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CHAPTER 1

INTRODUCTION

Einstein equations have been discovered for over a century now and found many important
applications [2] in experimental and theoretical physics. Despite the long period they are being
studied by the scientific community, there are just a few exact solutions [2, 3] known so far
and one class of them is called black hole (BH) metrics. These solutions were one of the
main discoveries of general relativity, first of all, due to their astrophysical importance. Black
holes are assumed to be a final step in star evolution [1—(], are believed to make an important
contribution in galaxy formation processes [7—9] and are “blamed” to be responsible for a great
amount of high energy radiation [10,11] that we detect in the universe. Although black holes
have not been observed directly, their indirect observations are overwhelming [12-14] and from
general considerations it is believed that they should be rotating objects with almost no electric
charge. The space-time of such a black hole is best approximated by the Kerr metric [15], which
is a four-dimensional stationary, asymptoticly flat vacuum solution of Einstein’s equations.
There exists higher dimensional generalization of Kerr space-time which is called Myers-Perry
black hole [78]. Just like Kerr black hole, it is also a stationary, asymptoticly flat vacuum
solution of Einstein’s equations which describes a spinning black hole in an arbitrary dimension.

An important special case of Kerr black hole is the so called extremal Kerr solution which
has the smallest possible mass for a given angular momentum or charge. Some astrophysical

black holes have been claimed to be very close to the extremity bound, e.g. Cygnus X-1 [10]



or MCG-6-30-15 [17], although other independent data analyses led to opposite results [19]. If
in the future, the measurements of high angular momentum will be confirmed, extremal black
holes will start to represent real astrophysical interest.

Black hole geometries are also important objects in mathematical physics. Many of them
represent a background for integrable systems. Some of these integrable systems have been
unknown prior to their discovery in black hole geometries. Particularly interesting is the inte-
grability of Hamilton-Jacobi equation as it describes the geodesics of particles. Geodesics in the
near horizon limit of Kerr black hole are associated with black hole accretions which might be
a source of Very High Energy (VHE) gamma-ray bursts (for a review [20]). Accretions around
black holes can also be the key to the first direct observation of a black hole [60] (e.g. with the
Event Horizon Telescope).

As it is known, the Killing vectors of a geometry are associated with integrals of motion
of a geodesic in that metric. In the case of the near horizon metric of an extremal rotating
black hole, the killing vectors obey the structural relation of SO(2, 1) algebra. It has been
demonstrated (e.g. [10,12,63,71]) that the Casimir element of this SO(2, 1) algebra gives rise
to a reduced Hamiltonian system called spherical or angular mechanics, which contains all the
specific information about the near horizon geometry. By reformulating this discussion one can
say that a massive particle moving in the near horizon geometry of an extremal rotating black
hole possesses dynamical conformal symmetry, i.e. defines “conformal mechanics” [33,38, 10—

,77], whose Casimir element can be viewed as a reduced Hamiltonian, which contains all the
necessary information about the whole system.

On the other hand this reduced Hamiltonian or the spherical mechanics can be thought of
as a separate system. Spherical mechanics associated with near horizon extremal black hole
geometries are relatively unexplored. Latest works in this direction include [13], where the
Hamiltonian of the spherical mechanics associated with Near Horizon Extreme Myers-Perry

(NHEMP) geometry has been constructed for the special case when all rotation parameters of



the black hole are equal. In [18,19] the integrability of this system has been proven and the
integrals of motion were presented. Extremal Myers-Perry black holes with nonequal nonvan-
ishing rotation parameters in odd dimensions have been studied in [33] where the integrability
of such systems was proven and separation of variables was carried out.

As we will see, the near horizon geometry of Myers-Perry black holes contains integrable and
superintegrable systems like Rosochatius and Poschl-Teller systems. Studies of these kind of
systems is important as they appear in many topics of theoretical physics. Another approach
that we have adopted here for investigating such systems is their geometrization procedure.
Geometrical counterparts of classical systems have been studied extensively. They provide a
new viewpoint to existing and well-known classical systems and spread some light on their
underlying structure. An important approach for geometrization of classical problems is the
Jacobi metric approach [85-90]. This is a procedure for producing a geodesic from a given
Hamiltonian, which has many important applications. In particular, Onge studied the curvature
of the the Jacobi metric for the Newtonian N-body problem [91], which in N = 2 case, reduces
to the Kepler’s problem of the relative motion.

We will propose a geometrization procedure for quantum systems. We are mostly interested
in problems which are superintegrable in higher dimensions. Particularly interesting are the
Higgs oscillator [98,99], which is a particle on a d-sphere with a specific potential and the
superintegrable Rosochatius system - a direct generalization of the Higgs oscillator. We will
encounter the classical superintegrable Rosochatius system in Section 3.4 as the angular me-
chanics of near horizon limit of fully isotropic Myers-Perry black hole. Separation of variables
in Rosochatius system results into a recursive family of one-dimensional Poschl-Teller system.

Higgs oscillator, Rosochatius system and Poschl-Teller system belong to a class of quantum
quantum systems where energy are quadratic functions of the energy level number. After the
geometrization procedure proposed in Chapter 5, these systems will result into Klein-Gordon

equations with eigenmode frequencies linear in the frequency level number. In other words this



means that the frequencies are highly resonant, which itself has important consequences in the
AdS stability problem (see [104] for a review).

Another important class of solutions of Einstein’s equations are gravitational waves. Com-
pared to black holes, gravitational waves have been directly detected in 2015 by two LIGO
(Laser Interferometer Gravitational-wave Observatory) detectors. The existence of gravita-
tional waves has been proven by indirect astrophysical observations long before their detection.
In particular, the presence of gravitational waves was confirmed by monitoring the orbital pa-
rameters of the binary millisecond pulsar PSR B1913+16 [18]. Because of the gravitational
radiation, the objects in the binary system lose energy and angular momentum which was
detected and corresponded to the quantitative predictions of the theory. Besides being a real
physical phenomena and one of the most important predictions of the theory of general relativ-
ity, gravitational waves will take an important role in observational astronomy. Compared to
other types of radiation, e.g. photons, neutrinos and cosmic rays, gravitational waves don’t get
refracted by gas clouds and absorbed by cosmic bodies and can travel big distances, pointing
directly back to the source. The importance of gravitational wave detectors will grow with
their sensibility.

When a pair of inertial test particles encounter gravitational waves, their relative positions
get shifted permanently. This phenomena is called the gravitational memory effect. It is known
to be related to the theory of soft gravitons and symmetries of null infinity of asymptotically
flat spaces and particularly black holes. In Chapter 2 we are going to discuss this effect
and suggest its covariant formulation in frames of a model of impulsive gravitational waves.
This model assumes that the space-time is divided into two domains by a hypersurface, which
in general can contain a mixture of gravitational waves and other material sources. There
are many examples of physical systems in nature which can be described in frames of this
model. Such systems may appear after cataclysmic astrophysical events, such as a supernova

or a collision of neutron stars. These systems are used to simulate an exploding white hole,



to model an impulsive null signal from a system of neighboring test particles and have many
other applications. In general one can choose these two metrics to be either continuous or
discontinuous on the boundary hypersurface subject to the condition that the induced metric
is unique, but either way the metric’s transverse derivative will not be continuous. This always
leads to a singularity in the form of a d-function in the Riemann tensor.

Solutions to the Einstein equations give different results depending on whether the boundary
surface is taken to be null or timelike (spacelike). In the first case, when the hypersurface is
null, both Weyl and Ricci parts of the Riemann tensor are singular. As it is known, the Weyl
part of the Riemann tensor is associated with gravitational waves, whereas the Ricci tensor
has non-zero value only in the presence of some material source. Hence, in the case of null
boundary hypersurface, both a material source and an impulsive tidal wave can be present.
When the boundary surface is timelike, only the Ricci tensor is singular, giving rise only to a
matter stress-energy tensor. Depending on the matter distribution, the discussed hypersurfaces
are classified into two types: shock waves or boundary surfaces, which arise when there is a
jump discontinuity in the density of the stress-energy tensor between the two metrics that they
divide and surface layers, otherwise called thin shells, where the density becomes infinite.

There are two different approaches to describe singular hypersurfaces. The first one is called
the distributional method. In this case a common set of coordinates is used for both sides
of the hypersurface. The other method is a generalization of the “cut and paste” approach
of Penrose. Here, the space-time coordinates on the two sides of the hypersurface can be
chosen independently from each other, so in this sense it is a more general approach than the
distributional algorithm. It was introduced by Israel to describe timelike hypersurfaces [1] but it
was not suitable for the case of null hypersurfaces. In the timelike case, the Israel approach uses
the extrinsic curvature of the hypersurface to describe the stress-energy tensor in it. When we
move to the null case, the intrinsic metric of the hypersurface space-time becomes degenerate,

because the normal vector becomes tangent and there is no distinguishable transverse vector



defined. Hence, the extrinsic curvature, which is defined in terms of the metric, is no longer
uniquely definable, so it cannot be used to study the hypersurface. This problem was solved
and the approach was generalized for the lightlike case by Barrabes and Israel [22].

In this thesis we are going to discuss different problems related to asymptotic flat spaces,
integrable systems and mathematical physics associated with black holes. First, we will study
gravitational memory effect which is known to have deep connections with soft gravitons and
symmetries of null infinity of asymptotically flat spaces. Then, we will discuss Myers-Perry black
holes, more particularly, the near horizon geometry and associated integrable systems. Finally,
we will propose a geometrization procedure for a special class of quantum (super)integrable
systems, which appear in many topics of mathematical physics ( including in near horizon
geometry of Myers-Perry black hole).

This thesis is based on the papers [72-77]. The research done in Chapter 2 was done
under supervision of Martin O’Loughlin. The problem addressed in Chapter 5 was suggested
and solved in cooperation with Oleg Evnin. It is organized as follows. In Chapter 2 we
study the effects that an impulsive signal in a singular hypersurface can have on a particle
which encounters it. A similar question has been discussed by Barrabes and Hogan in [31]
for the case of timelike particles, where they have constructed the geodesics deviation vector
in the first order approximation and found a relation between the geodesic deviation vector,
the stress-energy content and gravitational wave components of the shell. We propose a new
approach for studying the effect of null shells on null geodesic congruences. This is an exact
method which allows one to easily calculate the change in the expansion, shear and rotation
of the congruence upon crossing the shell and its evolution to the future of the shell. We
find that the effect of the shell on the congruence, as already observed in the time-like case
in [30], is a discontinuity in the B-tensor (the gradient of the geodesic vector). We call this
the B-memory effect, which is a more covariant way of describing the gravitational memory

effect. Gravitational memory effect has deep connections with soft gravitons [26], which in



turn is linked to the symmetries of null infinity of asymptotically flat spaces [21,25]. We found
the explicit relation of B-memory with the stress energy and gravitational wave components of
the shell. We consider the simplest case of a null shell representing an outgoing gravitational
wave and parametrized by a general soldering transformation (a subclass of which are the BMS
supertranslations) in Minkowski space, but our method is applicable to any geodesic congruence
that crosses a null shell localized on a killing horizon.

In Chapter 3 and Chapter 4 conformal mechanics associated with Near Horizon geometry
of Extremal Myers-Perry (NHEMP) black hole has been studied. First, a unified description of
an arbitrary odd and even dimensional geometry and conformal mechanics has been proposed.
Then, the question integrability of special cases of fully non-isotropic and fully isotropic cases
has been addressed in this description. We have found a non-trivial transformation from non-
isotropic NHEMP conformal mechanics to its isotropic case. Furthermore, the general case,
when groups of equal and non-equal rotation parameters exist, has been studied and shown
that this problem reduces to its special cases of fully non-isotropic and fully isotropic NHEMP
conformal mechanics. At the end of the Chapter 4 another non-trivial near-horizon geometry
has been discussed. The so-called Near Horizon Extremal Vanishing Horizon Myers-Perry black
hole (NHEVHMP) is obtained when one of the rotation parameters of the Myers-Perry black
hole vanishes. We studied the integrability properties of NHEVHMP in higher dimensions in
fully isotropic, fully non-isotropic and general cases.

In Chapter 5 we propose a geometrization procedure which associates to a non-relativistic
quantum particle in a potential on a curved spacetime a purely geodesic motion in another
spacetime. In other words, we propose a correspondence between the solutions of Schroedinger
equation and Klein-Gordon equation on a corresponding manifold, which itself, as it is well
known, reduces to a geodesic equation through quasi-classical of Eikonal approximation. We will
explain this procedure on the example of the Higgs oscillator and superintegrable Rosochatius

system.

10



CHAPTER 2

GEODESIC CONGRUENCES,
IMPULSIVE GRAVITATIONAL WAVES

AND GRAVITATIONAL MEMORY

The study of impulsive gravitational waves in the form of null shells has recently received
renewed attention due to their possible role in the transfer of information from black hole
horizons to null infinity. As the black hole horizon is a killing horizon, there is an infinite
variety of ways to attach (solder) the black hole interior to the black hole exterior creating
a null shell on the horizon [22,23]. A subclass of these can be shown to correspond to BMS
like supertranslations. Furthermore the long studied BMS supertranslations at null infinity of
asymptotically flat spaces are linked to the physics of soft gravitons which appear to play an
important role in restoring information not seen in the hard gravitons of Hawking radiation
[24,25]. In turn the soft gravitons are related to the gravitational memory effect [20].
Gravitational memory [27-29] is the classical change in nearby geodesics in an asymptoti-
cally flat region of space-time as they pass through an outgoing gravitational wave. The study of
the effect of a null shell on a time-like congruence that crosses it has been addressed by Barrabes
and Hogan [30,31]. They calculated the change in the tangent vector and the geodesic deviation
vector together with the expansion, shear and rotation upon crossing an impulsive gravitational

wave and found a jump in the acceleration of the geodesic and derivatives of the geodesic de-
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viation vector proportional to the stress-energy content and gravitational wave components of
the shell.

To further understand the relationship between gravitons and gravitational memory it is
thus important to study the effect of waves on null geodesic congruences, not only as the
congruence crosses the wave but also the future evolution of the congruence. In this chapter we
describe a new exact approach for studying the effect of null shells on null geodesic congruences.
This method allows one to easily calculate the change in the B-tensor, which encodes the
expansion, shear and rotation of the congruence, upon crossing the shell and its evolution to
the future of the shell. We find that the effect of the shell on the congruence, as already observed
in the time-like case in [30], is a discontinuity in the B-tensor, a B-memory effect. We show
how this B-memory is determined by the stress energy and gravitational wave components of
the shell. We consider the simplest case of a null shell representing an outgoing gravitational
wave and parametrised by a general soldering transformation (a subclass of which are the
BMS supertranslations) in Minkowski space, but our method is applicable to any geodesic
congruence that crosses a null shell localised on a killing horizon. It is intriguing to note that
our formulation of B-memory has much in common with gravitational memory as formulated
in [29].

