
(1+m_) c1e

and therefore
A(ﬁ ~ S L 13.12
12 2 b ( . )

where it has been assumed that 7 ~ L (in natural units), which follows since the
neutrino velocity S ~ 1. At first sight, this treatment appears perfectly reasonable.
However, it overlooks that fact that the different mass eigenstates will propagate
with different velocities, and therefore will travel the distance L in different times.
This objection only can be overcome with a proper wave-packet treatment of the
propagation of the coherent state, which yields the same expression as given in
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(13.12). However, it is worth noting that the expression of (13.12), which was
obtained assuming p; = p2, also can be obtained by assuming either E; = E»
or 81 = B,. This can be seen by writing the phase difference of (13.9) as

2 2
p;—p
A¢12=<E1—E2)T—(¥)L
p1 + P2
EZ_ 2_E2+ 2
=(E1—E2)T—(1 my— E; mz]L
p1 + P2
2 2
E,+FE m; —m
:(El—Eg)[T—( ¥ 2)L]+( ! Q)L. (13.13)
P1 +Pp1 p1 + P2

The first term on the RHS of (13.13) clearly vanishes if it is assumed that E; =
E,>. This term also vanishes if a common velocity is assumed, 8; = 5, = S (see
Problem 13.1). Hence, although a wave-packet treatment of the neutrino oscillation
phenomenon is desirable, it is comforting to see that the same result for the phase
difference A¢ is obtained from the assumption of either p; = pp, E; = E; or
B1 = pBa.
Combining the results of (13.10) and (13.12) and writing p = E,, gives the
two-flavour neutrino oscillation probability
2 2
P(ve = vy) = sin2(29) sin® (M]

13.14
4E, (13.19

It is convenient to express the oscillation probability in units more suited to the
length and energy scales encountered in practice. Writing L in km, Am? in eV? and
the neutrino energy in GeV, (13.14) can be written
Am?[eV?]L[k
P(ve = v,) = sin®(2) sin? (1.27M)

E.[GeV] (13.15)

The corresponding electron neutrino survival probability, P(ve — V), either can
be obtained from c:c. or from the conservation of probability, P(ve — ve) = 1 —
P(ve — VM)’

(13.16)

m2 — m2)L
P(ve — ve) = 1 — sin®(26) sin® (u)

4E,

Figure 13.12 shows an illustrative example of the oscillation probability as function
of distance for E, = 1 GeV, Am? = 0.002eV? and sin’(26) = 0.8. The wavelength
of the oscillations is given by

nE,[GeV]
Aoselkm] =
1.27 Am2[eV~]



342

Neutrinos and neutrino oscillations

P(ve—v,)
=
>
T o5 .
> in2
T sin“20

0 1 1 1
0 500 1000 1500 2000

L/km

The two-flavour oscillation probability P(ve — v,.) and the survival probability P(ve — v.) plotted as
function of L for £, = 1GeV, Am? = 0.002 eVZ and sin?(26) = 0.8.

For small values of Am?, neutrino flavour oscillations only develop over very large
distances. This explains why neutrino flavour appeared to be conserved in earlier
neutrino experiments. Finally, it should be noted that the amplitude of the oscil-
lations is determined by sin?(26), with sin*(26) = 1 corresponding to maximal
mixing.

13.5 Neutrino oscillations of three flavours

The derivation of the neutrino oscillation probability for two flavours contains
nearly all of the essential physics, namely the relationship between the weak and
mass eigenstates and that the oscillations originate from the phase difference
between the mass eigenstates in the time-dependent wavefunction. The full three-
flavour derivation of the neutrino oscillation probabilities follows closely the steps
above, although the algebra is more involved.

In the three-flavour treatment of neutrino oscillations, the three weak eigen-
states are related to the mass eigenstates by the 3 X 3 unitary Pontecorvo—Maki—
Nakagawa—Sakata (PMNS) matrix,

Ve Uet Uer Ues \( V1
Vu | = Uul UMZ ng vy |. (13.17)
V¢ U‘l:l U‘l:2 U‘l:3 V3

The elements of the PMINS matrix are fundamental parameters of the lepton flavour
sector of the Standard Model. The mass eigenstates can be expressed in terms of
the weak eigenstates using the unitarity of the PMNS matrix that implies U~' =
U = (U"T and hence
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The unitarity condition, UU" = I, also implies that
Uet Uex Ues \(Ug Uy Uy 100
U U Ua || U U Uy [=10 10,
Un U U J\Ug Uy Ugy 001
which gives nine relations between the elements of the PMNS matrix, for example
Uet U, + UUs, + UssUZ; = 1, (13.18)
UelU:1 + Uer;‘t2 + Ue3U:3 =0. (13.19)
Now consider the neutrino state that is produced in a charged-current weak inter-
action along with an electron, as indicated in Figure 13.13. The neutrino, which

enters the weak interaction vertex as the adjoint spinor, corresponds to a coherent
linear superposition of mass eigenstates with a wavefunction at time # = 0 of

1 (0)) = Ive) = Ugjvi) + Ugylva) + Ugslva).

The time evolution of the wavefunction is determined by the time evolution of the
mass eigenstates and can be written as

W(x,0) = Uy Ivide ™ + Uhlvade ™ + Ullvse™,

where as before ¢; = p;-x; = (E;t —p;X) is the phase of the plane wave representing
each mass eigenstate. The subsequent charged-current weak interactions of the
neutrino can be described in terms of its weak eigenstates by writing
Wy (x, 1)) = U;(Uellve) + Uu1|vp,> + U‘tllvr>)e_i¢l
+ Uy (Uaalve) + Uyalvy) + Unlve)e ™
+ UL (Ueslve) + Upslvy) + Uxslve))e 3. (13.20)

Because the neutrino appears as the spinor in the weak interaction vertex producing
a charged lepton, the mass eigenstates are expressed in terms of the elements of the
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The processes and elements of the PMNS that contribute to ve — v, oscillations.

PMNS matrix and not its complex conjugate. It should be noted that the weak
states (Ve, vy and vq) in (13.20) really refer to the flavour of the lepton produced
in a subsequent charged-current weak interaction of the neutrino. Gathering up the
terms for each weak eigenstate, Equation (13.20) can be written

W(x, 1)) = (UsUere™® + Ul Uere ™ + UzUese™ ) Ve)
(U Upe™™ + UL Uppe™™ + UL Uyze™ v
(Ut Unie™® + Ul Upe ™ + U Ugze™ P)|vy). (13.21)

This can be expressed in the form [y(X, 7)) = ce[Ve) + culVu) + c1lve), from which
the oscillation probabilities can be obtained, for example

P(ve = V) = Kvulw(x, D) = ey,

= U Uie™® + U Uppe ™ + UL U e . (13.22)

This expression can be understood as the magnitude squared of the sum of the
diagrams shown in Figure 13.14, taking into account the relative phase differences
that develop over the propagation distance. The oscillation probabilities are defined
in terms of the flavours of the charged leptons produced in the weak interactions
and the relevant PMNS matrix elements. If the phases were all the same, then the
complex conjugate of the unitarity relation of (13.19), U7, Uu+ UL Un+ULUys =
0, would imply P(ve — v,) = 0 and, as before, neutrino flavour oscillations only
occur if the neutrinos have mass, and the masses are not all the same.
Equation (13.22) can be simplified using the complex number identity,

o1+ 22 + 3 = P + 2P + sl + 2Relz12h + 2125 + 22250 (13.23)
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giving
P(ve = vy) = U U ? + (UL Ul + UL UG+ 2Re{U? Uy Uy U e 91702))
e H el”ul e2”u2 e3”n3 etYuVerlyp
+2Re{US Ui Ues Uze P09} 4 2 Re{U L U Ues Upge ™79,
(13.24)

This can be simplified further by applying the identity (13.23) to the modulus
squared of the complex conjugate of the unitarity relation of (13.19), which gives
U Uil + UL Ul + U5 Us P+
ZERe{U:l UulUCQUJZ + U;] Uuer3U;3 + UZZUMZUC3U:3} =0,

and thus, (13.24) can be written as

P(ve = V) = 2Re{U}, U Uaa Upy [ €79 — 1)
2Re{U; U Ues Uy [€" 770 — 1])
2RA{UL U Ues Uyg[€" P79 — 1]}, (13.25)
The electron neutrino survival probability P(ve — V) can be obtained in a similar
manner starting from (13.24) and using the unitarity relation of (13.18). In this
case, each element of the PMNS matrix is paired with the corresponding complex
conjugate, e.g. U1 U, and the combinations of PMNS matrix elements give real
numbers. Therefore, the electron neutrino survival probability is
P(ve = Ve) = 1 + 2{UeiP|Ueal Ref[e 7 — 1]}
+2Uei PlUes* Re{[ %) — 1]}
+ 2|UelP|Ues|* Ref[e P72 — 1]}, (13.26)

Equation (13.26) can be simplified by noting

bj— @i

Refe' P9 — 1) = cos(¢pj— i) — 1 ==2 sinz( >

) =-2 SiIl2 Aﬁ,

where A j; is defined as

APt _ (mj —m)L
a4 2 4E,

Hence, (13.26) can be written

P(Ve = Vo) = 1 — 4|Ue |Ueal? sin® Ay
— HUe1 P|Ue3 | sin? Azy — | Ues*|Ues* sin® Azp. (13.27)
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The electron neutrino survival probability depends on three differences of
squared masses, Amg 1= m% - m%, Am% | = m% - m% and Am%2 = m% - mg Only two

of these differences are independent and Az; can be expressed as
Az = Az + Agy. (13.28)

Before using the above formulae to describe the experimental data, it is worth dis-
cussing the current knowledge of neutrino masses, the nature of the PMINS matrix
and the discrete symmetries related to the neutrino oscillation phenomena, includ-
ing the possibility of CP violation.

13.5.1 Neutrino masses and the neutrino mass hierarchy

Since the neutrino oscillation probabilities depend on differences of the squared
neutrino masses, the experimental measurements of neutrino oscillations do not
constrain the overall neutrino mass scale. To date, there are no direct measure-
ments of neutrino masses, only upper limits. From studies of the end point of the
electron energy distribution in the nuclear [3-decay of tritium, it is known that the
mass of the lightest neutrino is < 2 eV. Tighter, albeit model-dependent, limits can
be obtained from cosmology. The density of low-energy relic neutrinos from the
Big Bang is large, O(100) cm™ for each flavour. Consequently, neutrino masses
potentially impact the evolution of the Universe. From recent cosmological mea-
surements of the large-scale structure of the Universe, it can be deduced that

3
Dimy < 1eV.
i=1

Whilst the neutrino masses are not known, it is clear that they are much smaller
than those of either the charged leptons or the quarks. Even with neutrino masses
at the eV scale, they are smaller by a factor of at least 10° than the mass of the
electron and smaller by a factor of at least 10° than the mass of the tau-lepton. The
current hypothesis for this large difference, known as the seesaw mechanism, is
discussed in Chapter 17.

The results of recent neutrino oscillation experiments, which are described in
Sections 13.7 and 13.8, provide determinations of differences of the squares of the
neutrino masses

Am3, =m3 —m} ~8x 107 eV?,
|Am3,| = Im3 —m3| = 2 x 1072 eVZ.
Regardless of the absolute mass scale of the lightest neutrino, there are two possible

hierarchies for the neutrino masses, shown in Figure 13.15. In the normal hierar-
chy ms > my and in the inverted mass hierarchy ms < mjy. Current experiments
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are not sensitive enough to distinguish between these two possibilities. However,
regardless of the hierarchy, because Am%1 < |Am§2| in most circumstances it is
reasonable to make the approximation

2 2
|Am3, | = |Am3,|.

13.5.2 (P violation in neutrino oscillations

The V — A chiral structure of the weak charged-current implies that parity is max-
imally violated. It also implies that charge-conjugation symmetry is maximally
violated. This can be seen by considering the weak decay m~ — p™v,. Because
neutrino masses are extremely small compared to the energies involved, the antineu-
trino is effectively always emitted in a RH helicity state, as shown in Figure 13.16a.
The effect of the parity operator, shown in Figure 13.16b, is to reverse the parti-
cle momenta leaving the particle spins (axial-vectors) unchanged. The result of the
parity transformation is a final state with a LH antineutrino, for which the weak
charged-current matrix element is zero.

The effect of the charge conjugation operator C is to replace particles by their
antiparticles and vice versa, is shown in Figure 13.16¢. Charge conjugation results
in a RH neutrino in the final state. Since only LH particle states participate in the
weak interaction, the matrix element for this process is also zero. Thus the weak
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interaction maximally violates charge-conjugation symmetry. The combined effect
of C and P, shown in Figure 13.16d, results in a valid weak decay involving a
LH neutrino. For this reason it is plausible that the weak interaction respects the
combined CP symmetry.

It is known that CP violation is needed to account for the excess of matter over
antimatter in the Universe today (see Chapter 14). Since the QED and QCD inter-
actions conserve C and P separately, and therefore conserve CP, the only possible
place in the Standard Model where CP-violating effects can occur is in the weak
interaction.

Time reversal symmetry and CPT

Parity is a discrete symmetry operation corresponding to x — —X. Similarly, time
reversal is a discrete symmetry operation that has the effect 1 — —¢. Following the
arguments of Chapter 11, it should be clear that the vector nature of the QED
and QCD interactions, implies that the matrix elements of QED and QCD are
invariant under time reversal. More generally, all local Lorentz-invariant Quantum
Field Theories can be shown to be invariant under the combined operation of C, P
and T. One consequence of this CPT symmetry is that particles and antiparticles
have identical masses, magnetic moments, etc. The best experimental limit on CPT
invariance comes from the equality of the masses of the flavour eigenstates of the
neutral kaons, K°(ds) and KO(SH), where

m(K°) - m(K")|
m(K9)
CPT is believed to be an exact symmetry of the Universe. This implies that, if
physics is unchanged by the combined operation of C and P, then time reversal
symmetry also holds. The corollary is that CP violation implies that T reversal
symmetry is also violated and vice versa.

<1078,

CP and T violation in neutrino oscillations

It is instructive to consider the effects of the discrete symmetry transformations,
CP, T and CPT, in the context of neutrino oscillations. If time reversal symmetry
applies, then the oscillation probability for P(ve — v,,) will be equal to P(v,, — ve).
The oscillation probability P(ve — v,) is given by (13.25)

P(ve = V) = 2Re{U} U U U [ €70 = 1]} + - - . (13.29)

The corresponding expression for the oscillation probability P(v,, — V) is obtained
by swapping the e and p labels

P(vy = Ve) = 2Re{Uyy U Upp U [ 70 — 1]} + - -,
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The elements of the PMNS matrix that appear in the expression for P(v, — ve) are
the complex conjugates of those in the expression for P(ve — v,). Hence, unless
all elements Ue; and U\, are real, time reversal symmetry does not necessarily hold
in neutrino oscillations, which in turn implies the possibility of CP violation.
The effect of the CP operation on v, — v, flavour transformations is
cP _ _
Ve = Vu —> Ve =V,
where C transforms particles in to antiparticles and P ensures that the LH neutri-
nos transform to RH antineutrinos. The oscillation probability P(ve — V,) can be
obtained from that for P(ve — v,,) by noting that whether the element of the PMNS
matrix appears as U or U* depends on whether the neutrino appears as the spinor
or adjoint spinor in the weak interaction vertex (see Section 13.3.1). Consequently

PFe = V) = 2Re{Ua U}, Uy, Uyl @70 — 17} + -

Again, unless all the elements Ue; and U, are real, P(ve — v,) # P(Ve — V), and
CP can be violated in neutrino oscillations. Finally, consider the combined CPT
operation

CPT  _ —
Ve = Vu —>  Vyu = Ve,
where the effect of time reversal swaps the e and u labels and the effect CP is to
exchange U < U™ and therefore

Py = Ve) = 2Re{Uy Ug Uiy Uea P70 — 1]} + -+ = P(ve = ).

As expected, neutrino oscillations are invariant under the combined action of CPT.

The imaginary components of the PMNS matrix, provide a possible source of
CP violation in the Standard Model. The relative magnitude of the CP violation in
neutrino oscillations is given by P(ve — v,) — P(ve — V). This can be shown to
be (see Problem 13.4)

P(Ve - V“) - P(Ve b VH) = 163111{[];1 UuerzU::z}SinAlz sinA13 sinA23.
(13.30)

With the current experimental knowledge of the PMNS matrix elements, it is known
that the difference P(ve — v,) — P(Ve — V,,) is at most a few percent. CP violat-
ing effects in neutrino oscillations are small and are beyond the sensitivity of the
current generation of experiments.

The PMNS matrix

In the Standard Model, the unitarity PMINS matrix can be described in terms of
three real parameters and a single phase. The reasoning is subtle. A general 3 x 3
matrix can be described by nine complex numbers. The unitarity of the PMNS
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matrix, UU" = I, provides nine constraints, leaving nine independent parameters.
If the PMNS matrix were real, it would be correspond to the orthogonal rotation
matrix R and could be described by three rotation angles, 615, 613 and 6»3

1 0 O ci3 0 sy3 crp s12 0
R=1]0 c23 8§23 | X 0 1 0 |Ix —S12 C12 0 y (13.31)
0 =593 23 =513 0 c13 0 01

where s;; = sin6;; and ¢;; = cos 6;;. In this form 6, is the angle of rotation about
the three-axis, 03 is the angle of rotation about the new two-axis, and 63 is a
rotation about the resulting one-axis.

Since the PMNS matrix is unitary, not real, there are six additional degrees of
freedom that appear as complex phases of the form exp (i6). It turns out that not all
of these phases are physically relevant. This can be seen by writing the currents for
the possible leptonic weak interaction charged-current vertices as

Uet Uep Ugs Vi
(E ﬁ 5)7“%(1 _75) Uul Uu2 UMS V2
U Urny Uz )\ v3

SE

These four-vector currents are unchanged by the transformation,
lo = o, v > ve™ and Uy — Upge'®™%, (13.32)

where ¢, is the charged lepton of type @ = e, i, T. Hence, it might appear that the
six complex phases in the PMNS matrix can be absorbed into the definitions of
the phases of the neutrino and charged leptons without any physical consequences.
This is not the case because an overall phase factor in the PMNS matrix multiplying
all elements has no physical consequence. For this reason, it is possible to pull out
a common phase U — Ue™. In this way all phases can be defined relative to,
for example, the phase of the electron 6. such that 6; = 6. + 9,’{. In this case the
transformation of (13.32) becomes

€(t N fael(9e+9a), Vi = Vi el(9e+9 ) and U(Ik N U(lkel(g"_gk),

from which it can be seen that only five phases of the PMNS matrix can be absorbed
into the definition of the particles since 6, = 0 and the common phase e has no
physical consequences. Hence the PMINS matrix can be expressed in terms of three
mixing angles, 612, 6»3 and 63 and a single complex phase 6.

The PMNS matrix is usually written as

Uet U Ues I 0 0 ci3 053¢\ ci2 5120
Upmns = | Uyt Upp Uy | =10 c23 s23 0 I 0 =s;2 ¢12 0
Un U U 0 —s23 23 )\ =513¢° 0 c13 0 01
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This form is particularly convenient because 6,3 is known to be relatively small and
thus the central matrix is almost diagonal. The individual elements of the PMNS
matrix, obtained from the matrix multiplication, are

Uet Uz Ues c12€13 $12€13 s13¢"0

Un U U | =| =s12023 — c1a523513€¢° 12023 — s12523513€ 503013

Un U Ug 512523 — €12€23813€°  —C12823 — $12€23 513 C23013
(13.33)

It is worth noting that, in the two-flavour treatment of neutrino oscillations, the
general form of the unitary transformation between weak and mass eigenstates has
four parameters, a rotation angle and three complex phases. But, all three com-
plex phases can be absorbed into the definitions of the particles, and the resulting
matrix depends on a single angle, as assumed in (13.6). In this case the matrix is
entirely real and therefore cannot accommodate the CP violation. Hence CP viola-
tion originating from the PMNS matrix occurs only for three or more generations
of leptons.

13.6 Neutrino oscillation experiments
|

Early experimental results on neutrino oscillations were obtained from studies of
solar neutrinos and the neutrinos produced in cosmic-ray-induced cascades in the
atmosphere. More recent results have been obtained from long-baseline neutrino
oscillation beam experiments and from the study of electron antineutrinos from
nuclear fission reactors. There are two possible signatures for neutrino oscilla-
tions. Firstly neutrino oscillations can result in the appearance of “wrong” flavour
charged leptons, for example the observation of e~ and/or T~ from an initially pure
beam of v,,. Alternatively, neutrino oscillations can be observed as the disappear-
ance of the “right” flavour charged lepton, where fewer than expected u~ are pro-
duced from an initially pure v, beam.

13.6.1 Neutrino interaction thresholds

The observable experimental effects resulting from neutrino oscillations depend on
the type of neutrino interactions that are detectable. Neutrinos can be detected in
matter through their charged-current and neutral-current weak interactions, either
with atomic electrons or with nucleons, as shown in Figure 13.17. Unless kinemat-
ically forbidden, interactions with nucleons will dominate, since the neutrino inter-
action cross sections are proportional to the centre-of-mass energy squared, s =
2mE,, where m is the mass of the target particle (see for example, Section 12.3).
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The Feynman diagrams for CCand NC neutrino interactions in matter. For v, there is also an s-channel process,
Ve~ — Vee .

Whether an appearance signal can be observed depends on whether the interac-
tion is kinematically allowed. Charged-current neutrino interactions are allowed if
the centre-of-mass energy is sufficient to produce a charged lepton and the final-
state hadronic system. The threshold is determined by the lowest W? process,
ven — {7 p. In the laboratory frame, where the neutron is at rest, the centre-of-
mass energy squared is given by

s = (py+ po)? = (Ey + my)* — E2 = 2Eymy + m?.

The vyn — {7 p interaction is only kinematically allowed if s > (m; + mp)z,

2

(mg

-m2) + m% + 2mpmy

v
2my

From this expression, the laboratory frame neutrino threshold energies for charged-
current interactions with a nucleon are

Ey >0, E, >110MeV and E, >3.5GeV.

For electron neutrinos with energies of order a few MeV, the nuclear binding energy
also has to be taken into account.

Charged-current interactions with an atomic electron vee~ — v £~ are kinemat-
ically allowed if s > m?, where m, is the mass of the final-state charged lepton. In
the laboratory frame

s=(py+ pe)2 =(E, + me)2 - E% =2E,m + mg,

and hence
2 = m?
Ey> ——,
2mie

leading to laboratory frame thresholds for charged-current ve™ scattering of
E,, >0, Ey > 11GeV and E, > 3090GeV.

Consequently, for the neutrino energies encountered in most experiments, interac-
tions with atomic electrons are relevant only for electron neutrinos/antineutrinos.
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13.7 Reactor experiments
I —

Nuclear fission reactors produce a large flux of electron antineutrinos from the (3-
decays of radioisotopes such as 23U, 238U, 2Pu and 2*!Pu, which are produced
in nuclear fission. The mean energy of the reactor antineutrinos is about 3 MeV
and the flux is known precisely from the power produced by the reactor (which is
closely monitored). The v, can be detected through the inverse 3-decay process,

Ve+p—et+n.

If the v, oscillate to other neutrino flavours, they will not be detected since the
neutrino energy is well below threshold to produce a muon or tau-lepton the final
state. Hence it is only possible to observe the disappearance of reactor V.. The Vv,
survival probability is given by (13.27), which with the approximation Az; ~ Aszp
becomes

P(e = o) ~ 1 = HUet Vel sin® Aoy = Uesf? [Uer P + [UeaP [ sin® Aso.
Using the unitarity relation of (13.18), this can be written as
P(e = Vo) = 1 = 4Uat PlUeal sin® Ay = 4|Ues [1 = UesP | sin® Az, (13.34)
which can be expressed in terms of the PMNS matrix elements of (13.33) as
P(¥e = Vo) =1 — 4(ciac13)*(s12¢13)” sin® Agy — 4si5(1 = s73) sin” Ay
Am2, L

Am? L
=1 — cos*(6;3) sin®(26},) sin’ [4—;) — sin®(26;3) sin’ [ 422 ] '

v v

(13.35)

Figure 13.18 shows the expected Vv, survival probability assuming 61, = 30°, 6,3 =
45°, 613 = 10° and

Am5; =8 x107eV? and Am3, =2.5x 1077 eV2.

The oscillations occur on two different length scales. The short wavelength com-
ponent, which depends on Am§2, oscillates with an amplitude of sin2(2913) about
the longer wavelength component, with wavelength determined by Am%l. Hence,
measurements of the v, survival probability at distances of O(1) km are sensitive to
0,3 and measurements at distances of O(100) km are sensitive to Amg , and 6.

13.7.1 The short-baseline reactor experiments

Close to a fission reactor, where the long wavelength contribution to neutrino oscil-
lations has yet to develop, the electron antineutrino survival probability of (13.35)
can be approximated by



354

Neutrinos and neutrino oscillations

Ey, = 3MeV
By =10°
<)
1> \ )
T 51 ) -
lEi) 3 /) |
Q
sin?26;5 I W\}\N\
o 1 1
0 50 100 150

L/km

The P(ve — V) survival probability as a function of distance for 3 MeV v, assuming 63 = 10°.

v

— — ) .2 Am§2L
P(ve — Ve) =~ 1 — sin“(26;3) sin 5 | (13.36)

Until recently, such short-baseline neutrino oscillations had not been observed, and
613 only was known to be small. The first conclusive observations of a non-zero
value of 813 were published in 2012.

The Daya Bay experiment in China detects neutrinos from six reactor cores each
producing 2.9 GW of power. The experiment consists of six detectors, two at a
mean flux-weighted distance of 470 m from the reactors, one at 576 m and three
at 1.65km. Each detector consists of a large vessel containing 20 tons of liquid
scintillator loaded with gadolinium. The vessels are viewed by arrays of photo-
multiplier tubes. Electron antineutrinos are detected by the inverse [3-decay reac-
tion Ve + p — e* + n. The subsequent annihilation of the positron with an electron
gives two prompt photons. The low-energy neutron scatters in the liquid scintilla-
tor until it is captured by a gadolinium nucleus. The neutron capture, which occurs
on a timescale of 100 us, produces photons from n + Gd — Gd* — Gd + v. The
photons from both the annihilation process and neutron capture produce Compton
scattered electrons. These electrons then ionise the liquid scintillator producing
scintillation light. The signature for a Vv, interaction is therefore the coincidence of
a prompt pulse of scintillation light from the annihilation and a delayed pulse from
the neutron capture 10—-100 ps later. The observed amount of prompt light provides
a measure of the neutrino energy.

The signal for neutrino oscillations at Daya Bay is a deficit of antineutrinos
that depends on the distance from the reactors and a distortion of the observed
e energy spectrum. By comparing the data recorded in the three far detectors
at 1.65km from the reactors, with the data from the three near detectors, many
systematic uncertainties cancel. In the absence of neutrino oscillations, the rates
in the near and far detectors will be compatible and the same energy distribution
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Left: the observed antineutrino rates in the Daya Bay experiment scaled to the expectation for no oscilla-
tions, plotted as a function of the flux-weighted distance to the reactors. Right: the observed background-
subtracted e™ energy spectrum in the far detectors compared to the corresponding scaled distributions from
the near detectors. Adapted from An et al. (2012).

will be observed in all detectors. The left-hand plot of Figure 13.19 shows the
observed background-subtracted rates in the near and far detectors relative to the
unoscillated expectation. The results show a clear deficit of events compared to
the unoscillated expectation and this deficit increases with the distance from the
reactors. Accounting for scaling of the fluxes with distance, the observed ratio of
far/near rates is

Nrar/Npear = 0.940 £ 0.012.

The right-hand plot of Figure 13.19 shows the observed e* energy spectrum in the
far detectors compared to that in the near detectors, scaled to the same integrated
neutrino flux. A clear difference is observed, with the maximum deficit in the far
detectors occurring in the 2-4 MeV range, consistent with neutrino oscillations
with the known value of Am%2 =23 x 1073 eV? (see Section 13.8). The observed
ratio of far-to-near event rates gives sin2(2613) =0.092 +0.017.

Recent results from the RENO reactor experiment in South Korea, which is
similar in design to the Daya Bay experiment, also show a deficit of electron
antineutrinos, compatible with sin(2613) = 0.113 + 0.023, see Ahn er al. (2012).
Based on the initial Daya Bay and RENO results, it can be concluded that

sin?(20;3) ~ 0.10 = 0.01.

Further, albeit less significant, evidence for a non-zero value of 63 has been pro-
vided by the Double-Chooz, MINOS and T2K experiments.
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13.7.2 The KamLAND experiment

The KamLLAND experiment, located in the same mine as the Super-Kamiokande
experiment, detected v, from a number of reactors (with a total power 70 GW)
located at distances in the range 130-240km from the detector. The KamLAND
detector consisted of a large volume of liquid scintillator surrounded by almost
1800 PMTs. Antineutrinos are again detected by the inverse (3-decay reaction,
Ve + p — € + n, giving a prompt signal from the positron annihilation followed
by a delayed signal from the 2.2 MeV photon produced from the neutron capture
reaction, n + p — D + y. At the distances relevant to the KamLLAND experiment,
the L/E dependence of the rapid oscillations due to the Am%2 term in (13.35) is not
resolved because the neutrino sources (the reactors) are not at a single distance L
and also because the energy resolution is insufficient to resolve the rapid neutrino
energy dependence. Consequently, only the average value of

(sin” Ap2) = 3,
is relevant. Therefore the survival probability of (13.35) can be written

P(Ve = Ve) = 1 — cos*(613) sin®(2012) sin® Ay; — 1 sin?(2613)

= cos4(013) + sin4(013) - cos4(913) sin2(2912) sin® Arq.

Neglecting the sin*(6;3) term, which is small (< 0.001), gives

= = 4 ) .2 (Am%1LH
P(ve > Vo) ~ cos™(013) |1 — sin“(26;;) sin“ | —=— || . (13.37)
Hence, the effective survival probability for reactor neutrinos at large distances has
the same form as the two-flavour oscillation formula multiplied by cos*(6;3) =
0.95.

The KamLAND experiment observed 1609 reactor v, interactions compared
to the expectation of 2179+89 in the absence of neutrino oscillations. For each
event, a measurement of the neutrino energy was obtained from the amount of
light associated with the prompt scintillation signal from the positron annihilation.
By comparing the energy distribution of the observed data with the expected dis-
tribution, the survival probability can be plotted as a function of Ly/Ey, where
Ly = 180km is the flux-weighted average distance to the reactors contributing to
V. interactions in KamLAND, as shown in Figure 13.20. The range of L/E sam-
pled is determined by the energies of the neutrinos produced in nuclear reactors,
~2—T7MeV. The data show a clear oscillation signal with a decrease and subsequent
rise in the mean oscillation probability. The measured distribution can be compared
to the expectation of (13.37) after accounting for the experimental energy resolu-
tion and range of distances sampled, which smears out the effect of the oscillations.
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KamLAND data showing the measured mean survival probability as a function of the measured neutrino
energy divided by the flux-weighted mean distance to the reactors, Ly. The histogram shows the expected
distribution for the oscillation parameters that best describe the data. Adapted from Abe et al. (2008).

The location of the minimum at Ly/Ey, ~50km MeV~! provides a tight constraint

2 _ 2 2
onAmZI—m2 my,

Am3, = (7.6 +0.2) x 107 eV?.

A measurement of the mixing angle 61, can also be obtained, which when com-
bined with the more precise determination from the solar neutrino data of SNO
(see Section 13.2) gives

sin?(2612) = 0.87 + 0.04.

13.8 Long-baseline neutrino experiments
|

In recent years, intense accelerator-based neutrino beams, produced in a similar
manner to that described in Section 12.2, have been used to study neutrino oscilla-
tions. One advantage of a neutrino beam experiment is that the energy spectrum can
be tailored to a specific measurement. Long-baseline neutrino oscillation experi-
ments typically use two detectors, one sufficiently close to the source of the beam
to allow a measurement of the unoscillated neutrino energy spectrum, and one far
from the source to measure the oscillated spectrum. The use of a near and far
detector means that many systematic uncertainties cancel, allowing precise mea-
surements to be made.
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13.8.1 The MINOS experiment

The MINOS long-baseline neutrino oscillation experiment uses an intense 0.3 MW
beam of muon neutrinos produced at Fermilab near Chicago. The neutrino energy
spectrum is concentrated in the range 1-5 GeV and peaks at 3 GeV. The 1000 ton
MINOS near detector is located 1 km from the source and the 5400 ton MINOS far
detector is located in a mine in Northern Minnesota, 735 km from the source. The
detectors are relatively simple, consisting of planes of iron, which provide the bulk
of the mass, interleaved with planes of 4 cm wide strips of plastic scintillator. When
a charged particle traverses the scintillator, light is produced. This scintillation light
is transmitted to small PMTs using optical fibres that are embedded in the scintil-
lator. The detector is magnetised to enable the measurement of the momentum of
muons produced in v,N — u~X interactions from their curvature. The amount of
scintillation light gives a measure of the energy of the hadronic final state X pro-
duced in the interaction. Hence, on an event-by-event basis, the neutrino energy is
reconstructed, Ey = E;, + Ex. An example of a neutrino interaction in the MINOS
detector is shown in Figure 13.21.

MINOS studied the neutrino oscillations of an almost pure v, beam. Because
613 is relatively small, v, — v, oscillations dominate. Since L is fixed, the oscilla-
tions are observed as a distortion of the energy spectrum. It is found that the first
maximum of the oscillation probability occurs at 1.3 GeV. Despite the fact that
the oscillations are dominated by v,, — v, most of the oscillated v are below
threshold for producing a tau-lepton and therefore MINOS makes a disappearance
measurement of |Am§2| and 63;. With the approximation Az ~ Aszp, the v, — v,
survival probability is given by (13.34) with the U; replaced by Uy,

P(vy = vy) = 1 = 4U P Ul sin® Ay — 4|Us A (1 = [U ) sin® Aso.

o s omoaxﬁaw%"

(\ ™ oy
Vi eerrrennees 7, Yea
i X i

z/m

A v, charged-current weak interaction, v,N — X, in the MINOS detector. The sizes of the circles indicate
the amount of light recorded in the scintillator strips. The muon momentum is determined from the curvature
in the magnetic field and the energy of the hadronic system from the amount of light close to the interaction
vertex.
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Left: the MINOS far detector energy spectrum compared to the unoscillated prediction (dashed). Right: the
oscillation probability as measured from the ratio of the far detector data to the unoscillated prediction.
Adapted from Adamson et al. (2011).

For the MINOS experiment, with L = 735km and E, > 1GeV, the contribution
to the oscillation probability from the long wavelength component associated with
Ay can be neglected and therefore

Py = )~ 1= 4UP(1 = U P) sin® Az,
Using the parameterisation of the PMNS matrix given in (13.33), this can be written
Pivy —>vy)=1-4 sin?(623) cos*(613) [1 - sin2(923)cosz(913)] sin® Axp
= 1 — [sin?(2023) cos*(613) + sin®(203) sin(63)] sin” Asy
Am2, L
~ 1 - Asin® | —22—|, 13.38
sin ( ik ( )

v

where A = sin%(2653) cos*(13)+sin’(26;3) sin*(623). Because ;5 is relatively small
the dominant term in the amplitude of the oscillations is from sin2(2623) cos*(63).

By comparing the energy spectrum of charged-current neutrino interactions in
the near and far detectors, MINOS directly measures the oscillation probability
as a function of E,. Figure 13.22 shows the measured far detector energy spec-
trum compared to the expected spectrum for no oscillations, determined from the
unoscillated near detector data. A clear deficit of neutrinos is observed at low ener-
gies, where the oscillation probability is highest. The right plot of Figure 13.22
shows the ratio of the measured far detector energy spectrum to the expectation
without neutrino oscillations that is obtained from the near detector data. This pro-
vides a direct measurement of the survival probability P(v, — v,), albeit slightly
smeared out by the experimental energy resolution. The position of the minimum
in the measured oscillation curve at E, ~ 1.5 GeV determines
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|Am3,| = (2.3 £0.1) x 107 eVZ.

The measured amplitude of the oscillations provides a measure of the parameter A,
which, by using the known value of 6;3, provides a constraint on the mixing angle

sin?(26»3) = 0.90.

A slightly tighter constraint is obtained from the analysis of atmospheric neutrinos
in the Super-Kamiokande detector.

13.9 The global picture

For reasons of space, it has only been possible to describe a few notable exper-
iments that provide an illustration of the main experimental techniques used to
study neutrino oscillations; there are other experiments. For example, the CERN
to Gran Sasso neutrino experiment (CNGS) is searching for v, — v, appear-
ance. At the time of writing, two candidate v; interactions have been observed
in the OPERA detector of the CNGS experiment. Furthermore, the T2K experi-
ment in Japan is studying v, disappearance and v,, — V. appearance in an intense
beam.

When the results from all experiments are taken together, a detailed picture of
the properties of neutrinos emerges. The existence of neutrino oscillations implies
that the neutrinos have mass, even if the masses are very small. The differences of
the squares of the neutrino masses have been measured to better than 5% by the
KamLAND and MINOS experiments,

mi—m? = (7.6+0.2)x 107 eV?,
Im3 —m3| = (2.3 £0.1) x 107 eV2.
Three of the four parameters of the PMNS matrix, describing the lepton flavour
sector of the Standard Model, have been determined. From the recent results of the
SNO, KamLLAND, Super-Kamiokande, MINOS, Daya Bay, RENO and Double-
Chooz experiments it is known that
sin(261,) = 0.87 + 0.04,
sin’(2623) > 0.92,
sin(2613) ~ 0.10 + 0.01.

From the above measurements, the magnitudes of the elements of PMNS matrix
are determined to be approximately
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Summary

|Uec1| Ue2| U3l 0.85 0.50 0.17
Ul U2l Uyl [ ~10.35 0.60 0.70 |. (13.39)
|Uz1] |Ux2| |Ug3] 0.35 0.60 0.70

The final parameter of the PMNS matrix, the phase 9, is not yet known. The focus
of the next generation of experiments will be to measure this phase and thus estab-
lish whether CP is violated in leptonic weak interactions.

Summary
|

The ve, v, and v, are not fundamental particle states, but are mixtures of the mass
eigenstates, vy, vy and v3. The relationship between the weak and mass eigenstates
is determined by the unitary PMNS matrix

Ve Uel UeZ UeB Vi
Vu | = Uul UMZ UM3 \'%)
Vi U‘[l U‘[2 U'IZ3 V3

The PMNS matrix can be expressed in terms of four fundamental parameters of
the Standard Model; three rotation angles, 615, 613 and 8,3, and a complex phase ¢
that admits the possibility of CP violation in the leptonic sector.

Neutrinos propagate as coherent linear superpositions of the mass eigenstates,
for example

Ve) = UetIVi)e ™' + Uealva)e ™ + Ugslvsye ™.

If m(vy) # m(v;) # m(vs), phase differences develop between the different compo-
nents, giving rise to the observable effect of neutrino oscillations, with oscillation
probabilities of the form

Am?[eV?]L[km]

P(ve — V) = sin*(26) sin’ (1.27 E.[GoVI]

The study of neutrino oscillations provides a determination of the differences in the
squares of the neutrino masses

mj—mi ~7.6x107eV? and |m3—mi| ~2.3x107eV?,
and measurements of the mixing angles of the PMNS matrix

912 =~ 350, 923 =~ 450 and 013 = 100.
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Problems
|

@ 13.1 By writing p; = BE; and p, =BF;, and assuming 3, =3, =, show that Equation (13.13) reduces to

(13.12), ie.
E E mZ_mZ mZ_mZ
A¢12=(E1—Ez)[r—(1+z)t]+(1 Z]Lz 12

P+ P P+ 2p

wherep = p; & p; and itis assumed that p; > myand p, > m;.

@ 3.2 Show that when L is given in km and Am? is given in eV?, the two-flavour oscillation probability expressed in
natural units becomes

Am*[GeVHIL[GeV "]

Am*[eV?]L[km]
4F,[GeV]

") i 2 — i 2 in?
sin”(26) sin ( ) sin”(20) sin (127 4F, [GeV]

(B 133 From Equation (13.24) and the unitarity relation of (13.18), show that
P(ve = Ve) = 1+ Ul IVl Re{[e @~ —1])
+ Ul Uesl” Ref[e™ @~ —1])
+ el IVl Refle @) —17).

@ 13.4  Derive Equation (13.30) in the following three steps.
(@) By writing the oscillation probability P(ve — v,) as
Pve = v) =2 > Re {UsllgUy |64 1]},
i<j
and writing Aj = (¢; — ¢;)/2, show that

sin’ A

P(ve = V) = =4 > RelUsllily)

i<j

+22\5m{U*Uer/ "} sin 2.

i<j

(b) Defining—J = Sm{U:1 U U63U;3}, use the unitarity of the PMNS matrix to show that
m{U; Uu1Ue3Uu3} m{UZZUMZU@U;} =- Sm{U;UmUer;z} =-J.
(c) Hence, using the identity
A B A+ B
sinA + sinB — sin(A + B) = 4sin| = |sin| = | sin e s
2 2 2
show that

P(ve = vy) = —42 Re{l:: Uil U }sin2 Aj + 8Jsin Ay sin Az sin Ay.

i<j
(d) Hence show that

P(ve = V) = P(Ve — V) =16 Im{U mUeZUuz} sin Ay sin Agz sin Ap.
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Problems

D Bs

CRCRC

13.6

13.7
13.8
13.9

(e) Finally, using the currentknowledge of the PMNS matrix determine the maximum possible value of P(ve —
Vi) — P(Ve = V).

The general unitary transformation between mass and weak eigenstates for two flavours can be written as

( Ve ) _ ( €0s @ exp (idy) sin9exp<i[@ —(5])](\/1 )

Vu —sinfexp (i [@ + 6]) cos 8 exp (id;) V)

(@) Show that the matrix in the above expression is indeed unitary.
(b) Show that the three complex phases &;, & and & can be eliminated from the above expression by the
transformation

{a - faei(99+9(,)’ v — vkei(l‘}e+9k) and Ua/k - Uakei(ga—gk)’

without changing the physical form of the two-flavour weak charged current

| 5 Ua Uez)(W)
—i— (e, (11— .
\5( Wy 7)(Um b )\ v,

The derivations of (13.37) and (13.38) used the trigonometric relations
1— Lsin(265) = cos*(8) + sin* (),
and
4sin’ By cos? @3 (1 — sin” By cos? B3) = (sin? 2603 cos* By + sin? 205 sin’ 6y3).
Convince yourself these relations hold.
Use the data of Figure 13.20 to obtain estimates of sin?(26;,) and |Am§1 l.
Use the data of Figure 13.22 to obtain estimates of sin?(2653) and |Am§2|.

The T2K experiment uses an off-axis v,, beam produced from t* — p*v, decays. Consider the case where
the pion has velocity B along the z-direction in the laboratory frame and a neutrino with energy £ is produced
at an angle 6% with respect to the /-axis in the st * rest frame.

(@) Show that the neutrino energy in the pion rest frame is p* = (m?, — mﬁ)/Zmn .

(b) Using a Lorentz transformation, show that the energy £ and angle of production @ of the neutrino in the
laboratory frame are

E=yE*(1+Bcos6) and EcosO = yE*(cos6" + ),
wherey = £ /my.
(c) Using the expressions for £* and 6* in terms of £ and 6, show that
Y(1 = BeosO)(1+ Beos8) = 1.

(d) Show that maximum value of & in the laboratory frame is Orax = 1/7.
(e) Inthelimitd < 1, show that

1
E~08F———,
"1 + By
and therefore on-axis (6 = 0) the neutrino energy spectrum follows that of the pions.
(f) Assuming that the pions have a flat energy spectrum in the range 1-5 GeV, sketch the form of the resulting
neutrino energy spectrum at the T2K far detector (Super-Kamiokande), which is off-axis at & = 2.5°. Given
that the Super-Kamiokande detector is 295 km from the beam, explain why this angle was chosen.
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CP violation and weak hadronic interactions

4 CP violation is an essential part of our understanding of both particle physics
and the evolution of the early Universe. It is required to explain the observed
dominance of matter over antimatter in the Universe. In the Standard Model,
the only place where CP violating effects can be accommodated is in the weak
interactions of quarks and leptons. This chapter describes the weak charged-
current interactions of the quarks and concentrates on the observations of CP
violation in the neutral kaon and B-meson systems. This is not an easy topic
and it is developed in several distinct stages. The detailed quantum mechani-
cal derivations of the mixing of neutral meson states are given in two starred

\_ sections. Y.

14.1 (P violation in the early Universe

364

The atoms in our local region of the Universe are formed from electrons, protons
and neutrons rather than their equivalent antiparticles. The possibility that there are
galaxies and/or regions of space dominated by antimatter can be excluded by the
astronomical searches for photons from the e*e™ annihilation process that would
occur at the interfaces between matter and antimatter dominated regions of the Uni-
verse. The predominance of matter is believed to have arisen in the early evolution
of the Universe.

In the early Universe, when the thermal energy kgT was large compared to the
masses of the hadrons, there were an equal number of baryons and antibaryons.
The baryons and antibaryons were initially in thermal equilibrium with the soup of
relatively high-energy photons that pervaded the early Universe, through processes
such as

Y+y=p+p. (14.1)

As the Universe expanded, its temperature decreased as did the mean energy of
the photons. At some point, the forward reaction of (14.1) effectively ceased. Fur-
thermore, with the expansion, the number density of baryons and antibaryons also
decreased and eventually became sufficiently low that annihilation processes such
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as the backward reaction of (14.1) became very rare. At this point in time, the num-
ber of baryons and antibaryons in the Universe was effectively fixed. This process
is known as Big Bang baryogenesis. The calculations of the thermal freeze out of
the baryons without CP violation predict equal number densities of baryons and
antibaryons, ng = ng, and a baryon to photon number density ratio of

ng = ng ~ 10_18ny.

This prediction is in contradiction with the observed matter-dominated Universe,
where the baryon—antibaryon asymmetry, which can be inferred from the relative
abundances of light isotopes formed in the process of Big Bang nucleosynthesis, is
"BTME 1079.
Ty
Broadly speaking, to generate this asymmetry, for every 10° antibaryons in the
early Universe there must have been 10° + 1 baryons, which annihilated to give
O(10°) photons, leaving 1 baryon.

To explain the observed matter—antimatter asymmetry in the Universe, three con-
ditions, originally formulated by Sakharov (1967), must be satisfied. In the early
Universe there must have been: (i) baryon number violation such that ng — ng is not
constant; (ii) C and CP violation, because if CP is conserved, for every reaction that
creates a net number of baryons over antibaryons there would be a CP conjugate
reaction generating a net number of antibaryons over baryons; and (iii) departure
from thermal equilibrium, since in thermal equilibrium any baryon number vio-
lating process will be balanced by the inverse reaction. The Standard Model of
particle physics provides the possibility of CP violation in the weak interactions of
quarks and leptons. To date, CP violation has only been observed in the quark sec-
tor, where many detailed measurements have been made. Despite the clear observa-
tions of CP violating effects in the weak interactions of quarks, this is not sufficient
to explain the matter—antimatter asymmetry in the Universe and ultimately another
source needs to be identified.

14.2 The weak interactions of quarks
I —

In Section 12.1, it was shown that there is a universal coupling strength of the
weak interaction to charged leptons and the corresponding neutrino weak eigen-
states; G;e ) = G;“) = Gg ). The strength of the weak interaction for quarks can
be determined from the study of nuclear -decay, where |M|* « fo)G(Fﬁ) and G(Fﬁ)
gives the coupling at the weak interaction vertex of the quarks in Figure 14.1. From
the observed [(3-decay rates for superallowed nuclear transitions, the strength of the
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The lowest-order Feynman diagrams for w~-decay and the underlying quark-level process in nuclear
[3~-decay.
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The weak interaction couplings of the d, s, u and cin terms of the Cabibbo angle, 6,.

coupling at the ud quark weak interaction vertex is found to be 5% smaller than
that at the w™v,, vertex,

G = (1.166 3787 + 0.000 0006) x 107> GeV~2,
GP = (1.1066 + 0.0011) x 107> GeV 2.

Furthermore, different coupling strengths are found for the ud and us weak charged-
current vertices. For example, the measured decay rate for K™(us) — u™v, com-
pared to that of 7~ (ud) — w~v, is approximately a factor 20 smaller than would
be expected for a universal weak coupling to the quarks. These observations were
originally explained by the Cabibbo hypothesis. In the Cabibbo hypothesis, the
weak interactions of quarks have the same strength as the leptons, but the weak
eigenstates of quarks differ from the mass eigenstates. The weak eigenstates,
labelled d’ and s’, are related to the mass eigenstates, d and s, by the unitary matrix,

(d:):( Cf)SQC sinec](d], (14.2)
S —sinf,. cosf. )\ s
where 6, is known as the Cabibbo angle. This idea is very similar to the two-flavour
mixing of the neutrino mass and weak eigenstates encountered in Section 13.4. In
the Cabibbo model, the weak interactions of quarks are described by ud” and cs’
couplings, shown in Figure 14.2.

Nuclear 3-decay involves the weak coupling between u and d quarks. There-

fore, with the Cabibbo hypothesis, 3-decay matrix elements are proportional to
gw cos 6. and decay rates are proportional to Ggcos®6,. Similarly, the matrix



14.2 The weak interactions of quarks

The main decay modes of the st~ and K™

d cos 6, o d —sin 6, o
KO u Vu KO c Vu

_ N - +

° sin6; K s cos @, u

Two box diagrams for the decay K, — w*u. The distinction between the K; and the K° is described in
Section 14.4.

elements for the decays K~ — u™v, and ®= — p™vy, shown in Figure 14.3,
respectively include factors of cosé, and sin .. Consequently, after accounting
for the difference in phase space, the K™ decay rate is suppressed by a factor of
tan 6, relative to that for the 7t~. The observed -decay rates and the measured
ratio of I'(K™(us) — pw™v,) toI'(m"(ud) — p™v,) can be explained by the Cabibbo
hypothesis with 6, ~ 13°.

When the Cabibbo mechanism was first proposed, the charm quark had not been
discovered. Since the Cabibbo mechanism allows for ud and us couplings, the
flavour changing neutral-current (FCNC) decay of the neutral kaon K; — p*ru~
can occur via the exchange of a virtual up-quark, as shown in the first box diagram
of Figure 14.4. However, the observed branching ratio,

BR(K; — ™) = (6.84 £0.11) x 1072,

is much smaller than expected from this diagram alone. This observation was
explained by the GIM mechanism; see Glashow, [liopoulos and Maiani (1970).
In the GIM mechanism, which was formulated before the discovery of the charm
quark, a postulated fourth quark coupled to the s” weak eigenstate. In this case, the
decay K, — p*u~ can also proceed via the exchange of a virtual charm quark, as
shown in the second box diagram of Figure 14.4. The matrix elements for the two
K, — u*u~ box diagrams are respectively

M, o g, cosb.sinf.  and M. o« —gy, cos 6, sin 6.
Because both diagrams give the same final state, the amplitudes must be summed

IMP = My + M % 0.
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The GIM mechanism therefore explains the smallness of the observed K; — pu*u~
branching ratio. The cancellation is not exact because of the different masses of the
up and charm quarks.

14.3 The CKM matrix

The Cabibbo mechanism is naturally extended to the three generations of the Stan-
dard Model, where the weak interactions of quarks are described in terms of the
unitary Cabibbo—Kobayashi-Maskawa (CKM) matrix. The weak eigenstates are
related to the mass eigenstates by

d’ Vud Vus Vub d
s’ | = Vcd Vcs Vcb S 1. (14.3)
b’ Via Vis Vo J\ b

Consequently, the weak charged-current vertices involving quarks are given by

gw _ Vud Vus Vub d
_iT(ﬁ’ S OY LU =) Ved Vs Voo || s |,
2 Via Vis Vo )b

where, for example, d is a down-quark spinor and u is the adjoint spinor for an
up-quark. The relative strength of the interaction is defined by the relevant element
of the CKM matrix. For example, the weak charged-current associated with the
duW vertex shown in the top left plot of Figure 14.5 is

Jow = =145 Vaa iy 3(1 = )d.
d Vg "% u U d u
\?/ W~ Vudg_\/%
W d

Ql

d

cl

Q&{
w
u ooy Vig u
Ud\@ Ud\/E
Y \( -
w w

The charged-current weak interaction vertices involving u and d quarks.
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The CKM matrix is defined such that the associated vertex factor contains Vg
when the charge —% quark enters the weak current as the spinor. If the charge —%
quark is represented by an adjoint spinor, d = dfy°, the vertex factor from the CKM
matrix is V: 4 For example, the current associated with the vertex in the bottom left
plot of Figure 14.5 is
jl’;d = —i% deay”%(l -y

The CKM matrix, which is the analogous to the PMNS matrix for the weak
interactions of leptons, is unitary and can be described by three rotation angles and
a complex phase,

Vud Vus Vb 1 0 0 ci3 0 size™ ci2 5120

Vekm = | Ved Ves Voo [=]0 c23 523 | X 0 ‘ 1 0 X| —s12 c12 01,
Via Vis Vi 0 —s23 23 —s13¢% 0 ¢13 0 01

(14.4)

where s;; = sin¢;; and ¢;; = cos ¢;;.

Whilst the structure of the weak interactions of quarks and leptons is the same,
the phenomenology is very different. Quarks do not propagate as free particles,
but hadronise on a length scale of 10~'> m. Consequently, the final states of weak
interactions involving quarks have to be described in terms of mesons or baryons.
The observed hadronic states are composed of particular quark flavours and, there-
fore, it is the quark mass (flavour) eigenstates that form the observable quantities
in hadronic weak interactions. Consequently, the nine individual elements of the
CKM matrix can be measured separately. For example, V4 is determined from
superallowed nuclear [3-decays,

[Vual = cos 6, = 0.974 25(22).

The weak coupling between the u and s quarks can be determined from the mea-
sured branching ratio of the K® — m~e*v, decay shown in Figure 14.6a,

Vs = 0.225 2(9).

0

The Feynman diagrams for a) K — 7t™e*v,, b) B® — mt™e*veand o v, d — pc.
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The large numbers of B(db) and B°(bd) mesons produced at the BaBar and Belle
experiments, described in Section 14.6.3, allow precise measurements of the
branching ratios for decays such as B — n~e*v,, shown in Figure 14.6b. The mea-
surements of the inclusive and exclusive branching ratios of the B-mesons imply

[Vl = (4.15 + 0.49) x 107.

The CKM matrix element Vs can be determined from the leptonic decays of
the DY (us) meson, for example DY — p*v,, and V¢, can be determined from the
semi-leptonic decay modes of B-mesons to final states with charm quarks, giving

[Ves| = 1.006 +0.023  and  [Vp| = (40.9 + 1.1) x 107,

The CKM matrix element V4 is most precisely measured in neutrino—nucleon scat-
tering, vyd — ¢, shown in Figure 14.6¢. The final-state charm quark can be
identified from its semi-leptonic decay ¢ — su*v,, which gives an experimental
signature of a pair of oppositely charged muons, one from the charm production
process and one from its decay. The observed production rate of opposite sign
muons in neutrino deep inelastic scattering gives

[Veal = 0.230(11).

The experimental situation for the CKM matrix elements involving top quarks
is somewhat less clear. The observations of B < B oscillations, described in
Section 14.6, can be interpreted in the Standard Model as measurements of

Vil = (84 +£0.6) x 1073 and |Vi| = (42.9 +2.6) x 107.

From the observed decay modes of the top quark at CDF and DO, it is known that
the top quark decays predominantly via t — bW and therefore |Vy,| is close to unity,
although the current experimental error is at the 10% level.

In the Standard Model, the CKM matrix is unitary, VIV = I, which implies that

[Vadl* + Vs + [V l* = 1, (14.5)
[Veal® + [Vesl* + [Vl = 1, (14.6)
[Vial® + Vi + Vo> = 1. (14.7)

The measurements of the individual CKM matrix elements, described above, are
consistent with these three unitarity relations. Assuming unitarity, further con-
straints can be placed on the less precisely determined CKM matrix elements, for
example |Vip|> = 1 — [Vis|* = |Vip|?, which implies that [Vip| = 0.999. With the
unitarity constraints from (14.5)—(14.7), the experimental measurements can be
interpreted as

[Vedl [Ves| [Vebl 0.225 0.973 0.041 |. (14.8)

[qudl Vsl IVubI] 0.974 0.225 0.004
[Vidl Visl Vil 0.009 0.040 0.999
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Unlike the PMNS matrix of the lepton flavour sector, the off-diagonal terms in
the CKM matrix are relatively small. This implies that the rotation angles between
the quark mass and weak eigenstates in (14.4) are also small, ¢1p = 13°, ¢p3 = 2.3°
and ¢;3 = 0.2°. The smallness of these angles leads to the near diagonal form
of the CKM matrix. Consequently, the weak interactions of quarks of different
generations are suppressed relative to those of the same generation, ud, cs and
tb. The suppression is largest for the couplings between first and third generation
quarks, ub and td.

Because of the near diagonal nature of the CKM matrix, it is convenient to
express it as an expansion in the relatively small parameter 4 = sin6, = 0.225.
In the widely used Wolfenstein parameterisation, the CKM matrix is written in
terms of four real parameters, A, A, p and 1. To O(1*) the CKM matrix then can be
parameterised as

Vad Vas Vi 1-2%/2 1 AX(p-in)
Ved Ves Vep | = -1 1-22/2 A2 +oh. (149
Via Vis Vi A/l3(1 —p—in) —-AL 1

In the Wolfenstein parameterisation, the complex components of the CKM matrix
reside only in Vi, and Viy (although if higher-order terms are included, V.4 and Vi
also have a small complex components that are proportional to A°). For CP to be
violated in the quark sector, the CKM matrix must contain an irreducible complex
phase and this corresponds to 1 being non-zero. The experimental measurements of
branching ratios only constrain the magnitudes of the individual CKM matrix ele-
ments, and do not provide any information about this complex phase. To constrain
n and p separately, measurements that are sensitive to the amplitudes, rather than
amplitudes squared are required. Such measurements can be made in the neutral
kaon and neutral B-mesons systems.

14.4 The neutral kaon system
I —

The first experimental observation of CP violation was made in the neutral kaon
system. The K°(ds) and K(sd) are the lightest mesons containing strange quarks.
They are produced copiously in strong interactions, for example in processes

7t (du) + p(uud) — A(uds) + K°(ds),
p(uud) + p(@ud) — K*(us) + K°(sd) + 7~ (du).
The K° and K° are the eigenstates of the strong interaction and are referred to as

the flavour states. Since they are the lightest hadrons containing strange quarks,
the K° and K° can decay only by the weak interaction. Because the neutral kaons



372

(P violation and weak hadronic interactions
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Two box diagrams for K < K® mixing. There are corresponding diagrams involving all nine combinations
of virtual up, charm and top quarks.

are relatively light, m(K) = 498 MeV, only decays to final states with either lep-
tons (e/u) or pions are kinematically allowed. The weak interaction also provides a
mechanism whereby the neutral kaons can mix through the K & K° box diagrams
shown in Figure 14.7.

In quantum mechanics, the physical states are the eigenstates of the free-particle
Hamiltonian. These are the stationary states introduced in Section 2.3.3. Until now,
independent stationary states have been used to describe each type of particle. Here
however, because of the K «» K° mixing process, a neutral kaon that is produced
as a K will develop a K® component. For this reason, the K°-K° system has to
be considered as a whole. The physical neutral kaon states are the stationary states
of the combined Hamiltonian of the K’-K° system, including the weak interaction
mixing Hamiltonian. Consequently, the neutral kaons propagate as linear combi-
nations of the K® and K°. These physical states are known as the K-short (Kg)
and the K-long (K;). The Kg and K; are observed to have very similar masses,
m(Ks) =~ m(Kp) =~ 498 MeV, but quite different lifetimes,

7(Ks)=09%x 1079 and 7(K;)=0.5x%x107"s.

If CP were an exact symmetry of the weak interaction, the Kg and K; would
be equivalent to the CP eigenstates of the neutral kaon system (the proof of this
statement is given in Section 14.4.3). The CP states can be identified by considering
the action of the parity and charge conjugation operators on the neutral kaons. The
flavour eigenstates, K%(ds) and KO(SH), have spin-parity J = 0~ and therefore

PK% = K% and PK%) = -[K°).

The K° and K° are not eigenstates of the charge conjugation operator C that has
the effect of replacing particles with antiparticles and vice versa. However, since
they are neutral particles with opposite flavour content, one can write

CIK%ds)) = €“|K°(ds)) and CIK%(ds)) = e 4K (ds)),
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where ¢ is an unobservable phase factor, which is conventionally' chosen to be
{ = m such that

CIKO(ds)) = —-[K%(ds)) and C[K°(ds)) = —|K°(ds)).

With this choice, the combined action of CP on the neutral kaon flavour eigen-
states are

CPK" = +[K% and CPK’) = +K").
Consequently, the orthogonal linear combinations
- 1 k0, %0 _ 1 0 _ 30
K = ﬁ(K +K") and K, = ﬁ(K K"), (14.10)
are CP eigenstates with
CPK)) = +[K;) and CPKp) = —IKp).

If CP were conserved in the weak interaction, these states would correspond to the
physical Ky and K; particles. In practice, CP is observed to be violated but at a
relatively low level, and to a reasonable approximation it is found that

IKs) ~ |K;) and [Kp) =~ [Kj3).

14.4.1 Kaon decays to pions

Neutral kaons propagate as the physical particles Kg and K, which have well-
defined masses and lifetimes. The Kg and K; mainly decay to hadronic final states
of either two/three pions or to semi-leptonic final states with electrons or muons.
For the hadronic decays, the Kg decays mostly to st final states, whereas the main
hadronic decays of the K;, are to mmm final states,

I'Ksg - aim) > 'Ky » aimwr) and I'(K; — amw) > 'K, — 7).

The differences in the lifetimes of the K¢ and K, can be attributed to the different
hadronic decay modes that are a consequence of the (near) conservation of CP in
kaon decays, as discussed below

First consider the decays to two pions. The two pions can be produced with
relative orbital angular momentum ¢, as indicated in Figure 14.8a. Because kaons
and pions both have J© = 07, the pions produced in the decay K — ni’® must be
in an £ = 0 state in order to conserve angular momentum. The overall parity of the
n'n® system, which is given by the symmetry of the spatial wavefunction and the
intrinsic parity of the pion, is therefore

P(°n°) = (1) PO P(n°) = (+1) x (1) x (=1) = +1.

! Sometimes, the convention £ = 0 is used, leading to a different definition of the K; and K, in
terms of the flavour eigenstates. However, provided this weak phase is treated consistently, there
are no physical consequences in the choice.
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The effect of the parity and charge conjugation operations on the st*st™ system in an £ =0 angular
momentum state.

The flavour wavefunction of the mt is
[n%) = 5 (ul - dd),
and consequently the ni° is an eigenstate of C with eigenvalue +1. Therefore
C(@°n%) = C(x")C(%) = +1,
and since P(n°n®) = +1, the n°x® system must be produced in a CP-even state,
CP(°n’) = +1.

The angular momentum arguments given above apply equally to the w7t~ system,
and therefore P(t*nt™) = +1. The effect of the parity operation on the t*mt™ system
is to swap the positions of the two particles, with no change in sign. Because the
charge conjugation operation turns a 7t into a t~ and vice versa, the effect of the
charge conjugation on the w7t~ system is also to swap the positions of the particles,
with no change in sign. Hence, here the parity and charge conjugation operations
have the same effect, as shown in Figure 14.9, and thus C(nn*n™) = P(w*n™) = +1.
Therefore, the decay of a neutral kaon into two pions always produces a CP-even
final state,

CcP’n®) = +1 and CP(*m) = +1.

If CP is conserved in kaon decay (which it is to a very good approximation), the
decay K — 7t can only occur if the neutral kaon state has CP = +1.

The corresponding arguments for the decays K — n°n®n® and K — i~ n® are
slightly more involved. Here, the orbital angular momentum has to be decomposed

into two components; the relative angular momentum of the first two particles, L,
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and the relative angular momentum of the third with respect to the centre of mass
of the first two, L, as indicated in Figure 14.8b. Because both kaons and pions are
spin-0 particles, the total orbital angular momentum in the decay K — mtstor must
be zero, L = L; + L, = 0. This only can be the case if £{; = ¢, = {. The overall
parity of the final state in a K — mzmm decay is therefore

P(nm) = (=D (=D2(P@)* = D*(=1)° = -1.
For the n°x%n° final state, the effect of the charge conjugation operator is
C(@°n°n%) = (@)@ (@) = (+1)% = +1,

and therefore CP(n°n’n’) = —1. The effect of the charge conjugation operator on
the w*m~n¥ system follows from the arguments given previously,

Cr*n 7)) = Cr*n)C") = +C(n*n) = P(a*n) = (-1)°,

where again the effect of C(n*77) is the same as that of P(w*nt™). Because m(K) —
3m(m) ~ 80MeV, the kinetic energy of the three-pion system is relatively small,
and the decays where {1 = £, > 0 are suppressed to the point where the contribution
is negligible. For this reason £; can be taken to be zero and thus

CP’n’7x%) = -1 and CP@E'n a°) =-1.

Therefore, the K — s decay modes of neutral kaons always result in a CP-odd
final state.

If CP were conserved in the decays of neutral kaons, the hadronic decays of the
CP-eigenstates |K;) and |[K;) would be exclusively K; — niw and Ky, — smo.
Because the phase space available for decays to two and three pions is very differ-
ent, m(K) — 2m(wt) = 220 MeV compared to m(K) — 3m(;t) ~ 80 MeV, the decay
rate to two pions is much larger than that to three pions. Hence, the short-lived Kg,
which decays mostly to two pions, can be identified as being a close approximation
to the CP-even state

Ks ~ K; = %(KO +K%), (14.11)
and the longer lived K; as
K, ~ Ky = %(KO - K. (14.12)

If CP were exactly conserved in the weak interaction, then Ky = K; and K; = K.

CP violation in hadronic kaon decays

The decays of neutral kaons have been extensively studied using kaon beams pro-
duced from hadronic interactions. If a neutral kaon is produced in the strong
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interaction pp — K 7"K’, at the time of production, the kaon is the flavour
eigenstate,

[K(0)) = [K°).

In the absence of CP violation, where Ky = K; and K; = Ko, the [K°) flavour state
can be written in terms of the CP eigenstates using (14.11) and (14.12),

IK(0)) = [K°) = 5[ IKp) + K)] = - [1Ks) + [Kp)]. (14.13)

The subsequent time evolution is described in terms of the Kg and K;, which are
the observed physical neutral kaons with well-defined masses and lifetimes. In the
rest frame of the kaon, the time-evolution of the Kg and K states are given by

IKs (1)) = [Ks) exp [-imgt — T'st/2], (14.14)
IKL(0)) = [Kp) exp [—impt — [ t/2], (14.15)

where the exp [-I'7/2] terms ensure that the probability densities decay exponen-
tially. For example

(Ks(0|Ks (1) oc 715" = 7!/,
Hence the time evolution of the state of (14.13) is
K(D) = J5 [IKs e s T/ 4 K yemme 2],
which can be written as
K() = <5 [6s(DIKs) + 0K 1], (14.16)
with
Os(t) =exp[—(ims +I's/2)t] and 6p(t) =exp[—(imp +11/2)t]. (14.17)

The decay rate to the CP-even two-pion final state is proportional to the K; com-
ponent of the wavefunction, which in the limit where CP is conserved is equivalent
to the Kg component. Therefore, if CP is conserved, the decay rate to two pions
from a beam that was initially in a pure |[K°) state is

F(K? o — TIT) o |<KS|K(1‘))|2 o |6 (t)|2 — st _ e_t/TS,
and similarly
(K", — 7o) o (KL () oc e/

If a kaon beam, which originally consisted of K°(ds), propagates over a large dis-
tance (L > cty), the Ky component will decay away leaving a pure K; beam, as
indicated in Figure 14.10. The same would be true for an initial K beam.

If CP were conserved in the weak interactions of quarks, the K; would corre-
spond exactly to the CP-odd Kj state and at large distances from the production
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Table 14.1 The main decay modes of the Ks and K;.

Ky Decays BR K} Decays BR
Ky - nfn 69.2% K; - 't~ 0.20%
K; — ax° 30.7% K, — n'x° 0.09%
Ky » atnnd ~3x107% K; - ntaal 12.5%
Ky — nn’n? - K, —» n’7x 19.5%
Ks — metv, 0.03% K; — wetv. 20.3%
Ks — nfe v, 0.03% K; — nte v, 20.3%
Ks — nptv, 0.02% K, — wptv, 13.5%
Ks — mfu v, 0.02% K, — 7"uv, 13.5%
A
Kg— mm

2

2

2

£

()]

o

-

K, — nnr
N
7

Distance from K° production

Expected decay rates to pions from an initially pure K® beam, assuming no CP violation.

of a kaon beam, the hadronic decays to two pions would never be detected. The
first experimental evidence for CP violation was the observation of 45 K, — nt*n~
decays out of a total of 22 700 K, decays at a large distance from the production of
the neutral kaon beam; see Christenson ez al. (1964). This provided the first direct
evidence for CP violation in the neutral kaon system, albeit only at the level of
0.2%, for which Cronin and Fitch were awarded the Nobel prize.

The branching ratios for the main decay modes of the Kg and K; are listed in
Table 14.1, including the relatively rare CP violating hadronic decays. The small-
ness of the semi-leptonic branching ratios of the Ky compared to the K;, reflects
the relatively large K¢ — ms decay rate; the semi-leptonic partial decay rates of
the K¢ and K; are almost identical (see Section 14.5.4).

14.4.2 The origin of CP violation

There are two main ways of introducing CP violation into the neutral kaon system.
If CP is violated in the K® < K° mixing process (see Section 14.4.3), then the
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Ky and K will not correspond to the CP eigenstates, K; and K;. Given that the
observed level of CP violation is relatively small, the Ky and K; can be related to
the CP eigenstates by the small (complex) parameter &,

1 1
Ks) = —=(Ki) +¢lKy)) and [Kp)=—=(K2)+¢lKy)),
V1 + gl V1 + |g]?
such that Ky ~ K; and K; = Kj. In this case, the observed K; — msm decays are
accounted for by

Kz) = (IK2) + &lK1))

1
2
V1 + g L. -

JUITTT

and the relative rate of decays to two pions will be depend on ¢.
The second possibility is that CP is violated directly in the decay of a CP eigen-
state,

K1) = [K2)
L> JTIT

JUITTT

The relative strength of this direct CP violation in neutral kaon decay is parame-
terised by & with ['(K; — nw)/T'(K; — smw) = &', Experimentally, it is known
that CP is violated in both mixing and directly in the decay. The results of the
NA48 experiment at CERN and the KTeV experiment at Fermilab, demonstrate
that direct CP violation is a relatively small effect,

‘Re(g—) = (1.65 + 0.26) x 1073,

e

and ¢ is already a small parameter. Therefore, the main contribution to CP violation
in the neutral kaon system is from K° < K° mixing. The quantum mechanics of

mixing in the neutral kaon system is described in detail in the following starred
section.

14.4.3 *The quantum mechanics of kaon mixing

To fully understand the physics of the neutral kaon system, it is necessary to con-
sider the quantum mechanical time evolution of the combined K°—K? system. This
is not an easy topic, but the results are important.

In the absence of neutral kaon mixing, the time dependence of the wavefunction
of the K° would be

IK(0)) = [KOye TH/2emim!, (14.18)
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Two box diagrams for K° < K°. There are corresponding diagrams involving all nine combinations of virtual
up, charm and top quarks.

where m is the mass of the particle and the term I' = 1/7 ensures the probability
density decays away exponentially. The time-dependent wavefunction of (14.18)
clearly satisfies the differential equation

.0 ;
i= K@) = (m = sDIK(0),
and therefore the effective Hamiltonian H can be identified as

HIK’(1)) = (m - iD)K (1)) (14.19)

Because of the inclusion of the exponential decay term in the wavefunction, the
effective Hamiltonian is not Hermitian and also the expectation values of opera-
tors corresponding to physical observable will not be constant. The mass m in the
effective Hamiltonian of (14.19) includes contributions from the masses of the con-
stituent quarks and from the potential energy of the system. The potential energy
includes contributions from the strong interaction potential (which is the dominant
term), the coulomb interaction and the weak interaction. The interaction terms can
be expressed as expectation values of the corresponding interaction Hamiltonians.
Therefore the mass of the K, when taken in isolation, can be written as

\Hyw|j)jIHw|K®)
Ej — mg

. . . K°
m = mq +ms + (K Hgcp + Apy + AwlK) + ) < . (14.20)
J

The last term in this expression comes from the small second-order O(GI%) con-
tribution to the weak interaction potential from the K’ < K° box diagrams of
Figure 14.11. The decay rate I" that appears in (14.19) is given by Fermi’s golden
rule

I'=2r ) KfAwK") oy,
f

where the sum is taken over all possible final states, labelled f, and p is the density
of states for that decay mode.