In Section 2.1 we give a short review of the model of impulsive signals and the distributional
algorithm for constructing null singular shells. In Section 2.2 we introduce the concept of a B-
memory effect as a covariant formulation of gravitational memory. In Section 2.3 we describe
the setup of the problem and give a general description of the suggested approach. A detailed
discussion of the approach is carried out in Section 2.4 while in Section 2.5 the detailed
behavior of a lightlike congruence is studied. In Section 2.6 we discuss our results and their
relation to other formulations of gravitational memory, in particular to that reviewed in [29].

The results of this chapter were obtained in cooperation with Martin O’Loughlin and are

based on [72].
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2.1 IMPULSIVE SIGNALS IN NULL HYPERSURFACES

In this section we will discuss a space-time manifold M which is divided into two domains by a
null hypersurface with a C° metric tensor (metric tensor is continuous across the hypersurface
but its first derivatives are not). We will denote the domain on the left side of the hypersurface
by M™ and on the right side of the hypersurface by M~ (see fig. 1). Let z* (u =0, 1, 2, 3)
be the local coordinates on both sides of the hypersurface and ®(x) = 0 be the equation of the
hypersurface, with ® > 0 corresponding to M™ and ® < 0 to M~. The normal vector to the

lightlike hypersurface is
nt = x"(x)g"0,®(x), n-n=gun'n’ly =0, (1)

where gi, are the components of the metric tensor on space-time M™* J M~ and x is an
arbitrary function. Any tensor field will be denoted by + or — superscripts on M* and M~. If
these tensors differ on each side of the boundary hypersurface N, the jump [F]| = FT |y — F~ |n
across N, will not be zero and is an important quantity for our later derivations. Here, the
subscript AV indicates that F'* should be evaluated on the hypersurface. We also define a hybrid

tensor F as follows

1 >0
F(a)=F*(®) + F(1-0(2), 0(®)={1 o=0 . (2)
0 <0

\

where 6(®) is the Heaviside step function. We will assume we are dealing with a continuous
metric across N, so

G = Guv and (] = 0. (3)
The metric is also continuous in the derivatives tangent to the hypersurface, but is discontinuous
in the transversal derivative. We introduce symmetric tensor 7,, to describe the discontinuity

13



in transversal derivative
[aag,uu] = Mo Ypv- (4)

As n, is a null vector, to find the components of v,, we will need to introduce a transversal

vector N, which points out of N/
N-n=n1#£0, NS =N, =N, (5)
So, it follows from (4) that
N¢ [aag/w] = Y- (6)
We only restrict the choice of 7,, by requiring it to have a uniquely defined projection on the
hypersurface N'. Thus, we have the following gauge freedom:

Yuv — ’7:111 = Yuv + UMy + n,vy, (7)

where v is a four-dimensional vector field defined on A'. N is not uniquely defined as well. The

scalar product (5) is invariant under the gauge transformation
N — N =N +v, (8)

Our aim is to construct the Riemann and Einstein tensors for the space-time M, which depend
on partial derivatives of g,,. For a partial derivative of some general F tensor field we can

write

0. = 0(@),F* + F0,0(0) + (1 (@))9,F — F~0,0(%) o
9
= 0,F + [F]0,0.

For the derivative of the Heaviside step function, we can write
0,0(®) = 0u0(2),D = 5()xn,.
so equation (9) becomes

O, F = 0,F + [F]xn,u0(®). (10)

14



In addition, we should also note that if we have two I’ and G tensors defined, then from (2) it
follows that

FG = FG — [F|[G] 6(®) (- D).

To derive the form of Einstein’s tensor we need to start from the Christoffel symbols. Using

(3) and (10) we can obtain
apguu = 8p.é/u/a (11)
from which it follows that
A 1 Ap ~ ~ ~
L = 59 [0uGpv + OvGpp — OpGyuv]
1 ~ - .
B 59/\p[8 9pv + OGpou — OpGun] (12)

=1

For [I'},] we will get

1
[F?W] = 59)\'0([6#9,01/] + 100 9pul — [0p9])
1
B §gkp(77nu7pv + Yo — MM V) (13)

1
=1 (V(A,unu) - 5’}/“”71)\)
The brackets around indices denote symmetrization over those indices.

Now we can calculate the Riemann tensor. The Riemann tensor is expressed through

Christoffel symbols according to the following equation.
Ringw = 0l — 0T + Ty — f‘kupf/f)\ (14)
The tilded Riemann tensor will be
R = 0ukaw — 0Tk + Dipl%0 — Fk;przu)\ (15)
From (10) we can deduce that

8;Fk)\y = a#kau — [Crav]xn,6(P).
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So, plugging this into the tilded Riemann equation we find
RMW = 8ufk>\u — 3ukau + fkupfpl/)\ — fkupfp,m
— [Cex]xm,0(P) + [Crauxn,0(P) (16)
= R — [Liw]xn,0(®) + [Tl X, 0(P),

where terms that vanish distributionally have been ignored.

The last two terms in tilde-Riemann equation can be simplified.

[Crau] X7, 0(®) = [Fiaw [ x72,0(P)
1 1

= XS (@) [Tk — S VAR = V) + 5T
= X (P) Ry,
where
RkA/w = YNy — %%\unknu — YAy + éwunknu
= 2Nk

and square brackets around indices denote skew-symmetrization. Plugging this result into (16)

will give
Rk)\,uu = Rk/\,uu + ék/\/ﬂ/TIX(S((I)) (17)
Similarly we find
~ - - Y
RMV = RMV + RMVEX(S(CI)), R,ul/ = Y(wuhv) — Enunm (18)
) . . v ol
G = G+ Guuexd(®), Gy =Yty = Ml = 5 Gy (19)
where
Y=Yy W=Awn’, A = quntn’ = yn” (20)

From the form of the Einstein tensor we conclude that the stress-energy tensor will contain two

terms one of which proportional to the Dirac §-function.

T,uu = T,uu + SuuUX5((I)) (21)
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The tilde-term of the stress-energy tensor corresponds to the matter content Tuiy of the exterior
domains M®*. The second term corresponds to the matter in the singular hypersurface, which

is actually a shell of lightlike matter. The stress-energy tensor on the null shell is
Tyw|nv = Sunxo(P)
where Sy, is given by
16mS,, = —ynun, — ”yTg,U, + 2y = QGMV. (22)

The three terms in the stress-energy tensor in the last equation, if taken on the hypersurface N,
can be interpreted as being related to the energy density, the isotropic tensor and the energy

current respectively.

2.2 B-MEMORY AS GRAVITATIONAL MEMORY

The gravitational memory effect is the change in relative velocity between neighboring geodesics
after the passing of a gravitational wave - the idea being that the passing of a gravitational
wave leaves some “memory” in the relative movement of inertial observers. Here we propose a
more covariant characterization of this memory effect by considering the effect of an outgoing
wave in the form of a null shell on a null geodesic congruence.

To see explicitly how this works we begin with the general construction and notation of [23].
The impulsive wave (null shell) is confined to a singular null hypersurface N' which divides
the space-time into two domains M~ |J M™ - the past and future domains - each with

its own coordinate system /. Each domain has its own metric, Gy OF g;rl,, together with
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junction conditions for soldering that relate the two metrics where they meet on the hypersurface
N. The soldering determines the constituents of the impulsive wave and in the case that N
coincides with a killing horizon an infinite variety of solderings are allowed [23] producing an
infinite variety of impulsive signals. For explicit calculations we will use the freedom to perform
independent coordinate transformations on M~ and M™ to choose a global coordinate system

x* that is continuous across N and such that the metric is also continuous

[g/“/] = g;ry - g/;l/ =0. (23)

We will consider a congruence with tangent vector field T" transverse to N together with the
null generator n of the shell, where T'- n = —1, and to calculate the independent components
of the B-tensor B,s = V3T, [32] we will project it onto the spatial submanifold of the shell
defined by a pair of space-like orthonormal vectors €%, A € (z,y) such that e4 -n=e4-T = 0.
Furthermore we can and will choose e to be parallel transported along the congruence, a
choice that simplifies the following equations by eliminating the connection from the evolution

equation for B. The projection of B,z onto the congruence is
a fB 1
Bap = €4€pBas = 59(5AB+O'AB+CUAB, (24)
where the expansion, shear and rotation are explicitly given by
A 1
QZBA UAB:B(AB)_§95AB wAB:B[AB}. (25)

The evolution equation for Bypg is

d]i":B — —BacBS — Rup (26)
and
Rap = RouseQTreyT" = %R(FAB + COup (27)
where
R = RogTT?  Cap = CoppoeSTHeRT” (28)

18



and Cyp is traceless.
In the presence of a null shell the Riemann and Weyl tensors have a term that is localised
on the shell and proportional to a delta function [22]. Thus we separate R and Cyp into their

bulk and shell components
R=R+Réu)  Cap=Cup+ Capd(u). (29)

In the evolution equation for Bsg the delta function on the right hand side can only be
balanced by a delta function in the derivative of B4g meaning that the B-tensor must be dis-
continuous across the shell. This discontinuity is related to the stress-energy and gravitational
wave components of the shell as we will see in detail in the following sections.

The evolution of the rotation is simply given by

dWAB
- 30
du WAB, ( )
which can be integrated to give
u /
wAB:Ke_fo Odu €EAB- (31)

We can deduce from this equation that the rotation must be continuous but not necessarily
differentiable across the shell as the expansion is at most discontinuous. In particular, and
as we will see in detail in the following sections, a zero rotation before the shell and at worst
a finite jump in the expansion will result in zero rotation after the shell. This means that a
congruence that is hypersurface orthogonal to the past of the shell must also be hypersurface
orthogonal to the future of the shell.

Our calculations thus indicate that an alternative and generally covariant formulation of
the gravitational memory effect is that there is a discontinuity in the B-tensor of a congruence
upon crossing a null shell. In the following sections we will show how to explicitly calculate the

evolution of the B-tensor for a congruence that crosses a null shell.
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2.3 THE SETUP AND PROPOSAL

Our general construction is applicable to any null shell located on a killing horizon. For simplic-
ity (and without loss of conceptual insight) we will consider in the following sections exclusively

the case of a planar null hypersurface (which is obviously a killing horizon) in Minkowski space.

Figure 1: In continuous coordinates the geodesic vector field is continuous across N. Here we
see that the transformed vector field to the past of N provides the initial conditions for the

field to the future and thus the full solution to the geodesic equation.

To study the evolution of a null geodesic congruence upon crossing a null shell we start
directly from the geodesic equation. In continuous coordinates by definition the metric is
continuous across A while the Christoffel symbols are discontinuous, and the Riemann tensor
has a delta function singularity localised on the shell, these properties being directly related
to the stress-energy tensor of the shell and explained in detail in [23]. For the purposes of our
calculations we will obtain continuous coordinates across the shell by performing a coordinate
transformation on M~ while leaving M in flat coordinates.

The geodesic equation in the vicinity of the shell is

Xt 4 (O(—u)Tf + 0(u)IfH XX =0 (32)
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Figure 2: With flat coordinates to the past and future the soldering transformation leads to a

discontinuity across N in both coordinates and in the geodesic congruence.

where u is the null coordinate transverse to the shell and © is the Heaviside step function. It
is clear that non-trivial solutions to this equation may have a discontinuity in the acceleration,
but not in the tangent vector T = X, and thus the geodesic flow lines are C' across the shell
as shown in figure 1. Mathematically speaking this means that the geodesic vector on the shell
(Ty) is uniquely defined Ty = T4 - Taking this into account we state that if the test particle
has approached the hypersurface from the past then the action of crossing the hypersurface
is mathematically equivalent to making a coordinate transformation on the geodesic vector
from the past flat coordinates, where for the purposes of our calculations we consider a trivial
constant and parallel null congruence, to the continuous coordinate system. This transformed

congruence then forms the initial conditions for the congruence to the future of the hypersurface.

o 0% 8
T+|N: <WT_>

(33)

N

Here T is the geodesic vector of the test particle in the past domain in past flat coordinates
and T is the corresponding vector after the particle crosses the shell in future coordinates as
shown in both figures 1 and 2. Here we should recall that all the information regarding the
stress-energy tensor on the shell, which also means the effect that the shell will have on the

congruence, is fully encoded in the definition of the soldering conditions and thus in the Jacobian
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of the soldering transformation.

2.4 NULL CONGRUENCES CROSSING HORIZON SHELLS

Applying the proposed algorithm of the previous section we consider the congruence T = A\0,,_
globally to the past of N' and perform on M* a coordinate transformation parametrised by
F(z®) where a = v, z,y,

u u

= - =F 34
u , v ton (34)

(F2+F)), o =z+— y_=y+

We will refer to this transformation as a Newman-Unti soldering being the extension to a

soldering of the Newman-Unti transformation v_ = F. This one sided soldering transformation

wt @Wuxy)

xg(x#)

> (Vor X0, o)

M_

Figure 3: Every point to the future of NV, apart from caustic points, has a unique mapping
onto NV obtained by following the geodesic of the congruence in M™ that passes through that

point back to N.

creates a shell at the location of A and the properties of the shell are encoded in the function
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F(2) as described in detail in [23]. To the future of N' we have coordinates =% = z* and we
identify the future and past coordinates on A. After the transformation the metric to the past

of the shell is

2 2
ds® = —2dudv + dz® + dy* + u (FFabdx“dxb> + % (FraFup + FyaFyp) dzda®, (35)

while to the future it remains
ds? = —2dudv + dz” + dy*. (36)

We are interested in the value of the congruence Ty on N in continuous coordinates,

o 3I0‘ 8
T = 371 | (37)

Inverting the Jacobian matrix of the coordinate transformation evaluated on N we find, for

our choice of T_, that

1
T()(.I‘S) =\ (F,,@u + ﬁ(FZQ + F;)av - Fa:ax - Fyay) ‘ (38)
v N

The null congruences to the future of N are labeled by the point (z¢) at which they cross
N and the affine parameter u. Taking Tj as the initial condition for the congruence on A at

u = ug = 0 we find that the null congruence to the future is described by the lines
2% = o + uTg (a}) (39)
and from the u component of this equation we find that
A=1/F,. (40)

The remaining components of (39) can in principal be inverted (in practice there will be
unavoidable problems of caustics meaning that the inversion from some future points will not
be well defined - we will ignore these subtleties), to obtain a projection along geodesic lines
from M™ to N of the form x§ = z3(x®) as illustrated in figure 3. The congruence to the

future is then simply 7%(z#) = T§*(z&(x*)). In the following, by a slight abuse of notation, we
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will use F' to denote the extension of the soldering transformation F' to the future such that
F(z*) = F(z3(x®)). A simple and useful consequence of this construction, that one can show
with the help of the a components of (39), is

OF  OF

oz Oxd’

(41)

With a little further work one can show that the congruence to the future of the shell is given
by

™ MO, F (w5 (7)), (42)

and is thus hypersurface orthogonal as anticipated at the end of Section 2.2.