Up to this point, the K has been considered in isolation. However, a K° will
develop a K® component through the K « K° mixing diagrams of Figure 14.7.
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Consequently, the time evolution of a neutral kaon state must include both K° and
K° components,

K1) = a(t)K®) + b(1)K®), (14.21)

yhere the coefficients a(t) and b(¢) are the amplitudes and phases of the K and
K° components of the state at a time ¢. The time evolution of |K(#)), analogous to
(14.19), now has to be written as the coupled equations

My -0y My - %Flz][a(t) |KO>] 3 iﬁ (a(t) |KO>) (14.22)
My — i1 My — £y J{ b(1) [K®) ot { b(t) K )’
and the effective Hamiltonian becomes
; My My, (T T2
H=M-iIl' = -1 . 14.23
2 ( M1 M» ) 2 ( I Iy ) ( )

It is important to understand the physical meaning of the terms in (14.23). First
consider the decay matrix I' that accounts for the decay of the state |K(#)). Here the
total decay rate is given by Fermi’s golden rule, which to lowest order is

[=27 ) KRRy = 20 > KOBwLSIHwIK) oy
f f

By writing [K(7)) in terms of K° and KY, the matrix element squared for the decay
to a final state f becomes

[KFIHwIKE = la@)* [FIEwWKOP + 1O Kf1HwK)
+a(t)b(t)* (KO Awl ) fIEwIK®) + a(t) b() (KO Awl £ fIAwIK®).

The diagonal elements of I" are therefore given by the decay rates

=27 ) KAAWK)Pp; and Ty =27 > KAAWK oy,
f f

and are therefore real numbers. The off-diagonal terms of I' account for the inter-
ference between the decays of the K and K° components of K(z). Because the two
interference terms are the Hermitian conjugates of each other, I'j = I';,, and the
matrix I is itself Hermitian.

Now consider the mass matrix M. The diagonal elements are the mass terms for
the K° and K° flavour eigenstates, with My, given by (14.20) and

%
21°

\Bw!j)jIHwIK®)

. . - (X"
M>» :ms+ma+(KOIHQCD+HEM+HW|KO>+Z E.
7 j K

(14.24)
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The off-diagonal terms of M are due to the K « K° mixing diagrams of
Figure 14.7, and can be written

<K°IHw|J><J|Hw|K°>
Mp =M 21 Z - my

There is no off-diagonal term of the form (K0|HW|K0) because there is no Feyn-
man diagram for K® < K° mixing involving the exchange of a single W boson.
Since M, = M;l and the diagonal terms of M are real, the mass matrix is Her-
mitian. If there were no mixing in the neutral kaon system M, M>;, I'1» and I
would all be zero, and the time evolution equation of (14.22) would decouple into
two independent equations of the form of (14.19), describing the independent time
evolution of the K and K.

From the required CPT symmetry of the Standard Model, the masses and decay
rates of the flavour states K® and K° must be equal, M{; = My = M andI'|; =
I’y = I'. Therefore the effective Hamiltonian of (14.23) can be written as

M Mu)_i( r rlz)

- + (14.25)
M, M r, T

H=M-iI'= (
Because the off-diagonal elements of M arise from second-order weak interaction
box diagrams, they are much smaller than the diagonal elements that include the
fermion masses and the strong interaction Hamiltonian. The off-diagonal terms
of I', which can be of the same order of magnitude as the diagonal terms, are
either positive or negative. Because of the presence of the non-zero off-diagonal
terms in H, the flavour eigenstates K° and K° are no longer the eigenstates of the
Hamiltonian.

The neutral kaon state of (14.21), evolves in time according to

M - %F My - %Flz a(t) K% ; (a(t) |K0>)
My, —1irn, M-t @K% )~ "o\ bk

The eigenstates of this effective Hamiltonian can be found by transforming (14.26)
into the basis where H is diagonal. The required transformation can be found by
first solving the eigenvalue equation

M——'F M12_%r12)(l7) (P)
’ ) ) =27 (14.27)
(M =3l M-l q q

(14.26)

The non-trivial solutions to (14.27) can be obtained from the characteristic equa-
tion, det(H — AI) = 0, which gives

(M = 5T = 1) = (M}, = $T) (M2 = 5T12) =
Solving this quadratic equation for A gives the two eigenvalues

. , . 1
A= M- 40 +|(M}, - iT} ) (M — iT)|” (14.28)
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The corresponding eigenstates, found by substituting these two eigenvalues back
into (14.27), have

. 1
M* _1lr=* 2
9 _ 4= i(M] . (14.29)
p My — 512

The normalised eigenstates, here denoted K, and K_, which ultimately will be
identified as the Kg and K, are therefore

(|K+>)_ 1 (1 §)(I§°>)_ 1 (|K°>+§K°)
Ko ) JT+er\ 1t =6 /JVKY ) T pee \K® - K% )
Equation (14.26), which has the form HK = idK/dt, can be written in the diago-

nal basis using the matrix S formed from the eigenvectors of H, such that H' =
S~'HS is diagonal,

1 _ g—la _ /l+ 0
H =S HS—(O /l_)'

In the diagonal basis (14.26) becomes

0 (IKe@) ) _ [ A+ 0 \[IK (1))
E(IK—O)))_( 0 /L)(|K_(t)))' (14.30)

Hence the states K, and K_ propagate as independent particles and therefore can
be identified as the physical mass eigenstates of the neutral kaon system. The time
dependences of the K, and K_ states are given by the solutions of (14.30),

1 _ .
K, (1)) = ——— (IK®) + £[K®)) e+
VI + P ( )
1 — .
K_(1)) = ——=—= (IK°) - £[K")) ™,

VI + P

with the real and imaginary parts of 4. determining respectively the masses and
decay rates of the two physical states. From (14.28),

. . 1
Ay = A =2[(M}, - AT (M1 - 4T)|* (14.31)

and therefore A, and A_ can be written as

| -y
Ae= M= 4T 50 - 0 = M e (S5 - L w3m(d, - ).

It is not a priori clear which of the two eigenvalues, A, and A_, is associated with
the K¢ and which is associated with the K;, but both can be written in the form

A=[M+Am/2]- L[ £AT/2],
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with
Am =|Re(A; —A2)] and A = £|AT] = £2|Im (A, — A)].

Here Am is defined to be positive and the sign of AI' depends on the relative signs of
the real and imaginary parts of (14.31), which in turn depends on the off-diagonal
terms of the effective Hamiltonian. For the neutral kaon system it turns out that
AI' < 0, and therefore the heavier state has the smaller decay rate. Consequently,
the physical eigenstates of the neutral kaon system consist of a heavier state of
mass M + Am/2 that can be identified as the longer-lived K; state and a lighter
state with a larger decay rate and mass M — Am/2 that can be identified as the Kg,

As =mg —4iTs with mg =M —Am/2 and Ts =T +|AT|/2,
AL =myp— 4T, with my=M+Am/2 and T =T -|AL/2.

Because the oftf-diagonal terms in the effective Hamiltonian arise from the weak
interaction alone, Am < M, and the mass difference between the K; and Ky is
very small.

If the CKM matrix were entirely real, which would imply that My, = M7, and
I', = FTz, the parameter ¢ defined in (14.29) would be unity. In this case, the
physical states would be

Ks =K = % (K°+K% and K. =K;= \/Lj (K°-X). (14.32)
Hence, if the CKM matrix were entirely real, in which case the weak interactions of
quarks would conserve CP, the physical states of the neutral kaon system would be
the CP eigenstates, K; and K,. In practice, CP violation is observed in the neutral
kaon system, albeit at a very low level and therefore £ # 1.

Because CP-violating effects are observed to be relatively small, it is convenient
to rewrite £ in terms of the (small) complex parameter € defined by

_1—8
T l+é

3

such that the physical Kg and K, states are

Ks (1)) = |1+ &K + (1 - &)K)| e, (14.33)

1
V201 + lel?)

Kp() = —— |1+ 2K - (1 - &)K. (14.34)

V2(1 +eP)

Using (14.10), the physical states also can be expressed in terms of the CP eigen-
states K; and Ko,



384

(P violation and weak hadronic interactions

— 1 —idst

IKs (®)) = o (K1) + elKa)] e, (14.35)
_ 1 —idrt

IKL(0) = W = [IK2) + elKi)] e (14.36)

14.5 Strangeness oscillations

The previous chapter described how neutrino oscillations arise because neutrinos
are created and interact as weak eigenstates but propagate as mass eigenstates. A
similar phenomenon occurs in the neutral kaon system. The physical mass eigen-
states are the Ky and K;. However, the hadronic decays to ;s or mmm have to
be described in terms of the CP eigenstates and the semi-leptonic decays of the
Ks and K; have to be described in terms of the flavour eigenstates, K° and K°.
For example, Figure 14.12 shows the Feynman diagrams for the allowed decays
K° - n-e*v, and K® — m*e V.. There are no corresponding Feynman diagrams
for K — m*e v, and K® — m-e*v, because the charge of the lepton depends on
whether s — u or s — u decay is involved:

K> n7e*ve and K° - mte V.,
K » nte v, and K°-» metve.

Hence neutral kaons are produced and decay as flavour and/or CP eigenstates, but
propagate as the Ky and K; mass eigenstates. The result is the phenomenon of
strangeness oscillations, which occurs regardless of whether CP is violated or not.

14.5.1 Strangeness oscillations neglecting CP violation

Consider a neutral kaon that is produced as the flavour eigenstate K°. The time
evolution of the wavefunction is described in terms of the Kg and K; mass eigen-
states,

[K()) = \/% [0s (DIKs) + OL(DIKL)], (14.37)
d > d o d <1 d
KO T K Tt
s u S u
Ve Ve
e’ e

The Feynman diagrams for K* — 7t-e*ve and K — 7ev,.
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where 605 (#) and 0.(f) are given by (14.17). In the limit where CP violation is
neglected, in which case Ky = K; and K; = K3, this can be expressed in terms of
the flavour eigenstates using (14.11) and (14.12),

1K)

Q

1 (65 [IK% + K%] + 6, [[K%) - K])
5 (0s +60) [K”) + 5 (65 — ) [K°).

Because the masses of the Ky and K are slightly different, the oscillatory parts of
Os (1) and 67 (¢) differ, and the initially pure K° beam will develop a K° component.
The corresponding strangeness oscillation probabilities are

P(KY, — K°) = KKIK@) = 1165 + 6L, (14.38)
P}, - K°) = (KUK = {165 — 0.. (14.39)

This can be simplified by using the identity, [fs + 6.]* = |05 |* + 10.1> £ 2 Re(056;),

- 1 P
0s() £ 0. (D) = e 5T+ T £ 2Re {e"ms’e_2rst cetimile ZFL’}
1 .
— e—rst + e—rLt + 26—7(1"5 +Ip)t me {ez(mL—ms )t}
1
= e Is! 4 o711l 4 22U+ cog(Am 1),

where Am = m(Ky) — m(Kg). Substituting the above expression into (14.38) and
(14.39) leads to

P, > K% =} [e‘F st e Tl 4 2 30T cog(Am t)], (14.40)
PK., - K =1 [e—l"st e Tt 0 BTSN g (A t)]‘ (1441)

The above equations are reminiscent of the two-flavour neutrino oscillation proba-
bilities, except here the amplitudes of the oscillations decay at a rate given by the
arithmetic mean of the Ky and K decay rates.

Using the measured value of Am (see Section 14.5.2), the corresponding period
of the strangeness oscillations is

Towe = 220 £ 12% 107,
Am

which turns out to be greater than the Ky lifetime, 7(Kg) = 0.9 X 10~195. Conse-
quently, after one oscillation period, the Kg and oscillatory components of (14.40)
and (14.41) will have decayed away leaving an essentially pure K; beam. The
resulting oscillation probabilities are plotted in Figure 14.13. Because of the rela-
tively rapid decay of the Kg component, the oscillatory structure is not particularly
pronounced. Nevertheless, the observation of strangeness oscillations provides a
method to measure Am.
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The effect of strangeness oscillations, showing the relative K® and K® components in a beam that was
produced as a K° plotted against time.

14.5.2 The CPLEAR experiment

Strangeness oscillations can be studied by using the semi-leptonic decays of the
neutral kaon system. Because the decays KO — n*¢~v, and KO — = ¢*v, (€ =
e, ) do not occur, the charge of the observed lepton in the semi-leptonic decays
K® — = ¢*vp and K° — mt* ¢V, uniquely tags the flavour eigenstate from which
the decay originated.

The CPLEAR experiment, which operated from 1990 to 1996 at CERN, stud-
ied strangeness oscillations and CP violation in the neutral kaon system. It used
a low-energy antiproton beam to produce kaons through the strong interaction
processes

pp » K ntK® and pp —» K*n K’

The energy of the beam was sufficiently low that the particles were produced almost
at rest. This enabled the production and decay to be observed in the same detector.
The charge of the observed K*ni* identifies the flavour state of the neutral kaon
produced in the pp interaction as being either a K° or K°. The neutral kaon then
propagates at a low velocity as the linear combinations of the Kg and K; with
the time dependence given by (14.37). The charge of the observed lepton in the
semi-leptonic decay then identifies the decay as coming from either a K° or K°,
thus tagging the flavour component of the wavefunction at the time of decay. For
example, Figure 14.14 shows an event in the CPLEAR detector where a K° is
produced at the origin along with a K~wt*, where the K™ is distinguished from a 7t~
by the absence of an associated signal in the Cerenkov detectors used for particle
identification, see Section 1.2.1. The neutral kaon state subsequently decays as a
K, identified by its leptonic decay K® — m*e V.. The relative rates of decays
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An event in the CPLEAR detector where a K° is produced in pp — K~7t*K and decays asK° — st e ve.
The grey boxes indicate signals from relativistic particles in the Cerenkov detectors. Courtesy of the CPLEAR
Collaboration.

from K° and K° as a function of the distance between the production point and the
decay vertex, provides a direct measure of the relative K® and K° components of
the neutral kaon wavefunction as a function of time.

For a kaon initially produced as a K, the decay rates to m~e*v, and e Ve,
denoted R and R_ respectively, are given by (14.40) and (14.41),

R, x P(K?:O S>K)=N %, [e—rs T ettt 4 2o~ U2 cog(Am t)] ,

R_ o P(K) — K%)= N} [e5" + 0 = 27502 cos(Am 1),
where N is an overall normalisation factor related to the number of pp interactions.
The corresponding expressions for the decays of neutral kaons that were produced
as the K° flavour state are

R, o« P(KL) — K% = Ni e + ™t = 27502 cos(Am 1),

R_ P(K?:O ->K)=N %, [e—rs T ettt 4 2o~ UsHLI2 cog(Am t)] .
Because the QCD interaction is charge conjugation symmetric, equal numbers of
K? and K° are produced in the pp strong interaction and the same normalisa-
tion factor applies to R: and R.. The dependence on the overall normalisation

can be removed by expressing the experimental measurements in terms of the
asymmetry,

(R+ +R_)—(R_+R,)
(R, +R.)+(R_+R,)

Apm(t) =
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t/ns

The CPLEAR measurement of A, as a function of time. The curve shows expression of (14.42) for Am =
3.485 x 107" GeV, modified to include the effects of the experimental timing resolution. Adapted from
Angelopoulos et al. (2001).

which has the advantage that a number of potential systematic biases cancel. This
asymmetry can be expressed as a function of time using the above expressions for
R. and R.,

2e~TsHT2 co5(Ami)

e—rst + e—rLt

Apam(t) = (14.42)
The experimental measurements of A, (f) from the CPLEAR experiment are
shown in Figure 14.15. The effects of strangeness oscillations are clearly seen and
the position of the minimum provides a precise measurement of Am. The com-
bined results from several experiments, including the CPLEAR experiment and the
KTeV experiment at Fermilab, give

Am = m(K) — m(Kg) = (3.483 + 0.006) x 107" GeV.

14.5.3 (P violation in the neutral kaon system

CP violation in the neutral kaon system has been studied by a number of experi-
ments, including CPLEAR. If there is CP violation in K < K° mixing process,
the physical states of the neutral hadron system are

1 1
Ks) = W (IKp) +&elKz)) and [Kp) = W (IK2) + €lKy)),

(14.43)
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which can be expressed in terms of the flavour eigenstates as

IKs) |(1+ )K" + (1 - )K",

1
200+ 2P

1 —
Ky = ———|1 +2)K°) - (1 - &)K.
V2(1 + &)
The corresponding expressions for the flavour eigenstates in terms of the physical
Ky and K, are
2 — 2
K% = 1z V75 (Ks) +Kp)  and  [K®) = 115 Y755 (Ks) - [Kp)).

1+s

Therefore, accounting for the possibility of CP violation in neutral kaon mixing, a
neutral kaon state that was produced as a K° evolves as

1+ |ef?

2
where as before s () and 6;(¢) are given by (14.17). Direct CP violation in kaon
decay is a relatively small effect (¢’ /& ~ 107%) and decays to the st final state can
be taken to originate almost exclusively from the CP-even K; component of the
wavefunction. The time evolution of (14.44) can be expressed in terms of the K;
and K states using (14.43)

1
K@) =7~ [0s (DIKs) + 6L.(DIKL)], (14.44)

1
K@) = 7(1 2 [0s (1K) + £lK2)) + OL(IK2) + £[Ki))]

1
((1 o [(6s + £01)IK1) + (0L + €65)IK2)].

The decay rate to two pions is therefore given by
2

T(KY, — mm) o (K K@) = 1 s

105 + £0)” . (14.45)

Because |g| < 1,
‘ 1
1+¢

z 1 N 1
T+ +8)  1+2%Refe)

The term |0g + &6, |* can be simplified using |6s +&0r* = 105> +10.)> £2 Re(Os & 07)
and by writing & = |gle’?,

~ 1 —2NRele).

105 + £0.)> = |e imst=Tst/2 | |.9|e""be_"”’”_r”/z’2
= e 15T 4 |elPe T 4 2leleTs Y2 cos(Am 1 — ¢).
Therefore (14.45) can be written as
(K%, — nm) = g (1-2Refe}) [e5"+ [elPe ™ + 2lele™ TS 12 cos(Am 1 - ¢),
(14.406)
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The CPLEAR measurement of A, _. Adapted from Angelopoulos et al. (2000).

where N is a normalisation factor. The first term in the square brackets corresponds
to the contribution from Ky decays. The second term is the contribution from K,
decays, which is small since lel* < 1. The final term is the interference between
the Kg and K; components of the wavefunction. The corresponding expression for
the decay rate to two pions from a state that was initially a K° is

_ N
(K%, — ) = 5 (1+2%ele)) |75 + ePPe ™ = 2lele™ TS T2 cos(Am £ - ¢)].
(14.47)

Here the interference term has the opposite sign to that of (14.46). For t < 7g
and ¢ > 7 the expressions of (14.46) and (14.47) are approximately equal, but at
intermediate times, the interference term results in a significant difference in the st
decay rates. Figure 14.16a shows the numbers of K — st*n™ decays observed in
the CPLEAR experiment, plotted as a function of the neutral kaon decay time for
events that were initially tagged as either a K® or K. The difference in the region
of t ~ 1 ns is the result of this interference term and the magnitude of the difference
is proportional to |g].

In practice, the experimental measurement of € at CPLEAR was obtained from
the asymmetry A, _, defined as

F(K?:O - n*n:_) - F(K?ZO - J'lZ+J'I:_)
A= —

(K%, - nta) + (K, — n+n—)'

(14.48)

From (14.46) and (14.47), this can be expressed as

4 Rele} [e‘rs’ + Iglze_r”] — Aele=TrATs)2 cos(Amt — @)

T 2[eTst + |ePe T — 8 Refellele T2 cos(Amt — ¢)
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Since ¢ is small, the term in the denominator that is proportional to || Re{e} can be
neglected at all times, giving
2lele”T+T)2 cos(Am t — ¢)
e—l"st + |8|2€_rLt
2leleTs T2 cos(Amt — )
1 + |ef?eTs—Tor

A, ~2Relg}

= 2NRefe} (14.49)
Hence both the phase and magnitude of € can be cleanly extracted from the exper-
imental measurement of A,_. Figure 14.16b shows the asymmetry A,_ obtained
from the CPLEAR data of Figure 14.16a. The measured asymmetry is well
described by (14.49) with the measured parameters

le| = (2.264 +0.035) x 10 and ¢ = (43.19 + 0.73)°. (14.50)

The non-zero value of |e| provides clear evidence for CP violation in the weak
interaction. Because ¢ is close to 45°, the real and imaginary parts of € are roughly
the same size, Re{e} ~ Im{e}.

14.5.4 (P violation in leptonic decays

We can also observe CP violation in the semi-leptonic decays of the K; from meas-
urements at a large distance from the production of the K%K". Since the semi-
leptonic decays occur from a particular kaon flavour eigenstate, the relative decay
rates can be obtained from the K; wavefunction expressed in terms of its KO and
K° components,

1 —
Ki) = s [+ 2K - (1 - 2)K?].

2
VAl +le | e e,
et ve

[(K; — me™Ve) o KKOKLP o< [1 - ~ 1 -2 Re (e),
[(K; — netve) oo KKOKLP o |1+ &> = 1 +2Re (&)

Hence the decay rates are

The experimental measurements are conveniently expressed in terms of the charge
asymmetry ¢ defined as
(K — aeve) —T(Kp — mfe ™Ve)
C (K — wetve) + T(Ky — ntreVe)
Experimentally, the number of observed K; — mt~e*v, decays is found to be 0.66%
larger than the number of K; — wt*e™v, decays, giving

0

~ 2Re(e) = 2|g|cos ¢.

60 =0.327 £ 0.012%. (14.51)
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This is consistent with the expectation from the measured values of |g| and ¢ given
in (14.50), which predict a charge asymmetry of 6 = 0.33%.

Interestingly, the small difference in the K, — n"e*v, and K, — 7~e™ Vv, decay
rates can be used to provide an unambiguous definition of what we mean by matter
as opposed to antimatter, which in principle, could be communicated to aliens in
a distant galaxy; the electrons in the atoms in our region of the Universe have the
same charge sign as those emitted least often in the decays of the long-lived neutral
kaons. Interesting, but perhaps of little practical use.

14.5.5 Interpretation of the neutral kaon data

The size of the mass splitting Am = m(K;) — m(Ks) and magnitude of the CP
violating parameter £ can be related to the elements of CKM matrix and how they
enter the matrix elements for K <> K° mixing. In the box diagrams responsible for
neutral kaon mixing, shown in Figure 14.17, there are nine possible combinations
of u, ¢ and t flavours for the two virtual quarks. The matrix element for each box
diagram has the dependence

* 3k
qu/ o qu Vqs Vq’s Vq/d .

For reasons that are explained below, to first order, the value of ¢ is determined by
the matrix elements for box diagrams involving at least one top quark, whereas the
dominant contributions to the K; and K¢ mass splitting arises from box diagrams
with combinations of virtual up- and charm quarks. A full treatment of these cal-
culations is beyond the scope of this book, but the essential physical concepts can
be readily understood.

The mass splitting Am can be related to the magnitude of the matrix elements for
K° & K° mixing. Owing to the smallness of |Vg| and |V, the diagrams involving
the top quark can, to a first approximation, be neglected (see Problem 14.8). Hence
the overall matrix element for K® < K° mixing can be written

M~ My + Mye + Moy + Mec.

V. d c;’s qu q 2

KO q
Vq*s Vq’d Vg's g Vq’d

The box diagrams for K <> K° mixing, where the virtual quarks can be any of the nine combinations
ofg,q" = {u, ¢, t}.
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The individual matrix elements will be proportional to G% and will include propa-
gator terms for the two virtual quarks involved and hence
Vud VJS Vud VITS Vud Vjs Ved Vc*s Ved Vc*s Ved Vgs ]

(k2 — mg)? (K =m)(K> —m3) (K2 =md)? |
where k is the four-momentum appearing in the box of virtual particles. Writing
Vud = Ves = cos 6, and Vs = —Vq = sinf,, this can be expressed as

M~G§[

M~ G2 [sin2 6, cos? 0, 5 sin® 6, cos? 6, N sin® 6, cos? 06]
L @-md? "R-mdHEE-md) (- m2)?
(mg — mﬁ)2

) 2
~ Ggsin” 6. cos” 6,

(K2 = mg? (k2 = md)?
If the masses of the up- and charm quarks were identical, this contribution to the
matrix element for K® < K° mixing would vanish. The evaluation of the matrix

element, which involves the integration over the four-momentum &, is non-trivial
and the resulting expression for Am is simply quoted here

% 2 2, 42 (mg —my)
Am ~ — sin“ 6, cos” 6, - v 14.52

C

In this expression fx ~ 170 MeV is the kaon decay factor, analogous to that intro-
duced in Section 11.6.1 in the context of * decay. Although the above analysis
is rather simplistic, it gives a reasonable estimate of the magnitude of Am. Taking
the charm quark mass to be 1.3 GeV, Equation (14.52) gives the predicted value of
Am ~ 5 x 1071° GeV, which is within a factor of two of the observed value. The
smallness of Am is due to the presence of the G% term from the two exchanged W
bosons in the box diagram.

The Standard Model interpretation of &

CP violation in K & K° mixing arises because the matrix element for K — K is
not the same as that for K® — K°. For example, the matrix elements for K — K°
and K — KO, arising from the exchange of a charm and a top quark, shown in
Figure 14.18, are respectively proportional to

Vcd Vé Vcs th
d s s d
KO c t K° K° c t KO
S d d _ S
Vgs th Vr,fd Vts

The box diagram for K> — K? involving virtual c and t quarks and the corresponding diagram for K — K°.
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Mz oc VegVesVigVis and - Moy o< VigViesViaVis = M.

CP violation in mixing occurs if Mz # My, . It can be shown (see Problem 14.9)
that

el ~ JIm (M}
\/iAm '

The imaginary part of M, can be expressed in terms of the possible combinations
of exchanged u, c, t quarks in the box diagrams,

Sm{Mi2} = Z ﬂqq’ Jm (quV;qu’dV;’s),
a.q’
where the parameters Ay are constants that depend on the masses of the ex-
changed quarks. In the Wolfenstein parameterisation of the CKM matrix given in
(14.9), the imaginary elements of the CKM matrix are Vg and V. Since Vi, is not
relevant for kaon mixing, CP violation in neutral kaon mixing is associated with
box diagrams involving at least one top quark, and therefore

le] oc Aye IM (Vg Vs ViaVis) + At Im (Veq Ves ViaVis) + A Im (Vig Vis Via Vi)
(14.53)

Writing the elements of the CKM matrix in terms of A, 4, p and 7 of the Wolfenstein
parametrisation (14.9), it can be shown that (see Problem 14.10)

le| o< (1 — p + constant).

Hence the measurement of a non-zero value of |¢| implies that  # 0 and provides
an experimental constraint on the possible values of the parameters 77 and p.

14.6 B-meson physics

The oscillations of neutral mesons are not confined to kaons, they have also been
observed for the heavy neutral meson systems,

B%(bd) <> Bbd), BY(bs) <> BY(bs) and D’(cu) <> D’(cu).

In particular, the results from the studies of the BO(Ed) and Eo(ba) mesons by
the BaBar and Belle experiments have provided crucial information on the CKM
matrix and CP violation. The mathematical treatment of the oscillations of the
BO(bd) « BO(bd) system follows closely that developed for the neutral kaon sys-
tem. However, because the B and B° are relatively massive, m(B) ~ 5.3 GeV,
they have a large number of possible decay modes; to date, over 400 have been
observed; see Beringer er al. (2012). Of these decay modes, relatively few are com-
mon to both the B and B. Consequently, the interference between the decays of
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the B® and BY is small. Because of this, it can be shown (see the following starred
section) that B® <> B? oscillations can be described by a single angle 3 and that the
physical eigenstates of the neutral B-meson system are

1 P 1
BL) = — [B% + e B"%)| and [By)=—

V2 V2

The By and By are respectively a lighter and heavier state with almost identical
lifetimes; again the mass difference m(By) — m(Bg) is very small.

[|B°> - e—f2ﬂ|§0>] . (14.54)

14.6.1 *B-meson mixing

The treatment of B-mixing given here, makes a number of approximations to sim-
plify the discussion in order to focus on the main physical concepts. The physical
neutral B-meson states are the eigenstates of the overall Hamiltonian of the B® and
B system, analogous to the kaon states discussed in Section 14.4.3. There are a
large number of B-meson decay modes, of which only a few are common to both
the B® and B, and the contribution to the effective Hamiltonian of (14.25) from the
interference between the decays of the B and B can be neglected, I', = I3, =0.
In this case

M-ir M
H ~ 2 2, (14.55)
M:, M-Air

where M, is due to the box diagrams for B’ < B® mixing. The eigenvalues of

(14.55), which determine the masses and lifetimes of the physical states, are

Ag = myg + %lTH ~ M+ |M12| - %ZT,

Ay =my + 3l ~ M — M| - il
leading to a heavier state By and a lighter state By with masses
my =M + |M12| and mp =M — |M12|. (1456)

Because the interference term Iy, is sufficiently small that it can be neglected, the
imaginary parts of Ay and A are the same. Consequently, the By and B have
approximately the same lifetime, which is measured to be

Ty ~T; ~T~43x%x10"3GeV.

The corresponding physical eigenstates of the effective Hamiltonian are

1 — 1 _
Br) = ———(B%) +¢B%)) and [By)= ———(1B") - £B")), (14.57)

1+ €2 V1 + &)
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BO t t B? BO
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o

Vip Vig

The dominant box diagrams for B® <> B? mixing.

where £ is given by (14.29),

. 1
£ = Ml*z_%_rlz ’ ~ M12
M12 - %F]z |M12|’

from which it follows that |£] = 1.

—_|

b
EO

d
(14.58)

In K® & K° mixing, the contributions from different flavours of virtual quarks in
the box diagrams are of a similar order of magnitude. Here, because |Vip| > |Vis| >
|Vial, only the box diagrams involving two top quarks, shown in Figure 14.19, con-

tribute significantly to the mixing process and

M,y o (VigVip).

In the Wolfenstein parametrisation of the CKM matrix (14.9), Vi, is real and thus

M, VeV | Vg

Ml (VaVie)?l VA

By writing Viq4 as
Via = [Viale ™,
the expression for & given in (14.59) is simply
E=e P,

Hence, the physical neutral B-meson states of (14.57) are

BL) = 35 (1B”) +¢#B%) and [By) = -5 (1B® - [B).

From (14.56), it can be seen that the mass difference

Amg = m(By) — m(Br) = 2|M 2| o [(VigVip)?|.

(14.59)

(14.60)

(14.61)

Because Vi = 1, it follows that the By — B, mass difference is proportional to |V§j|.

Consequently, the measurement of Amg in B® & BY mixing provides a way of deter-

mining |Viq].
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14.6.2 Neutral B-meson oscillations

The mathematical description of the phenomenon of B-meson oscillations follows
that developed for the kaon system. Suppose a BO(bd) is produced at a time ¢ = 0,
such that [B(0)) = [B?). Then from (14.60), the flavour state B® can be expressed
in terms of the physical By and By mass eigenstates

B = ~5 (1BL) + [Bn)).
The wavefunction evolves according to the time dependence of the physical states,
IB(®)) = \/% [0L(DBL) + 0 (DIBu)], (14.62)
where the time dependencies of the physical states are
0 = e V127l and gy = e 12 emim!,
Equation (14.62) can be expressed in terms of the flavour eigenstates using (14.60),
B(1)) = 3 [0 + 0m)IB”) + (6L — 0)[B”)| = 3 [6.1B") + £0_[B")]. (14.63)

where 6. = 67 + 0y and & = e %P, By writing m;y = M — Amg/2 and my =
M + Amgy/2,

Hi(t) — e—l"t/ze—th % [eiAmdl/Z + €_iAmdt/2] , (1464)

from which it follows that 8, and 6_ are given by

. Amgt . Amgt
0, = 2711267 Ml cog (%) and 6. = 2i¢ 1127 M1 sin( IZd )

The probabilities of the state decaying as a IBY) or a |B) are therefore

P(BL, — B®) = (BOBYI® = Je 10, = e cos” (3Amqt),

P(BY_, — B%) = (BOIB" = fe 'l0_I” = |&e " sin” (JAmqt).  (14.65)
The corresponding expressions for a state that was produced as a B” are

— — — 1P
P(B_, — B") = ¢ cos? (Amgt) and P(BL, — B) = ‘E e sin” (3 Amyt).

Because the contribution to the effective Hamiltonian for the neutral B-meson
system from the interference between B® and B° decays can be neglected, |¢] =
le”2P| = 1 and therefore

PBY, - B~ PB’,—>B% and PB., - B’ ~ PBY,— B").

Consequently, it is very hard to observe CP violation in neutral B-meson mixing.
Nevertheless, B < B oscillations can be utilised to measure Amg, which from
(14.61) provides a measurement of |Vy|.
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14.6.3 The BaBar and Belle experiments

The BaBar (1999-2008) and Belle (1999-2010) experiments were designed to pro-
vide precise measurements of CP violation in the neutral B-meson system. The
experiments utilised the high-luminosity PEP2 and KEKB e*e™ colliders at SLAC
in California and KEK in Japan. To produce very large numbers of B'B? pairs, the
colliders operated at a centre-of-mass energy of 10.58 GeV, which corresponds to
the mass of the T(4S) bb resonance. The T(4S) predominantly decays by either
T(4S) — B*B~ or T(4S) — BBP, with roughly equal branching ratios. The
masses of the charged and neutral B-mesons are 5.279 GeV, and therefore they are
produced almost at rest in the centre-of-mass frame of the (45 ). Because the life-
times of the neutral B-mesons are short (7 = 1.519x 107! s) and they are produced
with relatively low velocities, they travel only a short distance in the centre-of-mass
frame before decaying. Consequently, in the centre-of-mass frame it would be hard
to separate the decays of two B-mesons produced in ete~ — T(4S) — B'B°.
For this reason, the PEP2 and KEKB colliders operated as asymmetric b-factories,
where the electron beam energy was higher than that of the positron beam. For
example, PEP2 collided a 9 GeV electron beam with a 3.1 GeV positron beam.
Owing to the asymmetric beam energies, the T(4S) is boosted along the beam
axis; at the PEP2 collider the Y(4S) is produced with Sy = 0.56. As a result of
this boost, the mean distance between the two B-meson decay vertices in the beam
direction is increased to Az ~ 200 um. This separation is large enough for the
two B-meson decay vertices to be resolved using a high-precision silicon vertex
detector, as described in Section 1.3.1.
The oscillations of B-mesons can be studied through their leptonic decays,

B’(bd) » D" @d)u*v, and B’(bd) —» D*(cd)u” V.

The sign of the lepton identifies the B-meson flavour state, since the decays B —
D*u"v, and BY - D~p*v, do not occur. After production in e*e™ — BB, the
two B-mesons propagate as a coherent state. When one of the B-mesons decays
into a particular flavour eigenstate, the overall wavefunction collapses, fixing the
flavour state of the other B-meson. For example, Figure 14.20 illustrates the case
where at ¢ = 0 one of the B-mesons is observed to decay to D*u~v,, tagging it as
a B. At this instant in time, the second B-meson corresponds to a pure B state,
IB(0)) = |B®). The wavefunction of the second B-meson then evolves according to
(14.63). When the second B-meson decays At later, the charge sign of the observed
lepton tags the flavour eigenstate in which the decay occurred. Thus B® < B°
oscillations can be studied by measuring the rates where the two B-meson decays
are the same flavour, B’B and B"BY, or are of opposite flavour, B’B’. The same
flavour (SF) decays give like-sign leptons, u*u* or w”u~, and the opposite flavour
(OF) decays give opposite-sign leptons, u*u~. The relative rates depend on the
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The process ete~ — BB followed by two same-flavour (SF) leptonic B® decays, following B® — B°
oscillation.

time between the two decays Ar. Because the B-mesons are produced almost at

rest in the centre-of-mass frame, the proper time between the two decays is given

by At = Az/Byc, where 8 and y are determined from the known velocity of the T.
The mass difference Amgq = m(By) — m(B_) is determined from the lepton flavour

asymmetry A(At) defined as
Nor — N,
A(AD) = OF ~ ASF
Nsr + Nor

where Nor is the number of observed opposite flavour decays and Ngp is the
corresponding number of same flavour decays. The observed asymmetry can be
expressed in terms of the oscillation probabilities as

[PBY,—B% + PB" - B"] - [P(B?,—>B" + P(BY,—>B")]

A(AD) = — — — :
[P(BY,—B%) + P(BY ;—»B"] + [P(BY ,— B + P(B" ; > B)]

which, using (14.65) and the subsequent relations, gives
A(Ar) = cos® ($Amqt) - sin® (§Amqt) = cos (Amat) . (14.66)

Figure 14.21 shows the measurement of A(Af) from the Belle experiment. The
data do not follow the pure cosine form of (14.66) due to a number of experimental
effects, including the presence of background, the misidentification of the lepton
charge and the experimental Ar resolution. Nevertheless, the effects of B « B°
oscillations are clearly observed. When combined, the results from the BaBar and
Belle experiments give

Amg = (0.507 + 0.005) ps~! = (3.34 + 0.03) x 10713 GeV.

From (14.61) and the knowledge that Vi, ~ 1, the measured value of Amygy can be
interpreted as a measurement of

Vil = (8.4 £ 0.6) x 107°.
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The Belle measurement of Aa;. The line represents a fit to the data including contributions from background
and the effects of experimental resolution. Adapted from Abe et al. (2005).

In a similar manner, |Vis| can be extracted from the measurements of oscilla-
tions in the BS(ES) o Eg(b§) system from the CDF and LHCb experiments, see
Abulencia et al. (2006) and Aaij et al. (2012). When the results from these two
experiments are averaged they give Amg = 17.72 + 0.04 ps~!. Taking Vi, ~ 1 this
result leads to

Vil = (4.3 £0.3) x 1072,

14.6.4 (P violation in the B-meson system

In general, CP violation can be observed as three distinct effects:

(i) direct CP violation in decay such that (A — X) # ['(A - X), as parame-
terised by &’ in the neutral kaon system;
(i) CP violation in the mixing of neutral mesons as parameterised by & in the
kaon system;
(iii) CP violation in the interference between decays to a common final state f
with and without mixing, for example B’ — f and B® — B? — f.

In the Standard Model, the effects of CP violation in B® < B® mixing is small.
Nevertheless, CP-violating effects in the interference between decays B — f and
B® — B? — f can be relatively large and have been studied extensively by the
BaBar and Belle experiments in a number of final states; here the decay B —
J/v Ky is used to illustrate the main ideas. To simplify the notation, the J/y meson
is written simply as .

The w charmonium (cc) state has J” = 1~ and is a CP eigenstate with CP = +1.
Neglecting CP violation in neutral kaon mixing, the Ky is to a good approximation,
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The process e*e~ — BYB? where the leptonic decay tags the flavour of the other B-meson as being a B
that subsequently decays to a v Ks. In this illustrative example, y — w*u~ andKs — st ™.

The Feynman diagrams for B° — K’ and B® — y K.

the CP = +1 eigenstate of the neutral kaon system with J© = 0~. Since the B® and
B are spin-0 mesons, the decays B — yKg and B® — yKg must result in an
¢ = 1 orbital angular momentum state. Therefore the CP state of the combined
v K system is

CP(yKs) = CP(y) X CP(Ks) X (=1)" = (+1)(+1)(-1) = —1.

Similarly, the decay B — y K occurs in a CP-even state, CP(y K;) = +1.

Figure 14.22 shows the topology of a typical neutral B-meson decay to y K. In
this example, the charge of the muon in the leptonic B — D*u~v, decay tags it as
B and hence at time ¢ = 0, the other B-meson is in a B? flavour state, [B(0)) = |BY).
The decay to y Kg can either occur directly by B — y Ky or after mixing, B® —
B? — yKjs. It is the interference between the two amplitudes for these processes,
which have different phases, that provides the sensitivity to the CP violating angle
S. The B — v K decays can be identified from the clear experimental signatures,
for example y — pu*u” and Kg — atm.

The B®/B? — wKj decays proceed in two stages. First the BY/BY decays to
the corresponding flavour eigenstate, B — wK° and B — yKP°, as shown in
Figure 14.23. Subsequently, the neutral kaon system evolves as as a linear combi-
nation of the physical Kg and K, states and then decays to the CP states Ksy and
K, y. CP violation in the interference between B — y Ky and B — B? — yKg
is measurable through the asymmetry,
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The raw data and distribution ofA?f, from the BaBar experiment based on a sample of 4108 ('(4S5) — B°B®
decays. In the left-hand plot, the small symmetric contribution arises from the background. The lines show
the best fit to the data. Adapted from Aubert et al. (2007).

I'BY, - yKs) -TI'B%, - yKs)
I'(BY, - wKs) + B’ - yKs)

Ks _
CP —

= sin(Amgq?) sin(2B).  (14.67)

Figure 14.24 shows the experimental data from the BaBar experiment. The left-
hand plot shows the raw numbers of observed decays to y Ky, from both events
that were tagged as B® or B?, plotted as a function of Ar. Here At is the differ-
ence in the proper time of the tagged B®/B° semi-leptonic decay and the observed
B — wyKg decay. The curves show the expected distributions including a sym-
metric background contribution from other B-meson decays. The right-hand plot
of Figure 14.24 shows the raw asymmetry obtained from these data. This has the
expected sinusoidal form of (14.67) and the amplitude provides a measurement of

sin(26),
sin(2B) = 0.685 + 0.032.

This observation of a non-zero value of sin(28) is a direct manifestation of CP
violation in the B-meson system. The Belle experiment (see Adachi et al. (2012))
measured sin(28) = 0.670 + 0.032.

14.7 (P violation in the Standard Model

There is now a wealth of experimental data on CP violation associated with the
weak interactions of quarks. This chapter has focussed on the observations of CP
violation in K — K° mixing and in the interference between the amplitudes for
BY - J/yKs and B - BY — J/yKj decays. Direct CP violation in the decays of
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kaons and B-mesons has also been observed, for example, as a difference between
the rates (B — K~nt*) and (B — K*n™).

In the Standard Model, CP violation in the weak interactions of hadrons is
described by the single irreducible complex phase in the CKM matrix. In the
Wolfenstein parametrisation of (14.9), CP violation is associated with the parame-
ter 7. To O(A*), the parameter 7 appears only in Vyp, and Viq, with

Vo~ A (p—inp) and Vg =~ AL -p—in).

The measurements of non-zero values of |g| and sin(2f3) separately imply that 7 # 0.
However, it is only when the experimental measurements are combined, that the
values of p and 7 can be determined.

In the Standard Model, the CKM matrix is unitary, VIV = I. This property
places constraints on the possible values of the different elements of the CKM
matrix. These constraints are usually expressed in terms of unitarity triangles. For
example, the unitarity of the CKM matrix implies that

VudV:b + Vchc*b + thV{'f) =0. (14.68)

In the Wolfenstein parametrisation, of these six CKM matrix elements, V4, Vip,
Veq and V¢, are all real and only V4 is negative. Hence (14.68) can be divided by
VeaVep to give

Vudl . [Vibl

_ Vi Vi = 0. (14.69)
WVellVeo| ™ «

1
|Vcd||Vcb|

Since Vi and Vi4 are complex, Vi, = AXB(p + in) and Vig = AL (1 — p — in), the
unitarity relation of (14.69) is a vector equation in the complex p—n plane, with the
three vectors forming the closed triangle, as shown in Figure 14.25a.

From Vi = |Vigle ™ = AP (1 - p — in), it can be seen that

B =arg(l —p+in) orequivalently tangB = %
Consequently, the angle 8 corresponds to the internal angle of the unitarity tri-
angle shown in Figure 14.25a. Therefore, the measurement of sin(25) described
previously constrains the angle between two of the sides of the unitarity triangle as
shown in Figure 14.25b, which also shows the constraint in the p—7 plane obtained
from the measurement of |¢| in neutral kaon mixing,

lg] o< (1 — p + constant).

The measurement of Amg determines |Viq|. When this is combined with the knowl-
edge that |Vy| =~ 1 and the measurements of |V.4| and |V¢| described in Sec-
tion 14.3, it constrains of the length of the upper side of the unitarity triangle,
as shown in Figure 14.25b.
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(a) The unitarity relation, Vyq Vi + VgV + Vig¥h = 0, shown in the po—7 plane. (b) The constraints from
the measurements of ||, Amg and sin 23. The shaded ellipse shows the combination of these constraints
that give a measurement of 77 and p.

The experimental constraints from the measurements of |g|, sin(28) and Amgy
are consistent with a common point in the p—7 plane, as indicated by the ellipse
in Figure 14.25b, thus providing experimental confirmation of the unitarity rela-
tion VygVib + VeaVéh + ViaVib = 0. From a global fit to these and other results
(see Beringer et al. (2012)) the Wolfenstein parameters are determined to be

A= 0.2253 £0.0007, A = 0.81170033, p = 0.13 £ 0.02, 7 = 0.345 + 0.014.

The experimental measurements described in this chapter provide a strong test of
the Standard Model prediction that the unitarity triangle of (14.69) is closed. Any
deviation from this prediction would indicate physics beyond the Standard Model.
To date, all measurements in the quark flavour sector are consistent a unitary
CKM matrix, where the observed CP violation is described by a single complex
phase.

Whilst the Standard Model provides an explanation of the observed CP violation
in the quark sector, this is not sufficient to explain the matter—antimatter asymme-
try in the Universe. There are suggestions that CP violation in the lepton sector
during the early evolution of the Universe might account for the observed matter-
antimatter asymmetry. However, it is also possible that there are as yet undiscov-
ered CP violating processes beyond the Standard Model. In the coming years the
LHCb experiment at the LHC and the Belle II experiment at KEK will probe CP
violation in the quark sector with ever increasing precision and may shed further
light on this important question.
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Summary
|

CP violation is an essential part of our understanding of particle physics. In the
Standard Model it can be accommodated in the irreducible complex phases in
the PMNS and CKM matrices. In the decays of hadrons, CP violation has been
observed in three ways: (i) direct CP violation in decay; (ii) indirect CP violation
in the mixing of neutral mesons; and (iii) CP violation in the interference between
decays with and without oscillations.

This chapter concentrated on the measurements of oscillations and CP violation
in the neutral kaon and neutral B-meson systems. Many of the effects arise from the
distinction between the different neutral meson states. For example, neutral kaons
are produced in the strong interaction as the flavour eigenstates, K°(sd) and KO(sd),
but the physical particles with definite masses and lifetimes are the eigenstates of
the overall Hamiltonian of the K’—K° system are

Ks) o« (1 + )K" + (1 -2)K? and [Kz)oc (1+8)K” - (1-e)K",

where the parameter & is non-zero only if CP is violated. If CP were conserved in
the weak interaction, the physical states would correspond to the CP eigenstates

IKs) o K% + K% and [Kp) o [K?) — [KO).

Oscillations arise because neutral mesons are produced as flavour eigenstates and
decay as either flavour or CP eigenstates, but propagate as the physical mass
eigenstates.

The studies of the neutral mesons and their oscillations, provide constraints on
the values of the elements of the CKM matrix and allow CP violation to be studied
in the quark sector. To date, all such experimental measurements are consistent
with the Standard Model predictions from the single complex phase in the unitary
CKM matrix.

Problems
|

(® 141 Draw the lowest-order Feynman diagrams for the decays

Kosan, Koaa’, Koanm ad K- ar

and state how the corresponding matrix elements depend on the Cabibbo angle &,.
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(D 12

P 13

D 14

(D us

M 16

(D w7

(D us

Draw the lowest-order Feynman diagrams for the decays
B D x*, B o>natan and B’ — J/ywkK,
and place them in order of decreasing decay rate.
The flavour content of the above mesons is B°(db), D~ (dc), J Jw(cc) and KO (ds).
Draw the lowest-order Feynman diagrams for the weak decays
D°(cl) — K™(s0) + w*(ud) and D) — K*(u) + 7 (d),
and explain the observation that

o — Kno)

— T 4xT107,
I'd — K-x*)

A hypothetical T°(tu) meson decays by the weak charged-current decay chain,
s Wn— (Xma - (Ym)yax — Zr)namn.

Suggest the most likely identiﬁ_cation of the W, X, Y and Z mesons and state why this decay chain would be
preferred over the direct decay T — 7 .

For the cases of two, three and four generations, state:

(a) the number of free parameters in the corresponding n X n unitary matrix relating the quark flavour and
weak states;

(b) how many of these parameters are real and how many are complex phases;

(c) how many of the complex phases can be absorbed into the definitions of phases of the fermions without
any physical consequences;

(d) whether CP violation can be accommodated in quark mixing.

Draw the lowest-order Feynman diagrams for the strong interaction processes
pp— Kk’ and pp— K K.
In the neutral kaon system, time-reversal violation can be expressed in terms of the asymmetry
h e F(EO SK)-TK - ﬁo)'
LK — K0 + T(K* — K9

Show that this is equivalent to
I“(K?ZO - qetve) —T(K ) — ntte™Ve)

T = — 5
T(KL, — mme*ve) + T(K_, — e v,)

and therefore
Ar = 4lg| cos ¢.

The Ks — K; mass difference can be expressed as

GZ
Am = m(K,) — m(Ks) ~ Z ﬁfﬁmﬂquvgqu,dv;d MMy »
9,9
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Problems

14.9

14.10

1“n
1412
14.13

14.14

where q and q” are the quark flavours appearing in the box diagram. Using the values for the CKM matrix
elements given in (14.8), obtain expressions for the relative contributions to Am arising from the different com-
binations of quarks in the box diagrams.

Indirect CP violation in the neutral kaon system is expressed in terms of & = |gle?. Writing

. 1
% _L * 2
M12 2F12)
>

f:—z1—28=( -
My — 5Ty

show that

1

1 (S iMa) - L3m{Tph)) ImiMy) —iIm{Tp/2)
EX - - I~
2 M, — érn Am —iAT"/2

Using the knowledge that ¢ ~ 45° and the measurements of Am and AL, deduce that Im {M;,} >
JIm {I'p} and therefore

1 3m My}
2 Am

Using (14.53) and the explicit form of Wolfenstein parametrisation of the CKM matrix, show that

&l

le] o« (1 — p + constant).
Show that the BY — BY mass difference is dominated by the exchange of two top quarks in the box diagram.
Calculate the velocities of the B-mesons produced in the decay at rest of the Y'(4S) — B°BC.

Given the lifetimes of the neutral B-mesons are 7 = 1.53 ps, calculate the mean distance they travel when
produced at the KEKB collider in collisions of 8 GeV electrons and 3.5 GeV positrons.

From the measured values

Vel = 0.97425 +0.00022 and V| = (4.15 + 0.49) X 103,
[Vegl = 0.230 £ 0.011 and  |Vy| = 0.041 + 0.001,
calculate the length of the corresponding side of the unitarity triangle in Figure 14.25 and its uncertainty. By

sketching this constraint and that from the measured value of 3, obtain approximate constraints on the values
of pandn.



Electroweak unification

4 One of the main goals of particle physics is to provide a unified picture of )
the fundamental particles and their interactions. In the nineteenth century,
Maxwell provided a description of electricity and magnetism as different
aspects of a unified electromagnetic theory. In the 1960s, Glashow, Salam
and Weinberg (GSW) developed a unified picture of the electromagnetic and
weak interactions. One consequence of the GSW electroweak model is the
prediction of a weak neutral-current mediated by the neutral Z boson with
well-defined properties. This short chapter describes electroweak unification

9 and the properties of the W and Z bosons.

15.1 Properties of the W bosons

408

The W boson is a spin-1 particle with a mass of approximately 80 GeV. Its wave-
function can be written in terms of a plane wave and a polarisation four-vector,

WH = elemiPx = Hpipx—ED
2 2 :
For a massive spin-1 particle the polarisation four-vector e/{‘ is restricted to one of

three possible polarisation states (see Appendix D). For a W boson travelling in the
z-direction, the three orthogonal polarisation states A can be written as

e’ = %(o, 1,-i,0), ¢'=-(p;,0,0,E) and € = —%(o, 1,i,0). (15.1)

These states represent two transverse polarisation modes €., corresponding to cir-
cularly polarised spin-1 states with S, = =1, and a longitudinal S, = O state.

15.1.1 W-boson decay

The calculation of the W-boson decay rate provides a good illustration of the use
of polarisation four-vectors in matrix element calculations. The lowest-order Feyn-
man diagram for the W~ — e”v, decay is shown in Figure 15.1. The matrix ele-
ment for the decay is obtained using the appropriate Feynman rules. The final-state
electron and antineutrino are written respectively as the adjoint particle spinor
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Pa

P1
Ps3

The lowest-order Feynman diagram for W~ — e~ v,.

u(p3) and the antiparticle spinor v(p4). The initial-state W™ is written as eﬁ(pl),
where A indicates one of the three possible polarisation states. Finally, the vertex
factor for the weak charged-current is the usual V — A interaction

i3y = ).

Using these Feynman rules, the matrix element for W~ — eV, is given by

~iMyi = (P u(p3) | ~i%EyH 5 (1 = ¥°)|o(pa),
and therefore

Myi = L ei(pn)u(pa)y* 5(1 = ¥ u(pa). (15.2)

This expression can be written as the four-vector scalar product of the W-boson
four-vector polarisation and the lepton current,

Myi = 2% €i(pn)Jj*. (15.3)
where the leptonic weak charged-current j* is given by

J* = u(p3)y I =y )u(pa). (15.4)

It is convenient to consider the W~ — e~v, decay in the rest frame of the W
boson, as illustrated in Figure 15.2. Given that mw > m., the mass of the electron
can be neglected and the four-vectors of the W™, e~ and v, can be taken to be

p1 = (mw,0,0,0),

p3 = (E,Esin6,0, E cos 0),

ps = (E,—Esin 6,0, —FE cos 6),
with E = mw /2. In the ultra-relativistic limit, where the helicity states are the same
as the chiral states, only left-handed helicity particle states and right-handed helic-

ity antiparticle states contribute to the weak interaction. In this case, the leptonic
current of (15.4) can be written

=uy(p3)y"vr(ps), (15.5)
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The decay W~ — e~ v, in the W-boson rest frame.

where u|(p3) and vy(p4) are respectively the left-handed particle and right-handed
antiparticle helicity spinors for the electron and electron antineutrino. The lep-
tonic current of (15.5) is identical to that encountered for the u*p~ current in the
s-channel process e*e™ — u*u™ and is given by (6.17) with E = mw /2,

Jj* = mw(0, —cos 0, —i, sin 0).
For a W boson at rest, the three possible polarisation states of (15.1) are

et = %rz(o, 1,-i,0), €'=(0,0,0,1) and €= —%(o, 1,i,0).

Therefore, from (15.3), the matrix elements for the decay W~ — eV, in the three
possible W-boson polarisation states are

M = D0, 1,-i,0) - (0, — cos 6, —i, sin 0) = Tgwmw(1 + cos 0),
M = %(0, 0,0,1) - mw(0, —cos 8, —i,sin @) = —%gwmw sin 6,

M, = =20, 1,1,0) - mw (0, — cos 8, —i, sin 6) = Sgwmw(1 — cos 6).
Hence, for the three possible W-boson polarisations

IM_|> = g%,m%w%(l +cos ),
2_ 2. 21 2
IMLI" = gymyy 5 sin” 6,

IM, ] = g%vm%wlx(l — cos ).

The resulting angular distributions of the decay products for each of the different
W-boson polarisations can be understood by noting that the LH and RH helici-
ties of the electron and antineutrino imply that they are produced in a spin-1 state
aligned with the direction of the neutrino, as shown in Figure 15.3. The angular
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-1 cos O +1 -1 cos @ +1 -1 cos @ +1

The angular distributions of the electron and electron antineutrino in the decay W= — e~ v, for the three
possible W-boson polarisation states.

distributions then follow from the quantum mechanical properties of spin-1, as dis-
cussed in Section 6.3.

The total decay rate is determined by the spin-averaged matrix element squared,
which (for unpolarised W decays) is given by

(IMP + ML + ML)

ga iy [4—11(1 +cos0)” + ! sin” @ + a- COS@)Z]

W
g (15.6)

(IMyi?) =

1
3
1
3
1
3

Hence, after averaging over the three polarisation states of the W boson, there is
no preferred direction for the final-state particles that are, as expected, produced
isotropically in the W-boson rest frame. The W~ — e™ V. decay rate is obtained by
substituting the expression for the spin-averaged matrix element of (15.6) into the
decay rate formula of (3.49),

£ £

: f (IMiP) a = 2 (IMGP).

= —2 5
32 my, W

where p* is the momentum of the electron (or antineutrino) in the centre-of-mass
frame. If the masses of the final-state particles are neglected, p* = mw/2, and
therefore the W~ — eV, decay rate is given by

2
ngW

F(W_ - e‘Ve) = m

15.7)



Tiy) Electroweak unification

q

The lowest-order Feynman diagram for W~ — qq” and the first-order QCD correction from W~ — qq’q.

The expression of (15.7) gives the partial decay width for W~ — e V.. To calcu-
late the total decay rate of the W boson, all possible decay modes have to be consid-
ered. From the lepton universality of the weak charged-current (and neglecting the
very small differences due to the lepton masses), the three leptonic decay modes
have the same partial decay rates,

W™ = e Ve) =T(W™ - uv) =T'(W™ — 1t7Vv).

The W boson also can decay to all flavours of quarks with the exception of the
top quark, which is too massive (m; > my). The decay rate of the W boson to a
particular quark flavour needs to account for the elements of the CKM matrix and
the three possible colours of the final-state quarks, therefore the decay rates relative
tol'ey =T'(W™ — e7V,) are

(W™ - du)= 3|Vud|2 ey, T(W™ —do)= 3|Vcd|2 Cev,

LW~ = s0)=3|VisP Tev,  T(W™ — 50) = 3|V Tev,

[(W™ — bu) =3|Vip[* Tey, T(W™ — bC) = 3|Vep|* Tey.

From the unitarity of the CKM matrix,
Vaal + Vsl + Vo =1 and - [Vea? + [Ves + [Veol® = 1,
and the lowest-order prediction for the W-boson decay rate to quarks is
(W~ - qq) = 6T(W™ — e v,).
In addition to the lowest-order W — qq’ process, the QCD correction from the

process W — qq’g, shown in Figure 15.4, enhances the decay rate to hadronic
final states by a factor

M] ~ 1.038. (15.8)

Kocp = [1 +
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Thus the total decay rate of the W boson to either quarks or to the three possible
leptonic final states is

2
gwmw

487

Tw = (3 +6kpcp) (W™ - e7Ve) ~ 9.2 X =2.1GeV,

and the branching ratio of the W boson to hadronic final states is

6KQCD

BR(W i qq/) = 3 n 6KQCD

=67.5%. (15.9)

The prediction of I'y = 2.1 GeV is in good agreement with the measured value of
I'y = 2.085 + 0.042 GeV (see Chapter 16). Because the mass of the W boson is
large, so is the total decay width, and the lifetime of the W boson is only O(1072° s).

15.1.2 W-pair production

The fact that the force carrying particles of the weak interaction possess the charge
of the electromagnetic interaction is already suggestive that the weak and electro-
magnetic forces are somehow related. Further hints of electroweak unification are
provided by the observation that the coupling constants of the electromagnetic and
weak interactions are of the same order of magnitude (see Section 11.5.1). How-
ever, there are also strong theoretical arguments for why a theory with just the weak
charged current must be incomplete.

Pairs of W bosons can be produced in e*e™ annihilation at an electron—positron
collider or in qq annihilation at a hadron collider. The three lowest-order Feynman
diagrams for the process ete™ — W*W™ are shown in Figure 15.5. The #-channel
neutrino exchange diagram represents a purely weak charged-current process. The
s-channel photon exchange diagram is an electromagnetic process, which arises
because the W* and W~ carry electromagnetic charge. With the first two dia-
grams of Figure 15.5 alone, the calculated ete™ —» W*W~ cross section is found
to increase with centre-of-mass energy without limit, as shown in Figure 15.6.

e W~ e W- e W~

The three lowest-order Feynman diagram fore*e™ — W*W—,
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3 ve Exchange only 1

40r- . No ZW* W~ vertex _

—— All three diagrams

o(ete” - WW")/pb

160 180 200
\s/GeV

The predicted e*e™ — W*W™ production cross section for three cases: only the v,-exchange diagram; the
ve-exchange and y-exchange diagrams; and all three Feynman diagrams of Figure 15.5.

At some relatively high centre-of-mass energy, the cross section violates quantum
mechanical unitarity, whereby particle probability is no longer conserved; the cal-
culated number of W-pairs produced in the interaction exceeds the incident e*e™
flux. This problematic high-energy behaviour of the e*e™ — W*W™ cross section
indicates that the theory with just the first two diagrams of Figure 15.5 is incom-
plete. Because the s- and #-channel diagrams interfere negatively, the problem
would be even worse with the neutrino exchange diagram alone,

IMy + M? < M

The problem of unitarity violation in efe™ — W™W™ production is resolved
naturally in the electroweak theory, which predicts an additional gauge boson, the
neutral Z. Because the contribution to the e*e™ — W*W~ cross section from the
Z-exchange diagram interferes negatively,

IMy + M, + Mz* < IMy + M,

the calculated ete™ — W*W~ cross section is well behaved at all centre-of-mass
energies, as shown in Figure 15.6. This partial cancellation only works because the
couplings of the v, W* and the new Z boson are related to each other in the unified
electroweak model.
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15.2 The weak interaction gauge group
I —

In Section 10.1 it was shown that QED and QCD are associated with respective
U(1) and SU(3) local gauge symmetries. The charged-current weak interaction is
associated with invariance under SU(2) local phase transformations,

o(x) = ¢’ (x) = exp [igw a(x) - T] p(x). (15.10)

Here T are the three generators of the SU(2) group that can be written in terms of
the Pauli spin matrices,

T=:s0,

=

and a(x) are three functions which specify the local phase at each point in space-
time. The required local gauge invariance can only be satisfied by the introduction
of three gauge fields, Wlff with k£ = 1,2, 3, corresponding to three gauge bosons
WO, W® and W, Because the generators of the SU(2) gauge transformation are
the 2 x 2 Pauli spin-matrices, the wavefunction ¢(x) in (15.10) must be written in
terms of two components. In analogy with the definition of isospin, ¢(x) is termed
a weak isospin doublet. Since the weak charged-current interaction associated with
the W= couples together different fermions, the weak isospin doublets must contain
flavours differing by one unit of electric charge, for example

o(x) = ( 258 ) -

In this weak isospin space, the v, and e~ have total weak isospin Iy = % and third
component of weak isospin Ii,f,)(ve) = +% and Ig)(e‘) = —%. Since the observed
form of the weak charged-current interaction couples only to left-handed chiral
particle states and right-handed chiral antiparticle states, the gauge transformation
of (15.10) can affect only LH particles and RH antiparticles. To achieve this, RH
particle and LH antiparticle chiral states are placed in weak isospin singlets with
Iw = 0 and are therefore unaffected by the SU(2) local gauge transformation. The
weak isospin doublets are composed only of LH chiral particle states and RH chiral
antiparticle states and, for this reason, the symmetry group of the weak interaction
is referred to as SU(2);.

The weak isospin doublets are constructed from the weak eigenstates and there-
fore account for the mixing in the CKM and PMNS matrices. For example, the
u quark appears in a doublet with the weak eigenstate d’, as defined in (14.3).
The upper member of the doublet, with Ig,) = +1/2, is always the particle state
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which differs by plus one unit in electric charge relative to the lower member of the

doublet,
) Gl (o) (8 (9] ()
AN U P A P N O P O R L

This common ordering within the doublets is necessary for a consistent definition
of the physical W* bosons. The right-handed particle chiral states are placed in
weak isospin singlets with Iw = I ©) — 0,

€g» Mg>» Tg» UR, Cgr, tg, dg, Sg, bg.

Because the weak isospin singlets are unaffected by the SU(2),, local gauge trans-
formation of the weak interaction, they do not couple to the gauge bosons of the
symmetry.

The requirement of local gauge invariance implies the modification of the Dirac
equation to include a new interaction term, analogous to (10.11),

igwTey*Wier = igwsoey* Wier, (15.11)

where ¢y represents a weak isospin doublet of left-handed chiral particles. This
form of the interaction gives rise to three weak currents, one for each of the three
gauge fields WX, In the case of the weak isospin doublet formed from the left-
handed electron and the electron neutrino,

_ (VL
YL = e )’
the three weak currents, one for each of the Pauli spin-matrices, are

W — . gw —
S euyforer and i = =y toser,

. gw — .
]{‘:7%7#@,’% iy = >

where ¢; = ( Vi €r ) contains the left-handed chiral adjoint spinors, vy and e;. The
weak charged-currents are related to the weak isospin raising and lowering opera-
tors, o, = %(0'1 + io,), which step between the two states within a weak isospin
doublet. The four-vector currents corresponding to the exchange of the physical
W# bosons are

./,z_ 1 [, sl 9W — i1
=5 £iJ ey 5o £ioo)er,
\F(l 2) \/z LY 3

AL )
LY O+PL.
V2
The physical W bosons can be identified as the linear combinations

W = (w“’ zW<2)) (15.12)

1
V2
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e, v
\73 e,

W W-

The weak charged-current interaction vertices between the e~ and the v, weak eigenstate.

such that the weak currents can be written
P W= W(l) +]2W(2) + J3 W(3) = AWy + jEw, +]“W(3)

The current j%, which corresponds to the exchange of a W' boson, can be
expressed as

NG o = Y (7, & 01
J+ \/ESOL’Y o+PL = \/z(VL eL)y (0 O)( )

W — W —
IN S yhe, = Dyynl 1d=9e.

V2 V2

Similarly, the current corresponding to the W™ vertex is

J- = ey o-¢r = VL €L 7
V2 r \/i( ) 10
— _ gw— 1 5
= —erytvp = =—=eyH3(1 —y)v
V2 V2 U2

Thus, the SU(2); symmetry of the weak interaction results in the now familiar
weak charged-currents

o g_va#%(l -vy)e and j* = g—WEV”%(l — YV,

]+—\/§ \5

corresponding to the W* and W~ vertices shown in Figure 15.7.

In addition to the two weak charged-currents, j, and j_, which arise from lin-
ear combinations of the W() and W, the SU(2); gauge symmetry implies the
existence a weak neutral-current given by

i = gwey ioserL.
The weak neutral-current, written in terms of the component fermions, is
_ 1 0 v
S 1 M L
=gw5| Vv, €
J3 ng( L L)'y (0_1)(6L)

= gwiviy"ve — gwieryter. (15.13)
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e, Vi
er Vi

wo wo

The weak neutral-current interaction of the e~ and ve.

Hence the SU(2); symmetry of the weak interaction implies the existence of the
weak neutral-current corresponding to the vertices shown in Figure 15.8, with

=1 gwEy i -y, (15.14)

where f denotes the fermion spinor. The sign in this expression is determined by the
third component of weak isospin Iif,) = +1/2. Because RH particles/LH antiparti-

cles have Ig,) = 0, they do not couple to the weak neutral-current corresponding to
the W&,

15.3 Electroweak unification
]

It is tempting to identify the neutral-current of (15.14) as that due to the exchange
of the Z boson, in which case the Z boson would correspond to the W of the
SU(2), local gauge symmetry. This would imply that the weak neutral-current cou-
pled only to left-handed particles and right-handed antiparticles. This is in contra-
diction with experiment, which shows that the physical Z boson couples to both
left- and right-handed chiral states (although not equally).

Of the four observed bosons of QED and the weak interaction, the photon and the
Z boson, with the corresponding fields A, and Z,,, are both neutral. Consequently, it
is plausible that they can be expressed in terms of quantum state formed from two
neutral bosons, one of which is the W® associated with the SU(2);, local gauge
symmetry. In the electroweak model of Glashow, Salam and Weinberg (GSW),
the U(1) gauge symmetry of electromagnetism is replaced with a new U(1)y local
gauge symmetry

N Y
W(x) = ¥ () = Dw(x) = exp [ig’5§<x>] w(x), (15.15)

giving rise to a new gauge field B, that couples to a new kind of charge, termed
weak hypercharge Y. The resulting interaction term is

VY
g Ey”Bﬂt//, (15.16)
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which has the same form as the interaction from the U(1) symmetry of QED,

Qe’y#AIJW’

with Qe replaced by Yg’/2. In the unified electroweak model, the photon and Z
boson are written as linear combinations of the B, and neutral WS) of the weak
interaction,

Ay = +By cos b + WS sin by, (15.17)
Z, = —Bysinfw + WS cos by, (15.18)

where 6Oy is the weak mixing angle. This mixing of the neutral fields of the U(1)y
and SU(2); gauge symmetries might seem contrived; however, it arises naturally
in the Higgs mechanism (see Chapter 17). From (15.17) and (15.18), the physical
currents of QED and the weak neutral current are

Jtm = Jy cosOw + j} sinfy, (15.19)
b = —Jy sinbw + ji cos Oy. (15.20)

The GSW model of electroweak unification implies that the couplings of the
weak and electromagnetic interactions are related. This can be seen by considering
the interactions of the electron and the electron neutrino. The weak neutral-current
associated with the W is given by (15.13) and involves only left-handed particles,

4 = SgwVry've - sgweryter. (15.21)
The currents from the interaction term of (15.16), which treats left- and right-
handed states equally, are

v =39 Ye e yteL + g Ye Ery er + 39" Yo, VLY VL + 39 Y VR YF VR,
(15.22)

where, for example, Y;, is the weak hypercharge of the left-handed electron. The
current for the electromagnetic interaction, written in terms of the chiral compo-
nents of the electron, is

Y — —
Jem = Qee GL)’”eL + Qee 6R7”6R-

Since the neutrino is a neutral particle its electromagnetic current is zero. For the
GSW model to work, it must reproduce the observed couplings of QED. From
(15.19) the electromagnetic current can be written

-IJ _ —_— —_— _ .M .IJ .
Jem = Qeeeryter + Qeeeryter = Jy cos by + J3 s Ow,
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where jff and jé‘ , which include terms for the electron neutrino, are given by
(15.21) and (15.22). Hence the terms in electromagnetic current j’,,, including
those for the neutrinos which are zero, can be equated to

e yfer : Qce = %g’YeL cos By — %gw sin Gy, (15.23)
viyHvp : 0= %g’YvL cos Oy + %gw sin Gy, (15.24)
Eryter : Qce = 1g'Ye, cos Oy, (15.25)
YRy Vg 0= 1g'Yy, cos by. (15.26)

Equations (15.23)—(15.26) relate the couplings of electromagnetism to those of the
weak interaction and the couplings associated with the U(1)y symmetry.

In the GSW model, the underlying gauge symmetry of the electroweak sector
of the Standard Model is the U(1)y of weak hypercharge and the SU(2);, of the
weak interaction, written as U(1)y X SU(2);. For invariance under U(1)y and
SU(2);, local gauge transformations, the weak hypercharges of the particles in a
weak isospin doublet must be the same, for example Y., = Y,,. If this were not
the case, a U(1)y local gauge transformation would introduce a phase difference
between the two components of a weak isospin doublet, breaking the SU(2);, sym-
metry. The weak hypercharge assignments of the fermions can be expressed as a
linear combination of the electromagnetic charge Q and the third component of
weak isospin I\(;),

Y =aQ+pL).

The charges and third component of weak isospin for the left-handed electron and
the left-handed electron neutrino are respectively (Q =-1, IS) = —l) and

2
(Q =0, IS) = +%), and therefore
Yy, =+ip and Y, =-a- 1B

From the requirement that Y., = Y,,, it follows that § = —a and the weak hyper-
charge can be identified as

Y =2(0-1y). (15.27)

The factor of two in (15.27) is purely conventional; a different choice could be
absorbed into the definition of g’ without modifying the actual couplings. The weak
hypercharges of the ey, and v; are therefore

Yo, =Yy, = —1.