2.5 HOW THE SHELL MODIFIES THE CONGRUENCE.

We now turn to the projection of the B-tensor and its behaviour upon crossing the shell as

described in Section 2.2. A natural choice for completing the tetrad along the congruence is
Fy
€4 = —E&, + 04 (43)
together with n = 0, and the tangent vector 7. We will also need the completeness relation
eSe648 = ¥ L o8 4 nfre (44)

As already discussed a null shell produces a delta function singularity in the Riemann tensor
and the physical content of the shell is encoded in the jump in the orthogonal derivatives of

the metric tensor

Fab

ua:O- 45
LI (45)

Yab = s [aagab] = -2

24



The shell in general contains matter with stress-energy tensor

Saﬁ = Unang + PJap + 2j(an6) (46)

with j, = (0, j,). The four independent components of the stress energy tensor are the energy

density u, and the surface current j,, the v component of which is minus the pressure p

1

= —_—— OéB 1 =
2 167T'7a677 Ja

1
167

1

B _
167

VapM D= —J, = 'ya/gno‘nﬁ. (47)

These account for four out of the six independent components of 7,3, the remaining two coming

from the spatial (x,y) part of Y,z

1

Ao = Vap — 5%577‘5“%5 (48)

which contribute to the Weyl tensor and encode the two polarisations of an impulsive gravita-
tional wave on the shell. We will see in detail how this works below.
To study the behaviour of a null congruence crossing the null shell we need to calculate Rap

and it is straightforward to show that

Rap = —%%ﬁ@i@% = _%'YAB- (49)
Given the Einstein equation
Ry — %gu,,R — 878,,0(u) (50)
we can relate the trace of R p to the surface quantities
R =818, THT" = 8ru — 16mj, T, (51)

while the projection of the Weyl tensor on the congruence is

_ 1 1 L. . - a
Cap = —5aB+ nyg5AB = _5%66,46% + 167,70 p- (52)
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2.5.1 NEWMAN-UNTI SOLDERING TRANSFORMATIONS

Taking the explcit form for 7" from the previous section we find for a general Newman-Unti

type transformation that

FAB Fvv (FAFBU+FBFAU)
— I4WF
F, At F?

Bap = €3¢ Bap = — . (53)

Evaluating B,p on the shell gives us directly its discontinuity given that we have taken a
congruence with Bap = 0 before the shell. In this expression we must take care to recall that
although 0,0 F = 0,F second derivatives must include the Jacobian of the mapping z§(z®).
We see that Bsp is symmetric and thus the congruence has zero rotation consistent with the
hypersurface orthogonality demonstrated in the previous section and also the more general
arguments of Section 2.2.

Evaluating explicitly R and C 45 and comparing to (53) we find that the change in expansion
upon crossing the shell

Oy = —R = —8mu + 1675, T° (54)

is determined by a combination of the shell energy density and surface currents while the change
in the shear

~ 1A a - a
UAB‘./\/’ = _CAB = é'yageAe/BB — 16’/T]aT 5,43 (55)

is determined by the gravitational wave component and surface current of the shell.
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2.5.2 BMS SOLDERING

To explicitly evaluate Bap (53) also to the future of the shell we need to invert equations (39) as
discussed in the previous section. We will simplify the following calculations by just considering

the special case of BMS supertranslation solderings and thus we take

F(uv,z,y) =v+ f(z,y). (56)
Then
Ty = —0uF = (~5(f2+ 2, -1, ~fer~ ) (57)
and
Bap = —Oufs= —gi—i%‘ (58)

In this case we need only the Jacobian of the transformation on spatial coordinates that we

obtain by taking derivatives of the x,y components of (39) with respect to x4 = (z,y) to obtain

c
B _ dxg
AT A

0 (6¢ — ufpe) (59)

and inverting we find the Jacobian of the transformation

(8x(])3) _ 1 L—ufy, — ufay (60)
DA 1 — utr(f) + u?det(f) wfoy 1= ufer ’
where tr(f) = foo + fyy and det(f) = foafyy — f2,- Thus
—1 fee — udet(f) Sy
B = (61)
1 — utr(f) + u?det(f) £ £y — udet(f)
corresponding to the expansion
g — —tr(f) + 2udet(f) (62)

1 —utr(f) + udet(f)
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and shear

-1 fa::r - fyy fzy (63)
o = _ 2 .
2(1 Utr(f) +u det(f)) fwy _fa:r + fyy

Evaluating

_ _ 1| Joz = fyy 2 fay 1.
R:fxx+fyy:87r:u C=5 :_57 (64)
2f:cy _fxx+fyy

it is easy to check that our solutions for expansion and shear on and to the future of A/ satisfy

the evolution equations

a0 1, 9 9 do 1,
T 29 2(0 +03) — 8mpd(u) and T fo + 275(u). (65)

We see in particular that for the BMS transformations the B-memory effect corresponds
to a jump in the expansion upon crossing the shell that is proportional to the energy density
of the shell together with a change in the shear that is proportional to the gravitational wave

component of the shell.

2.6 DISCUSSION

We have presented a new approach for studying congruences that cross a singular hypersur-
face. Our method is based on the physically justified assumption that the geodesic vector of
a test particle is continuous across the hypersurface when using continuous coordinates. To
obtain the geodesic flow to the future of the hypersurface one simply needs to do a coordinate

transformation on the past coordinates to go to a continuous coordinate system. The resulting
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transformation on the geodesic congruence in M~ gives initial conditions on N to develop the
geodesic vector field on M to the future.

We then proved that a parallel congruence upon crossing the shell gives rise to a hypersurface
orthogonal congruence to the future of the shell, and in particular that the shell gives rise to
a discontinuity in the B-tensor of the congruence. In general the jump in the expansion is
determined by the energy density and currents on the shell while the jump in the shear is
determined by the gravitational wave component together with the surface currents. Although
we derived these results using a particular congruence, it should be clear from (54) and (55) that
the results are independent of the choice of congruence in the case of BMS supertranslations for
which the surface currents are zero. We also provide a general argument that a hypersurface
orthogonal congruence before the shell will give rise to a hypersurface orthogonal congruence
to the future.

The change in the B-tensor after the passage of an outgoing gravitational wave leads to
a covariant description of the gravitational memory effect - the B-memory effect. Although
our construction and approach to gravitational memory appears to be quite distinct from that
reviewed in [29] there are many intriguing similarities. They introduce a trace free “shear
like” tensor o, = V,V,f where f is the shift in a BMS supertranslation on Z. Furthermore
the Lie derivative along Z of o, is the news tensor N, which is thus the projection of the
Weyl tensor corresponding to the Newman Penrose component W,. The picture that emerges
suggests that the outgoing null shell induces a BMS supertranslation on Z in the same way
that a soft graviton is supposed to [28].

It would be very interesting to study the quantum version of this effect and the calculation
of the eikonal wavefunction may be a first step in such an approach. In the eikonal picture the
local wavefronts of a wavefunction follow the geodesics of the spacetime. The presence of an
outgoing gravitational wave produces a radical reorganization of the congruence such that in

general a flat wavefront can be distorted in a myriad of different ways. One may imagine that
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at a deeper level this distortion corresponds to a radical change in the quantum field theory
vacuum that is constructed from plane wave states. It would be interesting in particular to
investigate how the propagation across the shell of a good basis of wave-functions may not
give rise to a reasonable basis to the future of the shell given that BMS transformations map

between inequivalent quantum field theory vacuum states [29].
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CHAPTER 3

INTEGRABILITY OF GEODESICS

IN NEAR-HORIZON EXTREMAL MYERS-PERRY

BLACK HOLES: SPECIAL CASES

Any dynamical system, particle or field dynamics alike, is classically described by equations of
motion and some boundary conditions for the field theory case. The main task in analyzing
the system is to solve the equations of motion, which are generically (partial) second order
differential equations, and solving them is generically a formidable task. Symmetries, Noether
theorem and constants of motion, are the usual tools facilitating tackling the problem. In
this work we will focus on particle dynamics on certain d dimensional curved backgrounds and
question of field theories on such backgrounds are deferred to an upcoming publication.

In a dynamical system with N degrees of freedom and hence a 2N dimensional phase space,
if number of independent symmetries is equal to N, the system is called integrable and is
usually solvable. If the system possesses N 4+ p, 1 < p < N — 1, independent symmetries (and
hence functionally independent constants of motion), it is called superintegrable and the region
it can probe in its 2N dimensional phase space is a compact N — p dimensional surface; e.g.
see [34-30].

For the question of particle dynamics on a general curved (usually a black hole) background

in d dimensions, we are dealing with a 2d dimensional phase space. It is an established fact
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that isometries of the background, the Killing vectors, provide a set of constants of motion.
Moreover, reparametrization invariance of the particle action implies that there is always a
second rank Killing-tensor whose conserved charge is the mass of particle. For backgrounds of
interest, e.g. black holes or their near horizon geometries, usually the number of Killing vectors
plus one is less than d and one may wonder if the system is integrable.

The question of integrability of particle dynamics on black hole or near horizon geometries
have been extensively analyzed in the literature e.g. see [37-050]. In particular, it has been
shown that the problem is (super)integrable for a large class of black holes. The integrability is
often associated with the existence of higher rank, usually second rank, Killing tensor fields [37]
(see [57] for review).

Given an extremal black hole there are general theorems stating that in the near horizon
limit we obtain a usually smooth geometry with larger isometry group than the original extremal
black hole [58]. It is hence an interesting question to explore if this symmetry enhancement
yields further independent constants of motion and how it affects the (super)integrability of
particle dynamics. This question, besides the academic interests, is also relevant to some of the
observations related to black holes: It is now a well-accepted fact that there are fast rotating
black holes in the sky which are well modeled by an extreme Kerr geometry [59] and the matter
moving around these black holes in their accretion disks are essentially probing the near horizon
geometry [60)].

The isometry group of generic stationary extremal black holes in the near horizon region is
shown to have an SO(2,1) = SL(2,R) part [58,01]. Therefore, particle dynamics on the near
horizon extreme geometries possesses dynamical 0 + 1 dimensional conformal symmetry, i.e. it
defines a “conformal mechanics” [38,10-19]. This allows to reduce the problem to the study of
system depending on latitudinal and azimuthal coordinates and their conjugate momenta with
the effective Hamiltonian being Casimir of conformal algebra. Such associated systems have

been investigated from various viewpoints in Refs. [62-60] where they were called “angular (or
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spherical) mechanics”.

In this work, we continue our analysis of [33,77] and extend the analysis there to Near
Horizon Extremal Myers-Perry [78] (NHEMP) black holes [(1] in general odd and even dimen-
sions. We discuss the separability of variables, constants of motion for “angular mechanics”
associated with these systems and how they are related to the second rank Killing tensors of
the background. = While the system is in general integrable, as we show, there are special
cases where the system is superintegrable. Moreover, we discuss another interesting case, the
Extremal Vanishing Horizon (EVH) [79] Myer-Perry black holes [20] and show the integrability
of geodesics in the Near Horizon EVH Myers-Perry (NHEVH-MP) geometries.

In Section 3.1 we present the geometry of near-horizon extremal Myers-Perry black holes
in generic even and odd dimensions, and construct the “angular mechanics” describing probe
particle dynamics. In this section we set our notations and conventions. In Section 3.3 we
analyze generic causal curve, massive or massless geodesic, in the NHEMP background. We
show that this Hamiltonian system is separable in ellipsoidal coordinate system, work out the
constants of motion and establish that the system is integrable. Moreover, we show how the
Killing vectors and second rank Killing tensors are related to these constants of motion. In
Section 4.1 we analyze special cases where some of the rotation parameters of the background
NHEMP are equal. In these cases we have some extra Killing vectors and tensors and the
system is superintegrable. Section 4.2 contains the analysis of particle dynamics on the
special class of Extremal Vanishing Horizon (EVH) Myers-Perry black holes. We end this note
with discussions and further comments.

This chapter was based on the papers [73-75,77]
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3.1 NHEMP IN ARBITRARY DIMENSIONS; UNIFIED DESCRIPTION

The NHEMP metric in both odd and even dimensions in the Gaussian null coordinates was
presented in [(1]. The NHEMP is a (generically) a smooth solution to vacuum Einstein equa-
tions in odd d = (2N +1)- and d = (2N + 2)-dimensions, in general it is specified by N number
of rotation parameters a; (or N angular momenta .J;) and has SL(2,R) x U(1)" isometry. In

Boyer-Lindquist coordinates NHEMP metric has the form

s = - (420{72 - r_rz) + > (rf + af)dui + ;D' D, (66)
=1
: . B
Dy’ = do' + ?T’dT, (67)

where N, = [g] = N +o0,ie. 0 =0 for the odd and ¢ =1 for the even dimensions cases, ry is

a black hole radius which satisfy the equation

N, 9
14+2
Z 2TH 3 = 1+ U, with CI,N_H:O (68)
T + a7 +0o
and,*
N 2,2
ag pi i 2rua;
Fry=1-— B=—""_ 69
" ZTH—HLZ’ (ry +a?)?’ (69)

= (T (0
oy Z,:lr%{ er—I—a TH—I—a ’

N,
1 o
Yig = (i + a0 + p-auia s, =1 (71)

In our notations lowercase Latin indices 7, j which run from 1 to N and uppercase Latin indices

I, J which run over 1 to N, and ry satisfies

*There seems to be a minor typo in the exressions for NHEMP metrics given in [61], which we have corrected

here.
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For the case when all a; take generic non-zero values' it is convenient to introduce new

parameters m;

2 2 No
T —+ aZ 1 1 —+ 20
i = v > 17 — ]_ d - ) 72
" 2 N o Zﬁ m;  l4o (72)
and re-scaled coordinates xy,
e ZN" T
rr = mrpur E =1. (73)
I
=1

In these terms the near-horizon metrics reads

ds? dr?
= A(x) (—r2d7'2 + ?) + Z drrdr; + Z %szijgplD@ ,
H i,j=1 (74)

D(pi = dgpi + ]i]deT,

where
Aw) = ZTmi e 1 YmiTa T
T)= Yij = Oij N, )
1+0 +4 Zz<] m; mj ZI x%/m% m; m; (75)
ki _ 2 m; — 1 ’
m; (1+0' +4Zk<l mp ml)
with
No ) No
Ty 1 1+ 20
2L, - = ) 76
; mr ; mr 1 +o ( )

With this unified description at hands we are ready to describe probe particle dynamics.