Since Y., = Y,,, subtracting (15.23) from (15.24) gives the relationship between
the weak and electromagnetic couplings in terms of the weak mixing angle,

e = gw sin Gyy. (15.28)
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The sum of (15.23) and (15.24) gives
Qce = %g/(YeL +Yy,)cos bBy.

Since Q., = =1 and Y, = Y,, = -1, the coupling ¢’ is related to the electron
charge by

e =g’ cosby. (15.29)

Finally, from (15.27), the weak hypercharge assignments of the I\(;) = 0 right-
handed states are

Yo =-2 and Y,,=0,

which when substituted into (15.25) and (15.26) give the correct electromagnetic
charges of Q = —1 and Q = 0 for the eg and vg.

The unified electroweak model is able to provide a consistent picture of the elec-
tromagnetic interactions of the fermions with the relation,

e = gw sinfBy = g’ cos Oy, (15.30)
and where the weak hypercharge is given by
Y =2(0-1y).

The weak mixing angle has been measured in a number of different ways, includ-
ing the studies of e*e™ — Z — ff, described in Chapter 16. The average of the
measurements of sin’ Gy gives

sin® By = 0.23146 + 0.00012. (15.31)

From (15.28) and the measured value of sin® Ow, the expected ratio of the weak to
electromagnetic coupling constants is

2
(04 e
—=—= sin? Gy ~ 0.23,
aw gw

consistent with the measured values discussed previously in Section 11.5.1.

15.3.1 The couplings of the Z

At this point it might be tempting to think that the procedure for electroweak uni-
fication has just replaced two independent couplings, e and gw, by a single unified
coupling and the weak mixing angle. However, once the couplings in the elec-
troweak model are chosen to reproduce the observed electromagnetic couplings,
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fr CrYz f CL9z

z z

The weak neutral-current interaction vertices for the physical Z boson and the chiral states of a fermion f.

the couplings of the Z boson to all the fermions are completely specified. The cur-
rent from the interaction between the Z boson and a fermion of flavour f is given
by (15.20),

i = =g sinOwlYr, dry ur, + Yegigy" ug) + 1) gw cos bw iy y*ur ],

where uy/p and uy,r are the spinors and adjoints spinors for LH and RH chiral
states. Using (15.27) to express the weak hypercharge in terms of Q and Iif,) implies

Jjy = —g' sinbw [(Qf - Ig))ﬁw”m + QfﬁR)/”MR] + 15 gw cos O [iiy"ur] .
Collecting up the factors in front of the left- and right-handed currents gives

jy = [~g' (Qr = 13)) sin Ow + Iy gw cos O | sy us. - g’ sin bw O] Ty u.
From (15.30) it can be seen that ¢’ = gw tan 6y and therefore

sin? By

CoSs Oy

sin’ Ow

Jy = 9w [— (0r - IS)) Qf] ugy" ug.

(15.32)

(3) = U
+ I cosbw | u uy —
c0s 0 W w] LY UL — 9w [

Defining the coupling to the physical Z boson as
= gW = ¢
cosfyw  sinBw cos by’

allows the neutral-current due to the Z boson to be written as

gz

jb =9z (IS) — Qrsin® Ow) urytur — gz (Qf sin’ 9w) Uy ug.

Hence the couplings of the Z boson to left- and right-handed chiral states, shown
in Figure 15.9, are

Jy = 9z (cLury"ur, + criiry"ug), (15.33)
with
_® ) _ )
cL = Iy — Orsin” Oy and cgp = —Qfsin” Oy. (15.34)

Thus, the Z boson couples to both left- and right-handed chiral states, but not
equally. This should come as no surprise; the current associated with the Z boson
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Table15.1 The charge, I“,\? and weak hypercharge assignments of the fundamental

fermions and their couplings to the Z assuming sin’6y = 0.23146.

S
e
=
o
o
<

fermion Or W CR Cy CA
Ves Vi Vr 0 +% =l 0 +% 0 +% +%
eLp,t -1 -3 -1 -2 -027 +023 -004 -}
u,ct +2  +1 41 4% 4035 -015 4019 +1
d,s, b -+ -3 + -3 042 +008 -035 -3

has contributions from the weak interaction, which couples only to left-handed
particles, and from the B, field associated with the U(1)y local gauge symmetry,
which treats left- and right-handed states equally.

The couplings of the Z boson to fermions also can be expressed in terms of
vector and axial-vector couplings using the chiral projection operators of (6.33),

drytup =uy" (1= yu and  ugy*ug = uy* (1 + ¥,
such that the current jg of (15.33) becomes
Jy = gzmy* [e (1 =9°) + er3(1 + )| u
= gzuy* 1 [(CL +cr)—(cL— CR)75] u.

Therefore the weak neutral-current can be written as

j% = Ygzu(evy* - cay"y’ ) u, (15.35)

where the vector and axial-vector couplings of the Z boson are
cv = (cr +cp) = 1Y) — 2Qsin’ by, (15.36)
ca=(cL—cp) =15 (15.37)

In terms of these vector and axial-vector couplings, the Feynman rule associated
with the Z-boson interaction vertex is

—itgzy" [ev = cay’|: (15.38)

Because the weak neutral-current contains both vector and axial-vector couplings,
it does not conserve parity (see Section 11.3); this also immediately follows from
its different couplings to left- and right-handed chiral states.

In the Standard Model, once sin’ 6w is known, the couplings of the Z boson to
the fermions are predicted exactly. For sin® y = 0.23146, the predicted couplings
of the fermions to the Z boson are listed in Table 15.1, both in terms of the vector
and axial-vector couplings (cy, c4) and the couplings to left- and right-handed chi-
ral states, (¢, cr).
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15.4 Decays of the Z

The calculation of the Z-boson total decay width and branching ratios follows
closely that for the decay of the W boson, given in Section 15.1.1. However,
whereas the W boson couples only to left-handed chiral particle states, the Z boson
couples to both left- and right-handed states. Nevertheless, because the weak
neutral-current is a vector/axial-vector interaction, the currents due to certain chiral
combinations are still zero. For example, for the decay Z — ff, the weak neutral-
current where both the fermion and antifermion are right-handed is zero, which can
be seen from

ugy*(cv — cayor = u (1 + ¥ )y (cv — cay’) 31 =y
= 1™y = )A + Y )yH(ev — cay’
= Yuy" Py Pg(cy — cay v = 0.

Consequently, in the limit where the masses of the fermions in the decay Z — ff
can be neglected, only the two helicity combinations shown in Figure 15.10 give
non-zero matrix elements for the decay of the Z boson.

The Z-boson decay rate either can be calculated from first principles (see Prob-
lem 15.3) or can be obtained from the spin-averaged matrix element of (15.6),
derived previously for W-boson decay. For the helicity combination where the
decay of the Z boson gives a LH particle and RH antiparticle, the spin-averaged
matrix element is the same as that for W-boson decay, but with

Sow = gzt = (IMP) = Sctggm.
The corresponding matrix element for the Z decay to a RH particle and LH antipar-
ticle will be proportional to cg rather than c;. After averaging over the spin states
and decay angle, all other factors will be the same. Therefore the spin-averaged
matrix element squared for Z — ff is

AMPY = IML P + IMgY = 2(c3 + ch)gams. (15.39)

The possible helicities in the decays W~ — e"veandZ — ff.



425

15.4 Decays of the Z

This can be expressed in terms of the vector and axial-vector couplings of the Z
boson using cy = ¢ +cg and ¢4 = cg —cg, which implies that c%, + ci = 2(ci + c%).
Hence

(IMP) = L(cy + cd)gam3, (15.40)
from which it follows that
I(Z — £) = 9"z (2 +c2) (15.41)
T o487 VAT '

15.4.1 Z width and branching ratios

The Z-boson partial decay rates depend on gz and mz. The measured value of mass
of the Z boson is mz = 91.2 GeV (see Section 16.2.1). The numerical value of gz
can be obtained from the measured values of the Fermi constant and sin” Ow,

g%N _ Sm%,v
cos?Ow V2 cos? Oy
The partial decay rate to a particular fermion flavour can be calculated from (15.41)
using the appropriate vector and axial-vector couplings. For example, in the case

of the decay Z — VeV, the neutrino vector and axial-vector couplings are cy =
ca = %, and therefore

Gr = 0.55.

g3 =

2
mz (1 1
[(Z - veve) = 22 Z(

yrod brika Z) =167 MeV. (15.42)

Because the Z boson couples to all fermions, it can decay to all flavours with the
exception of the top quark (m > mz). The total decay width I'z is given by the sum
of the partial decay widths

Iy = Z [(Z — ff).
f

The Z-boson couplings, listed in Table 15.1, are the same for all three generations,
and thus the total decay width can be written

I'y = 3F(Z—>veVe)+31"(Z—>e+e_)+3><2F(Z—>uﬁ)+3><3F(Z—>da),

where the additional factors of three multiplying the decays to quarks account for
colour, and only two decays to up-type quarks are possible since m; > myz. Using
the couplings in Table 15.1, and multiplying the hadronic decay widths by [1 +
as (0% /7] to account for the gluon radiation in the decay, the total decay width of
the Z is predicted to be

I'z ~25GeV,
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and the branching ratios of the Z boson, given by Br(Z — ff) =I'Z - ff) /T'z, are
Br(Z — veVe) = Br(Z — vyVy) = Br(Z — viV) = 6.9%,
Br(Z —e*e”)=Br(Z - u'uw)=Br(Z - tv1) =~ 3.5%,
Br(Z — uu) = Br(Z — cc) = 12%,
Br(Z — dd) = BH(Z — s5) = Br(Z — bb) ~ 15%.

Grouping together the decays to neutrinos, charged leptons, and quarks gives
Br(Z — w) = 21%, Br(Z — *¢7) ~ 10% and Br(Z — hadrons) ~ 69%,

and thus almost 70% of Z decays result in final states with jets.

Summary
|

In the Standard Model, the weak charged-current is associated with an SU(2).,
local gauge symmetry. This gives rise to the W and W~ bosons and a neutral
gauge field, W®. In the GSW model of electroweak unification, this neutral field
mixes with a photon-like field of the U(1)y gauge symmetry to give the physical
photon and Z-boson fields

A, = +B, cos by + Wff) sin Ow
Z, = =B, sinfy + W/(f) cos Oy,

where 6y is the weak mixing angle. Within this unified model, the couplings of the
v, W and Z are related by

e = gw sin Gy = gz sin Gy cos Oy

Within the unified electroweak model, once 6w is known, the properties of the Z
boson are completely specified. The precise tests of these predictions are main the
subject of the next chapter.

Problems
|

@ 15.1  Draw all possible lowest-order Feynman diagrams for the processes:

efe” s ufpT, efeT s vV, veem o vee and VeeT — Ve

@ 15.2  Draw the lowest-order Feynman diagram for the decay 1° — V.V, and explain why this decay is effectively

forbidden.
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Problems

(© 153

D 154

D 155

Starting from the matrix element, work through the calculation of the Z — ff partial decay rate, expressing
the answer in terms of the vector and axial-vector couplings of Z. Taking sin? 6y = 0.2315, show that
_TZ—-pp) 1

* 7 I'(Z - hadrons) ~ 20°
Consider the purely neutral-current (NC) process v e~ — vye™.
(@) Show that in the limit where the electron mass can be neglected, the spin-averaged matrix element for
Vi€~ — Ve @n be written
2 1 NC|2 NC|2
M) = 5 (|MET + M)
where

2
g5 g5
MY =2x"PE and My =29 E L
m m’

1+ cos ),

and 6" is the angle between the directions of the incoming and scattered neutrino in the centre-of-mass
frame.

(b) Hence find an expression for the v,e™ neutral-current cross section in terms of the laboratory frame neu-
trino energy.

The two lowest-order Feynman diagrams for vee™ — vee™ are shown in Figure 13.5. Because both diagrams
produce the same final state, the amplitudes have to be added before the matrix element is squared. The matrix
element for the charged-current (CC) process is

2

« _ 9wl
My = =.
L

W

(a) In the limit where the lepton masses and the ¢ term in the W-boson propagator can be neglected, write
down expressions for spin-averaged matrix elements for the processes

Vi€ D Ve, Ve — Ve and  vyeT — Vel
(b) Using the relation gz/m; = gy /my, show that
TV > Ve ) 1 o(VeeT > Vet ) 1 o(VeT S Ve ) = + 1 1+ ) + 10,

where ¢; and c; refer to the couplings of the left- and right-handed charged leptons to the Z.
(c) Find numerical values for these ratios of NC + CC : NC : CCcross sections and comment on the sign of the
interference between the NCand (C diagrams.
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4 Over the course of the previous 15 chapters, the main elements of the Stan- )

dard Model of particle physics have been described. There are 12 fundamen-
tal spin-half fermions, which satisfy the Dirac equation, and 12 corresponding
antiparticles. The interactions between particles are described by the exchange
of spin-1 gauge bosons where the form of the interaction is determined by the
local gauge principle. The underlying gauge symmetry of the Standard Model
is U(l)y x SU(2). x SU(3), with the electromagnetic and weak interactions
described by the unified electroweak theory. The precise predictions of the
electroweak theory were confronted with equally precise experimental mea-
surements of the properties of the W and Z bosons at the LEP and Tevatron
colliders. These precision tests of the Standard Model are the main subject of
this chapter.

16.1 TheZresonance

428

The unified electroweak model introduced in Chapter 15 provides precise predic-

tions for the properties of the Z boson. These predictions were tested with high

precision at the Large Electron—Positron (LEP) collider at CERN, where large
numbers of Z bosons were produced in e*e™ annihilation at the Z resonance.

Because the neutral Z boson couples to all flavours of fermions, the photon in

any QED process can be replaced by a Z. For example, Figure 16.1 shows the two

lowest-order Feynman diagrams for the annihilation process ete™ — p*u™. The

respective couplings and propagator terms that enter the matrix elements for the

photon and Z exchange diagrams are
2 2

/\/IYoce—2 and Mzoc%.

q q-—my

In the s-channel annihilation process, the four-momentum of the virtual parti-

cle is equal to the centre-of-mass energy squared, g°> = s. Owing to the presence

of the m% term in the Z-boson propagator, the QED process dominates at low

(16.1)
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e [ e
P4 P3
Y
e e
P2 Py
e+ “.+ e+

The lowest-order Feynman diagrams for the annihilation processe™e™ — u*u™.

centre-of-mass energies, /s <mgz. This is why the Z-boson diagram could be
neglected in the discussion of electron—positron annihilation in Chapter 6. At very
high centre-of-mass energies, /s > myz, the QED and Z exchange processes are
both important because the strengths of the couplings of the photon and the Z
boson are comparable. In the region /s ~ myz, the Z-boson process dominates.
Indeed, from (16.1) it would appear that the matrix element diverges at /s = mz.
This apparent problem arises because the Z-boson propagator of (16.1) does not
account for the Z boson being an unstable particle.

There are a number of ways of deriving the propagator for a decaying state.
Here, the form of the Z-boson propagator is obtained from the time evolution
of the wavefunction for a decaying state. The time dependence of the quantum
mechanical wavefunction for a stable particle, as measured in its rest frame, is
given by e~ For an unstable particle, with total decay rate I' = 1/, this must be
modified to

',b o e—imt N w e e—imte—rt/z, (162)

such that the probability density decays away as yiy* o eI = ¢~/ The introduc-
tion of the exponential decay term in (16.2) can be obtained from the replacement

m—-om—il/2.

This suggests that the finite lifetime of the Z boson can be accounted for in the
propagator of (16.1) by making the replacement

mg — (mz — iT7/2)* = my — imzT'7 — 172,

For the Z boson, the total decay width ['z < myz, and to a good approximation the
il% term can be neglected. In this case, the Z-boson propagator of (16.1) becomes

1 1
- = R . (16.3)
q-—my + imyzl'y
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The measurements of the ete~ — qq cross section from LEP close to and above Z resonance. Also shown
are the lower-energy measurements from earlier experiments. The dashed line shows the contribution to the
cross section from the QED process alone. Adapted from LEP and SLD Collaborations (2006).

The cross section for e*e™ — Z — u*u~, with ¢> = s, is therefore proportional to

1
N
s —m;, +imzlz

1

2
oo M- x = .
— m2)\2 212
(s =m3)* + m;I7

Hence the e*e™ — Z annihilation cross section peaks sharply at /s = myz, and the
resulting Lorentzian dependence on the centre-of-mass energy is referred to as a
Breit—Wigner resonance.

The experimental measurements of the ete™ — qq cross section over a wide
range of centre-of-mass energies are shown in Figure 16.2. The data are compared
to the prediction from the s-channel y- and Z-exchange Feynman diagrams, includ-
ing the interference between the two processes,

IMP = My + Mz

The predicted cross section from the QED process alone is also shown. For centre-
of-mass energies below 40 GeV, the cross section is dominated by the QED photon
exchange diagram. In the region /s = 50 — 80 GeV, both y and Z processes are
important. Close to the Z resonance, the Z-boson exchange diagram dominates;
at the peak of the resonance it is about three orders of magnitude greater than
pure QED contribution. For +/s > my, the contributions from the photon and
Z-exchange diagrams are of the same order of magnitude, reflecting the unified
description of QED and the weak interaction where gz ~ e.
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16.1.1 Z production cross section

In principle, the cross section for e*e™ annihilation close to the Z resonance, in
for example the process e*e”™ — p*u~, needs to account for the two Feynman
diagrams of Figure 16.1. However, for /s ~ mz the QED contribution to the total
cross section can be neglected. In this case, only the matrix element for ete™ —
Z — uru” needs to be considered. This matrix element can be obtained by using
the propagator of (16.3) and the weak neutral-current vertex factor of (15.38),

2
97 _ . S
M rs = = 3 1 Ce _ Ce u x
T s ml imzrz)g’”[ (Pr"3(¢5 = c57°) u(pn)]
[ﬁ(P3)7V% (c*“/ - ciy5) v(p4)] ,
where ¢y, ¢}, th, and cf; are the vector and axial-vector couplings of the Z to the

electron and muon. Given the chiral nature of vector boson interactions, it is con-
venient to re-express this matrix element in terms of the couplings of the Z boson
to left- and right-handed chiral states by writing cy = (cp + cg) and c4 = (¢ — CR).
In this case, the matrix element can be written
2
97

Mji = ———L——— g, | 8p2)y" PLu(p1) + c5(p2)y* Pru(p)] x
(s —m; + imzl'z)

|4it(p3)y Pro(pa) + cRii(ps)y” Pro(ps) |, (16.4)

where P; = %(1 —y’)and Pg = %(1 +77) are the chiral projection operators. Given

that mz > m,,, the fermions in the process e*e™ — Z — u*u~ are ultra-relativistic
and the helicity and chiral states are essentially the same. The chiral projection
operators in (16.4) therefore have the effect

Pru=uy, Pru=uy, Pro=vy and Prv=v,.

Furthermore, as described in Section 15.4, helicity combinations such as uy#vq
give zero matrix elements. Consequently the matrix element of (16.4) is only non-
zero for the four helicity combinations shown in Figure 16.3, with the correspond-
ing matrix elements

Mgr = —P7(5) g5 ¢ Guy [0,(p2)y* ur (P01 (17 (p3)y vy (pa)], (16.5)
Mgr = =Pz(5) g5 ¢3¢ gy [01(p2)y iy (P [, (p3)y 01 (pa)], (16.6)
Mg = =P7(5) g5 ¢ ¢ guv [01(p2)y uy (P [Ty (p3)y vy (pa)], (16.7)
Mur = =Pz(8) g5 5.6} gy [01(p2)y*uy (p0)] [, (p3)y vi(pa)], (16.8)

where Pz(s) = 1/(s — m% + imz1'z) is the Z propagator and the labels on the differ-
ent matrix elements M denote the helicity states of the e™ and ™.
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Magr Mg, Mg My

/u* /-‘vw /u* _ /_/-w

e’-it-e* efﬂ" et 67-"-e+ e » 4 et

w/ u*/ w/ u*/

RL — RL RL— LR LR— RL LR— LR

The four possible helicity combinations contributing to e*e™ — Z — w*u™. The corresponding matrix
elements are labelled by the helicity states of thee™ and ™.

The combinations of four-vector currents in (16.5)—(16.8) are identical to those
encountered in Chapter 6 for the pure QED process ete™ — u*u~, where for
example

Gul0y (P2)y*ur(pO1lur(p3)y’v (pa)l = s(1 + cos 6).

Using the previously derived results of (6.20) and (6.21), the matrix elements
squared for the four helicity combinations in the process ete™ — Z — p*u~ are

IMgrl* = IPz(5)? 95,57 (c5)*(cl)*(1 + cos 6)?, (16.9)
IMgLI? = IPZ(s) 957 (c)*(c1)*(1 = cos 6)?, (16.10)
IMgl® = [PZ(s) g55°(c5)*(ch)*(1 = cos 6)°, (16.11)
MLl = [PZ(s) g s°(c5)*(c))*(1 + cos ), (16.12)

where [Pz(s)* = 1/[(s — m3)* + m3T5].
For unpolarised e~ and e* beams, the spin-averaged matrix element is given by

1
AIMP) = 2 (IMeel® + IMLLP + IMLRP + IMRL).

where the factor of one quarter arises from averaging over the two possible helicity
states for each of the electron and the positron, and therefore from (16.9)—(16.12),
1 gy s

2 2712
4 (s = m3)? + myl7

IMPy = x [ (€)X + (¢)*()?| (1 + cos )?

| @) + (@) | (A~ cos0)? |
(16.13)
The terms in the braces can be grouped into
{-1= [(C%)2 + (ceL)z] [(62)2 + (ci)z] (1 + cos® 6)
+2[(cf)? = (7] |(R)* = (})*| cos, (16.14)

which can then be expressed back in terms of the vector and axial-vector couplings
of the electron and muon to the Z boson using

2 2 2,2 2_ 2
cy +c¢y =2(c; +cg) and cycp =cf —Cg,
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giving
o= 3@ + @] () + @D?] (1 + cos? 6) + 2¢5 el cos 6.

Finally, the e*e™ — Z — p*u~ differential cross section is obtained by substituting
the spin-averaged matrix element squared into (3.50),

do 1 gy 5> y
dQ ~256m2s (s — m2)? + m2I2
(s —m3z)” + m;17
{3 [€)% + @] [(h)? + ()] (1 + cos? 0) + 2¢5, ¢y clycly cos B) . (16.15)

The total cross section is determined by integrating over the solid angle d€. This
is most easily performed by writing dQQ = d¢ d(cos #) and making the substitution
x = cos 6, such that

5 27 +1 5 1671
(1 +cos“6)dQ = d¢ (1+x)dx:T and cos6dQ = 0.
0 -1

The resulting cross section for the process ete™ — Z — p*u~ is

1 g,
1927 (s — m%)2 +

oefe” = Z - upn) = ) [(C(;'/)z+ (CZ)Z][(C%Z"‘ (Ci)z]-
7 Z

Thus, the total efe™ — Z — u*u~ cross section is proportional to the product
of the sum of the squares of the vector and axial-vector couplings of the initial-
state electrons and the final-state muons. Using the expression for the partial decay
widths of the Z boson, given in (15.41), the sums c%, +c2 % for the electron and muon

can be related to I'ee = ['(Z — e*e™) and Iy, = [(Z — p*p),

gzZ

gzZ

Tee = [(cv) +(c§?] and Ty = [( D7+ ()]

Hence, the total cross section, expressed in terms of the partial decay widths, is

127s Feerp,u
mZ (s —m3)?+ m%l%

oefe” > Z - utu) = (16.16)

The cross sections for other final-state fermions are given by simply replacing ',
by the partial width I'y = I'(e*e™ — ff).

The properties of the Z resonance are described by (16.16). The maximum value
of the cross section, which occurs at the centre-of-mass energy +/s = my, is

o 127 Tely

O = —
ff 2 2
m;, r

(16.17)
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From (16.16) it is straightforward to show that the cross section falls to half of its
peak value at

Vs =mgz £T7/2.

Therefore I'z is not only the total decay rate of the Z boson, it is also the full-width-
at-half-maximum (FWHM) of the cross section as a function of centre-of-mass
energy. Hence the mass and total width of the Z boson can be determined directly
from measurements of the centre-of-mass energy dependence of the cross section
forete™ — Z — ff. Furthermore, once myz and I'z are known, the measured value
of peak cross section for a particular final-state fermion a'g can be related to the
product of the partial decay widths using (16.17),

oOTZm?2

m
Feel's = ﬂlzzﬂ_ Z-

Hence, the observed peak cross sections can be used to determine the partial decay
widths of the Z boson for the different visible final states.

16.2 The Large Electron—Positron collider
I —

The LEP collider, which operated at CERN from 1989 to 2000, is the highest
energy electron—positron collider ever built. The circular accelerator was located
in the 26 km circumference underground tunnel that is now home to the LHC. The
electrons and positrons circulated in opposite directions and collided at four inter-
action points, spaced equally around the ring, accommodating four large general
purpose detectors, ALEPH, DELPHI, L3 and OPAL. From 1989 to 1995, LEP
operated at centre-of-mass energies close to the Z mass and the four experiments
accumulated over 17 million Z events between them, allowing its properties to
be determined with high precision. From 1996 to 2000, LEP operated above the
threshold for WW~ production and the LEP experiments accumulated a total of
more than 30000 efe™ — W*W~ events over the centre-of-mass energy range
161-208 GeV, allowing the properties of the W boson to be studied in detail.

16.2.1 Measurement of the mass and width of the Z

At LEP, the mass and width of the Z boson were determined from the centre-
of-mass energy dependence of the measured e*fe™ — Z — (q cross section. In
principle, the cross section is described by the Breit—Wigner resonance of (16.16),
with the maximum occurring at +/s = mz and the FWHM giving I'z. In practice,
this is not quite the case. In addition to the lowest-order Feynman diagram, there
are two higher-order QED diagrams where a photon is radiated from either the
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et “+ et u+ et 0% u+
The lowest-order Feynman diagram for the annihilation processe*e™ — w*u ™ and the diagramsincluding
initial-state radiation.

initial-state electron or positron, as shown in Figure 16.4. The effect of initial-state
radiation (ISR) is to distort the shape of the Z resonance curve. If an ISR photon
with energy E, is radiated, the energy of the e* or e™ is reduced from E to E’ = E —
E,, where E is the nominal energy of the electron and positron beams. In the limit
where the photon is emitted collinear with the incoming electron/positron (which is
usually the case), the four-momenta of the electron and positron at the Z production
vertex are p; = (E - E,,0,0,E - Ey) and p, = (E,0,0,-E). For collisions at a
nominal centre-of-mass energy of +/s, the effect of ISR is to produce a distribution
of the four-momentum gz of the virtual Z bosons. This can be expressed as the
effective centre-of-mass energy squared at the e*e™ annihilation vertex s’ = q%,
given by the square of the sum of four-momenta of the e* and e~ after ISR,
E E
s =(p1+p2)’ = QE - E))* - E} :4E2(1 - EY) = s( - EY)

The impact of ISR is to reduce the effective centre-of-mass energy for the collisions
where ISR photons are emitted; even if the accelerator is operated at a nominal
centre-of-mass energy equal to myz, some fraction of the Z bosons will be produced
with q% < m%

The distribution of Vs’ can be written in terms of the normalised probability
distribution f(s’, s). The measured cross section is the convolution of the s” distri-
bution with the cross section o(s”) obtained from (16.16),

O—meas(s):fo'(s’)f(S’,S)dS’.

The effect of ISR is to distort the measured Z resonance. However, because ISR
is a QED process, the function f(s’, s) can be calculated to high precision. Conse-
quently, the measured cross section can be corrected back to the underlying Breit—
Wigner distribution. Figure 16.5 shows the measured e*e™ — Z — (q cross section
as a function of centre-of-mass energy. The data are compared to the expected dis-
tribution including ISR. The dashed curve shows the reconstructed shape of the Z
resonance after the deconvolution of the effects of ISR. Close to and below the peak
of the resonance, ISR results in a reduction in the measured cross section because
the centre-of-mass energy at the e*e™ vertex is moved further from the peak of
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The measurements of the ee™ — qq cross section from LEP close to the Z resonance. The expected res-
onance curves, before and after correcting for ISR are shown by the solid and dashed lines respectively. The
measurement errors have been multiplied by a factor of 10 to improve visibility. Adapted from LEP and SLD
Collaborations (2006).

the resonance. Above the peak of the resonance, ISR increases the cross section
because the average centre-of-mass energy is moved closer to the peak.

From the measurements of the Z resonance at LEP, shown in Figure 16.5, the
mass of the Z boson is determined to be

mz = 91.1875 + 0.0021 GeV.

Owing to the large numbers of Z bosons produced at LEP, mz could be measured
with a precision of 0.002%, making it one of the more precisely known funda-
mental parameters. To achieve this high level of precision, the average centre-
of-mass energy of the LEP collider had to be known to 2MeV. This required a
detailed understanding of a number of potential systematic biases. For example,
tidal effects due to the gravitational pull of the Moon distort the rock surround-
ing the LEP accelerator by a small amount, resulting in +0.15 mm variations in
the 4.3 km radius of the accelerator. These variations are sufficient to change the
beam energy by approximately =10 MeV. Nevertheless, the position of the Moon
is known and the effect of these tidal variations could be accounted for. A more
subtle and unexpected effect was the observation of apparent jumps in the beam
energies at specific times of the day. After much investigation, the origin was iden-
tified as leakage currents from the local high-speed railway. These leakage currents
followed the path of least resistance in a circuit formed from the rails, a local river
and the LEP ring. The small currents that ran along the LEP ring, were sufficient to
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modify the magnetic field in the accelerator, leading to small changes in the beam
energy. Once understood, the affected data could be treated appropriately.

The width of the Z-boson

The total width of the Z boson, determined from the FWHM of the Breit—-Wigner
resonance curve after unfolding the effects of ISR (shown in Figure 16.5) is

I'z =2.4952 + 0.0023 GeV,

corresponding to a lifetime of just 2.6 x 1072 s. The total width of the Z is the sum
of the partial decay widths for all its decay modes,

I'z = 1—‘ee + Fuu + F‘n: + Iﬂhadrons + Fveve + Iﬂvuvu + Iﬂvtvr, (16-18)

where I'hagrons 1S the partial decay width to all final states with quarks. Assuming
the lepton universality of the weak neutral-current, (16.18) can be written

I'z = 3Ff€ + l—‘hadrons + 3@y,

where I'sy and I, are respectively the partial decay widths to a single flavour of
charged lepton or neutrino. Although the decays to neutrinos are not observed, they
still affect the observable total width of the Z resonance.

To date only three generations of fermions have been observed. This in itself
does not preclude the possibility of a fourth generation, provided the fourth-
generation particles are sufficiently massive to have avoided detection. However, if
there were a fourth-generation neutrino, with similar properties to the three known
generations, the neutrino would be sufficiently light for the decay Z — v4v4 to
occur. This possibility can be tested through its observable effect on I'z. For N,
light neutrino generations, the expected width of the Z boson is

I'z = 3r£’€ + Dhadrons + Nyvl'yy. (16-19)

Hence the number of light neutrino generations that exist in nature can be obtained
from the measured values of I'z, I'sy and ['hagrons USing

_ (I'z = 3¢ = T'hadrons)
Ny = SM
I

) (16.20)

where TSM is the Standard Model prediction of (15.42). The individual partial
decay widths to particles other than neutrinos, can be determined from the mea-
sured cross sections at the peak of the Z resonance using

— 127 Tel
ete” = Z - ff) = — (16.21)
my 17

Given that mz and I'z are known precisely, the measured peak cross section for
ete” - Z — e*e” determines Fge. Once I is known, the partial decay widths of
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The measurements of the ee™ — qq cross section from LEP close to the Z resonance compared to the
Standard Model expectation for two, three and four light neutrino generations. Adapted from LEP and SLD
Collaborations (2006).

the Z boson to the other visible final states can be determined from the respective
peak cross sections, again using (16.21). Using the measured values of the partial
decay widths and the relation of (16.20), the number of light neutrino generations
is determined to be

Ny =2.9840 + 0.0082. (16.22)

Figure 16.6 compares the measured e*e™ — qq cross section, close to the Z reso-
nance, with the expected cross sections for two, three and four neutrino generations.
The consistency of the data with the predictions for three neutrino generations pro-
vides strong evidence that there are exactly three generations of light neutrinos
(assuming Standard Model couplings) from which it can be inferred that there are
probably only three generations of fermions.

16.2.2 Measurements of the weak mixing angle

The weak mixing angle 6y is one of the fundamental parameters of the Standard
Model. The Standard Model vector and axial-vector couplings of the fermions to
the Z boson are given by (15.36) and (15.37),

cy = Ii,f,) -20 sin’ Ow and cy = Ig,),
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The definition of the forward (6~ < 7r/2) and backward (- > 7r/2) hemispheres and the contributions
to the differential cross section from the different helicity combinations.

and thus sin? Ow can be obtained from measurements of cy. In practice, the relevant
experimental observables depend on the ratio of couplings,

v _, 20 sin” Oy
P
CA IW

For the charged leptons, with Q = —1 and Iif,) =-1/2,

¢
Cy _ .2

— =1 —4sin” Oy. (16.23)
Ca

There are a number of ways in which the ratio cy/c4 can be obtained from mea-
surements at LEP. The simplest conceptually is the measurement of the forward—
backward asymmetry Agg of the leptons produced in efe™ — Z — £*{". App
reflects the asymmetry in angular distribution of the final-state leptons and is

defined as

, _
Al =22 (16.24)

Here o and o p are the respective cross sections for the negatively charged lepton
being produced in the forward (8,- < /2) and backward (6,- > 7/2) hemispheres,
as indicated in Figure 16.7.

The differential cross section for efe™ — Z — u*u~ of (16.14) has the form

d
d—g o a(1 + cos? 6) + 2b cos b, (16.25)

where the coefficients a and b are given by
a =)+ (§?] | + (] and b=]c§)® - (][} - (h].

If the couplings of the Z boson to left-handed (LH) and right-handed (RH) fermions
were the same, b would be equal to zero and the angular distribution would have
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the symmetric (1+cos? 6) form seen previously for the pure QED process, in which
case Agg = 0.

The different couplings of the Z boson to LH and RH fermions manifests itself
in differences in the magnitudes of the squared matrix elements for the four helicity
combinations of Figure 16.3. From (16.9)—(16.12), it can be seen that the sum of
the squared matrix elements for the RL — RL and LR — LR helicity combinations
depends on (1 + cos )%, whereas the sum for the RL — LR and LR — RL com-
binations depends on (1 — cos 6)*. This difference results in a forward—backward
asymmetry in the differential cross section, as indicated in the right-hand plot of
Figure 16.7.

The forward and backward cross sections, or and o g, can be obtained by inte-
grating the differential cross section of (16.25) over the two different polar angle
ranges, 0 < 0 < /2 and /2 < 6 < . Writing dQ = d¢ d(cos 6),

1 0
OF = 27rf0 j—gd(cos 6) and op=2rm j:l j—gd(cos 0).

From the form of the differential cross section of (16.25), o and o p are

O'Focfl[a(l + cos? 0) + 2bCOSQ] d(cos 6) :fl[a(l + x2) + 2bx] dx = (%a + b),
0 0

O'BOCfo[a(l + cos” ) + 2b cos 6] d(cos ) :fo[a(l +x%) + 2bx| dx = ($a - b).
-1 1

Thus the forward—backward asymmetry is given by
_ OfF — 0B _ 3b
op+op 4da’

From the expressions for the coefficients a and b, the forward—backward asymme-
try is related to the left- and right-handed couplings of the fermions by

3 [(Ci)2 - (C;)z] . [(CE)2 - (62)2]
41?2+ ()] L)+ (2]

This can be written in the form

App =
3
App = Zﬂeﬂu,
where the asymmetry parameter Ay for a particular flavour f is defined by

@R 20,

T (@R R T ([ R+ ()

f (16.26)

At LEP, Apg is most cleanly measured using the e*e™, u*u~ and t*t~ final states,
where the charges of the leptons are determined from the sense of the curvature of
the measured particle track in the magnetic field of the detector. By counting the
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Measurements of the differential cross sections forete™ — u*u~andete™ — Tt at \/s = my.
Adapted from the OPAL Collaboration, Abbiendi et al. (2001).

numbers of events where the £~ is produced in either the forward or backward
hemispheres, Ny and Np, the measured forward—backward asymmetry is simply

In the measurement of Apg, many potential systematic biases cancel because they

tend to affect both forward and backward events in the same manner, consequently

a precise measurement can be made. In practice, App is obtained from the observed

angular distribution, rather than simply counting events. For example, Figure 16.8

shows the OPAL measurements of the e*e™ — u*u~ and ete™ — t*t~ differential

cross sections at /s = myz. The observed asymmetry is small, but non-zero.
Combining the results from the four LEP experiments gives

AS, = 0.0145 +£0.0025, A%, =0.0169+0.0013 and AL, = 0.0188 +0.0017.