3.2 PROBE-PARTICLE DYNAMICS

The metric (74) has SL(2,R) isometry group and hence the particle dynamics on this back-

ground exhibits dynamical conformal symmetry; we are dealing with a “conformal mechanics”

TThe case when one of the a; is zero is the EVH case we will discuss separately in Section 4.2.
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problem [38,10-19]. Let us denote the three generators of this sl(2,R) algebra by H, D, K, and

its Casimir by Z:
{H,D}=H, {H,K}=2D, {D,K}=K, T=HK - D (77)

The mass-shell equation for a particle of mass my moving in the background metric

2N+1+0
> 9" paps, (78)
A,B=1
leads to the following expression
L[ < 2 Ry Pyi P
2,2 __ Po ) ab i PPi ‘PJ
mOTH = A ( ” Z kzp(pi) rpr Z h DPaPb — Z T :U] (79)
i=1 a,b=1 4,j=1
where
1 a
he = 6% — — Lo B ub=1,---N, -1,
A me My
x2/m?
g g i —1 m; — 1
;)‘/1‘7:5”—1% m .’L‘j J s Z,]IL,N
my; m;
Using (79), as in [33], we can construct the Hamiltonian H = p, and the other generators of

the conformal algebra

N
( xanpaapgoi) + (Tpr>2 + Z kngoz> 9 (81)
=1
N
D= Dr, K = <\/L xa’paap% Tpr Zkzpapz) 5 (82)

where

Ngy—1
a ~1 p 7 p
L(xa:paapcpi) (mng + Z h bpapb + Z Jj P ‘PJ>

Tr; T
a,b=1 i,7=1 v

and the momenta p,, p,,, p, are conjugate to x,, ¢;, v with the canonical Poisson brackets

{paa I'b} - 5ab7 {pgoia 90]} = 62]7 {pT7 T'} =1 (83)

Thus, the Casimir element of the conformal algebra reads

No—1

Z hpapy + Z - +go - (84)

a,b=1
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where
2

N 2 N
vm; — 1pg, Z
i=1 v i

In an appropriately chosen frame H can be written in formally nonrelativistic form [10—19)]

2
P 27
H= 7R+ﬁ, (86)

where R = V2K, pr = iTDT( are the effective “radius” and its canonical conjugate “radial

momentum”. As we will show below the Casimir Z encodes all the essential information about
the system of particle on these backgrounds. The Casimir Z (84) is at most quadratic in
momenta canonically conjugate to the remaining angular variables and it can conveniently
be viewed as the Hamiltonian of a reduced “angular/spherical mechanics” [62-66] describing
motion of particle on some curved background. Note that the “time parameter” conjugate to
7 is different than the time parameter 7 appeared in metric (74) whose conjugate variable is
H = py. See [¢1] for more detailed discussions.

Since the azimuthal angular variables ¢' are cyclic, corresponding conjugate momenta p,,
are constants of motion. We then remain with a reduced (N, — 1)-dimensional system described

by Hamiltonian (84) and x, variables and their conjugate momenta.

3.3 FULLY NON-ISOTROPIC CASE

To show that the angular /spherical mechanics system is integrable, we show that it is separable

in the ellipsoidal coordinates when we are dealing with cases where all parameters m,; are non-
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equal. The ellipsoidal coordinates A; for odd and even dimensions are then defined as

No

mr— A

vi=mi=A) J[ ——=5 v <my, < <X <mp <A <mu. (87)
m;—m
J=1J21 1 J

To resolve the condition ZN" zf = 1 we choose Ay, = 0 and hence there are N,—1 independent
Az variables, which will be denoted by A,.
In these coordinates the angular Hamiltonian Z (shifted by a constant and appropriately

rescaled) reads

; N Ao = dome A
I:)\l...)\No_ll— =10 T <+ — + 90, (88)
Z Aa Hb lagéb( —Aa) ; Hz]zvil 1(m1 — Aa)
where
N 2
i = (I+I() ( Z — ml) Hmz, I() = (Z /{:ip%) s (89)
with
P 15
g =+ H mp —my), IN+1 = Doy =0, (90)
=1,J#I

and {7Ta7 )‘b} = 5ab7 {pcpm 80]} = 5%]
The level surface of angular Hamiltonian (88), Z = &£, can be conveniently represented

through
Ny—1

R,—-¢&
Z No—1 = Oa (91)
a=1 )\ Hb 1a§éb( Aa)

wheref

&

Ny 2)\
Ry =4[t = 2w + ()N S % — go(—Aa)" 1, (92)

1

~
Il

and we used the identities

1 No ! 1

1
T 1<A—n> RPN Th I e

a=1 a=1 b=1;a#

(93)

- z -
)\ )\N -1 = évgli;blgéa()‘b - )‘a) Aa'

fNote that R A\, — R, and v, — F, 1 replacements have been assumed in the current chapter compared

to [33].
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We can rewrite the expression (91) in more useful form, recalling the identities,

Ngy—1
Yot =ban,2 a=0,.,N, -2 (94)
o= T (Aa = M)

b=1

b#a

Multiplying both sides of (94) by arbitrary constants v, and adding to (91), we get

Ny—1

Ru(m, \ No=tl et
D (. )Ng 2 Ve, g (95)
a=1 )\ Hb la;éb( )\a)

Equipped with the above we can solve the Hamilton-Jacobi equations

O0Sgen )
O

E(Na, = 1, (96)

and obtain the generating function S,., depending on N, — 1 integration constants (i.e. the

general solution of Hamilton-Jacobi equation). To this end we substitute in (95)

O0Sgen
Tg = a—)\a, (97)
and choose the ansatz
No—1
Sgen(M, - Ave—1) = D S(A). (98)

This reduces the Hamilton-Jacobi equation to a set of N, — 1 ordinary differential equations
Ny—1

R(A ) Z vy N = (99)

or in an explicit form,
dS(Aa) I )N 91 No—1 Sy b—1
o (B0) Thms 200 30— a3 e =0 o
I=1 b=1
Hence, the analytic solution to the Hamilton-Jacobi equation is given through the generating

function (98) with

1 d\ 2m iy
S\ va) =5 (-1 Z m;_ 4 goANo- Zgz = >yt
VITY, (mr— )

(101)
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Then, differentiating with respect to constants 1,, we can get the explicit solutions of the

equations of motion

8Sgen aSgen aSgen
T o, g T Tou, (102)

To include the dynamics of azimuthal coordinates ¢; we have to consider the generating
function Sipt = Sgen + Zivzl Dy, i, Where we take into account functional dependence of gy, g;

from p,,. This yields the solutions for azimuthal coordinates

aSgen

;= — I 103
4 apsoi ( )

Thus, we get the solutions of the angular sector of generic NHEMP with non-equal non-

vanishing rotational parameters.

3.3.1 CONSTANTS OF MOTION

The expressions for commuting constants of motion F; can be found from (99), by expressing

constants v, in terms of \,, 7, = 0S;en /0,

Ny—1
Z F X = Ry(mq, M) —
b=1

1M DL Y F R

104
1 X A2 P F, Ry (104
L Ay, My, 0 At \Fwe- Ry,

40



where R,(\,, 7,) are given by (92). Integrals of motion are the solutions to this equation and

may be expressed via the inverse Vandermonde matrix, explicitly,

Ny—1 Ayéa,
_ a—1 No—a—1 _
Fa_ (—]_) Z Ra NU—I—’ Ol—]_,...,NU—Q,
o=l IT (& —Aa)
b=1
b#a
N,—1
Fyp-1= Z No—1 '
o=l T (Aa = )
b=1
b#a
where
N,—1
A= > My A,
1<k1<...<kq
1, kaa

(105)

(106)

In the following subsection we will first derive the explicit forms of these first integrals in the

initial z,, ¢; coordinates in seven, nine and eleven dimensions [77] and then generalize these

results for arbitrary dimensions.

3.3.2 CASES OF 7, 9 AND 11 DIMENSIONS

For the simplest case of N = 3, corresponding to seven-dimensional MP black hole, we have

two integrals of motion given by (105):

~ MRy— R R — Ry
FF=7T=—>"——""—- ="
! A=Ay SEDVISDW
Using the expression
N
[T (my = Ai)
N-1 =1 N-1
o 1N P it 1 Do
o N B _
2 b1 Tp H(mb _ ml) 2 b1 my /\a
b
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one can explicitly calculate F, = Fiy_;, which is valid for any N 3

N-1 2 N4 mip?
Fyo = (Z paxa> — > pima - Z —2+ gozw (109)
a=1 a=1

i=1 L

In the case of N = 4 we will obtain all three integrals of motion from the equation (105):
~ 1
F =7 = (Rl/\2>\3<)\3 — )\2) Rg)\l)\3()\3 — )\1) + Rg)\l/\g(/\g — /\1)),

= 5 (RO8 =N+ R0 + a2 - ), (10)

BIH UI

( (A3 — Ag) + Ro(A1 — A3) + R3( Ao — /\1)>7
where

D = Mads(hs — Aa) — Ads(As — A1) + Ao (Do — Ay).

Constants of motion F; and Fj in Cartesian coordinates are given by (84) and (109) respectively.
The second integral of motion can be derived by directly transforming the second equation in

(110). Using (108) we derive the expression for Fy = Fy_» which is valid for arbitrary N

N-1 N-1
FN 2 = Z PaZaPoTp Z my — Z paxa>2ma + sz TTL2 - flma>

a,b=1 k;é b a=1
N N (111)
% 2 2
+Z; 2 (m; _flmi)+g02mixja
i;gj
where
N

%

If N =5 we have four integrals of motion, three of which are given by (84), (109) and
(111). The missing one is F» which, as in the previous cases, is given by (105) in ellipsoidal

coordinates ,
PR DICS Voo Vel i
F=Y R , (113)
SRR | (G

k=1
k#i

$Hereinafter, we ignore an additional constant term and an overall constant factor which might arise in the

expressions for the first integrals.
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where fy =1, f; is given by (112) and

5(zi, my) Zmz : ) (114)
Z#J

Using (108) we can represent F, = Fy_3 in Cartesian coordinates and generalize it to higher

dimensions
N-1 N1 A
Fy_3= ijxjpkka;kJ - Z(ijj)Q(Mfé]mj —m5)
7 = (115)
N-1 N p2
—Zp?(mij—m?fl—Fm Zi; m;fa — mf1+m + 90 Zx2M7Al
j=1 =1 i i=1
Here we use the following notations
M7 = ka, MZ7e = N my . (116)
k1,ko=1
kfﬂ k1,k2 751, ,0a
3.3.3 GENERALIZATION TO ARBITRARY DIMENSIONS
After tedious transformations on can rewrite (105) in z,, ; coordinates,
No—1
—1)° Z Ké’c Z)ppPe — Z LY oyPePo; T (=) An, _omir;, (117)
b,c=1 2,J=1

where
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Ngy—a—1 Ngy—a—1
Ka:)z( T <—1>wz¢b_a_a_1ms) F

No—a ..
.. 7 oY
ng _ 1— 51 E -1 Ng‘+aA B No—a—a+1 _ (SIA B 11
(a) <( CL) ( ) (0% lm'L a NU 1) xz ( 9)

% m;
with
N,—1
Ay(x;,mj) = Z Ay e kg
1§k‘1<-..<k‘a
. | . (120)
:—Zx?Mf_’1+ Z My o Moy s a=1,...,N, — 1,
i=1 1<ki<...<kq
and
Ng
MP = N gy g, §=0,. No—1, i=1,... N,—j. (121
1<ki1<...<k;
ki,....ki#a1,....a;
It is also assumed that
Ag=1,  M7™% =1, (122)

One can check that in odd dimensions in the special cases of Fiy_1, Fn_o and Fy_3, the above
reduce to the corresponding integrals of motion [77] given by (109), (111) and (115). One can
also check, that simply requiring the rotation parameters to be equal in these expressions, one
does not recover all the integrals of the special case of a; = a,Vi NHEMP. In such special cases
all of the first integrals of the spherical mechanics of generic (non-equal a;) case transform into
the Hamiltonian of the spherical mechanics of the equal a; case. So, to obtaining the Liouville
integrals in the isotropic case we need to develop more sophisticated contraction procedure.
We also note that the above expressions for the constants of motion were found in the
ellipsoidal coordinates introduced for the special case of non-equal rotational parameters a;.
However, we then written them in the initial coordinates, they hold for generic nonzero values
of the rotation parameters a;. We will analyze the special cases where some of the a; or m; are

equal in Section 4.1 and when one of them is vanishing in Section 4.2.
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3.3.4 KILLING TENSORS

In previous subsection we presented the constants of motion in the form demonstrating their
explicit dependence on the momenta p,,p,,. To represent (117) through the respective N,
second rank Killing tensors, one can replace the last term proportional to m2 from the mass-
shell equation (78), (79). Note also that the F,, a = 1,....N,—1, provides N, — 1 one constants
of motion. We can then add Fly, to this collection, which is proportional to the mass with the

corresponding second rank killing tensor being the inverse metric, i.e.

IN+1+o N 2
a— Vi — 1p i
Fy, = (=) (% > ¢ Ppaps - (Z Bl I (123)
i=1 v

A,B=1

where we assumed M7 = 0.
To get the expression for Killing tensors, we should simply replace the momenta by the
respective vector fields, py — 8%. That is, in the coordinates (z,, p,) where the constants of

motion (117) are written, one should replace

0 0 0 0

. = =, S P =, - —.
Pa =" Gpar Pei 7 g PrT g PO G0

In ellipsoidal coordinates the above presented N, — 2 Killing tensors read

A —my 2
K, Zﬁaha (O1,) +szl mEJ#;L T~ : oy (Oer)

4 % (—ri? (0,)2 + 72 (a,,)Q) |

Thus, we have N + 1 mutually commuting Killing vectors 9/9y;, d/0, and N, Killing tensors,

(124)

summing up to d = N, + N + 1 and hence the system is integrable. One may check that our
expressions for the Killing tensors match with those appeared in [55,82] after taking the near-
horizon limit. We note that the two extra Killing vectors of the SL(2,R) part of the isometry

which appear in the near horizon limit and in the coordinates of (74) take the form,

— — — 2 —_—) — — —_— — —
"or " Tor r +r2)87 QTTGT riz_:@goi’ (125)



do not yield new independent constants of motion.

3.4 THE FULLY ISOTROPIC, EQUAL M; CASE

When all of the rotational parameters coincide, the Hamiltonian of probe particle reduces to
the system on sphere and admits separation of variables in spherical coordinates [18,19]. Tt
can be checked that in this case, the Hamiltonian of the reduced mechanics derived from (84)
transforms into the corresponding mechanics with equal parameters derived in [18,19] for both
odd and even dimensional cases. Notice, that in this limit the difference between even and odd

cases becomes visible:

e In the odd case, o = 0, isotropic limit corresponds to the choice m; = N ,i=1,..., N.

As a result, the angular Hamiltonian (84) which we will denote it by Zy takes the form

N-1

N
In = Z (Nbap — oxp)papy + N Z

a,b=1

ix? = N. (126)

=1

For the fixed p,, configuration space of this system is (N —1)-dimensional sphere, and the
Hamiltonian defines specific generalization of the Higgs oscillator, which is also known as

a Rossochatius system [33].

e In the even case, 0 = 1, one has m; = 2N when ¢ =1,..., N and myy; = 1, i.e. we can’t

choose all parameters m; be equal. As a result, the angular Hamiltonian (84) reads

N 2 2 N

Iy = Z (772619 L 'rj piPj + Z -+ WZI?, (127)

ij=1 i=1

46



where

N 2 N
1
7 =4N? — (2N — 1) § T, w= (1 — ﬁ) § PoiPo; — Mg (2N — 1), (128)

i=1 i,j=1

In the case of even dimension configuration space fails to be sphere (even with fixed p,, ).

What is important is that both systems admit separation of variables in spherical coordinates.

Namely, by recursively introducing spherical coordinates

Ny—1
xn, =/ Nycosby, 1, To =\ NoTysinby, 1, =1, (129)
a=1
we get the following recurrent formulae for the constants of motion
P} Fyy
c=0: Togq=Fn_1, F,=pj +—2 - Fy = pil (130)

© cos?f, sin%6,’

0 =1: Zewen =2Np;_ +vsin® Oy + (2N cot® Oy + 1) Fy_1, (131)

It is clear, that [y, ..., Fiy,_1 define complete set of Liouville constants of motion and the o =1
system contains o = 0 as a subsystem. Moreover, the Rosochatius system (angular Hamiltonian
for o = 0 case with fixed p,, ) is superintegrable: it has N —2 additional functionally independent

constants of motion defined by the expression

Tpa1= (pga_2 sinf,_ocotf,_1 — pyg,_, COs 9a_2)2 + (132)

cotbor 0, otand :
_ cosf,_otanf,_ .
p‘,ﬁa—l COS 00172 p@a 2 1

When p,, are not fixed, the system is (N, — 1 + N)-dimensional one. In that case, from its
action-angle formulation [18,19] one can observe, that it remains maximally superintegrable for
o = 0, i.e. possesses 4N — 3 constants of motion: Besides 2N — 3 constants of motion given
by (130) and (132), and the N commuting integrals p,, (associated with axial Killing vectors),
there are N additional constants of motion with quadratic term mixing pg, and pg,; i.e. N
second rank Killing tensors in 0y, 0,, direction. When o = 1, the system is 2/N-dimensional,
and has 4N — 2 integrals, i.e., as lacks one integral from being maximal superintegrable.

From these constant of motion one can readily read the associated Killing vectors and second

rank Killing tensors. Hence, isotropic system has N + 1 mutually commuting Killing vectors
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and d — 3 = 2N + o — 2 Killing tensors, and an additional N non-commuting second rank
Killing tensors.

For more detailed analysis of the isotropic case see [18,19]. Here we present it mainly to
set the conventions we use in the study of “intermediate case”, when only some of the rotation

parameters are equal to each other.
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CHAPTER 4

INTEGRABILITY OF GEODESICS

IN GENERAL NON-VANISHING AND VANISHING

NHEMP GEOMETRY

In the previous chapter we studied two special cases of the integrability of Hamilton-Jacobi
equation in the background of Non-Vanishing Near Horizon Extremal Myers-Perry black hole:
when there are no equal rotation parameters and when all of the rotation parameters are equal.
In this chapter we are going to generalize the previous results and study the case when some
of the rotational parameters are equal and others are not. Furthermore, we are going to study
the integrability of geodesics in the background of vanishing NHEMP geometry (when one of

the rotational parameters is 0).
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4.1 PARTIALLY ISOTROPIC CASES

When some of the a; # 0’s are equal the geometry (66) exhibits a bigger isometry group than
SL(2,R) x U(1)"; depending on the number of equal a;’s the U(1)" part is enhanced to a rank
N subgroup of U(N). This larger isometry group brings larger number of Killing vectors and
tensors and one hence expects the particle dynamics for these cases to become a superintegrable
system. This is what we will explore in this section and construct the corresponding conserved

charges.

4.1.1 PARTIALLY ISOTROPIC CASE IN ODD DIMENSION

Let’s start with the simpler odd dimensional system, o = 0, with p = N — [ nonequal rotation

parameters and [ equal ones:

my #mg # .. F My E Mpp1, Mppl = My = ... =My = K. (133)

Starting from the metric (74) we will construct the Hamiltonian for the reduced mechanics by
introducing spherical and ellipsoidal coordinates. Spherical coordinates {y, 6;}, i =1...1—1
will be introduced for the [ latitudinal coordinates z,41,...,2y corresponding to the equal

rotational parameters

-1 -1
Tpi1 :stinei, Tpta :ycoséa_lnsinﬁi, Tpyi = Yycost_q, a=2,...,1—1.

i=1 i=a
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Hence,
L2 y? !
2 N N dup)? = (dy)? Ay, (135)

Mpia K

a=1 a=1

with d€;_; being the metric on (I — 1)-dimensional sphere: d§;_; = df? | + sin®0;_,dQ;_.
Performing the coordinate transformation (134) in (66), it is seen that the radial coordinate
y of the spherical subsystem behaves very much like the other latitudinal coordinates of non-

equal rotational parameters. Therefore, we will treat y and z; ...z, in the same way:

Yo = (T1, ..., Zp,Y), Mo = (M1, ..oy Mp, Mpiq)
Pt (136)
> = z b Vg,
a=1 ma ma mp+1

in terms of which the metric takes the form

ds? dr o
E = A(y) ( ZdT + _>+dyp+1+yp+ld9l 1+Z dya +Z ’Yzsz )xj( )D()OZDSOJa (137)
4,j=1
with
~ p+1 2
Laag=1Jal"""a lya/mz ya _

A(y) Zp+1 1 1 ) Z 'ﬁ:L_ — ]' (138)

a<b mq my a=1 "7

Hamiltonian of the corresponding spherical mechanics then reads

p+1 52
Z h*papy + Z 3ol
a,b=1
U (139)
with 92 = (pip s 7p(2pp7Ip+1>7 hab = 5ab -

p+1 ma mb‘

Z Ya/ma
and 7, defined as by (126) in (p + 1)-dimensional space. The above describes a lower-
dimensional version of (84), where all rotational parameters are nonequal and we can analyze
it as we did for the general case in the previous chapter. That is, we introduce on the (p + 1)-

dimensional ellipsoidal coordinates

p+1 (ma . )\b)
b=1; b;ﬁa( — 1)

and take A\,;; = 0 for resolving the constraint (138) given by the second expression. The rest

of the analysis goes through as in [33] and as in Section 3.3.
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The partially isotropic case discussed here, as we see, interpolates between the generic case
of Section 3.3 (p = N — 1) and the fully isotropic case (p = 0) of Section 3.4: it decouples
to the Hamiltonians of type (88) and (126). The case [ = 1 corresponds to the system with
non-equal parameters, and the spherical subsystem is trivial (Z,1; = pfpp+ ). For I > 2 the
(I — 1)-dimensional spherical subsystem is not trivial anymore and has 2(I — 1) — 1 constants of
motion. Thus the reduced (N — 1)-dimensional angular system has p+2l —3 =N —1+1—2
constants of motion, i.e. the number of extra constants of motion compared to the generic
case is | — 2, with [ > 2. It becomes maximally superintegrable only for [ = N, i.e when all
rotational parameters are equal.

This discussion can be easily extended to the case of even dimensions (o = 1). Here we will
have an additional latitudinal coordinate (p +1 = N + 1) and a rotational parameter with a
fixed value (my4; = 1). One should note that myy; cannot be equal to any other rotational
parameter, so it is one of the p non-equal parameters. In the limiting case when [ = 1 and all
rotational parameters are different and we have an integrable system with p = N configuration
space degrees of freedom, as expected. Since my,; cannot be equal to the others, p cannot
be equal to 0 and the even dimensional system cannot be maximally superintegrable. In the
limit when all rotational parameters are equal except my,1 (p = 1), the system will lack one

integral of motion to be maximally superintegrable.
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4.1.2 GENERAL CASE

Having discussed the some equal m;’s but the rest nonequal case, we now turn to the most
general case when there are s sets (blocks) of equal rotation parameters each containing I;
members. As before we assume that there are p rotation parameters which are not equal to the
others, so that p+>"7_ I = N,. Note that in our conventions /; > 2. We introduce an upper
index which, written on a parameter or a function, denotes the number of the block under
consideration. So, for example mgi) will denote all the equal rotational parameters in the i-th

set of rotation parameters and 2 will denote their corresponding latitudinal coordinates and

{m((;)} = Mp+l1+..+li_1+a = "{(2) L= 17 s 5 a = 1a s 7li- <141)

The list of all rotational parameters can be written as

{ma} =my, ma,..., my, {mP}, {mPYy ... {mP}, a=1,....,N
(142)

my # me # ... F#my, {(mW} =k with &9 £&Y prl+... 1, =N
Let us start with the odd (o = 0) case and the metric (74). We can construct the Hamilto-
nian for the reduced mechanics by introducing spherical and ellipsoidal coordinates. Different

spherical coordinates will be introduced separately for each set of latitudinal coordinates cor-

responding to different sets of equal rotational parameters.

lz‘fl lifl

xgi) =7 H sin Hg) x,(f) = 7, COS 6’,(21 H sin 0((:) xl(f) = 7, COS 01(511, k=2,....[;—1
a=1 a=k (143
One should note that these spherical coordinates satisfy the relations
I li
Z:(:ztai))2 =r? and Z(dxfj))Q =dr®+ ridel(f)_l, (144)
a=1 a=1

where dQ) = (d@ff))2 +sin? 64 )ng)_1 denotes the metric on unit n-dimensional sphere. For the

rest of the latitudinal coordinates x; ...z, corresponding to non-equal rotational parameters
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and the radial coordinates r; of isotropic subsystems we introduce the notation

{Yo} = {21, . mp; 71,0 16}, {ma} = {ma,...,my; /f(l),...,li'(s)}, (145)

In this notation the the metric (74) can be rewritten as

ds? dr?\ X ;
— = A(y) ( rldr? + —) + Zdya + Zprrbdle L+ Z Fiji(y)z;(y) D' Dy’ (146)

" a=1 4,j=1
where 7,;; , A(y) are defined as in (75) and (138) respectively. Therefore, the Hamiltonian of

the corresponding angular mechanics reads

p+s—1 p+s 2
Z habﬂaﬂ'b + Z + 9o
a,b=1 (147)

{92} ={p2,,....0%: IW, ..., 2, IO =FY
where Z(® are the spherical subsystems resulting from the s sets of equal rotation parameters,

h? is defined by (139), and

W . i EY (@) _ ( ()2 ()
By = Dy + 5 n(@) 9 qa)’ ko' = (gl ) ) 9a " = Pepiiy+.. 1,144
d cos? 0, sin” 0, (148)

{Tas Ao} = Oap, {Pyis i} = 03 {Pg(w, N = 6 0eOpa,
Hence, the reduced spherical mechanics (147) has the exact form of (88) (with appropriate
constants) whose integrability has already been discussed. All discussions from the previous
subsection can be easily extended to this case, e.g. separation of variables may be achieved in

the ellipsoidal coordinates

2 __ €+f (ma — >\b) 14
Yo = p+s ~ ~ N ( 9)
b=1; b;ﬁa( — M)

and place A, = 0 for resolving the constraint on latitudinal coordinates (76), which now takes

the form Y 7*° %2; =1.
So, we separated the variables for the (N — 1)-dimensional angular mechanics describing
the geodesics in the near-horizon limit of (2N + 1 + ¢)-dimensional Myers-Perry black hole

in arbitrary dimension with arbitrary non-zero values of rotational parameters. The number

of constants of motion in this system can be easily counted: it is equal to d + N, — p — 2s.
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The generic case of nonequal m; is recovered by s = 0,p = N, and the fully isotropic case as

s =1,p=0. In a similar manner one can construct associated Killing tensors.

4.1.3 CONTRACTION FROM FULLY NON-ISOTROPIC TO ISOTROPIC NHEMP

Having the two corner cases discussed (fully non-isotropic and isotropic) an interesting question
arises. What kind of approximation would transform the first integrals of fully non-isotropic
NHMEP to the first integrals of isotropic NHEMP? It is straightforward to check that simply
taking all rotation parameters to be equal just transforms all the first integrals of fully non-
isotropic NHMEP to the Hamiltonian of the spherical mechanics of isotropic NHEMP (with an
overall constant factor and a constant term). So if m; = N
N-1 N 2
F,=0C, (Z (She — Toe)pope + Y %) +C, (150)
be=1 k=1 "k
where C, and C! are constants. To find the desired approximation, we will work with rotation

parameters which have little variations from their isotropic value N (¢; < N),

In such a limit, the Hamiltonian of the non-isotropic mechanics can be extended in powers of

€;, keeping the first order term only

N N-1 N 2
s p
Fy= NN | Ny + N0 = Y ca? [ D02+ 5+
a k k

i=1

N—-1
+ 2 Z eapaxapbxb] (151)
a,b
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where

N—-1 N pz
Lico = N&a — T, ” N i 152
a;l b — Talp)Dalb + ; %2 (152)

is the isotropic Hamiltonian. We should note that the linear term of F} still corresponds with
the isotropic Hamiltonian Zso but the relation ) 3:2 = N doesn’t hold anymore.
Now, if we find some linear combination P(F) of first integrals of non-isotropic mechanics
such that the free term of the expansion around m; = N vanishes, we can write
N N N N N
(P(F). i} = 0 = {zem(pj,m , zwzq(...)} S { P T)
i=1 i=1 i=1 (153)
— {Pz(p]wr]) 5 fiso} =0
We see that the first order coefficients Pi(p;,x;) of the P(F,) linear combination are first
integrals for Z»SO. To construct such combination whose free term vanishes we can take any of

the first integrals, let’s say Fiy_; and expand it.
N

B N pg N-1
zso - gN Z + ZZ: € x(’;zl + ; Eapil (154)

FN,1 - (—1

We see from (151) and (154) that by combining F; and Fy_; the free term can be eliminated

N-WV3p 4 (=) INFy_ — goN? =

N-1 N 2 N N-1 N 2 N-1
_ (Z pi + Z ﬁ) Z eix? + 2 Z €aPaZaPpTy — N (Z eiﬁ + Z eap§>
a k =1 a,b i ¢ a=1
(155)

Furthermore, from the expression ZZN x?/m; = 1 we can find

_< 4 Zeax)< N), 7, =N— Zx

and replace with this relation every occurrence of zx in (155). Doing this, we will end up with
the same equation (155) with just % replaced by 7%,. So in further calculations we are free to

consider equation (155) with a redefined z y

N-1

By —ay=N-) (156)
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Thus, having in mind (153), we find the first integrals of isotropic mechanics to be

N-1 2
Féso: - (Zpl%_f’zp%c) + 2paZq Zpbxb ( 2 +pa>

b

N-1 2

p p

F’LSO:_2 TPk _NSDN
oo (D)

k
k k

(157)

Now, we can see that the sum of all N first integrals results into the casimir of isotropic

mechanics
ZF = -2 T, (158)
Thus, by definition, all F/*° commute with Zi:1 F’*° but one can check that they don’t

commute with each other.