These measurements can be expressed in terms of the asymmetry parameter defined
in (16.26), giving

ASp = %ﬂg, AL, = Zﬂeﬂ“ and AL, = %ﬂeﬂT.
Hence the measurements of the forward—backward asymmetries can be interpreted
as measurements of the asymmetry parameters for the individual lepton flavours,
with the ete™ — Z — e™e™ process uniquely determining Ae.

There are a number of other ways of measuring the lepton asymmetry parame-
ters at LEP and elsewhere. For example, the results from the left-right asymmetry
measured in the SLD detector at the Stanford Linear Collider (SLC) provides a
precise measurement of A, alone (see Problem 16.4). The combined results from
LEP and SLC give
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A, = 0.1514 £ 0.0019, A, =0.1456 £ 0.0091 and A, = 0.1449 + 0.0040,

consistent with the lepton universality of the weak neutral-current.
Dividing both the numerator and denominator of (16.26) by cf‘ gives the expres-
sion for the asymmetry parameters in terms of cy/c4,

_ 26‘\// CA
L+ (ev/ea)?
Therefore, the measured asymmetry parameters for the leptons can be interpreted
as measurements of cy/cy, which then can be related to sin® Ow using (16.23),
c .
Y~ 1 —4sin? Ow.
cA
When the various measurements of sin’ 6w from the Z resonance and elsewhere
are combined, the weak mixing angle is determined to be

sin” By = 0.23146 + 0.00012.

The lepton forward—backward asymmetries are small because sin’ Oy is nearly 1/4.

16.3 Properties of the W boson

The studies of the Z boson provide a number of important results, including the pre-
cise measurements of my, 'z and sin? Ow. Further constraints on the electroweak
sector of the Standard Model can be obtained from studies of the W boson. From
1996 to 2000, the LEP collider operated at /s > 161 GeV, above the threshold
for production of e*fe™ —» W*W~. Inete™ — W*W~ events, each W boson can
decay either leptonically, for example W~ — u~™v,, or hadronically, for exam-
ple W~ — du. Consequently, ete™ — W*W~ interactions at LEP are observed
in the three distinct event topologies shown in Figure 16.9. Events where both W
bosons decay leptonically are observed as two charged leptons and an imbalance of
momentum in the transverse plane due to the two unseen neutrinos. Events where
one W decays leptonically and the other decays hadronically are observed as two
jets, a single charged lepton and an imbalance of momentum from the neutrino.
Finally, events where both W bosons decay hadronically produce four jets. The
distinctive event topologies enable e*fe™ — W*™W™ events to be identified with
high efficiency and little ambiguity.

The observed numbers of events in each of the three W*W™ topologies can be
related to branching ratio for W — qq’. For example, the numbers of fully hadronic
decays and fully leptonic decays are respectively proportional to

2 2
Nqqaq  [BROW = q@)|"  and  Neyy o< [1 = BROW — qq)]"
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WHW™ — eV lvy, WIW™ — e Ve 010 WHW™ — 94929304

The three possible event topologies for the decays of W*W~ine*e™ — W*W~ atLEP. Reproduced courtesy
of the OPAL Collaboration.

Consequently, the relative numbers of observed events in the three W*W™ topolo-
gies gives a precise measurement of the W-boson branching ratio to hadrons,

BR(W — qq') = 67.41 £ 0.27%.

This is consistent with the Standard Model expectation of 67.5% obtained from
(15.9). Furthermore, the decays W — ev, W — pv and W — tv are observed
to occur with equal frequencies, consistent with the expectation from the lepton
universality of the charged-current weak interaction.

Figure 16.10 shows the combined measurements of the efe™ — W*W™ cross
section from the four LEP experiments. The data are consistent with the Standard
Model expectation determined from the three Feynman diagrams of Figure 15.5.
The contribution to the total cross section from the s-channel Z-exchange diagram,
shown in Figure 16.11, depends on the strength of the W"W~Z coupling, which
in the Standard Model is fixed by the local gauge symmetry and the electroweak
unification mechanism. The predicted cross section without the contribution from
the Z-exchange diagram, also shown in Figure 16.10, clearly does not reproduce
the data. The efe™ — W™W™ cross section measurements therefore provide a test
the Standard Model prediction of the strength of coupling at the WW~Z vertex.
Yet again, the Standard Model provides an excellent description of the data.

16.3.1 Measurement of the W boson mass and width

The mass and width of the Z boson are determined from the shape of the resonance
in the Z production cross section in e*e™ collisions. The production of W-pairs
at LEP is not a resonant process; for /s > 2my, the Z boson in the s-channel
Feynman diagram of Figure 16.11 is far from being on-mass shell. Consequently
different techniques are required to measure the mass and width of the W boson.
In principle, it is possible to measure the W boson mass and width from the shape
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diagram. The points show the combined results from the ALEPH, DELPHI, L3 and OPAL Collaborations.

<l

-
G2

d4

One of the three Feynman diagrams fore™e™ — W*W™ — n™v,qi0,.

of the efe™ — W*W~ cross section close to threshold at /s ~ 2my, where the
position and sharpness of the turn-on of the cross section depend on my and I'yw.
Significantly above threshold, where the majority of the LEP data were recorded,
myw and I'y are determined from the direct reconstruction of the invariant masses
of the W-decay products.

Up to this point, the production and decay of the W bosons in the process
ete” —» W*W~ have been discussed as independent processes. This distinction,
which effectively treats the W bosons as real on-shell particles, is not strictly
correct. The W bosons should be considered as virtual particles. For example,
Figure 16.11 shows one of the three Feynman diagrams for e*e™ — pn™v,qiqy,
which proceeds via the production and decay of two virtual W bosons. In this
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pCh pQ4

P 93 Py

The WW — qqqqand WW — qqf'v event topologies used at LEP to determine the W-boson mass from
the direct reconstruction of the decay products.

diagram, there are three propagators, one for the Z boson and one for each of the
two W bosons. The propagators for the virtual W bosons have the form

1
N s
q* - m%,\, + imwl'w

where ¢ is the four-momentum of the W boson and the imaginary term accounts for
its finite lifetime. The contribution of the two W-boson propagators to the matrix
element squared is therefore

1 1

X
2_ 2 2 12 2_ 2 2120
(g7 —my)* +my Iy, (g5 — my)* + my 5,

IMP? o

(16.27)

where ¢; and ¢, are the four-momenta of the two W bosons. Hence, the invariant
mass of the two fermions from each W-boson decay is not fixed to be exactly
myy, but will distributed as a Lorentzian centred on mw with width I'yy. A precise
determination of the W-boson mass and width can be obtained from the direct
reconstruction of the four-momenta of the four fermions in the WW~ — ¢fvq;q,
and W*W~ — q;q,q3q, decay topologies, shown in Figure 16.12.

For W"W~™ — q14,q3q, decays, the measured four-momenta of the four jets can
be used directly to reconstruct the invariant masses of the two W bosons,

m% = Q% = (pq1 + pq2)2 and m% = Q§ = (pq3 + pq4)2-

The masses of the two W bosons produced in WW~ — {vq;q, decays can be
determined by reconstructing the momentum of the neutrino. Because the e*e”
collisions occur in the centre-of-mass frame, the total four-momentum of the final-
state particles is constrained to

Ptot = (\/E,()).
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The reconstructed invariant mass distribution of W bosons in e*e™ — W*W~ — £vqq events in the
L3 experiment at LEP. The dashed line indicates the background from events other than W*W~ — £vqq.
Adapted from Achard et al. (2006).

Consequently, the neutrino four-momentum can be obtained from the measured
four-momenta of the charged lepton and the two jets,

Pv = Ptot_pé’_pql ~ Pq>-

Thus, the masses of the two W bosons in the WW~ — {vq;q, decays can be
measured from

mi = qi = (pg, +pg,)’ and  m3 = g5 = (pe+ py)’.

Whilst jet angles are generally well reconstructed, the experimental jet energy
resolution is relatively poor. The resolution on the reconstructed invariant masses
in each observed event can be improved by using the constraint Py = (+/s,0),
which implies that both W bosons will have half the centre-of-mass energy and
will have equal and opposite three-momenta.

Figure 16.13 shows the reconstructed W-mass distribution for {vq;q, events
observed in the L3 experiment. For each observed W*W™ event, the average recon-
structed W-boson mass m = %(ml + my) is plotted. The position of the peak deter-
mines my and the width of the distribution, after accounting for the experimental
resolution, determines ['w. The results from the four LEP experiments give

my = 80.376 £ 0.033GeV and I'w =2.195+0.083GeV.

It is worth noting that, owing to the Lorentzian form of the propagator, the vir-
tual W bosons in the Feynman diagram of Figure 16.11 tend to be produced in the
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range ¢> ~ (mw + I'w)? and are therefore usually close to being on-shell, as can
be seen from (16.13). For this reason, the process etfe™ - WW~ — flfzfgﬂ can
be approximated as the production of two real W bosons, each of which subse-
quently decays to two fermions. For more accurate calculations, such as the Stan-
dard Model prediction shown in Figure 16.10, this approximation is not sufficient
to match the experimental precision and the process has to be treated as the pro-
duction of four fermions through two virtual W bosons.

16.3.2 Measurement of the W mass at the Tevatron

The study of W-boson pair production at LEP provides precise measurements of
myw, I'w and the W-boson branching ratios. Precision measurements can also be
made at hadron colliders. For example, mw has been measured precisely at the
Tevatron in the process pp — WX, where X is the hadronic system from initial-
state QCD radiation and the remnants of the colliding hadrons. In pp collisions, the
W boson is produced in parton-level processes such as ud — W+ — w* V. In order
to reconstruct the mass of the W boson, the momentum of the neutrino needs to be
determined.

At a hadron collider, the centre-of-mass energy of the underlying qq" annihila-
tion process is not known on an event-by-event basis. If x; and x; are the momen-
tum fractions of the proton and antiproton carried by the annihilating q and @', the
four-momentum of the final state is

Pt = | (x1 + )%, 0,0, (1 —x2) L |

Consequently, the final-state W boson will be boosted along the beam (z) axis.
Because the momentum fractions x; and x, are unknown, the components of the
momentum of the final-state system only balance in the transverse (xy) plane. The
typical W — uv event topology, as seen in the plane transverse to the beam axis,
is illustrated in the left plot of Figure 16.14. The transverse components of the
momentum of the neutrino can be reconstructed from the transverse momentum of
the muon, p; = p,X+ p,¥, and the (usually small) transverse momentum ur of the
hadronic system X,

Vo u
pT - _pT —ur.

Owing to the unknown momentum fractions of the colliding partons, the
z-component of the neutrino momentum cannot be determined.

Because the z-component of the momentum of the neutrino is unknown, the
invariant mass of the products from the decaying W boson can not be determined
on an event-by-event-basis. However, it is possible to define the transverse mass

mr = [2(ploy - o b3
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TheW — wv event topology for W bosons produced in pp collisions at the Tevatron and the reconstructed
transverse mass distribution from the CDF experiment, adapted from Aaltonen et al. (2012).

Figure 16.14 shows the reconstructed mr distribution from over 600 000 W — pv
decays observed in the CDF detector. Because the longitudinal components of the
momentum are not included, my does not peak at mw and the distribution of mp
is relatively broad. Nevertheless, these disadvantages are outweighed by the very
large W-production cross section at a hadron—hadron collider. Because of the large
numbers of events, my can be measured even more precisely than at LEP. The
sensitivity to my comes from the shape of the my distribution and the position of
the broad peak. The combined results from the CDF and DO experiments at the
Tevatron and the four LEP experiments give

my = 80.385 £0.015GeV and [I'w =2.085+0.042GeV.

16.4 Quantum loop corrections
I —

The data from LEP, the Tevatron and elsewhere provide precise measurements of
the fundamental parameters of the electroweak model. The masses of the weak
gauge bosons are determined to be

mz = 91.1875 +£0.0021 GeV and myw = 80.385 + 0.015GeV.
The weak mixing angle is determined to be

sin? Gy = 0.23146 + 0.00012,
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and the strengths of the weak and electromagnetic interaction are

1

Gr = 1.1663787(6) x 107> GeV™? and 2y -
F ©)x © and a(mz) = 138 5T T 0.00°

where « is given at the electroweak scale of ¢> = m% In the Standard Model, the
masses of the W and Z bosons are not free parameters, they are determined by
the Higgs mechanism, described in Chapter 17. Consequently, if any three of the
parameters mz, my, Gg, @ and sin” Oy are known, the other two are determined by
exact relations from the electroweak unification mechanism of the Standard Model.
For example, the mass of the W boson is related to @, G and 6y by

( na )% 1
mwy = : s
\V2Gg) sinfw

and the masses of the W and Z bosons are related by

ny = my COS 9W

These constraints, coupled with the precise measurements described above, allow
the electroweak sector of the Standard Model to be tested to high precision. For
example, using the measurements of m and sin® 6y, the predicted mass of the W
boson obtained from mw = my cos Oy is

mBrd = 79.937 + 0.009 GeV.

Despite being of the right order, this prediction is thirty standard deviations smaller
than the measured value of myw = 80.385 + 0.015 GeV. This apparent discrepancy
does not represent a failure of the Standard Model; it can be explained by higher-
order contributions from virtual quantum loop corrections. For example, the mass
of the W boson includes contributions from virtual loops, of which the two largest
are shown in Figure 16.15. As a result of these quantum loops, the physical W-
boson mass differs from the lowest-order prediction mgv by

mw:m8v+amt2+bln(@)+---, (16.28)
mwy

where a and b are calculable constants, and m; and my are the masses of the top
quark and Higgs boson.

The difference between the predicted lowest-order W-boson mass and the meas-
ured value effectively measures the size of these quantum loop corrections. Since
the dependence on the Higgs mass is only logarithmic, the dominant correction in
(16.28) comes from the top quark mass. In 1994 the measurements of the elec-
troweak parameters at LEP implied a top quark mass of 175 + 11 GeV. Shortly
afterwards, the top quark was discovered at the Tevatron with a mass consistent
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The lowest-order Feynman diagram for tt production in pp collisions at the Tevatron.

with this prediction. This direct observation of the effects of quantum loop correc-
tions provides an impressive validation of the electroweak sector of the Standard
Model.

Because the electroweak measurements are sufficiently precise to be sensitive
to quantum loop corrections, they strongly constrain possible models for physics
beyond the Standard Model; any new particle or interaction that gives rise to a
significant contribution to the quantum loop corrections to the W-boson mass will
not be consistent with the experimental data.

16.5 The top quark

The top quark is by some way the most massive of the quarks. In fact, with a
mass of approximately 175 GeV, it is the most massive fundamental particle in
the Standard Model, m(t) > m(H) > m(Z) > m(W). Because of its mass, the top
quark could not be observed directly at LEP and was only discovered in 1994 in pp
collisions at the Tevatron. In pp collisions, top quarks are predominantly produced
in pairs in the QCD process qq — tt, shown in Figure 16.16.

Owing to its large mass, the lifetime of the top quark is very short. Consequently,
the top pairs produced in the process qq — tt do not have time to form bound
states, such as those observed in the resonant production of charmonium (cc) and
bottomonium (bE) states (discussed in Section 10.8). Because |Vip| > |Vis| > [Vidl,
the top quark decays almost entirely by t — bW™. Hence top quark pair production
and decay at the Tevatron (and at the LHC) proceeds mostly by

qq — tt —» bW bW™.
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The lowest-order Feynman diagram for tt production in pp collisions, where the W bosons decay to give a
semi-leptonic final state.

The Feynman diagram for the production of the tt semi-leptonic final state, where
one W boson decays leptonically and the other decays hadronically, is shown in
Figure 16.17. The corresponding matrix element contains four propagators for
massive particles, two for the top quarks and two for the W bosons. Because
I'v < mw, the largest contributions to the matrix element will be when the W
bosons are produced almost on-shell with g> ~ m%v Similarly, the presence of the
propagators for the two virtual top quarks implies that

1 1

X .
2 2 212 2 2 212
(g7 —m)? +mTy (g5 —md)? + miTy

IMP o

As a result, the invariant masses of each of the W*b and W~b systems, produced

in the top decays, will be distributed according Lorentzian centred on m; with
width I'.

16.5.1 Decay of the top quark

Because the W boson from the decay of a top quark is close to being on-shell,
g ~ m%v, the top decay width can be calculated from the Feynman diagram for
t — bW* shown in Figure 16.18, where the W boson is treated as a real on-
shell final-state particle. The corresponding matrix element is obtained from the
quark spinors, the weak charged-current vertex factor and the term €*(pw) for the

polarisation state of the W boson,
~iM = [ii(py) =Ry 51 =Y ulpo)| X €(pw),
and thus

M= L e (pw) u(po)y"3(1 =y )u(py). (16.29)

It is convenient to consider the decay in the rest frame of the top quark and to
take the final-state b-quark direction to define the z-axis. Neglecting the mass of
the b-quark, the four-momenta of the t, b and W* can be written
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The lowest-order Feynman diagram for the decay t — bW™ and coordinates used for the calculation of the
decay rate.

Pt = (mt’o’ 0’ 0)’ Pb = (P*,O, 0’ P*) and PW = (E*aO’ 0’ _P*),

where p* is the magnitude of the momentum of the final-state particles in the
centre-of-mass frame and E* is the energy of the W boson, E*? = (p*)? + m\ZN
The weak interaction couples only to left-handed chiral particle states. Here, in
the limit p* > my, the chiral states are equivalent to the helicity states and, con-
sequently, the b-quark can only be produced in a left-handed helicity state such
that for the configuration of Figure 16.18 its spin points in the negative z-direction.

Hence, the matrix element of (16.29) can be written as
M= 22 € (pw) iy (po)y* u(po). (16.30)

From (4.67), the LH helicity spinor for the b-quark is

0

- 1

”L(Pb) ~ \/P_ 0
-1

The two possible spin states of the top quark can be written using the u; and up
spinors, which for a top quark at rest are (4.48),

1 0
0 1
u(p) = N2Zme| o and ux(p) = y2Zme| g |,
0 0
respectively representing S, = +% and §; = —% states. The four-vector quark cur-

rents for the two possible spin states, calculated using the relations of (6.12)—(6.15),
are

Y=oy u(p) = 2mpr(0,-1,-i,0),
4 =1, (po)y"ua(py) = \2mp*(1,0,0, 1).
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The two allowed spin combinations in the processt — bW,

The three possible polarisation states of the W boson, given by (15.1), are

G-T—(pW) = _\/LE(O’ 1’ _i7 0),
€ (pw) = ~5(0.+1,+4,0),
& (pw) = 7= (-p*,0,0, E"),

which correspond to the S, = +1 and the longitudinal polarisation states. For a
particular top quark spin and W polarisation state, the matrix element of (16.30) is
given by the four-vector scalar product

M = %],6;

The only combinations of the two possible quark currents and the three possible

W-boson polarisations for which the matrix element is non-zero are €;-j; and €; - j>.

These two combinations correspond to the spin states shown in Figure 16.19, which

(unsurprisingly) are the only configurations that conserve angular momentum.
The matrix elements for these two allowed spin configurations are

M = % €11 = =L \mp (0, 1,4,0)-(0, ~1, -7, 0) = —gw y2myp",
Mo = % €-j2 = 2 fmpr (=p,0,0,E")-(1,0,0, 1) = —Z—VVVV Jmp(E* +p°).

From conservation of energy, E* + p* = my, and therefore the spin-averaged matrix
element squared for the decay t — bW™ is

2
m
(M2l = S (IMG1 + IMB)) = dg3mip” (2 + —;],
My
where the factor of one half averages over the two spin states of the t-quark. The
total decay rate is obtained by substituting the spin-averaged matrix element into
the formula of (3.49) which, after integrating over the 47 of solid angle, gives

* 2 %2 2
It — bW = 2y = 2[5 1) (16.31)
8mtm; 167tm; my,
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With some algebraic manipulation (see Problem 16.10), this can be written as

Ggm? m> 2 2m?
L(t— bW = o2t Wy 2w (16.32)
8V2r m my

t

where g%v is given in terms of the Fermi constant, Gg = \/ig%v / (8m%v). For the
measured values of m; = 173 GeV, my = 80.4GeV and Gg = 1.166 x 107> GeV~2,
the lowest-order calculation of the total decay width of the top quark gives

I = 1.5GeV. (16.33)

Hence the top quark lifetime is of order 7 = 1/Tt = 5 X 10723 5. This is sufficiently
short that the top quarks produced at the Tevatron decay in a distance of order
10716 m. This is small compared to the typical length scale for the hadronisation
process, and therefore the tt pairs produced at the Tevatron not only decay before
forming a bound state, but also decay before hadronising.

16.5.2 Measurement of the top quark mass

The mass of the top quark has been measured in the process pp — tt by direct
reconstruction of the top quark decay products, similar to the procedure used to
measure the W-boson mass at LEP. Since both top quarks decay to a b-quark and
a W boson there are three distinct final-state topologies:

tt = (bWH)(DW™) - (bqiq,) (bqaq,) — 6 jets,
tt = (bWH)(DW™) - (bqiq,) (b£V,) — 4 jets + 1, charged lepton + 1v
tt = (bW (W) — (b€ ve) (b £ Vp) — 2 jets + 2 charged leptons + 2vs.

The measurement of the top quark mass is more complicated than the corre-
sponding measurement of the W-mass at LEP, but the principle is the same. The
b-quark jets are identified from the tagging of secondary vertices (see Section 1.3.1)
and the remaining jets have to be associated to the W-boson decay(s), as indicated
in Figure 16.20. Because the momentum of the tt system in the beam (z) direction
is not known (see Section 16.3.2), it might appear that there is insufficient informa-
tion to fully reconstruct the neutrino momentum in observed tt — fourjets + £ + v
events. However, the invariant mass of the two jets associated with a W boson
and the invariant mass of the lepton and neutrino both can be constrained to my
within +I'yw. Furthermore, the invariant masses of the particles forming the two
reconstructed top quarks can be required to be equal. These additional constraints
provide a system of equations that allow the momentum of the neutrino to be
determined from the technique of kinematic fitting. In both the fully hadronic and
tt — fourjets+£+v decay topologies, these constraints improve the event-by-event
mass resolution.
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The two main tt event topologies used at the Tevatron to determine the top quark mass from the direct recon-
struction of the decay products.

The top quark mass has been determined by both the CDF and DO collaborations
using the measured four-momenta of the jets and leptons in observed tt — six jets
and tt — four jets + £ + v events. As an example, Figure 16.21 shows the recon-
structed top mass distribution from an analysis of data recorded by the CDF exper-
iment. Whilst the reconstructed mass peak is relatively broad due to experimental
resolution, a clear peak is observed allowing the top mass to be determined with a
precision of O(1%). The current average of the top quark mass measurements from
the CDF and DO experiments is

my =173.5 £ 1.0GeV.

The total width of the top quark is measured to be It = 2.0 + 0.6 GeV. The top
width is determined much less precisely than the top quark mass because the width
of the distribution in Figure 16.21 is dominated by the experimental resolution.
Nevertheless, the current measurement is consistent with the result of the lowest-
order calculation presented in Section 16.5.1.

A window on the Higgs boson

Just as the electroweak measurements at LEP provided a prediction of the top quark
mass through its quantum loop corrections to the W-boson mass, the precise deter-
mination of the top quark mass at the Tevatron provides a window on the Higgs
boson. Its measurement determines the size of the largest loop correction to the
W-boson mass, which arises from the virtual tb loop in Figure 16.15. The next
largest correction arises from the WH loop that leads to the logarithmic term in
(16.28). The electroweak measurements at LEP and the Tevatron, when combined
with the direct measurement of the top quark mass, constrain the mass of the Stan-
dard Model Higgs boson to be in the range

50GeV < my < 150GeV.



456

Tests of the Standard Model

100

Events

100 200 300

m{®*°/GeV

The distribution of the reconstructed top mass in selected tt — four jets + £ + v events in the CDF detector
at the Tevatron. The dashed curve indicates the expected contribution from processes other than tt. Adapted
from Aaltonen et al. (2011).

Direct searches for the Higgs boson at LEP placed a lower bound on its mass of
my > 115GeV.

Hence, prior to the turn-on of the LHC, the window for the Standard Model Higgs
boson was already quite narrow.

Summary
|

The Z boson was studied with very high precision at the LEP e*e™ collider. The
resulting measurements provided a stringent test of the predictions of the GSW
model for electroweak unification. The mass of the Z boson, which is a fundamen-
tal parameter of the Standard Model, was determined to be

mz = 91.1875 + 0.0021 GeV.

The observed couplings of the Z boson are consistent with the Standard Model
expectations with

sin® By = 0.23146 + 0.00012.
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The measurements of I’z and the ete™ — Z — ff cross sections, demonstrate that
there are only three generations of light neutrinos (assuming standard couplings),
which is strongly suggestive that there are only three generations of fundamental
fermions. Furthermore, studies of the W boson at LEP and the Tevatron and the
studies of the top quark at the Tevatron, show that

my = 80.385£0.015GeV and m;=173.5+1.0GeV.

Remarkably, when combined, the above measurements of the electroweak sec-
tor of the Standard Model are sufficiently precise to reveal effects at the quantum
loop level. These precision measurements and the ability of the Standard Model to
describe the electroweak data, represent one of the highlights of modern physics.
However, there is a serious problem with the Standard Model as it has been pre-
sented so far; the fact the W and Z bosons have mass breaks the required gauge
symmetry of the Standard Model. The solution to this apparent contradiction is the
Higgs mechanism.

Problems
|

@ 16.1  After correcting for QED effects, including initial-state radiation, the measured e*e™ — p*u~ande™e™ —

hadrons cross sections at the peak of the Z resonance give
oete” -7 - utn) =19993nb and o "(ete” — Z — hadrons) = 41.476 nb.
(@) Assuming lepton universality, determine I"z; and I'agrons-

(b) Hence, using the measured value of I'; = 2.4952 + 0.0023 GeV and the theoretical value of I, given by
Equation (15.41), obtain an estimate of the number of light neutrino flavours.

@ 16.2  Show thatthee™e™ — Z — u*u~ differential cross section can be written as

d
% o (1+ cos” ) + LA cos 6.

@ 16.3  From the measurement of the muon asymmetry parameter,

Ay, = 0.1456 + 0.0091,

determine the corresponding value of sin’ 6y.

@ 16.4 The e*e~ Stanford Linear Collider (SLC), operated at_ Vs = my with left- and right-handed longitudinally

polarised beams. This enabled the e*e™ — Z — ff cross section to be measured separately for left-handed
and right-handed electrons.

Assuming that the electron beam is 100% polarised and that the positron beam is unpolarised, show that the
left—right asymmetry Az is given by
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16.5

16.6

16.7

16.8
16.9

o —op (= (&)

A = - -
o+ oy (Cf)z + (C;)Z

€

where o7 and oy are respectively the measured cross sections at the Z resonance for LH and RH electron beams.
From the expressions for the matrix elements given in (16.8), show that:
(a) the average polarisation of the tau leptons produced in the processe*e™ — Z — t*t™is

Ny =N

Py = = -
<‘[> NT+NL ﬂ‘h

where Ny and N, are the respective numbers of T~ produced in RH and LH helicity states;
(b) the tau polarisation where the T~ is produced at an angle 6 with respect to the initial-state e~ is
Ni(cos6) = Ny(cos6) A1+ o5’ 6) + LA, cos 6

Pr-(cos 0) = = .
v (@s6) Ny (cos ) + N (cos ) (1+ 052 0) + A cos 0

The average tau polarisation in the process e*e™ — Z — Tt~ can be determined from the energy dis-
tribution of 7t~ in the decay T~ — 7t~ v;. In the T~ rest frame, the st~ four-momentum can be written
p = (E%,p*sin6*,0,p* cos 6), where 6* is the angle with respect to the T~ spin, and the differential par-
tial decay width is

dr (¢

oC
d cos 9* my

(1+ cos8").

(a) Without explicit calculation, explain this angular dependence.
(b) For the case where the T~ is right-handed, show that the observed energy distribution of the 7t~ in the
laboratory frame is

dr-[%
T

wherex = E,/E..
() Whatis the corresponding 7t~ energy distribution for the decay of a LH helicity t~.
(d) Ifthe observed pion energy distribution is consistent with

dar
5 = 1M 0280 = 0.86r + 1140~ ),

determine A, and the corresponding value of sin? 6y.

There are ten possible lowest-order Feynman diagrams for the process e*e™ — M‘vuua, of which only three
involve a W* W~ intermediate state. Draw the other seven diagrams (they are all s-channel processes involving
asingle virtual W).

Draw the two lowest-order Feynman diagrams fore*e™ — ZZ.

In the OPAL experiment at LEP, the efficiencies for selecting W*W~ — £vqiq, and WHW~ — 9,030,
events were 83.8% and 85.9% respectively. After correcting for background, the observed numbers of £vq;q,
and g,q,050, events were respectively 4192 and 4592. Determine the measured value of the W-boson hadronic
branching ratio BR(W — qq) and its statistical uncertainty.

16.10 Suppose the four jets in an identified e* e~ — W*W™ event at LEP are measured to have momenta,

pr =824 +5GeV, p, =59.8+5GeV, p; =23.7+5GeV and py = 42.6 + 5GeV,
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and directions given by the Cartesian unit vectors,

iy = (0.72,0.33,0.61), 1, = (—0.61,0.58, —0.53),
n; = (-0.63, —0.72, —=0.25), 1y = (—0.14, —-0.96, —0.25).
Assuming that the jets can be treated as massless particles, find the most likely association of the four jets to the
two W bosons and obtain values for the invariant masses of the (off-shell) W bosons in this event. Optionally,
calculate the uncertainties on the reconstructed masses assuming that the jet directions are perfectly measured.
Show that the momenta of the final-state particles in the decay t — W*bare
Lo
m
and show that the decay rate of (16.31) leads to the expression for I'; given in (16.32).




The Higgs boson

4 The Higgs mechanism and the associated Higgs boson are essential parts of )

the Standard Model. The Higgs mechanism is the way that the W and Z bosons
acquire mass without breaking the local gauge symmetry of the Standard
Model. It also gives mass to the fundamental fermions. This chapter describes
the Higgs mechanism and the discovery of the Higgs boson at the LHC. The
Higgs mechanism is subtle and to gain a full understanding requires the addi-
tional theoretical background material covered in the sections on Lagrangians
and local gauge invariance in quantum field theory.

17.1 The need for the Higgs boson

460

The apparent violation of unitarity in the e*e™ — W*W™ cross section was resolved
by the introduction of the Z boson. A similar issue arises in the WW~ — W*W~
scattering process, where the cross section calculated from the Feynman diagrams
shown in Figure 17.1 violates unitarity at a centre-of-mass energy of about 1 TeV.
The unitarity violating amplitudes originate from W;W; — W W scattering,
where the W bosons are longitudinally polarised. Consequently, unitary violation
in WW scattering can be associated with the W bosons being massive, since longi-
tudinal polarisation states do not exist for massless particles. The unitarity violation
of the W W — W W/ cross section can be cancelled by the diagrams involving
the exchange of a scalar particle, shown in Figure 17.2. In the Standard Model this
scalar is the Higgs boson. This cancellation can work only if the couplings of the
scalar particle are related to the electroweak couplings, which naturally occurs in
the Higgs mechanism.

The Higgs mechanism is an integral part of the Standard Model. Without it, the
Standard Model is not a consistent theory; the underlying gauge symmetry of the
electroweak interaction is broken by the masses of the associated gauge bosons. As
shown by ‘t Hooft, only theories with local gauge invariance are renormalisable,
such that the cancellation of all infinities takes place among only a finite number
of interaction terms. Consequently, the breaking of the local gauge invariance of
the electroweak theory by the gauge boson masses can not simply be dismissed.
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Y/Z
Y/Z

W- W~ W~ W~ W~ W~

The lowest-order Feynman diagrams for W*W~= — W*W~_ The final diagram, corresponds to the quartic
coupling of four W bosons.

W+ W+ W+ W+

s
VAN H

W~ W~ W~ W~

Higgs boson exchange diagrams for W*W~ — W*HW—,

The Higgs mechanism generates the masses of the electroweak gauge bosons in a
manner that preserves the local gauge invariance of the Standard Model.

17.2 Lagrangians in Quantum Field Theory
I —

The Higgs mechanism is described in terms of the Lagrangian of the Standard
Model. In quantum mechanics, single particles are described by wavefunctions
that satisfy the appropriate wave equation. In Quantum Field Theory (QFT), par-
ticles are described by excitations of a quantum field that satisfies the appropriate
quantum mechanical field equations. The dynamics of a quantum field theory can
be expressed in terms of the Lagrangian density. Whilst the development of QFT
is outside the scope of this book, an understanding of the Lagrangian formalism is
necessary for the discussion of the Higgs mechanism. The purpose of this section
is to provide a pedagogical introduction to the Lagrangian of the Standard Model,
which ultimately contains all of the fundamental particle physics.

17.2.1 (assical fields

In classical dynamics, the motion of a system can be described in terms of forces
and the resulting accelerations using Newton’s second law, F = mX. The same
equations of motion can be obtained from the Lagrangian L defined as

L=T-V, (17.1)
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where T and V are respectively the kinetic and potential energies of the system.
The Lagrangian L(g;, g;) is a function of a set of generalised coordinates ¢; and
their time derivatives ¢; (the possible explicit time dependence of the Lagrangian
is not considered here). Once the Lagrangian is specified, the equations of motion
are determined by the Euler—Lagrange equations,

d (oL oL
—|=—=]-=—=0. (17.2)
dr\dq;) Oq;

For example, consider a particle moving in one dimension where the Lagrangian
is a function of the coordinate x and its time derivative X, with

L=T-V=1imié-v).
The derivatives of the Lagrangian with respect to x and X are

ox ox  ox’

and the Euler—Lagrange equation (17.2) for the coordinate g; = x is simply

B oV(x)
ox

Since the derivative of the potential gives the force, this is equivalent to F' = mX
and Newton’s second law of motion is recovered.

The Lagrangian treatment of a discrete system of particles, described by n gen-
eralised coordinates g;, can be extended to a continuous system by replacing the
Lagrangian of (17.1) with the Lagrangian density L,

dg;
L (Cli, d_tl) - L (¢i, ay¢i) :
In the Lagrangian density, the generalised coordinates g; are replaced by the fields
9i(t, x,y, z), and the time derivatives of the generalised coordinates ¢; are replaced
by the derivatives of the fields with respect to each of the four space-time coordi-
nates,

0¢i
0ubi = G
The fields are continuous functions of the space-time coordinates x* and the

Lagrangian L itself is given by
L= f L &x.
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o(x. 1)

p

The scalar field ¢(x, t) representing the transverse displacement of a string of mass per unit length o under
tension 7.

Using the principle of least action,' the equivalent of the Euler—Lagrange equation
for the fields ¢; can be shown to be

( 0L ) oL (173)

g a(ay¢i) a¢z
The field ¢;(x*) represents a continuous quantity with a value at each point in
space-time. It can be a scalar such as temperature 7'(x,f), a vector such as the
electric field strength E(x, f), or a tensor.
To illustrate the application of classical field theory, consider the relatively sim-
ple example of a string of mass per unit length p under tension 7, as indicated in
Figure 17.3. Here the scalar field ¢(x, f) represents the transverse displacement of

the string as a function of x and #. The kinetic and potential energies of the string,
written in terms of the derivatives of the field, are

2 2
T = fzp(?,;b) dx and V= fé‘r(g—i) dx.

Hence the Lagrangian density is
5¢
Ox

96\
L=t [(5)

where v = /7/p. Once the Lagrangian density has been specified, the equations

of motion follow from the Euler—Lagrange equation of (17.3). For the Lagrangian

density of (17.4), the relevant partial derivatives are
oL o¢ oL 2

= = pdyd = p—,
T A TR T

= 1p[@08” - *@19)’), (17.4)

0p 0.
— = o’ — = _
= —pv° 01¢p = —pv and 0,

and the Euler-Lagrange equation gives

. o (0¢ 9 (09
Po(0op) — pv°01(016) =0 or equivalently p— ot ( a[) PY 5% ((’)x) 0

! The derivation can be found in any standard text on classical or Quantum Field Theory.
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Therefore the field ¢(x), describing the displacement of the string, satisfies the
equation of motion

82 2
o _ 026_(/5 =0,
or? 0x?

which is the usual one-dimensional wave equation with phase velocity given by
v = 4/T/p. Hence, it can be seen that Lagrangian density determines the wave
equation for the field.

17.2.2 Relativistic fields

In Quantum Field Theory, the single particle wavefunctions of quantum mechanics
are replaced by (multi-particle) excitations of a quantum field, which itself satisfies
the appropriate field equation. The field equation is determined by the form of the
Lagrangian density, which henceforth will be referred to simply as the Lagrangian.
In the above example of a string under tension, it was shown that the Lagrangian,

L= 5p|@0) - F@107],

gives the usual wave equation for the displacement of the string. Similarly the
dynamics of the quantum mechanical fields describing spin-0, spin-half and spin-1
particles are determined by the appropriate Lagrangian densities.

Relativistic scalar fields

In QFT, spin-0 scalar particles are described by excitations of the scalar field
¢(x) satisfying the Klein—Gordon equation, first encountered in Section 4.1. The
Lagrangian for a free non-interacting scalar field can be identified as

Ls = 10,9)(0"¢) - Im*¢?. (17.5)

To see that this Lagrangian corresponds to the Klein—Gordon equation, it is helpful
to write (17.5) in full,

Ls = 1[(08) (009) = (819) (819) = (820) (920) — (03¢) (D3¢)] = 3m* 7,
from which the partial derivatives appearing in the Euler-Lagrange equation are
oL 0L 0 0L k
= _ ——— =9pp =0 d ———=-0kp =09,
39 3G ~ PP ETE M GGy T =

where k = 1,2,3. Substituting these partial derivatives into the Euler—Lagrange
equation of (17.3) gives

_m2¢’

8,0"¢ +m*p = 0,

which is the Klein—-Gordon equation for a free scalar field ¢(x).
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Relativistic spin-half fields

The Lagrangian for the spinor field y(x) satisfying the free-particle Dirac
equation is

Lp = iy o, — mynp. (17.6)

Here the field y(x) is a four-component complex spinor, which can be expressed in
terms of eight independent real fields,

131 Y +idy
2| | Y2t iD;
VO 17| ¥+ o

Vs Wy +i®y

In principle, the Euler-Lagrange equation can be solved in terms of these eight
fields. However, the eight independent components of the complex Dirac spinor i
also can be expressed as linear combinations of i and the adjoint spinor . Hence,
the independent fields can be taken to be the four components the spinor and the
four components of the adjoint spinor. The partial derivatives with respect to one
of the components of the adjoint spinor are

0 0
L_ =0 and TL = iy o — my,
Oupy) o,
which when substituted into the Euler—Lagrange equation give
0
oL,
o,

and consequently, the spinor field ¢ satisfies the Dirac equation,

iy @) — miy = 0.

Relativistic vector fields

Maxwell’s equations for the electromagnetic field A* = (¢, A) can be expressed in
a covariant form (see Appendix D.1) as

0 F" = J,
where F*” is the field-strength tensor,

F* = gFAY — "AH = (17.7)
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and j=(p,J) is the four-vector current associated with the charge and current
densities p and J. The corresponding Lagrangian (see Problem 17.4) is

Ley = —7F"Fuy = 1A,
In the absence of sources j# = 0, and the Lagrangian for the free photon field is
Ley = —1F"Fy,. (17.8)

Using the form of the field strength tensor of (17.7), this is equivalent to Lgy =
%(E2 —B?), from which the corresponding Hamiltonian density Hgy = %(E2 +B?)
gives the normal expression for the energy density of an electromagnetic field (in
Heaviside-Lorentz units with ¢ = pg = 1). If the photon had mass, the free-
particle Lagrangian of (17.8) would be modified to

Lproca = —§F* Fpy + smZAFA,, (17.9)

which is known as the Proca Lagrangian, from which the field equations for a
massive spin-1 particle can be obtained.

17.2.3 Noether’s theorem

In the following section, the ideas of local gauge invariance are considered in the
context of the symmetries of the Lagrangian. Here a simple example is used to
illustrate the connection between a symmetry of the Lagrangian and a conservation
law. The Lagrangian for a mass m orbiting in the gravitational potential of a fixed
body of mass M is

GMm

-
GMm

mi? + %mrzd)z + P

L=T-V=4im?+

1
2

where r and ¢ are the polar coordinates of the mass m in the plane of the orbit. The
Lagrangian does not depend on the polar angle ¢ and therefore is invariant under
the infinitesimal transformation, ¢ — ¢’ = ¢ + 5¢. Since the Lagrangian does not
depend on ¢, the corresponding Euler-Lagrange equation implies

d [OL
5(5_45)=0’

J=— =mr'e,
0¢ ¢

is a constant of the motion. The rotational symmetry of the Lagrangian therefore

implies the existence of a conserved quantity, which in this example is the angular

momentum of the orbiting body m.

and consequently
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In field theory, Noether’s theorem relates a symmetry of the Lagrangian to a
conserved current. For example, the Lagrangian for the free Dirac field

L =iy o — mpy, (17.10)
is unchanged by the global U(1) phase transformation,
gy =y

In Appendix E it is shown that the corresponding conserved current is the usual
four-vector current

J* = uyty,

which automatically satisfies the continuity equation d,, j* = 0.

17.3 Local gauge invariance
|

In Section 10.1, the electromagnetic interaction was introduced by requiring
the Dirac equation to be invariant under a U(1) local phase transformation. The
required local gauge symmetry is expressed naturally as the invariance of the
Lagrangian under a local phase transformation of the fields,

Y(x) = ¢/ (x) = EWIy(x). (17.11)

The local nature of the gauge transformation means that the derivatives acting on
the field also act on the local phase y(x). With this transformation, the Lagrangian
for a free spin-half particle of (17.6),

L =iy o, — mpy, (17.12)
becomes
L L =ie WgyH [N + iq (9 €| - meT Nty
= L - qpy" (dux) - (17.13)

Hence, as it stands, the free-particle Lagrangian for a Dirac field is not invari-
ant under U(1) local phase trasformations. The required gauge invariance can be
restored by replacing the derivative d, in (17.12) with the covariant derivative D,

0, — D, =0, +iqA,,

where A, is a new field. The desired cancellation of the unwanted q%/”(aﬂ)()tﬁ
term in (17.13) is achieved provided the new field transforms as

Ay —> A=A~ . (17.14)



468

The Higgs boson

The required U(1) local gauge invariance of the Lagrangian corresponding to the
Dirac equation can be achieved only by the introduction of the field A, with well-
defined gauge transformation properties. Hence the gauge-invariant Lagrangian for
a spin-half fermion

L = Y(iy"d, — myy — qoy" A,

now contains a term describing the interaction of the fermion with the new field A,
which can be identified as the photon. Hence the Lagrangian of QED, describing
the fields for the electron (with ¢ = —e), the massless photon and the interactions
between them can be written as

Loep = Y(iy*d, — me)y + eyy YA, — LF, F*. (17.15)

The kinetic term for the massless spin-1 field F, F*” is already invariant under
U(1) local phase transformations (see Problem 17.3).

The connection to Maxwell’s equations can be made apparent by writing the
QED Lagrangian of (17.15) in terms of the four-vector current, j* = —eyry*y,

L =y(iy*d, — mey — jHA, — L ™.

The Euler—Lagrange equation for the derivatives with respect to the photon field
AH gives (see Problem 17.4)

8 = ",

which is the covariant form of Maxwell’s equations. Hence the whole of elec-
tromagnetism can be derived by requiring a local U(1) gauge symmetry of the
Lagrangian for a particle satisfying the Dirac equation.

The weak interaction and QCD are respectively obtained by extending the local
gauge principle to require that the Lagrangian is invariant under SU(2), and SU(3)
local phase transformations. The prescription for achieving the required gauge
invariance is to replace the four-derivative d, with the covariant derivative D,
defined in terms of the generators of the group. For example, for the SU(2);, sym-
metry of the weak interaction

0y — Dy =0, +igwT - Wy(x),

where the T = %0‘ are the three generators of SU(2) and W(x) are the three new
gauge fields. The generators of the SU(2) and SU(3) symmetry groups do not com-
mute and the corresponding local gauge theories are termed non-Abelian. In a non-
Abelian gauge theory, the transformation properties of the gauge fields are not
independent and additional gauge boson self-interaction terms have to be added to
the field-strength tensor for it to be gauge invariant. The focus of this chapter is
the Higgs mechanism and therefore the more detailed discussion of non-Abelian
gauge theories is deferred to Appendix F.
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17.4 Particle masses
|

The local gauge principle provides an elegant description of the interactions in
the Standard Model. The success of the Standard Model in describing the exper-
imental data, including the high-precision electroweak measurements, places the
local gauge principle on a solid experimental basis. However, the required local
gauge invariance of the Standard Model is broken by the terms in the Lagrangian
corresponding to particle masses. For example, if the photon were massive, the
Lagrangian of QED would contain an additional term %m% AL AR,

Loep — J(iy”@,l — m Y + e@y“Aﬂzﬁ - %F,D,F”V + %m% AL AR,
For the U(1) local gauge transformation of (17.11), the photon field transforms as
Ay — A=Ay =0,
and the new mass term becomes
Im2ALAF = Im? (Ay - Oux) (A = 0Fy) # SmlAAY,

from which it is clear that the photon mass term is not gauge invariant. Hence the
required U(1) local gauge symmetry can only be satisfied if the gauge boson of
an interaction is massless. This restriction is not limited to the U(1) local gauge
symmetry of QED, it also applies to the SU(2); and SU(3) gauge symmetries of
the weak interaction and QCD. Whilst the local gauge principle provides an ele-
gant route to describing the nature of the observed interactions, it works only for
massless gauge bosons. This is not a problem for QED and QCD where the gauge
bosons are massless, but it is in apparent contradiction with the observation of the
large masses of W and Z bosons.

The problem with particle masses is not restricted to the gauge bosons. Writing
the electron spinor field as ¢ = e, the electron mass term in QED Lagrangian can
be written in terms of the chiral particle states as

—mege = —mee [3(1 = ") + 31 +7°)|e
= —mee [3(1 =y e + 3(1 + ¥ )ex]
= —me(Crer, + ELCR). (1716)
In the SU(2); gauge transformation of the weak interaction, left-handed parti-

cles transform as weak isospin doublets and right-handed particles as singlets, and
therefore the mass term of (17.16) breaks the required gauge invariance.
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17.5 The Higgs mechanism

In the Standard Model, particles acquire masses through their interactions with the
Higgs field. In this section, the Higgs mechanism is developed in three distinct
stages. First it is shown how mass terms for a scalar field can arise from a broken
symmetry. This mechanism is then extended to show how the mass of a gauge
boson can be generated from a broken U(1) local gauge symmetry. Finally, the
full Higgs mechanism is developed by breaking the SU(2); x U(1)y local gauge
symmetry of the electroweak sector of the Standard Model.

17.5.1 Interacting scalar fields

A Lagrangian consists of two parts, a kinetic term involving the derivatives of the
fields and a potential term expressed in terms of the fields themselves. For example,
in the Lagrangian of QED (17.15), the kinetic terms for the electron and photon are

iy o and — 1F,,FH".

The potential term, which represents the interactions between the electron and pho-
ton fields, is

eYy YA,
This can be associated with the normal three-point interaction vertex of QED,
shown on the left of Figure 17.4. In general, the nature of the interactions between
the fields and the strength of the coupling is determined by the terms in the

Lagrangian involving the combinations of the fields, here yJA.
Now, consider a scalar field ¢ with the potential

V() = 117¢* + 129", (17.17)
The corresponding Lagrangian is given by

L= 50,4)0"9) - V(¢)

= 10uD"9) — 129 ~ fa0" (7:15)
g
S
N 4
N\ //
A e LY H’
/// \\
) A
y N\
v 0 ¢

The three-point interaction of QED and the four-point interaction for a scalar field with the potential A¢* /4.
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- +v

¢

The one-dimensional potential V(¢) = 12¢?/2 + A¢* /4for A > 0and the cases where (a) 2 > 0 and
(b) 2 < 0.

The term proportional to (9,¢)(0*¢) can be associated with the kinetic energy of
the scalar particle and % 1> ¢?* can represent the mass of the particle. The ¢* term can
be identified as self-interactions of the scalar field, corresponding to the four-point
interaction vertex shown in the right-hand plot of Figure 17.4.

The vacuum state is the lowest energy state of the field ¢ and corresponds to the
minimum of the potential of (17.17). For the potential to have a finite minimum, A
must be positive. If 12 is also chosen to be positive, the resulting potential, shown
in Figure 17.5a, has a minimum at ¢ = 0. In this case, the vacuum state corresponds
to the field ¢ being zero and the Lagrangian of (17.18) represents a scalar particle
with mass y and a four-point self-interaction term proportional to ¢*. However,
whilst A must be greater than zero for there to be a finite minimum, there is no such
restriction for u2. If %> < 0, the associated term in the Lagrangian can no longer be
interpreted as a mass and the potential of (17.17) has minima at

¢=+xv==

as shown in Figure 17.5b. For u?> < 0, the lowest energy state does not occur at
¢ = 0 and the field is said to have a non-zero vacuum expectation value v. Since the
potential is symmetric, there are two degenerate possible vacuum states. The actual
vacuum state of the field either will be ¢ = +v or ¢ = —v. The choice of the vacuum
state breaks the symmetry of the Lagrangian, a process known as spontaneous
symmetry breaking. A familiar example of spontaneous symmetry breaking is a
ferromagnet with magnetisation M. The Lagrangian (or Hamiltonian) depends on
M? and has no preferred direction. However, below the Curie temperature, the spins
will be aligned in a particular direction, spontaneously breaking the underlying
rotational symmetry of the Lagrangian.
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The self-interactions of the field 7 that lead to Feynman diagrams for the processes — nmandnnp — .

If the vacuum state of the scalar field is chosen to be at ¢ = +v, the excitations
of the field, which describe the particle states, can be obtained by considering per-
turbations of the field ¢ around the vacuum state by writing ¢(x) = v + n(x). Since
the vacuum expectation value v is a constant, d,¢ = 9,n and the Lagrangian of
(17.18), expressed in terms of the field 7, is

L) = $@,m@*n) - V()
= 26,m0"n) - 3w +n)* - 2w+ m*.

Since the minimum of the potential is given by > = —Av?, this expression can be
written as

L) = 20,m©@0*n) - Wt - wn’ - gt + T, (17.19)

From the comparison with the Lagrangian for a free scalar field of (17.5), it can be
seen that the term proportional to 7 can be interpreted as a mass

my = V22 = |-2p2,

and therefore the Lagrangian of (17.19) describes a massive scalar field. The terms
proportional to 77> and 77* can be identified as triple and quartic interaction terms,
as indicated in Figure 17.6. Finally, the term Av*/4 is just a constant, and has no
physical consequences. Hence after spontaneous symmetry breaking, and having
expanded the field about the vacuum state, the Lagrangian can be written as

L) = 3@,m(@*n) = ymip> = V(p,  with  V(p) = o’ + J*. (17.20)

It is important to realise that the Lagrangian of (17.20) is the same as the original
Lagrangian of (17.18), but is now expressed as excitations about the minimum at
¢ = +v. In principle, the same physical predictions can be obtained by using either
form. However, in order to use perturbation theory, it is necessary to express the
fields as small perturbations about the vacuum state.
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17.5.2  Symmetry breaking for a complex scalar field

The idea of spontaneous symmetry breaking, introduced above in the context of a
real scalar field, can be applied to the complex scalar field,

¢ = 51 +ig2),
for which the corresponding Lagrangian is

L= (0,0)" @)~ V() with V(p) = *($"¢) + A" )*. (17.21)

When expressed in terms of the two (real) scalar fields ¢; and ¢, this is just
L = 50,0004 1) + 50u2)0"$2) = 312(@7 + ¢3) — AT + 63)°. (17.22)

As before, for the potential to have a finite minimum, 4 > 0. The Lagrangian of
(17.21) is invariant under the transformation ¢ — ¢ = €'®¢, because ¢'* ¢ =
¢*¢, and therefore possesses a global U(1) symmetry. The shape of the potential
depends on the sign of 2, as shown in Figure 17.7. When x> > 0, the minimum
of the potential occurs when both fields are zero. If u?> < 0, the potential has an
infinite set of minima defined by

- )

o1y =—— =0,

as indicated by the dashed circle in Figure 17.7. The physical vacuum state will
correspond to a particular point on this circle, breaking the global U(1) symmetry
of the Lagrangian. Without loss of generality, the vacuum state can be chosen to

@ Vo) ®) Vo)

[0 \/ 04

The V(@) = 1 (¢*p) + A(¢* ¢)? potential for a complex scalar field for (a) 12 > 0and (b) z? < 0.
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The scalar interactions obtained by breaking the symmetry for a complex scalar field.

be in the real direction, (¢1,¢2) = (v,0), and the complex scaler field ¢ can be
expanded about the vacuum state by writing ¢1(x) = n(x) + v and ¢»(x) = &(x),

¢ = %(n+v+i§).
The Lagrangian of (17.22), written in terms of the fields 7 and &, is

L= 30,m@"n) + 58,6)0"E) - V(n, &),

where the potential V(1, €) is given by

V,6) = 1°¢” + 16" with ¢* = ¢¢" = 3 [0+ ) + &

The potential can be written in terms of the fields n and & using y> = —v?,

V(1.6 = 12¢ + a4
2
= 3w {+n)? + &)+ fa{w+ )’ + £
= —}T/lv4 + AW + oy + }L/bf1 + %/1454 + Ané? + %/lnzfz.

The term which is quadratic in the field 77 can be identified as a mass, and the terms
with either three or four powers of the fields can be identified as interaction terms.
Thus the Lagrangian can be written as

L =30.m0"n) = 3mm” + 50,E)0"E) = Vim(n, &), (17.23)
with m,, = V210v? and interactions given by
n
Vi (7, ) = Ao + 2an* + 128" + ame® + e (17.24)

These interaction terms correspond to triple and quartic couplings of the fields n
and &, as shown in Figure 17.8.

The Lagrangian of (17.23) represents a scalar field  with mass m,, = V202 and
a massless scalar field £. The excitations of the massive field ;7 are in the direction
where the potential is (to first order) quadratic. In contrast, the particles described
by the massless scalar field & correspond to excitations in the direction where the
potential does not change, as indicated in Figure 17.9. This massless scalar particle
is known as a Goldstone boson.
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ey

n(x)

The fields 77(x) and £(x) in terms of the vacuum expectation value at ¢ = (v, 0).

17.5.3 The Higgs mechanism

In the Higgs mechanism, the spontaneous symmetry breaking of a complex scalar
field with a potential,

V(g) = 1°¢* + A¢*, (17.25)

is embedded in a theory with a local gauge symmetry. In this section, the example
of a U(1) local gauge symmetry is used to introduce the main ideas.

Because of the presence of the derivatives in (17.21), the Lagrangian for a com-
plex scalar field ¢ is not invariant under the U(1) local gauge transformation

B(x) = ¢ (x) = &N Dgp(x). (17.26)

The required U(1) local gauge invariance can be achieved by replacing the deriva-
tives in the Lagrangian with the corresponding covariant derivatives

0y, — D, =0, +igB,.
The resulting Lagrangian,
L = (Dud)"(D"9) = V(¢?),

is gauge invariant (see Problem 17.7) provided the new gauge field B, which
appears in the covariant derivative, transforms as

B, — B, = B, — d,x(). (17.27)

Just as was the case for Dirac Lagrangian (see Section 17.3), the required local
gauge invariance implies the existence a new gauge field with well-defined gauge
transformation properties. The combined Lagrangian for the complex scalar field
¢ and the gauge field B is

L=-1F"F,, + (D) (D*¢) — 1i*¢* — 19", (17.28)
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where F*"F, is the kinetic term for the new field with
F* = 9B — 0" B*.

The gauge field B is required to be massless, since the mass term %mBByB” would
break the gauge invariance. The term involving the covariant derivatives, when
written out in full, is

(Du¢)* (DH¢) = (0, — igBy )™ (0" + igB*)¢
= (040)" (") — igBu" (") + ig(3,6")B ¢ + ¢* BB ¢" ¢
and the full expression for the Lagrangian is
L= 3 FFyy +(0,0)"0"9) - 1i°¢? - ag*
— igBu$*(0"9) + ig(0,¢")B" ¢ + g*B,B"¢" 9. (17.29)

For the case where the potential for the scalar field of (17.25) has ,u2 < 0, the vac-
uum state is degenerate and the choice of the physical vacuum state spontaneously
breaks the symmetry of the Lagrangian of (17.29). As before, the physical vacuum
state is chosen to be ¢ + i¢o = v, and the complex scalar field ¢ is expanded about
the vacuum state by writing

_ 1 .
¢(x) = 5 +n(x) +i&(x)). (17.30)
Substituting (17.30) into (17.29) leads to (see Problem 17.6)
L= 30,m)0" -0 + 10,6 (0"&) — L Fuy F* + 1 6°0* B, B* —Viyy + guB,(04€),

massive 7 massless & massive gauge field

(17.31)

where V;,,(, £, B) contains the three- and four-point interaction terms of the fields
n, & and B. As before, the breaking of the symmetry of the Lagrangian produces a
massive scalar field 7 and a massless Goldstone boson £. In addition, the previously
massless gauge field B has acquired a mass term %gzszﬂB“, achieving the aim of
giving a mass to the gauge boson of the local gauge symmetry. Again it should be
emphasised that this is exactly the same Lagrangian as (17.28), but with the com-
plex scalar field expanded about the vacuum state at ¢ + i, = v; by expanding the
scalar fields about the vacuum where the fields have a non-zero vacuum expecta-
tion value, the underlying gauge symmetry of the Lagrangian has been hidden, but
has not been removed.

However, there appear to be two problems with (17.31). The original Lagrangian
contained four degrees of freedom, one for each of the scalar fields ¢ and ¢,,
and the two transverse polarisation states for the massless gauge field B. In the
Lagrangian of (17.31), the gauge boson has become massive and therefore has
the additional longitudinal polarisation state; somehow in the process of sponta-
neous symmetry breaking an additional degree of freedom appears to have been
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The coupling between the gauge field 8 and the Goldstone field &.

introduced. Furthermore, the gvB,,(0#&) term appears to represent a direct coupling
between the Goldstone field ¢ and the gauge field B. It would appear that the spin-1
gauge field can transform into a spin-0 scalar field, as indicated in Figure 17.10.
This term is somewhat reminiscent of the off-diagonal mass term encountered in
the discussion of the neutral kaon system, which coupled the K° and K flavour
states, suggesting that the fields appearing in (17.31) are not the physical fields.
This coupling to the Goldstone field ultimately will be associated with the longitu-
dinal polarisation state of the massive gauge boson.

The Goldstone field £ in (17.31) can be eliminated from the Lagrangian by mak-
ing the appropriate gauge transformation. By writing

1 2
L(0,6)(0"¢) + guB(3"¢) + 1 g*v* B,B" = 1g*0* | B, + %@@] ,

and making the gauge transformation,
, 1
B,(x) — Bﬂ(x) = Bu(x) + %8,15()6), (17.32)

the Lagrangian of (17.31) becomes
L = 30" D@ - + = LF W F* +16°0* BH Bl ~ Vi

massive n massive gauge field

Since the original Lagrangian was constructed to be invariant under local U(1)
gauge transformations, the physical predications of the theory are unchanged by
the gauge transformation of (17.32).

Thus, with the appropriate choice of gauge, the Goldstone field £ no longer
appears in the Lagrangian. This choice of gauge corresponds to taking y(x) =
—&(x)/gv in (17.27). The corresponding gauge transformation of the original com-
plex scalar field ¢(x) is therefore

- E(X) .
$(x) = ¢'(x) = ¢ 9T $(x) = eTED (). (17.33)
After symmetry breaking, the complex scalar field was expanded about the physical

vacuum by writing ¢(x) = %(v +n(x) +i&(x)), which to first order in the fields can
be expressed as

P(x) = \/LE [v+ n(x)] pricy

The effect of the gauge transformation of (17.33) on the original complex scalar
field is therefore
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() = ¢/ (1) = e O o+ ()] KON = (0 + ().

Hence, the gauge in which the Goldstone field &(x) is eliminated from the
Lagrangian, which is known as the Unitary gauge, corresponds to choosing the
complex scalar field ¢(x) to be entirely real,

$(x) = 50+ () = 50+ h(x).

Here the field n(x) has been written as the Higgs field A(x) to emphasise that this is
the physical field in the unitary gauge. It is important to remember that the physical
predictions of the theory do not depend on the choice of gauge, but in the unitary
gauge the fields appearing in the Lagrangian correspond to the physical particles;
there are no “mixing” terms like B, (0#&). The degree of freedom corresponding to
the Goldstone field £(x) no longer appears in the Lagrangian; it has been replaced
by the degree of freedom corresponding to the longitudinal polarisation state of the
now massive gauge field B. Sometimes it is said that the Goldstone boson has been
“eaten” by the gauge field. Writing u*> = —1v?, and working in the unitary gauge
where ¢(x) = \/Li(v + h(x)), the Lagrangian of (17.28) can be written

L = (D) (D*¢) — {Fu " — yi?¢* — A¢*
= 18, — igB)( + )" +igB")(v + h) — +F,, F* = 112w + h)* — v + b)*
= 3(8,h)(0"h) + 1g* BB (v + h)* = LF,\, F* — Aw*h? — doh® — 1an* + L.

Gathering up the terms (and ignoring the Av*/4 constant) gives

L =10,h)0"h) — W*h* - LF,, F* + Lg% B,B*

massive h scalar massive gauge boson
+g*vB,B"h + 1g*B,B"h* — Joh® — Lan* . (17.34)
h,B interactions h self-interactions

This Lagrangian describes a massive scalar Higgs field 2 and a massive gauge
boson B associated with the U(1) local gauge symmetry. It contains interaction
terms between the Higgs boson and the gauge boson, and Higgs boson self-
interaction terms, indicated in Figure 17.11. The mass of the gauge boson,

mp = guv,

is related to the strength of the gauge coupling and the vacuum expectation value
of the Higgs field. The mass of the Higgs boson is given by

my = \/ﬁv.

It should be noted that the vacuum expectation value v sets the scale for the masses
of both the gauge boson and the Higgs boson.
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17.5.4 The Standard Model Higgs

In the above example, the Higgs mechanism was used to generate a mass for
the gauge boson corresponding to a U(1) local gauge symmetry. In the Salam—
Weinberg model, the Higgs mechanism is embedded in the U(1)y x SU(2),, local
gauge symmetry of the electroweak sector of the Standard Model. Three Goldstone
bosons will be required to provide the longitudinal degrees of freedom of the W+,
W~ and Z bosons. In addition, after symmetry breaking, there will be (at least) one
massive scalar particle corresponding to the field excitations in the direction picked
out by the choice of the physical vacuum. The simplest Higgs model, which has
the necessary four degrees of freedom, consists of two complex scalar fields.

Because the Higgs mechanism is required to generate the masses of the elec-
troweak gauge bosons, one of the scalar fields must be neutral, written as ¢0, and
the other must be charged such that ¢* and (¢*)* = ¢~ give the longitudinal degrees
of freedom of the W* and W~. The minimal Higgs model consists of two complex
scalar fields, placed in a weak isospin doublet

(T _ 1 (D1 +id
¢‘(¢0)‘E(¢3+i¢4)‘ (17.35)

As usual, the upper and lower components of the doublet differ by one unit of
charge. The Lagrangian for this doublet of complex scalar fields is

L= (3,9) (0"¢) - V(9), (17.36)
with the Higgs potential,

V(@) = 16" p+ o9
For u? < 0, the potential has an infinite set of degenerate minima satisfying

12

-3

After symmetry breaking, the neutral photon is required to remain massless, and
therefore the minimum of the potential must correspond to a non-zero vacuum
expectation value only of the neutral scalar field ¢°,

_ 2
oo =L@+ B+ a4 =5 =



480

The Higgs boson

<wm=%@)

The fields then can be expanded about this minimum by writing

¢m:%(mm+mm).

v+ 1(x) + ih4(x)

After the spontaneous breaking of the symmetry, there will be a massive scalar
and three massless Goldstone bosons, which will ultimately give the longitudinal
degrees of freedom of the W* and Z bosons. Rather than repeating the derivation
given in Section 17.5.3 and “gauging-away” the Goldstone fields, here the Higgs
doublet is immediately written in the unitary gauge,

0
¢(x):%(v+h(x))'

The resulting Lagrangian is known as the Salam—Weinberg model. All that remains
is to identify the masses of gauge bosons and the interaction terms.

The mass terms can be identified by writing the Lagrangian of (17.36) such that
it respects the SU(2); x U(1)y local gauge symmetry of the electroweak model
by replacing the derivatives with the appropriate covariant derivatives (discussed
further in Appendix F),

Y
Ou = Dy = 0+ igwT - W +ig/ 2By (17.37)

where T = %0' are the three generators of the SU(2) symmetry. In Chapter 15, the
weak hypercharge of the Glashow—Salam—Weinberg (GSW) model was identified

asYy =2 (Q - Iif,)). Here, the lower component of the Higgs doublet is neutral and

has Iis,) = —%, and thus the Higgs doublet has hypercharge Y = 1. Hence, the effect
of the covariant derivative of (17.37) acting on the Higgs doublet ¢ is

Dy = 1[20, + (igwo - Wy, + ig/ B,)| ¢.

where D), is a 2 X 2 matrix acting on the two component weak isospin doublet and
the identity matrix multiplying the d,, and B,, terms is implicit in this expression.

The term in the Lagrangian that generates the masses of the gauge bosons is
(Dﬂ¢)T(D“¢). In the Unitary gauge D, ¢ is given by

(20, +igwW +ig'B,  igwlW — W] 0
Dut =751 iotw® y i@ g WD i n
igw[W, " +iw,”1 20, —igwW,” +ig'B, )\ v+

_ igw(W" —iw)w + h)
2V2{ (28, — igwWS +ig' B)w+h) )
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Taking the Hermitian conjugate gives (Dy(ﬁ)T, from which
(D) (D ) = L@,h) 0" h) + L3 (WD + iwP)YWDH — iw Py + h)?
+ HawWS = g'B)(gwWH — g' BY( + h)*. (17.38)

The gauge bosons masses are determined by the terms in (D“¢)"'(D”¢) that are
quadratic in the gauge boson fields, i.e.

gy, (WOWOE + wEW) 1 L (gwW - g'B,) (gwW - g'BY).
In the Lagrangian, the mass terms for the W and W® spin-1 fields will appear as
I wPWOHand - Lmd WP Wk,
and therefore the mass of the W boson is
mw = Sgw. (17.39)

The mass of the W boson is therefore determined by the coupling constant of the
SU(2),, gauge interaction gw and the vacuum expectation value of the Higgs field.

The terms in the Lagrangian of (17.38) which are quadratic in the neutral W®
and B fields can be written as

%(gWWS)—g/Bﬂ) (gWW(3),U_g/B/J) — %(W/(IS) Bﬂ )( g%V _g\ggl )( W(3)ﬂ )

AL B
W
(3)
=% (wg Bﬂ)M( i ) (17.40)

where M is the non-diagonal mass matrix. The off-diagonal elements of M couple
together the W® and B fields, allowing them to mix. Again this is reminiscent of
the non-diagonal mass matrix encountered in the discussion of the neutral kaon sys-
tem (see Section 14.4.3). The physical boson fields, which propagate as indepen-
dent eigenstates of the free particle Hamiltonian, correspond to the basis in which
the mass matrix is diagonal. The masses of the physical gauge bosons are given by
the eigenvalues of M, obtained from characteristic equation det (M — AI) = 0,

(g — DG =D —gyg” =0,
giving
=0 or A=gi+g"™ (17.41)

Hence, in the diagonal basis the mass matrix of (17.40) is

1, 0 0 A
23 25
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where the A, and Z, are the physical fields corresponding to the eigenvectors of
M. In the diagonal basis, the term in the Lagrangian representing the masses of the
A and Z will be

2
1 m 0 AH
ol )

from which the masses of the physical gauge bosons can be identified as

myp=0 and myz = %u,/ggv +g2. (17.42)

Hence, in the physical basis there is a massless neutral gauge boson A which can be
identified as the photon and a massive neutral gauge boson which can be identified
as the Z. The physical fields, which correspond to the normalised eigenvectors of
the mass matrix, are

(3
_ ng(l)+ngﬂ

Ay with my = 0, (17.43)
Gy +9”
W(3) —dB

7, =TV ZI P it g = Lo \Jg, + g2 (17.44)

Vo + 97>

Thus, the physical fields are mixtures of the massless bosons associated with the
U(1)y and SU(2); local gauge symmetries. The combination corresponding to the
Z boson, which is associated with the neutral Goldstone boson of the broken sym-
metry, has acquired mass through the Higgs mechanism and the field corresponding
to the photon has remained massless. By writing the ratio of the couplings of the
U(1)y and SU(2); gauge symmetries as

’

I _ tan 6y, (17.45)
gw

the relationship between the physical fields and underlying fields of (17.43) and
(17.44) can be written as

A, = cosbOwB, + sin HWW(3),

Z, = —sinéwB, + cos QWW(3),

which are exactly the relations that were asserted in Section 15.3. Furthermore, by
using (17.45), the mass of Z boson in (17.42) can be expressed as

gw

v.
CoS By

1
mz—z
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Therefore, when combined with the corresponding expression for the W-boson
mass given in (17.39), the Glashow—Salam—Weinberg model predicts

. cos Byy.

myz,
The experimental verification of this relation, described in Chapter 16, provides a
compelling argument for the reality of the Higgs mechanism.

The GSW model is described by just four parameters, the SU(2); x U(1)y gauge
couplings gw and ¢’, and the two free parameters of the Higgs potential u and 4,
which are related to the vacuum expectation value of the Higgs field v and the mass
of the Higgs boson my by

2
v" = — and m% =207,

By using the relation my = %ng and the measured values for my and gw, the
vacuum expectation value of the Higgs field is found to be

v =246GeV.

The parameter A in the Higgs potential can be obtained from the mass of the Higgs
boson as measured at the LHC (see Section 17.7).

Couplings to the gauge bosons

In the (Dﬂ¢)T(D“¢) term in the Lagrangian of (17.38), the gauge boson fields
appear in the form of VV(v + h)?, where V = W*,Z. The VVv? terms determine
the masses of the gauge bosons and the VVh and VVhh terms give rise to triple and
quartic couplings between one or two Higgs bosons and the gauge bosons. From
(15.12), the W* and W~ fields are the linear combinations

w* = 3 (W0 5 iw®).

Hence the second term on the RHS (17.38) can be written in terms of the physical
W+ and W™ fields,
TG WL W+ by = Jgu* W, W + 293 oW, W h + 195, W, W hh.

Here the first term gives the masses to the W* and W~. The hW*W~ and hhW W~
terms give rise to the triple and quartic couplings of the Higgs boson to the gauge
bosons. The coupling strength at the hW*W~ vertex of Figure 17.12 is therefore

1,2 _
JHWW = 79wV = gwinw.

Hence the coupling of the Higgs boson to the W boson is proportional to the
W-boson mass. Likewise, the coupling of the Higgs boson to the Z boson, gpzz =
gzmgz, is proportional to mz.
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The trilinear couplings of the Higgs boson to the W and Z, where g; = gy /cos6y,.