4.2 EXTREMAL VANISHING HORIZON CASE

As seen from metric (66), the case where one of the a;’s is zero is a singular case. In fact for
this case one should revisit the near-horizon limit. It has been shown that [30] for the odd
dimensional extremal MP black holes the horizon area also vanishes and we are hence dealing
with an Extremal Vanishing Horizon (EVH) black hole [79]. The near-horizon EVH black holes
have remarkable features which are not shared by generic extremal black holes; they constitute
different set of geometries which should be studied separately [¢1]. In particular, it has been
proved that for EVH black holes the near horizon geometry include an AdS; factor (in contrast
with the AdS, factor of general extremal case) [31,85], i.e. the d dimensional NHEVHMP
exhibits SO(2,2) x U(1)V~! isometry. To study this case, we start by a review on black hole

geometry itself. Then, by taking the near horizon and EVH limit, we discuss the separability
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of Hamilton-Jacobi equations on the NHEVH geometries.
As discussed in the special case of EVH black holes one has to revisit the standard NH
theorems for extremal black holes. Here we review EVH black holes in the family of odd

dimensional MP black holes [75]:

2
2 _ 2, MHP 2 2 ILF 2
ds® = —dr° + ﬁ(dr + ;:1 a;p;de;)” + ﬁdﬂ + ;1 p° +a?)(dui + pide?)  (159)
where
a; 5 2
F=1-) pzlzaz’ n=[J(*+d), > =1 (160)
i i i=1 i

The extremal case happens when IT — pp? = 0 has double roots and the EVH case is when one
of a; parameters, which we take to be ay is zero. That is in the EVH case u = Hiv 11 a?. We
note that we could have considered a “near-EVH” metric where the black hole is at a non-zero
but small temperature and the horizon area is also small, while the ratio of horizon area to the
temperature is finite [70, 84].

The horizon for the EVH case is at p = 0 and hence in the NH limit, the leading contributions
come from

9 N-1 N-1

p
M=pp’(1+5),  Fo=1-) (161)
0 _

oml =
=)
SIS R

b=1

Plugging the above into the metric (159) and taking:
p=rore, T=rot/e, Y =pnl€ Vo=, +T/0, a=1,...;N—1, e — 0,
we obtain the NHEVHMP metric [80]:

g2 N-1 N-1
ds® = Fory |—r?dt* + pey - T2d1/)2} - Z azdud + Z Yab@Padpa,
b=1 ab=1 (162)
Pl
Fy

Yab = GofiOab + Galy
where in the above a, b run from 1 to N — 1. Had we started from the near-EVH geometry, the
AdS; factor (the r,t, 1 part) of (162) would have turned into a generic BTZ black hole geometry

[79,84]. The NH geometry (162) has SO(2,2) x U(1)V ! ~ SL(2,R) x SL(2,R) x U(1)N~!
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isometry. This is to be compared with SL(2,R) x U(1)" of the non-EVH NHEMP discussed

in previous sections.

To discuss separability of the particle dynamics on (162), as in the previous sections, we

introduce coordinates,

=z

-1

Aalha a?l 1
Ty = me = —5 — =1,
To g = my
in which (162) takes the form
152 N-1 N-1
— = Fyds> da? YabTalpdwadpy,
2 0 Ad53+za: a+;7b pdpadepy,
with
dr? 2
dhas, =7° (=P +d) + =5, Fy=1-) —*
_ 1 . P 1 z, m
YabLalb = —5Vab, Yab = Oab = .
re Fy /Mg /My

The generators of the two SL(2,R) Killing vectors may be written as

1
H, =0,, D, =v0,—r0, K+:v28v—|——28u—2r118,,,
r

1
H_=20,, D_=ud,—1r0, K_:u23u+—28v—2ruar,
r
where v =t + ¢ and u =t — ¢). The Casimir of SL(2,R)’s are

T.=H.Ky— D2

and one can readily check that both Casimirs are equal to Z = % (07 — 03) — 292

The mass-shell equation of the probe particle (78) then reads

(2ol = (o) (132 4 T(pa )

r2
where
{pa,ﬂib} = Oab {p<,0a7 Spb} = Oab, {pwa¢} =1, {pr,T} =1,
and
N-1 o [N-1 N-1 p2
Tnzopn) = (1= 3° %) [zpz F ),
c=1 ¢ a=1 a=1 a

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)



where Z in (170) is the Casimir. Note that while the background has SL(2,R) x SL(2,R) x
U(1)N~! isometry the Casimirs of the the two SL(2,R) factors happen to be identically the
same and hence we are dealing with a single Z; appearance of an extra SL(2,R) does not add
to number of constant of motion compared to the non-EVH case.

Hence, as in the regular case, we have to consider separately three cases

e (Generic, non-isotropic case, all m, are non-equal

To separate the variables in (170), in the special case when none of the rotational param-

eter is equal, we introduce the ellipsoidal coordinates

xQ _ év_ll(ma _ Ab) ] (171)
‘ Hb;ﬁa (Mma — M)
In this terms the angular Hamiltonian reads

IZ(ﬂ%) [Z4Hb(mb +Zp“2”“+go : (172)
a [Ta (A

a a=1

where {7, \p} = 045 One can see that (172) has a very similar form to (88), and using

the identities (93) and (94), it can be rewritten as follows (after fixing the Hamiltonian

I=¢€)
N-1 ~
R,— €&
> =0, (173)
a=1 )\ Hb 1a#b< )\a)
where
N-—1 N—1 A\ gg .
R, =4\, my — Ag) + (=) ! a — go(=A )N
Tm = A+ (0™ 2 52— i)
N—-1 ~ N—1 (174)
ggzp?pan(ma_mb)y 5:5Hma.
b=1 a

Separation of variables and the constants of motion is similar to the Section 3.3, where

(173) corresponds to (91).

e Isotropic case, all m, are equal

In this case (m, = N — 1), we separate the variables in (170) by introducing spherical

coordinates {u, ,Ya, On_2}
Tyo1 =UCoSON 3, EIN_1_a =UYaSinOy_a, Y yi=1 (175)

60



where o = 1... N — 2. In these coordinates (170) will take the following form

1 2 2 Inoo
I:(l—N_lu){pu—l— R (176)
with F,, defined in (130), where the separation of variables and the derivation of integrals

of motion was carried out according to 3.4.

e partially isotropic case

The last case is the most general one which involves sets of equal and a set of non-equal
rotational parameters. With the discussions of the two previous cases (fully isotropic and
fully non-isotropic) in view and recalling the analysis of partially isotropic NHEMP case
of previous section, it is straightforward to separate the variables in partially isotropic
NHEVHMP. Following the steps in Subsection 4.1.2, one should first introduce dif-
ferent spherical coordinates for each set of equal rotational parameters and ellipsoidal
coordinates for the joint set of non-equal rotational parameters and the radial parts of
spherical coordinates. This will result into a spherical mechanics similar to (147) where

the Hamiltonians of spherical subsystems will be included as parameters.

4.3 DISCUSSION

Continuing the analysis of [33,77], we studied separability of geodesic motion on the near
horizon geometries of Myers-Perry black hole in d, even or odd, dimensions and established the
integrability by explicit construction of d constants of motion. In the general case [%] + 1 of

these constants of motion are related to the Killing vectors of the background (note that the
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background in general has [41] + 3 Killing vectors, but three of them form an s/(2, R) algebra
and hence there is only one independent conserved charge from this sector). Our analysis
reconfirms the earlier observations that although near-horizon limit in the extremal black holes
enhances the number of Killing vectors by two [58], the number of independent conserved
charges from the Killing vectors does not change. Our system, in the general case, has [521]
constants of motion associated with second rank Killing tensors the system possesses. We also
constructed the explicit relation between these Killing tensors and the conserved charges and
one may check that our Killing tensors and those in [55] match. We note that the Killing tensors
of [55] were obtained using the near horizon limit on the Killing tensors of Myers-Perry black
hole in a coordinate system which makes the geodesics of black hole separable itself. Whereas,
we directly worked with ellipsoidal coordinates for the NHEMP, introduced in [33]. Comparing
the two systems before and after the NH limit, it was argued in [55] that a combination of
Killing tensors is reducible to the Killing vectors, however, we obtain other second rank Killing
tensors, through which the system remains integrable. Moreover, by explicitly showing the
separability, one concludes that there is no inconsistency with the theorems in [51]. There is an
extra conserved charge related to the Casimir of SL(2,R) symmetry group which intrinsically
exists in the NHEG’s. We have shown that the charge of the Casimir is independent of the
other conserved charges. In this sense, one of the “hidden symmetries,” symmetries which are
associated with equations of motion and are not isometries of the background, becomes explicit
in the NH limit [55].

Following the discussions in [18,19], we showed that for special cases where some of the
rotations parameters of the background are equal, the geodesic problem on NHEMP is super-
integrable. We established superintegrability by establishing existence of other constants of
motion. Our methods here, combined with those in [18,19], allows one to read the extra second
rank Killing tensors obtained in these cases. The rough picture is as follows: We started with a

system with 2V + 1 + ¢ variables with N isometries. Fixing the momenta associated with the
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isometries, we obtained and focused the N — 1 4+ o dimensional “angular mechanics” part. In
this sector, whenever N number of rotation parameters m; of the background metric are equal
the U(1)" isometry is enhanced to U(N) and this latter brings about other second rank Killing
tensors. All in all, the fully isotropic case in odd dimensions with U (d%l) isometry, the d — 2
dimensional spherical mechanics part is maximally superintegrable, it has N4+ (N —2) = 2N —2
extra constants of motion. The fully isotropic case in even dimensions, however, is not maxi-
mally superintegrable; it has still 2V — 1 extra Killing tensors (one less than the N constants
of motion to make the system fully superintegrable). We discussed the “special cases” in two
different ways. First, we reanalyzed the system from the scratch (in Section 3.4) and also took
the equal rotation parameter limit of the generic case (in Subsection 4.1.3). As expected,
these two cases matched. Our preliminary analysis, which we did not show here, indicate
that the above statements is also true for the NH limit of extremal MP black holes in (A)dS
backgrounds.

We also discussed the EVH case, which happens for odd dimensional extremal MP when one
of the rotation parameters a; vanishes. In the general NHEVHMP case, where the background
isometry is SO(2,2) x U(1)2" the number of independent charges associated with Killing
vectors is %. Despite enhancement of the isometry group compared to the generic NHEMP
case, we found that this symmetry enhancement does not add independent constants of motion,
the system in general does not poses extra constants of motion and remains just integrable.

Here we explored second rank Killing tensors. One may suspect that the system has inde-
pendent higher rank Killing tensors too, although it is unlikely. But if it does, the system for the
generic rotation parameters becomes superintegrable. It is interesting to explore this question.
Finally, as already pointed out in the introduction, one can consider other probes including
scalar, Dirac field or gauge or tensor perturbations on the NHEMP backgrounds and study
their integrability. To this end, the study of Killing Yano tensor and principal tensor [30,87]

should be completed.
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CHAPTER 5

SUPERINTEGRABLE QUANTUM SYSTEMS

AND RESONANT SPACETIMES

Geometrization of dynamics is a recurrent theme in theoretical physics. While it has underlied
such fundamental developments as the creation of General Relativity and search for unified
theories of interactions, it also has a more modest (but often fruitful) aspect of reformulating
conventional, well-established theories in more geometrical terms, in hope of elucidating their
structure. One particular approach of the latter type is the Jacobi metric (for a contemporary
treatment, see [38-00]). This energy-dependent metric simply encodes as its geodesics the
classical orbits of a nonrelativistic mechanical particle on a manifold moving in a potential.
The geometrization program we propose here can be seen as a quantum counterpart of the
Jacobi metric. To a nonrelativistic quantum particle on a manifold moving in a potential,
we shall associate a relativistic Klein-Gordon equation in a static spacetime of one dimension
higher. Since the Klein-Gordon equation can be seen as a sort of quantization of geodesics
(and reduces to the geodesic equation in the eikonal approximation), this provides a quan-
tized version of the correspondence between particle motion on a manifold in the presence of
a potential and purely geometric geodesic motion in the corresponding spacetime. Executing
our geometrization algorithm in general reduces to a nonlinear elliptic equation closely remi-

niscent of the one emerging in relation to the Yamabe problem and its generalizations known

64



as prescribed scalar curvature problems [92-91], and thus connects to extensive literature and
interesting questions in differential geometry. (The Yamabe problem refers to constructing a
conformal transformation of the given metric on a manifold that makes the Ricci scalar of the
conformally transformed metric constant.)

While the correspondence we build may in principle operate on any system, we are primarily
motivated by its application to a very special class of quantum systems whose energy is a
quadratic function of the energy level number. Such systems are exemplified by the one-
dimensional Poschl-Teller potential, and in higher dimensions they are typically superintegrable.
In fact, our construction has been developed precisely as a generalization of the correspondence
[95-97] between the Higgs oscillator [98,99], a particularly simple superintegrable system with
a quadratic spectrum, and Klein-Gordon equations on the Anti-de Sitter (AdS) spacetime,
the maximally symmetric spacetime of constant negative curvature. This correspondence has
emerged in the context of studying selection rules [100-102] in the nonlinear perturbation theory
targeting the AdS stability problem [103,104]. The correspondence has been useful for both
elucidating the structure of AdS perturbation theory [96] and for resolving the old problem of
constructing explicit hidden symmetry generators for the Higgs oscillator [97].