17.5.5 Fermion masses

The Higgs mechanism for the spontaneous symmetry breaking of the U(1)y X
SU(2), gauge group of the Standard Model generates the masses of the W and
Z bosons. Remarkably, it also can be used to generate the masses of the fermions.
Because of the different transformation properties of left- and right-handed chiral
states, the fermion mass term in the Dirac Lagrangian,

—myy = —m ('ZR‘!’L + 'ZL‘/’R)’

does not respect the SU(2); x U(1)y gauge symmetry, and therefore cannot be
present in the Lagrangian of the Standard Model.

In the Standard Model, left-handed chiral fermions are placed in SU(2) dou-
blets, here written L, and right-handed fermions are placed in SU(2) singlets, here
denoted R. Because the two complex scalar fields of the Higgs mechanism are
placed in an SU(2) doublet ¢(x), an infinitesimal SU(2) local gauge transformation
has the effect,

¢ —> ¢ =1 +igwex) T

Exactly the same local gauge transformation applies to the left-handed doublet of
fermion fields L. Therefore, the effect of the infinitesimal SU(2) gauge transforma-
tionon L = LTy is

L—L =LU - igwe) - T).

Consequently, the combination L¢ is invariant under the SU(2); gauge transfor-
mations. When combined with a right-handed singlet, LéR, it is invariant under
SU2); and U(1)y gauge transformations; as is its Hermitian conjugate (ZgbR)J’ =
R¢'L. Hence, a term in the Lagrangian of the form —g;(LéR + R¢' L) satisfies the
SU2); x U(1)y gauge symmetry of the Standard Model. For the SU(2); doublet
containing the electron, this corresponds to

£e=—ge[(veE)L(zg)eR+€R(¢+* ¢0*)(V§)], (17.46)
L
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Left: the interaction between a massless chiral electron and the non-zero expectation value of the Higgs field.
Right: the interaction vertex for the coupling of the Higgs boson to an electron.

where g, is a constant known as the Yukawa coupling of the electron to the Higgs
field. After spontaneously symmetry breaking, the Higgs doublet in the unitary
gauge is

0
=L
Hx) = «E(Hh(x))’
and thus (17.46) becomes
-[:e = —%U (ELGR + ERCL) - f—eﬁh (ELCR + ERCL) . (1747)

The first term in (17.47) has exactly the form required for the fermion masses, but
has now been introduced in gauge invariant manner. The Yukawa coupling g. is
not predicted by the Higgs mechanism, but can be chosen to be consistent with the
observed electron mass,

ge = V2 e,
v
In this case, (17.47) becomes
Lo = —moe — 25eh. (17.48)
v

The first term in (17.48), which gives the mass of the electron, represents the
coupling of electron to the Higgs field through its non-zero vacuum expectation
value. The second term in (17.48) gives rise to a coupling between the electron and
the Higgs boson itself. These two terms are illustrated in Figure 17.13, where the
fermion masses arise from the coupling of left-handed and right-handed massless
chiral fermions though the interaction with the non-zero expectation value of the
Higgs field.

Because the non-zero vacuum expectation value occurs in the lower (neutral)
component of the Higgs doublet, the combination of fields L¢R + R¢'L only can
generate the masses for the fermion in the lower component of an SU(2); doublet.
Thus it can be used to generate the masses of the charged leptons and the down-
type quarks, but not the up-type quarks or the neutrinos. Putting aside the question
of neutrino masses, a mechanism is required to give masses to the up-type quarks.
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This can be achieved by constructing the conjugate doublet ¢. formed from the
four fields in (17.35),

o [\ o 3 +iga
fo = Tind _( ¢_)_V5( ¢1—i¢2)'

Because of the particular properties of SU(2), see Section 9.5, the conjugate dou-
blet ¢, transforms in exactly the same way as the doublet ¢. This is analogous to the
representation of up- and down-quarks and anti-up and anti-down in SU(2) isospin
symmetry. A gauge invariant mass term for the up-type quarks can be constructed
from L¢.R + E(ﬁj L, for example

_¢0*

Li=g.(T E)L( o

)uR + Hermitian conjugate,

which after symmetry breaking becomes
L= —%U (ﬁLuR + ﬁRuL) - z_ufzh (ﬁLuR + ﬁRuL) ,
with the Yukawa coupling g, = V2my /v, giving
Ly = —myTu - “2Tuh,
v

Hence for all Dirac fermions, gauge invariant mass terms can be constructed
from either

L=—g¢|[LoR+ (LR)| or L=g¢|LoR+LecR)'],

giving rise to both the masses of the fermions and the interactions between the
Higgs boson and the fermion. The Yukawa couplings of the fermions to the Higgs
field are given by

my
gr = V2—,
1%

where the vacuum expectation value of the Higgs field is v = 246 GeV. Inter-
estingly, for the top quark with m; ~ 173.5 = 1.0GeV, the Yukawa coupling is
almost exactly unity. Whilst this may be a coincidence, it is perhaps natural that the
Yukawa couplings of the fermions are O(1). If the neutrino masses are also asso-
ciated with the Higgs mechanism, it is perhaps surprising that they are so small,
with Yukawa couplings of < 107!2. This might suggest that the mechanism which
generates the neutrino masses differs from that for other fermions. One interesting
possibility is the seesaw mechanism described in the addendum to this chapter.
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17.6 Properties of the Higgs boson

The Standard Model Higgs boson H is a neutral scalar particle. Its mass is a free
parameter of the Standard Model that is given by my = 21v>. The Higgs boson
couples to all fermions with a coupling strength proportional to the fermion mass.
From (17.48), the Feynman rule for the interaction vertex with a fermion of mass
my can be identified as

g (17.49)
W

The Higgs boson therefore can decay via H — ff for all kinematically allowed
decays modes with my > 2mg. If it is sufficiently massive, the Higgs boson can
also decay via H - W*W~ or H — ZZ. The Feynman diagrams and coupling
strengths for these lowest-order decay modes are shown in Figure 17.14. In each
case, the resulting matrix element is proportional to the mass of the particle cou-
pling to the Higgs boson. The proportionality of the Higgs boson couplings to mass
determines the dominant processes through which it is produced and decays; the
Higgs boson couples preferentially to the most massive particles that are kinemat-
ically accessible.

17.6.1 Higgs decay

In principle, the Higgs boson can decay to all Standard Model particles. However,
because of the proportionality of the coupling to the mass of the particles involved,
the largest branching ratios are to the more massive particles. For a Higgs boson
mass of 125 GeV, the largest branching ratio is to bottom quarks, BR(H — bb) =
57.8%. The corresponding partial decay width I'(H — bb) can be calculated from
the Feynman rule for the Hbb interaction vertex of (17.49) and the spinors for the
quark and antiquark. Because the Higgs boson is a scalar particle, no polarisation
four-vector is required; it is simply described by a plane wave. Consequently, the
matrix element for the Feynman diagram shown in Figure 17.15 is

f W+ z

g g
H----- i ﬁ H----- My 9w H----- z cosvéw

f W~ z

Three lowest-order Feynman diagrams for Higgs decay.
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b
P3
He---- My /v P3 P1 P2
P < ° s 7
Pz b H b
b

The Feynman diagram for h — bb and the four-momenta of the particles in the Higgs rest frame.

M= Z2iipu(ps) = =2y . (17.50)
Without loss of generality, the b-quark momentum can be taken to be in the z-axis.
Because my > my, the final-state quarks are highly relativistic and therefore have
four-momenta p, ~ (E,0,0,F) and p3 ~ (E,0,0,-E), where E = my/2. In the
ultra-relativistic limit, the spinors for the two possible helicity states for each of the
b-quark (6 = 0, ¢ = 0) and the b-antiquark (6 = 7, ¢ = 7) are

1 0 1 0

0 1 0 -1
ur(p2)=VE 1l uy(p2)=VE ol v1(p3) = VE 1 vy (ps)=VE ol

0 -1 0 -1

From the u"y"v form of the matrix element of (17.50), it can be seen immediately
that only two of the four possible helicity combinations give non-zero matrix ele-
ments, these are

My
My =-My = TZE.

In both cases, the non-zero matrix elements correspond to spin configurations
where the bb are produced in a spin-0 state. Because the Higgs is a spin-0 scalar, it
decays isotropically and matrix element has no angular dependence. Furthermore,
since the Higgs boson exists in a single spin state, the spin-averaged matrix element
squared is simply,

2
m
(IMP) = My + My P = 282 =
The partial decay width, obtained from (3.49), is therefore

2
mbmH

2

['(H - bb) = 3 x (17.51)

8nv

where the factor of three accounts for the three possible colours of the bb pair. For
a Higgs boson mass of 125 GeV, the partial decay width I'(H — bb) is O(2 MeV).
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Table17.1 The predicted
branching ratios of the Higgs

boson for my = 125 GeV.

Decay mode Branching ratio

H — bb 57.8%
H—> WwW* 21.6%
H- tit 6.4%
H- gg 8.6%
H - cc 2.9%
H-> 77" 2.7%
H - vy 0.2%
9 Y
t t w
H---- t He=== t H---- w
t t w
g Y Y

The Feynman diagrams for the decaysH — ggandH — .

From (17.51), it can be seen that the partial decay rate to fermions is proportional
to the square of the fermion mass, and therefore

I'(H — bb) : T(H — c€) : T(H — v°v") ~ 3m : 3m2 : m?. (17.52)

It should be noted that quark masses run with ¢ in a similar manner to the running
of as. Hence the masses appearing in (17.51) are the appropriate values at g> = mlz{,
where the charm and bottom quark masses are approximately mc(mlz{) ~ 0.6 GeV
and mb(mé) ~ 3.0GeV.

The branching ratios for a Standard Model Higgs boson with my = 125 GeV are
listed in Table 17.1. Despite the fact that myg < 2myy, the second largest branching
ratio is for the decay H — WW?*, where the star indicates that one of the W bosons
is produced off-mass-shell with ¢* < m%,v. From the form of the W-boson propa-
gator of (16.27), the presence of the off-shell W boson will tend to suppress the
matrix element. Nevertheless, the large coupling of the Higgs boson to the mas-
sive W boson, gwmy, means that the branching ratio is relatively large. The Higgs
boson also can decay to massless particles, H — gg and H — vy, through loops of
virtual top quarks and W bosons, as shown in Figure 17.16. Because the masses of
the particles in these loops are large, these decays can compete with the decays to
fermions and the off-mass-shell gauge bosons.
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17.7 The discovery of the Higgs boson

Prior to the turn-on of the Large Hadron Collider at CERN, the window for a Stan-
dard Model Higgs was relatively narrow. The absence of a signal from the direct
searches at LEP implied that my > 114 GeV. At the same time, the limits on the
size of the quantum loop corrections from the precision electroweak measurements
at LEP and the Tevatron suggested that myg < 150 GeV and that my was unlikely
to be greater than 200 GeV.

One of the main aims of the LHC was the discovery of the Higgs boson (assum-
ing it existed). The LHC is not only the highest-energy particle collider ever built,
it is also the highest-luminosity proton—proton collider to date. During 2010-2011
it operated at a centre-of-mass energy of 7 TeV and during 2012 at 8 TeV. Com-
pelling evidence of the discovery of a new particle compatible with the Standard
Model Higgs boson was published by the ATLAS and CMS experiments in the
Summer of 2012.

The Higgs boson can be produced at the LHC through a number of different pro-
cesses, two of which are shown in Figure 17.17. Because the Higgs boson couples
preferentially to mass, the largest cross section at the LHC is through gluon—gluon
fusion via a loop of virtual top quarks. The cross section for this process can be
written in terms of the underlying cross section for gg — H and the gluon PDFs,

1 1
o(pp — hX) ~ fo fo gy () (gg — H) duydu,.

Consequently, the detailed knowledge of the PDFs for the proton is an essential
component in the calculation of the expected Higgs boson production rate at the
LHC. Fortunately, the proton PDFs are well known and the related uncertainties
on the various Higgs production cross sections are less than 10%. Although the
gluon—gluon fusion process has the largest cross section, from the experimental

--- H

q q

Two of the most important Feynman diagram for Higgs boson production in pp collisions at the LHC. The
gluon—gluon fusion process has a significantly higher cross section.
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Left: a candidate H — +y event in the CMS detector. Right: a candidate H — 7Z* — e*e~eTe™ inthe
ATLAS detector. Reproduced with kind permission from the ATLAS and CMS collaborations, © 2012 CERN.

perspective the vector boson fusion process (shown in Figure 17.17) is also impor-
tant. This is because it results in more easily identifiable final states consisting of
just the decay products of the Higgs boson and two forward jets from the break-up
of the colliding protons. In contrast, the gluon—gluon fusion process is accompa-
nied by QCD radiation from the colour field, making the identification of the Higgs
boson final states less easy.

In proton—proton collisions at a centre-of-mass energy of ~ 8 Te'V, the total pro-
duction cross section for a Higgs boson with my = 125GeV is approximately
20pb. The first observations of the Higgs boson were based on approximately
20fb~! of data (ATLAS and CMS combined). This data sample corresponded to
a total of approximately N = oo£ = 400 000 produced Higgs bosons. Whilst this
number might seem large, it is a tiny fraction of the total number of interactions
recorded at the LHC, most of which involve the QCD production of multi-jet final
states. Consequently, it is difficult to distinguish the decays of the Higgs boson
producing final states with jets from the large QCD background. For this reason,
the most sensitive searches for the Higgs boson at the LHC are in decay channels
with distinctive final-state topologies, such as H — yy, H —» ZZ* — ¢4
(where £ = e or u) and H - WW* — eveuv,. Despite the relatively low branching
ratios for these decay modes, the experimental signatures are sufficiently clear for
them to be distinguished from the backgrounds from other processes. For exam-
ple, Figure 17.18 shows a candidate H — vy event in the CMS detector (left-hand
plot). The dashed lines point to the two large energy deposits in the electromagnetic
calorimeter from two high-energy photons, which are easily identifiable. Similarly,
the right-hand plot of Figure 17.18 shows a candidate H — ZZ* — e*e"e*e™ event
in the ATLAS detector. Here the four charged-particle tracks, pointing to four large
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energy deposits in the electromagnetic calorimeter, are clearly identifiable as high-
energy electrons.

17.7.1 Results

The ATLAS and CMS experiments searched for the Higgs boson in several final
states, vy, ZZ*, WW*, "t~ and bb. In both experiments, the most significant evi-
dence for the Higgs boson was observed in the two most sensitive decay channels,
H — yyand H — ZZ* — 4¢{. In both these decay channels, the mass of the
Higgs boson candidate can be reconstructed on an event-by-event basis from the
invariant mass of its decay products. The left-hand plot of Figure 17.19 shows
the distribution of the reconstructed invariant mass of the two photons in candi-
date H — vy events in the ATLAS detector. In this plot, each observed event is
entered into the histogram with a weight of between zero and one, reflecting the
estimated probability of it being compatible with the kinematics of Higgs pro-
duction and decay. Compared to the expected background, an excess of events is
observed at my, ~ 126 GeV. The CMS experiment observed a similar excess. The
right-hand plot of Figure 17.19 shows the distribution of the invariant masses of
the four charged leptons in the CMS H — ZZ* — 4¢ search. The peak at 91 GeV
is from Z-boson production. The peak at about 125 GeV can be attributed to the
Higgs boson. Whilst the numbers of events are relatively small, the expected back-
ground in this region is also small. The ATLAS experiment observed a comparable
excess of H - ZZ* — 4{ candidates at the same mass.

T T T T
CMS
100

8 10 - _
c
()
> o
g
S 50 w 5
3 L
=

0 1 1 1 | L L L | L L L 0 | s |

100 120 140 160 100 150

my,/1GeV my/GeV

Left: the reconstructed invariant mass distribution of the two photons from candidate H — vy decays in
the ATLAS experiment, adapted from Aad et al. (2012). Right: the distribution of the reconstructed invari-
ant masses of the four leptons in candidate H — ZZ* — 4¢ events in the CMS experiment, adapted from
Chatrchyan et al. (2012). In both plots the solid line shows the expected distribution from background and the
observed Higgs signal and the dashed line indicates the expectation from background events alone.
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Summary

The combined results of the ATLAS and CMS experiments provided statisti-
cally compelling evidence for the discovery of a new particle compatible with the
expected properties of the Higgs boson. Until it has been demonstrated that the
observed particle is a scalar, it is not possible to say conclusively that the Higgs
boson has been discovered. However, even at the time of writing, it seems almost
certain that the Higgs boson has been discovered; its production cross section is
consistent with the Standard Model expectation and its mass is compatible with the
indirect determinations from its presence in quantum loop corrections, as inferred
from the precision electroweak measurements. Consistent measurements of the
mass of the new particle were obtained by the ATLAS (m = 126.0 + 0.6 GeV)
and the CMS (m = 125.3 £ 0.6 GeV) experiments. On the reasonable assumption
that the new particle is the Higgs boson, it can be concluded that

my =~ 125.7 £ 0.5 GeV.

Since the discovery of the W and Z bosons in the mid 1980s, the search for the
Higgs boson has been the highest priority in particle physics. Its discovery finally
completed the particle spectrum of the Standard Model.

17.7.2 Outlook

The discovery of the Higgs boson is not the end of the story. The use of a sin-
gle Higgs doublet in the Standard Model is the most economical choice, but it is
not the only possibility. In supersymmetry (see Section 18.2.2), which is a popu-
lar extension to the Standard Model, there are (at least) two complex doublets of
scalar fields, which give rise to five physical Higgs bosons. Furthermore, it is not
clear whether the observed Higgs boson is a fundamental scalar particle or whether
it might be composite. In the coming years, the measurements of the spin and
branching ratios of the Higgs boson will further test the predictions of the Standard
Model. Perhaps more importantly, a detailed understanding of all the properties of
the Higgs boson may well open up completely new avenues in our understanding
of the Universe and point to what lies beyond the Standard Model.

Summary
|

The Higgs mechanism is an essential part of the Standard Model. It is based on a
doublet of complex scalar fields with the Higgs potential V(¢) = u>(¢7¢) + (o7 $)?
where 12 < 0. As a result, the vacuum state of the Universe is degenerate. The spon-
taneous breaking of this symmetry, when combined with the underlying SU(2), X
U(1)y gauge symmetry of the electroweak model, provides masses to the W and Z
gauge bosons with
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my = mz CoS By = %gw v,
where v is the vacuum expectation value of the Higgs field. The value of
v =246GeV,

sets the mass scale for the electroweak and Higgs bosons. The interaction between
the fermion fields and the non-zero expectation value of the Higgs field, provides
a gauge-invariant mechanism for generating the masses of the Standard Model
fermions.

In 2012, the discovery of the Higgs boson at the LHC with mass

my = 126 GeV,

completed the spectrum of Standard Model particles. Following the discovery of
the Higgs boson, it is hoped that the studies of its properties will provide clues to
physics beyond the Standard Model, which is the main topic of the final chapter of
this book.

17.8 *Addendum: Neutrino masses
|

The right-handed chiral neutrino states vg do not participate in any of the interac-
tions of the Standard Model; they do not couple to the gluons or electroweak gauge
bosons. Consequently, there is no direct evidence that they exist. However, from
the studies of neutrino oscillations it is known that neutrinos do have mass, and
therefore there must be a corresponding mass term in the Lagrangian. In the Stan-
dard Model, neutrino masses can be introduced in exactly the same way as for the
up-type quarks using the conjugate Higgs doublet. In this case, after spontaneous
symmetry breaking, the gauge invariant Dirac mass term for the neutrino is

Lp = —mp (VRVL + VL VR).

If this is the origin of neutrino masses, then right-handed chiral neutrinos exist.
However, the neutrino masses are very much smaller than the masses of the other
fermions, suggesting that another mechanism for generating neutrino mass might
be present.

Because the right-handed neutrinos and left-handed antineutrinos transform as
singlets under the Standard Model gauge transformations, any additional terms in
the Lagrangian formed from these fields alone can be added to the Lagrangian
without breaking the gauge invariance of the Standard Model. The left-handed
antineutrinos appear in the Lagrangian as the CP conjugate fields defined by
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we=CPy = iy>yy,
where the CP conjugate field for the right-handed neutrino, written v{, corresponds
to a left-handed antineutrino. Therefore the Majorana mass term

1 - —_— .
Ly = —5M (ViVr + VRVR),

which is formed from right-handed neutrino fields and left-handed antineutrino
fields, respects the local gauge invariance of the Standard Model. Consequently, it
can be added to the Standard Model Lagrangian. However, there is a price to pay;
the Majorana mass term provides a direct coupling between between a particle and
an antiparticle. For example, the corresponding Majorana mass term for the elec-
tron would allow e* < e~ transitions, violating charge conservation. This problem
does not exist for the neutrinos. Furthermore, because neutrinos are neutral, it is
possible that they are their own antiparticles, in which case they are referred to as
Majorana neutrinos as opposed to Dirac neutrinos.

17.8.1 The seesaw mechanism

The most general renormalisable Lagrangian for the neutrino masses includes both
the Dirac and Majorana mass terms, indicated in Figure 17.20. Because vyvg is

equivalent to vV}, the Dirac mass term can be written
1 ~ CAfC
Lp =—5mp (VLVR + VgVvy) + h.c.,

where h.c. stands for the corresponding Hermitian conjugate. This term admits the
possibility that neutrino masses arise from the spontaneous symmetry breaking of
the Higgs mechanism. If in addition, the automatically gauge-invariant Majorana
mass term is added by hand, the Lagrangian for the combined Dirac and Majorana
masses is

Loy = —% [mD VLVR + Mmp VeVy + Mv%vR] + h.c.

or, equivalently,

I 0 m V¢
Low =4 (72 v;)(mD A;)(V;)+ h.c. (17.53)
v, VR
mp
M
| Vg ——N——— V|
[}
[}
X

The Dirac and Majorana neutrino mass terms.



496

The Higgs boson

The physical states of this system can be obtained from the basis in which the mass
matrix is diagonal, analogous to the procedure for identifying the physical states of
the neutral kaon system and the neutral gauge bosons of the U(1)y x SU(2), gauge
symmetry. Hence, with the Lagrangian including Dirac and Majorana mass terms,
the masses of the physical neutrino states are the eigenvalues of mass matrix M
in (17.53). These can be found from the characteristic equation det (M — Al) = 0,
which implies A2 — M — mfj = 0. Hence, in this model, the masses of the physical

neutrinos would be
M+ (M2 +dmd M= M1 + 4m3 IM?
2 B 2 '
If the Majorana mass M is taken to be much greater than the Dirac mass mp, then

mi=/11=

1 1 2m3,
mizEMiz M+7 , (1754)

giving a light neutrino state” (v) and heavy neutrino state (N) with masses

i
|my| = 0 and my ~ M.

In the seesaw mechanism, it is hypothesised that the Dirac mass terms for the
neutrinos are of a similar size to the masses of the other fermions, i.e. O(1 GeV).
The Majorana mass M is then made sufficiently large that the lighter of the two
physical neutrino states has a mass m, ~ 0.01eV. In this way, the masses of the
lighter neutrino states can be made to be very small, even when the Dirac mass
term is of the same order of magnitude as the other fermions. For this to work, the
Majorana mass must be very large, M ~ 10'' GeV.

If a Majorana mass term exists, the seesaw mechanism predicts that for each
of the three neutrino generations, there is a very light neutrino with a mass much
smaller than the other Standard Model fermions and a very massive neutrino state
my =~ M. The physical neutrino states, which are obtained from the eigenvalues of
the mass matrix, are

v=cosO(vy + V) —sinO(vg +vg) and N =cosO(vg + Vvg) +sind(vy +v)),

where tan § =~ mp/M. Since the left-handed chiral components of the light neutrino
are multiplied by cos @, the effect of introducing the Majorana mass term is to
reduce the weak charged-current couplings of the light neutrino states by a factor
cos 6. However, for M > mp, the neutrino states are

mp mp
v (Vv +V)) - ﬁ(vR +Vgp) and N = (Vg +Vg) + ﬁ(vL + V1),

2 The minus sign for the mass of the light neutrino in (17.54) can be absorbed in to the definition of
the fields.
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and the couplings of the light neutrinos to the weak charged-current are essentially
the same as those of the Standard Model. Since the massive neutrino state is almost
entirely right-handed, it would not participate in the weak charged- or neutral-
currents.

The seesaw mechanism provides an interesting hypothesis for the smallness of
neutrino masses, but it is just a hypothesis. It would be placed on firmer ground
if neutrinos were shown to be Majorana particles. One experimental consequence
of neutrinos being Majorana particles would be the possibility of observing the
phenomenon of neutrinoless double S-decay, which is discussed in the following
chapter.

Problems
|

17.1 By considering the form of the polarisation four-vector for a longitudinally polarised massive gauge bosons,
explain why the t-channel neutrino-exchange diagram fore*e™ — W*W~, when taken in isolation, is badly
behaved at high centre-of-mass energies.

17.2  The Lagrangian for the Dirac equation is
L =iy, 0"y — mpy,

Treating the eight fields 1; and 1, as independent, show that the Euler-Lagrange equation for the component
i leads to

i0,0y* +my = 0.
17.3  Verify that the Lagrangian for the free electromagnetic field,
L=-1P"F,,

is invariant under the gauge transformation 4, — A/, = A, — O,.x.

17.4  The Lagrangian for the electromagnetic field in the presence of a current j* is
L= —%F”VF,“, —jH Ay
By writing this as
L=—30" - OH)BA, — O,A,) — Ay
= =S@"A) DA + O HNDA) = jH Ay,
show that the Euler—Lagrange equation gives the covariant form of Maxwell’s equations,

BuF* =],

@ 17.5  Explain why the Higgs potential can contain terms with only even powers of the field ¢.
@ 17.6  Verify that substituting (17.30) into (17.29) leads to

L=10"n0,m) — Wik + 10"E)(0,), — 1FnF*™ + 1¢VB'B, — Vit + gvB,(0%€).
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@D w1
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D 110
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GRAY
D 1m1

Show that the Lagrangian for a complex scalar field ¢,
L= 0up)" 0"9),

with the covariant derivative D,, = 0, + igB,,, is invariant under local U(1) gauge transformations,

$x) = ¢'(x) = €7V (x),
provided the gauge field transforms as

B, — B;,z =B, — ().
From the mass matrix of (17.40) and its eigenvalues (17.41), show that the eigenstates in the diagonal
basis are
= —gIW’(}) + 9B and Z, = g—WS) 98

VI + g8, SN EYT

where A, and Z,, correspond to the physical fields for the photon and Z.

A

By considering the interaction terms in (17.38), show that the HZZ coupling is given by

W
ms.
€0S Gy

Ohz =
For a Higgs boson with my > 2my, the dominant decay mode is into two on-shell W bosons, H — W*W~.
The matrix element for this decay can be written
M= _ngWg/,tveﬂ (Pz)* EV(P3)* s
where p, and p; are respectively the four-momenta of the W* and W,

(a) Taking p, to lie in the positive z-direction, consider the nine possible polarisation states of the W+W~
and show that the matrix element is non-zero only when both W bosons are left-handed (M} ), both W
bosons are right-handed (A1y+), or both are longitudinally polarised (A;;).

(b) Show that

Iw ) 2
MTT = Mu = —qwmy and MU = m_w (%mH —mw).

(c) Hence show that

Gem?
T(H— WW™) = FJ_ Vi—a2 (1-42 + 121,
8 V2

where 1 = my /my.

Assuming a total Higgs production cross section of 20 pb and an integrated luminosity of 10 fb=, how many
H — yyandH — p*p~p*u events are expected in each of the ATLAS and CMS experiments.

Draw the lowest-order Feynman diagrams for the processes e*e™ — HZande*e™ — Hv,Ve, which are the
main Higgs production mechanism at a future high-energy linear collider.

In the future, it might be possible to construct a muon collider where the Higgs boson can be produced directly
through w*w™ — H. Compare the cross sections for e*e™ — H — bb, yw*u~™ — H—bb and u*p~ —
v — bbat s = my.
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4 The success of the Standard Model of particle physics in describing the wide )
range of precise experimental measurements is a remarkable achievement.
However, the Standard Model is just a model and there are many unanswered
questions. This short concluding chapter provides a broad overview of the cur-
rent state of our understanding of particle physics and describes some of the
more important open issues.

/

18.1 The Standard Model

499

The ultimate theory of particle physics might consist of a (simple) equation with
relatively few free parameters, from which everything else followed. Whilst the
Standard Model (SM) is undoubtedly one of the great triumphs of modern physics,
it is not this ultimate theory. It is a model constructed from a number of beauti-
ful and profound theoretical ideas put together in a somewhat ad hoc fashion in
order to reproduce the experimental data. The essential ingredients of the Standard
Model, indicated in Figure 18.1, are: the Dirac equation of relativistic quantum
mechanics that describes the dynamics of the fermions; Quantum Field Theory that
provides a fundamental description of the particles and their interactions; the local
gauge principle that determines the exact nature of these interactions; the Higgs
mechanism of electroweak symmetry breaking that generates particle masses; and
the wide-reaching body of experimental results that guide the way in which the
Standard Model is constructed. The recent precision tests of the Standard Model
and the discovery of the Higgs boson have firmly established the validity of the
Standard Model at energies up to the electroweak scale. Despite this success, there
are many unanswered questions.

18.1.1 The parameters of the Standard Model

If neutrinos are normal Dirac fermions, the Standard Model of particle physics has
25 (or 26) free parameters that have to be input by hand. These are: the masses of
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| Experimental data |

Quantum Field Theory Higgs mechanism
— — |
i

| Experimental tests |

The theoretical and experimental pillars of the Standard Model.

the twelve fermions (or perhaps more correctly the twelve Yukawa couplings to the
Higgs field),

mvl, sz, m\/g’ me’ mu’ mta md’ mSa mb’ mlh mC and mt;
the three coupling constants describing the strengths of the gauge interactions,
a, G and ag,

or equivalently ¢g’, gw and gs; the two parameters describing the Higgs potential,
u and A, or equivalently its vacuum expectation value and the mass of the Higgs
boson,

vand my ;

and the eight mixing angles of the PMNS and CKM matrices, which can be param-
eterised by

012, 013, 623, 6, and 4, A, p, 1.

In principle, there is one further parameter in the Standard Model; the Lagrangian
of QCD can contain a phase that would lead to CP violation in the strong interac-
tion. Experimentally, this strong CP phase is known to be extremely small,

ecp ~ (.

and is usually taken to be zero. If 6cp is counted, then the Standard Model has 26
free parameters.

The relatively large number of free parameters is symptomatic of the Standard
Model being just that; a model where the parameters are chosen to match the obser-
vations, rather than coming from a higher theoretical principle. Putting aside 6cp,
of the 25 SM parameters, 14 are associated with the Higgs field, eight with the
flavour sector and only three with the gauge interactions. Within each of these
three broad areas, patterns emerge between the different parameters, suggesting the
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18.2 Open questions in particle physics
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The fermion masses shown by generation. The neutrino masses are displayed as approximate ranges of values
assuming the normal hierarchy (m; < m; < mj) and using the approximate upper limits on the sum of
neutrino masses from cosmological constraints.

presence of some, as yet unknown, symmetry principle. For example, Figure 18.2
shows the observed masses of the fermions. With the exception of the neutrinos,
the masses within a single generation are similar, and it is unlikely that this happens
by chance. Likewise, the coupling constants of the three gauge interactions are of a
similar order of magnitude, hinting that they might be different low-energy mani-
festations of a Grand Unified Theory (GUT) of the forces. These patterns provide
hints for, as yet unknown, physics beyond the Standard Model.

18.2 Open questions in particle physics
I —

The Standard Model is not the final theory of particle physics. However, there are
many possibilities for the nature of physics beyond the Standard Model, for exam-
ple, supersymmetry, large-scale extra dimensions, and ultimately perhaps even
string theory. Here it is possible to give only a brief overview of a handful of the
outstanding issues with the Standard Model and the possible solutions. The chosen
topics focus on active areas of current experimental research.

18.2.1 What is dark matter?

The existence of dark matter in the Universe provides compelling evidence for
physics beyond the Standard Model. Since the mid 1930s, it has been known that
a significant fraction of the mass in the Universe is not bound up in the luminous
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stars that once were thought to comprise most of the mass of the galaxies. The most
direct evidence for dark matter comes from the velocity distributions of stars as
they orbit the galactic centre. In a spiral galaxy like the Milky Way, the majority of
the luminous mass is located in the central bulge. Outside this central region, the
tangental velocity of a star of mass m should be given by the usual equation for
centripetal acceleration in a gravitational field
2
M S M),
r r

where M(r) is the total mass within a radius r. Assuming that most of this mass
is concentrated in the central bulge, the tangental velocities of the stars should
decrease as r~!/2. This is not consistent with the observed velocity distributions,
which decrease only slowly with radius, implying that the distribution of mass
in the galaxy is approximately M(r) o r. From this observation alone, it can be
concluded that the mass of a galaxy has a significant non-luminous component,
known as dark matter.

Further compelling evidence for the existence of dark matter is provided by
a number of cosmological and astrophysical measurements related to the large-
scale structure in the Universe and, in particular, the precision measurements of the
small fluctuations in the cosmic microwave background (CMB) from the Cosmic
Microwave Background Explorer (COBE) and Wilkinson Microwave Anisotropy
Probe (WMAP) satellites. These and other observations have provided a firm exper-
imental basis for the ACDM cosmological model, which is the standard model of
cosmology. In the ACDM model, the total energy-matter density Q of the Universe
is consistent with the flat geometry of space-time predicted by inflationary models,
with Q = 1. Within the ACDM model, only 5% of energy—matter density of the
Universe is in the form of normal baryonic matter, Qp =~ 0.05. A further 23% is in
the form of cold dark matter (CDM), Q¢ ~ 0.23, and the majority of the energy—
matter density of the Universe is in the form of dark energy, Qp ~ 0.72. In the
ACDM model, the dark energy is attributed to a non-zero cosmological constant
of Einstein’s equations of general relativity, A # 0, which tends to accelerate the
expansion of the Universe.

It is a remarkable fact that our understanding of cosmology has reached the
level of precision and sophistication where it now provides constraints on parti-
cle physics. Whilst the existence of dark energy does not (yet) impact our under-
standing of particle physics, the cosmological constraints on dark matter are highly
relevant. The particle content of the Universe affects the way in which large-scale
structure arises. Because lighter particles, such as neutrinos, remain relativistic
throughout the expansion and cooling of the Universe, they affect the evolution of
large-scale structure differently than massive particles, which become non-
relativistic during the first few years after the Big Bang. On this basis, it is known
that the majority of the energy—mass density associated with the non-baryonic
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dark matter is due to cold (non-relativistic) matter as opposed to hot (relativistic)
particles. The cosmological measurements are sufficiently precise to constrain the
sum of the neutrino masses to be approximately

my, S 1eVv.

M-

i=1

The current experimental evidence indicates that only a small fraction of the
cold dark matter is in the form of normal baryons, for example in low-mass brown
dwarf stars. The success of the ACDM standard model of cosmology, therefore
strongly suggests that a significant fraction of the cold dark matter in the Universe
may be in the form of a new type of weakly interacting massive particle (WIMP),
with a mass in the few GeV—TeV range. Such particles arise naturally in extensions
to the Standard Model; for example, in many supersymmetric models the lightest
supersymmetric particle is the stable weakly interacting neutralino )2‘1). Regardless
of the precise nature of the dark matter, the direct detection of WIMPs is one of the
main goals in particle physics at this time. WIMPs can either be observed through
their production at the LHC or through the direct detection of the WIMPs that are
believed to pervade our galaxy.

Direct detection of dark matter

The direct detection of the galactic WIMP halo (assuming it exists) is extremely
challenging. The WIMPs are predicted to have a Maxwell-Boltzmann velocity
distribution with a root-mean-square (rms) velocity in the range 200-250 kms~!,
which corresponds to a mean Kinetic energy of approximately (T)) ~ 3 X 10‘7mx,
where m, is the mass of the WIMP in GeV. WIMPs would interact with normal
matter through the elastic scattering with nuclei, x +A — 7+ A. Dark matter exper-
iments attempt to detect the recoil of a nucleus after such a scattering process.
However, the maximum kinetic energy transferred to a nucleus of mass number A
is only

2
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Consequently, for WIMP masses greater than 10 GeV, the recoil energies are typi-
cally in the range of 1 — 10keV. By the usual stand