The reason for our emphasis on systems with quadratic spectra is that, in application to
such systems, our geometrization program generates Klein-Gordon equations whose frequency
spectra are linear in the frequency level number, and hence the spectrum is highly resonant
(the difference of any two frequencies is integer in appropriate units). It is well-known that
in the context of weakly nonlinear dynamics, highly resonant spectra have a dramatic impact,
as they allow arbitrarily small nonlinear perturbations to produce arbitrarily large effects over
long times. This feature has been crucial in the extensive investigations of the AdS stability
problem in the literature (for a brief review and references, see [101]). The main practical target

of our geometrization program thus appears twofold:

e to provide geometric counterparts for quantum systems with quadratic spectra (the re-
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sulting Klein-Gordon equation is set up on a highly special spacetime with a resonant
spectrum of frequencies and the geometric properties of this spacetime are likely to yield
insights into the algebraic properties of the original quantum system, including its high

degree of degeneracy and hidden symmetries),

e to generate, starting from known quantum systems with quadratic spectra, highly res-
onant spacetimes (weakly nonlinear dynamics in such spacetimes is likely to be very
sophisticated, sharing the features of the extensively explored weakly nonlinear dynamics

of AdS).

In Section 5.1 and Section 5.2, we formulate our general geometrization procedure and
describe how it simplifies for the case of zero mass in the Klein-Gordon equation one is aiming
to construct. In Section 5.3, we describe how the previously known correspondence [95-97]
between the Higgs oscillator and AdS fits in our general framework. In Section 5.4, we analyze
the superintegrable Rosochatius system, which generalizes the Higgs oscillator, and generate a
large family of spacetimes perfectly resonant with respect to the massless wave equation. We
conclude with a review of the current state of our formalism and open problems.

The results of this chapter were obtained in cooperation with Oleg Evnin and are based

on [70].
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5.1 GENERAL FORMULATION OF THE PROCEDURE

Consider a quantum system with the Hamiltonian
H=-A,+V(z), (177)

where A, = v71/29;(y'/2419;) is the Laplacian on a d-dimensional manifold parametrized with
z' and endowed with the metric ;. We shall be particularly interested in systems whose energy
spectrum consists of (in general, degenerate) energy levels labelled by the level number N = 0,

1, ..., and the energy is a quadratic function of the level number:
Ey = AN+ B)*-C. (178)

Such spectra are indeed observed in a number of interesting systems, typically involving super-

integrability, for example:

e The Higgs oscillator [98,99], which is a particle on a d-sphere moving in a potential varying

as the inverse cosine-squared of the polar angle.

e The superintegrable version [105,106] of the Rosochatius system on a d-sphere [107, 108],

which is the most direct generalization of the Higgs oscillator.
e The quantum angular Calogero-Moser model [109].
e The (spherical) Calogero-Higgs system [110,111].

We additionally mention the following two completely elementary systems which give a partic-

ularly simple realization of the quadratic spectrum (178):
e A particle in one dimension in an infinite rectangular potential well.

e The trigonometric Poschl-Teller system [112].
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We would like to associate to any system of the form (177) a Klein-Gordon equation in a

certain static (d 4 1)-dimensional space-time. We introduce a scalar field ¢(t, z) satisfying
— o= (=D +V(z)+ C)o. (179)

In the above expression, C' can in principle be an arbitrary constant, but our main focus will
be on systems with energy spectrum of the form (178) and C' read off from (178). One can
equivalently write (179) as

O¢ — (C+ V(z))¢ = 0. (180)

Where Oj is the D’Alembertian of the metric
Gudatdr” = —dt* + ;dx'da? (181)

with z# = (¢,2"). By construction, if one implements separation of variables in (180) in the
form

¢ = ™ (x), (182)

one recovers the original Schrodinger equation as HV = (w? — C')¥. This guarantees that the
mode functions of (180) are directly related to the energy eigenstates of the original quantum-
mechanical problem. Note that, if one focuses on systems with energy spectra of the form
(178), by construction, separation of variables in (179) will lead to eigenmodes with linearly

spaced frequencies:

wy = VA(N + B). (183)

In this case, after conversion to the Klein-Gordon form, which we shall undertake below, the
resulting spacetime will possess a resonant spectrum of frequencies.
Equation (179) is not of a Klein-Gordon form, but we can try to put in this form by applying

a conformal rescaling to § and ¢

g/u/ = ngum qb = QTgb (184)
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One thus gets (relevant conformal transformation formulas can be retrieved, e.g., from [113])

d-10,2  (d-1)(d-3) g9,00,0
2 Q 4 02

0,0 — |(C+ V(2))Q* + ¢ = 0. (185)

If the expression in the square brackets can be made constant by a suitable choice of €2, we
get a Klein-Gordon equation in a spacetime with the metric g,,. We thus need to solve the

equation
d— 10,8 n (d—1)(d —3) g"'0,00,0 2

2
(C+V(x)Q + 5 O 1 E

(186)

It is wiser to rewrite this equation through the metric g, which is already known and given by

(181):
d—1 42 —1

—5 Q2 — ——§"9,020,0 + (C +V(2)Q* =m* (187)

Since neither V(x) nor g,, depend on t, one can assume that  is a function of x* as well.

Hence,

d—1 2 _
T lonn-?
2

lvijaiQan +(C + V()% = m?. (188)

Note that (186) is closely reminiscent of the equation emerging from the following purely
geometrical problem: Consider a metric g, whose Ricci scalar is R(x). Is it possible to find Q
such that the Ricci scalar corresponding to g, = Q%g,, has a given form .I:E(x)7 Indeed, from
the standard formulae for the change of the Ricci scalar under conformal transformations, see,

e.g., (3.4) of [113], one gets

0,0 9" 0,00,

Q’R(z) = R(z) + 2d ;2 +d(d = 3)=—¢; (189)

Algebraically, this has the same structure as (186).

Equations of the form (189) for simple specific choices of g and R have been studied in
mathematical literature as various realizations of the ‘prescribed scalar curvature’ problem [94].
Substitution

Q=w o1, (190)
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reduces (188) to the following compact form
—Aw+ (C+V(z))w=m’wir, (191)

closely reminiscent to the equation arising in relation to the Yamabe problem [92-91]. (Note
that the specific power of w appearing on the righ-hand side of this equation is different from
the standard Yamabe problem. This is because we are performing a conformal transformation
in a spacetime of one dimension higher, rather than in the original space.) Once (191) has been
solved, the spacetime providing geometrization of the original problem (177) can be written
explicitly as

Gudrtds” = W (—dt* + ~ijda’da?) . (192)

Equation (188) dramatically simplifies in one spatial dimension (d = 1), where all the
derivative terms drop out, leaving Q\/m = m. Thus, for the particle in an infinite
rectangular potential well, Klein-Gordonization gives a massless wave equation on a slice of
Minkowski space between two mirrors, while for the Poschl-Teller system, one immediately
obtains a two-dimensional spacetime metric reminiscent of Anti-de Sitter spacetime AdSy. This
latter result displays some parallels to the considerations of [I14] (focusing in the hyperbolic
Poschl-Teller system).

As we already briefly remarked, the above geometrization procedure can be applied to any
Hamiltonian of the form (177) and any C', irrespectively of the form of the spectrum. However,
it is precisely for the spectrum and C' given by (178) that the resulting spacetime possesses
the remarkable property of being highly resonant (and one may expect that its geometric
properties will give a more transparent underlying pictures of the algebraic structurs of the
original quantum-mechanical problem, as happens for the Higgs oscillator). We shall therefore
focus on the application of our geometrization procedure to such systems with quadratic energy

spectra.
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5.2 THE MASSLESS CASE

Equation (191) is a nonlinear elliptic equation and in general difficult to solve. Extensive
existence result are established for an algebraically similar equation arising in relation to the
Yamabe problem, hence one may hope that some level of understanding of solutions to (191) in
full generality may also be attained in the future. We shall not pursue such systematic analysis
here, however.

Driven by practical goals of constructing resonant spacetimes and geometrizing concrete
superintegrable systems, we would like to point out that (191) becomes linear and dramatically
simplifies if one assumes m? = 0. Hence, converting a given quantum mechanical problem to a
massless wave equation is considerably simpler than for general values of the mass.

We note that, if m? = 0, equation (191) looks identical to the Schrodinger equation corre-

sponding to the Hamiltonian (177), with energy eigenvalue —C"

- Ayw+V(z)w=—-Cuw, (193)

(Normalizable eigenstates of this energy do not generically exist, but w does not have to satisfy
the same normalizability conditions as standard wave functions, hence this should not be a
problem.) Since quadratic spectra (178) are seen to arise from highly structured, typically su-
perintegrable, systems, one may naturally expect that (193) is amenable to analytic treatment.

There is one further assumption one might make that immediately yields solutions of (193)
from known solutions of the original quantum-mechanical problem (177). Namely, imagine one
has an K-parameter family of Hamiltonians (177) with quadratic spectra (178). In this case,
A, B, and C are functions of the K parameters defining our family of Hamiltonians. One may
impose

B=0, (194)



which generically yields an (K — 1)-parameter subfamily of quantum systems with quadratic
spectra. Within this subfamily, the ground state ¥, has the energy —C', i.e., HVy = —CV,,.

Hence, w satisfying (193) can be chosen as the vacuum state of H:

w =, (195)

We shall make use of this construction below, as it allows for a straightforward application
of our methodology to known exactly solvable systems. (In some cases, it is geometrically
advantageous to use the non-normalizable counterpart of ¥y with the same energy eigenvalue
to define w. Such non-normalizable states should also be easy to construct for exactly solvable
systems with quadratic spectra. We shall see an explicit realization of this scenario in our
subsequent treatment of the superintegrable Rosochatius problem.)

As a variation of the above special case, one could force B of (178) to be equal to a neg-
ative integer and w to be equal to an excited state wavefunction. This, however, introduces
singularities in the conformally rescaled spacetime (192) at the location of zeros of the excited
state wavefunctions. While one could still try to pursue this scienario by imposing appropriate
constraints on the wave equation solution at the singular locus, we shall concentrate below on
the most straightforward formulation (195) utilizing the ground state wavefunction, where the

conformal factor is non-vanishing and no such subtleties arise.
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5.3 KG BACKGROUND DUAL TO HIGGS OSCILLATOR

Before proceeding with novel derivations we would like to demonstrate how the case of the
Higgs oscillator, which has motivated our general construction, fits into our present framework.
We are essentially just reviewing the derivations in [95-97].

The Higgs oscillator is a particle on a sphere moving in a specific centrally symmetric
potential (which we shall specify below). It is remarkable for being one of only three centrally
symmetric maximally superintegrable systems on a sphere (together with free motion and the
spherical Coulomb potential). A practical manifestation of superintegrability is that all of its
classical trajectories are closed. The quantum version of this system has attracted considerable
attention after it was reintroduced in a different guise and solved in [115]. The observed high
degeneracy of energy levels of this system prompted investigation of its hidden symmetries
in [98,99], which resulted in identification of the hidden SU(d) group of symmetries for a
system on a d-sphere, and spawned extensive literature on algebras of conserved quantities of
the Higgs oscillator. The energy spectum of the Higgs oscillator is of the form (178).

We shall now define, with some geometric preliminaries, the Higgs oscillator Hamiltonian.

Consider a unit d-sphere embedded in a (d+1)-dimensional flat space as

2t =1 (196)
and parametrized by the angles 6y, ..., 8, as
Tq = cos 0y, Tg—1 = sinfycosO4_1, (197)
x1 =sinfy. . .sin by cos by, To = sinfy . . .sin by sin ;.

The sphere is endowed with the standard round metric defined recursively in d

ds%q = dO7 + sin® Ogds%a 1, ds% = dby. (198)
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Similarly, the corresponding Laplacian is defined recursively

1 . d— 1
Asd = m@gd (Sln ! ed 80(1) + mASd_l’ Asl = 86211 (199)

The Higgs oscillator is a particle on a d-sphere moving in a potential varying as the inverse

cosine-squared of the polar angle:

ala—1)
H=-A —. 200
st cos2 0, (200)
The energy spectrum is given by
d—1\* (d—1)
EN:(N+a+ 5 >—< 4), (201)

where N is the energy level number. This expression is manifestly of the form (178).
To implement our geometrization program for the Higgs oscillator, one can work directly

with (188), which takes the form

d—1 Q d?>—1

a—1)
2 Sindil ‘94

0 2 Oé(
(D6,82)" + <C+ -y

Dy, (sin"10,05,Q) — ) 0 =m?> (202)

Substituting 2 = cos; produces only two constraints on the parameters to ensure that the

equation is satisfied:

C’:M, m? = ala — 1)+

d?—1
1 .

4

(203)

The value of C above agrees with the one in (201), while the relation between the Klein-
Gordon mass and the Higgs potential strength is the same as found in [95]. The output of our

construction is thus a family of Klein-Gordon equations on the spacetime

ds® = : (204)

cos2 6,
which is precisely the (global) Anti-de Sitter spacetime AdSyy;. We note that rational values
of @ in (200) correspond to Klein-Gordon masses in AdS for which the frequency spectrum
(183) is perfectly resonant (all frequencies are integer in appropriate units) rather than merely
strongly resonant (differences of any two frequencies are integer in appropriate units).
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A remarkable property of the Higgs oscillator is that the metric (204) does not depend on the
Higgs potential strength (which only affects the value of the Klein-Gordon mass). This feature is
not replicated for more complicated potentials. Conversely, this implies that the AdS spacetime
possesses a resonant spectrum of frequencies for fields of all masses (this statement can in fact
be extended to fields of higher spins), rather than for fields of one specific mass. It is tempting
to conjecture that AdS (being a maximally symmetric spacetime) is the only spacetime with
this property, though we do not know a proof. Relations between Klein-Gordon equations of

different masses have recently surfaced in the literature on “mass ladder operators” [ 16—119].

54 KG BACKGROUND DUAL TO ROSOCHATIUS SYSTEM

5.4.1 THE SUPERINTEGRABLE ROSOCHATIUS SYSTEM

The superintegrable Rosochatius system is the most direct generalization of the Higgs oscil-
lator on a d-sphere preserving its superintegrability. General Rosochatius systems [107] were
among the first Liouville-integrable systems discovered. A restriction on the potential makes
these systems maximally superintegrable. The Higgs oscillator can be recovered by a further
restriction of the potential as a particularly simple special case. Such systems are thus an ideal
testing ground for applying our machinery, which has already been shown to work for the Higgs
oscillator.

The superintegrable Rosochatius systems we shall deal with here are defined by the following
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family of Hamiltonians:

d
~1
HY = —Nga+Y O"“(L,Z) (205)

T
k=0 k

The explicit form of the Laplacian and coordinates on the unit d-sphere can be read off from
(197-199). The standard more general definition of the Rosochatius system [107,108] addition-
ally includes a harmonic potential with respect to the z; variables, Y, yxx7, which gives an
integrable system. If this harmonic potential is omitted, as we did above, the system becomes
maximally superintegrable, as mentioned, for instance, in [105, 106].

In order to find the spectrum of the above Hamiltonian, we shall have to apply recursively
the solution of the famed one-dimensional Pdschl-Teller problem [112]. While this material is
completely standard and occasionally covered in textbooks, we find the summary given in [120]

concise and convenient. The energy eigenstates of the Poschl-Teller Hamiltonian

—1 —1
Hpr = —g2 4 M1 | vv = 1) (206)
COS“ T SN~ xr
are given by
£n = (4 v +2n)? n=0,1,2,--- (207)

We shall not need the explicit form of the eigenfunctions satisfying HprV,, = ¢,¥,, (though it
is known).
Because of the recursion relations on d-spheres outlined above, the Rosochatius Hamiltonian

(205) can likewise be defined recursively:

1 .o ad(ad - 1) 1
—0, 19,9
sint1g, (sin™" 00 Oy, ) + cos? 0, sin? 6,

HD (208)

(R) _
Hy" =~ (d—1)’

O./l(Ozl — 1) Ozo(O{O — 1)

oY = -32 + (209)

cos? 6, sin? 6,

The variables separate, and if one substitutes the wave function in the form
d

by, ’Qd):HM’ (210)

e sin(P—1/2 gp
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one obtains a recursive family of one-dimensional eigenvalue problems, all of which are of the

Poschl-Teller form:

ag(ag —1) (d—2)*2—1 1 (d—1)?
—9? E, — =F 211
{ ot cos? 0, + ( 4 + Ha- sin? 0, 4 Xd aXd, (211)
a2 011(041 — 1) Oé()(O{() — 1) o
{ %+ cos? 0, sin? 6, |V Fixa,

where E,; are eigenvalues of H c(zR)- Each subsequent equation introduces one new quantum
number which we shall denote ng.

The recursive solution of (211) proceeds as follows. First, the solution at d = 1 is given by

(207) as
El(TLl) = (Oéo + oy + 2n1)2. (212)
At d = 2, one gets
ag(ap — 1) (ag+ag+2n + ) (g +aog +2n; — 1) 1
—0; - 22—~ x2 = Eaxe. 213
7 cos? 0y + sin? 6, 4 X2 2X2 (213)
Hence,
1\ 1
Eg(nl,’IlQ) = (CYO + o + ag + 2n1 + 271/2 -+ 5) — Z (214)
The general pattern can now be guessed as
d—1\* (d—1)?
Eq(nq, -+ ,ng) = (ao—l—---+ad+2n1+---—|—2nd+T) —%. (215)

It is straightforward to prove inductively that this expression persists under the recursion given
by (211). Note that (215) is manifestly of the form (178). A classical version of the same
construction, recursively expressing the superintegrable Rosochatius Hamiltonian through the

action-angle variables has been given in [100].
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5.4.2 KLEIN-GORDONIZATION OF THE

SUPERINTEGRABLE ROSOCHATIUS SYSTEM

To demonstrate how the geometrization procedure we have proposed above operates, we shall
now apply it to the superintegrable Rosochatius system. For the purposes of demonstration,
we shall use the simplest formulation outlined in Section 5.2, which allows one to utilize
known explicit solutions for ground state wavefunctions to construct the relevant massless
Klein-Gordon (wave) equation.

The only technical input we shall need is the form of the ground state wavefunction of the

Poschl-Teller Hamiltonian (206) given by
g = cos! xsin” . (216)

(This form satisfies the standard boundary conditions for physical wavefunctions only for © > 0
and v > 0. If not, u must be replaced by 1 — pu, and correspondingly for . This is, however,
completely irrelevant for our application of 1y to construct geometrical conformal factors, and
the above form, without any modifications, is perfectly suitable for our purposes.) From (216)
and the recursive construction (210-215), one gets for the ground state wavefunction of the

superintegrable Rosochatius Hamiltonian (205)

Wy (01, ,0 [(cos 8,)° (sin @) 0T Fer] (217)

E&

p=1

On the other hand, B defined by (178) can be read off (215) as

d—1
B:a0+041+-~-—|—04d+T. (218)

We can hence directly apply the algorithm of Section 5.2 by introducing

[(cos 6,)°7 (sing,) 1 rort] (219)

d
=1

p
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under the assumption that

d—1
a0+a1—|—---+ad—|—T:0. (220)

This yields a d-parameter family of spacetimes given by (192) whose massless wave equations

possess perfectly resonant spectra and geometrize the superintegrable Rosochatius problem:
ds? = wi-T (—dt* + dsza) - (221)

(Note that setting oy = —(d — 1)/2 and the rest of o, to 0 returns the case of Higgs oscillator
with the coupling strength corresponding to zero mass in the Klein-Gordon equation, while

(221) becomes the AdS metric.)

For a final statement of our result, it is convinient to reparametrize o, as

d—1 d—1
ap = ——5— B, for p>1, Qo =——5— (1=B1—--—Ba). (222)
In terms of 3,, (221) becomes
—dt* + ds?,
ds® = — = : (223)
H [ (cosB,)" (siné ) (1=Bp==Fa)

p=1

This evidently agrees with (204) when 4 = 1 and the rest of 3, are zero.

5.5 DISCUSSION

We have presented a procedure (“Klein-Gordonization”) associating to quantum systems of

the form (177) a Klein-Gordon equation on a static spacetime given by (192). For systems
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with the quadratic energy spectrum (178), our procedure results in spacetimes with a resonant
spectrum of evenly spaced frequencies (183). This correspondence generalizes the previously
known relation between the Higgs oscillator (200) and (global) Anti-de Sitter spacetime (204).

Implementing our procedure in practice requires solving a nonlinear elliptic equation, which
can be written as (188) or (191). The latter form is closely reminiscent of elliptic equations
extensively studied in relation to classic ‘prescribed scalar curvature’ problems of differential
geometry (though the exact power appearing in the power-law nonlinearity is different). If
one aims at constructing a massless Klein-Gordon (i.e., wave) equation corresponding to the
original quantum-mechanical system, the nonlinearity drops out, resulting in a much simpler
problem. In this case, known ground state wavefunctions for the original quantum system can
be utilized for the conversion procedure, as described in section 5.2. We have demonstrated
how this approach works for superintegrable Rosochatius systems (205), resulting in a family
of spacetimes (223) resonant with respect to the massless wave equation.

We conclude with a list of open questions relevant for our formalism:

e General theory of existence of solutions of (191) would contribute appreciably to clarifying
the operation of our formalism. Similar equations arising in differential geometry [91] have
been thoroughly analyzed, hence one should expect that the situation for our equation

may as well be elucidated.

e In practical applications of our formalism, we have focused on the case of zero Klein-
Gordon mass, where (191) greatly simplifies. Are there any general technics for solving
this equation (rather than analyzing the existence of solutions) for non-zero masses (at

least, for solvable potentials in the original quantum-mechanical system).

e Equation (191) may in principle admit multiple solutions, given that there is freedom in
choosing boundary conditions, depending on which conformal transformation one allows.

Singular conformal transformations may also be allowed (and they may push boundaries
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at finite distance off to infinity). This is in fact the case for the AdS construction starting
from the Higgs oscillator. It would be good to quantify this freedom in choosing solu-
tions of (191) and understand which prescriptions result in spacetimes interesting from a

physical perspective.

Systems with quadratic spectra exist in extentions of the class of Hamiltonians we have
considered here, given by (177). For example, it is possible to include effects of monopole
fields without distorting the spectrum [121]. Klein-Gordonization is likely to generalize

to such systems, resulting in Klein-Gordon equations with background gauge fields.

It would be interesting to understand how the spacetimes resulting from our construction,
such as (223), function in the context of dynamical theories of gravity. For instance, Anti-
de Sitter spacetime solves Einstein’s equations with a negative cosmological constant.
More complicated spacetimes may require some matter fields to be supported as solutions.
In the context of dynamical theories, the resonant linear spectra of our spacetimes will
guarantee that weakly nonlinear dynamics of their perturbations is highly sophisticated.
(Nonlinear instability of AdS, which is precisely a manifestation of such phenomena, is a

broad currently active research area.)

What are the symmetry properties of spacetimes generated by “Klein-Gordonization”?
How do they connect to the symmetries of the original quantum-mechanical problem
(and in particular hidden symmetries)? Again, for the case of the Higgs oscillator, this
perspective has turned out to be fruitful, and it would be good to see how it works in

more general cases.
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CONCLUSION

Let us summarize our results. In Chapter 2 we discussed how an impulsive signal in a singular
hypersurface effects null geodesics in Minkowski space. A new approach has been suggested
which allows for full analysis of geodesic congruences compared to previous studies [30, 31]
where approximations were assumed. The method can be applied to any space-time and any
geodesic congruence. It is based on the physically justified assumption that, in continuous
coordinates, the geodesic vector of a test particle is continuous across the hypersurface. Thus,
to obtain the geodesic vector in the future one just needs to apply a coordinate transformation
on the geodesic vector in the past.

Applying this technique on a parallel null congruence in flat space we obtained the initial
conditions for the congruence to the future of the shell. We proved that the resulting congruence
stays hypersurface orthogonal, as it was before crossing the shell. Furthermore, we provided
arguments which generalize this result to any hypersurface orthogonal congruence in the past,
meaning that any such congruence will give rise to a hypersurface orthogonal congruence to
the future. An equivalent physical statement would be that an impulsive signal does not effect
the rotation of a congruence if it didn’t rotate before crossing the shell.

As stated above, in continues coordinates the geodesic vector flow does not suffer a jump
upon crossing the shell. But a discontinuity arises in the gradient of the geodesic vector flow,
the B-tensor. We have shown, for the parallel geodesic flow, that this discontinuity is related
to different components of the stress-energy tensor. In particular the jump in the expansion

is determined by the energy density and currents on the shell while the jump in the shear

82



is determined by the gravitational wave component together with the surface currents. It is
clear from (54) and (55) that the results are independent of the choice of congruence in the
case of BMS supertranslations. This change in the B-tensor after the passage of an outgoing
gravitational wave leads to a covariant description of the gravitational memory effect - the
B-memory effect.

Chapter 3 and Chapter 4 were devoted to the integrability problem of Hamilton-Jacobi
equation in the near horizon geometry of Myers-Perry black hole in arbitrary (even or odd) d
dimensions. The fully isotropic case in arbitrary dimensions has been fully studied previously.
The fully non-isotropic problem in odd dimensions has been shown to be integrable, although
the explicit form of the first integrals were unknown. We were able to introduce a convenient
common description of the geometry in odd and even dimensions and unify these two cases into
a single problem. After having this unified description, we continued studying the separability of
variables in fully non-isotropic NHEMP geometry to prove the integrability of even dimensions
as well and to find the explicit forms of the first integrals.

It was shown in [33] that integrals of motion of Hamilton-Jacobi equation in fully non-
isotropic case can be expressed through inverse Vandermonde matrix in ellipsoidal coordinates.
Solving this equation we found the hidden symmetries and expressed them through initial
coordinates. This procedure was explained in lower (7, 9 and 11) dimensions and a general
formula for higher dimensional first integrals was derived. Using our unified description of
odd and even dimensions it is trivial to extend the results to the even dimensions, where
the problem is integrable as well. We also found the second rank Killing tensors generating
these symmetries. It is also interesting to have a transformation relating the first integrals of
fully isotropic NHEMP to the first integrals of fully non-isotropic NHEMP. Taking all rotation
parameters to be equal to each other in the first integrals of fully non-isotropic NHEMP just
transforms all of them to the Hamiltonian of the spherical mechanics of fully isotropic NHEMP,

so finding a transformation between the first integrals of these two systems is not a trivial task.
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We found such a transformation by taking small variations of the rotation parameters from
their isotropic value and introducing combinations of first integrals which commute with the
isotropic Hamiltonian.

After finalizing the discussion of the special cases, meaning the fully isotropic and fully
non-isotropic cases, it is apparent that they are a part of a bigger picture, the most general
case when rotation parameters are grouped in blocks of equal and non-equal values. Indeed,
it turns out that when some of the rotation parameters are equal to each other and are differ-
ent from the rest, the system becomes superintegrable. In short, the steps for obtaining the
hidden symmetries is the following. We start from a system with 2NV 4 1 + ¢ variables with
N isometries. Fixing the momenta associated with the isometries, we obtain and focus the
N — 1+ o dimensional “angular mechanics” part. By introducing a special coordinate system,
which is a mixture of spherical and ellipsoidal coordinates, we separate the variables in the
angular mechanics thus introducing N — 1 4 ¢ independent constants, or the first integrals.
This system reduced to its special cases of fully isotropic and fully non-isotropic NHEMP after
appropriate assumptions.

The next step in our discussion was the extremal vanishing horizon geometry, which exists
in odd dimensions, when one of the rotation parameters a; vanishes. In the general NHEVHMP
case, where the background isometry is SO(2,2) x U( 1)% the number of independent charges
associated with Killing vectors is %. The system contains two conformal algebras, but they
have the same Casimir operator, so there is a single angular mechanics. As a result the system
remains integrable and no new independent constants of motion exist compared to the non-
vanishing case.

In Chapter 5 we have suggested an approach for mapping quantum systems to a Klein-
Gordon equation on a curved space-time. In general, the procedure is the following. We start

from the equation (180) which defines a scalar field and can be reduced to the Schrédinger

equation with Hamiltonian (177) after separating the time variable. Equation (180) is not a
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Klein-Gordon equation yet but can be transformed into such after an appropriate conformal
rescaling (184) of the metric and the scalar field. Such a conformal factor should satisfy a non-
linear elliptic equation (188), which greatly simplifies with a further assumption of the Klein-
Gordon equation being massless. Now, we are primarily interested in systems with quadratic
spectra for various reasons mentioned in the introduction and in the Chapter 5. We have shown
that for these spectra the ground state wavefunction of the initial Schrodinger equation satisfies
the elliptic equation for the conformal factor. In other words, the ground state wavefunction of
the initial Schrodinger equation defines the conformal factor which maps the quantum system
to a massless wave equation.

Many well-known physical systems, including superintegrable ones, have quadratic spectra.
Examples include the Higgs oscillator, the superintegrable Rosochatius system and elementary
systems like one dimensional infinite rectangular potential well problem and the trigonometric
Poschl-Teller system. We have demonstrated how the proposed mapping procedure can be
applied on the Higgs oscillator and the superintegrable Rosochatius system. In the case of Higgs
oscillator, the procedure results into a massive Klein-Gordon equation in the AdS background.
In the case of superintegrable Rosochatius system we obtain a massless field equation on the

background (223).
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SUMMARY

Here we present the outline of the main results of this thesis.

A new approach has been suggested for studying the effects of impulsive gravitational

waves of congruences encountering them.

The technique has been applied on null congruences. It has been established that hyper-

surface orthogonal null congruences stay such after crossing the shell.

A covariant definition of the gravitational memory effect has been suggested based on the
B-tensor of the congruence. The relations between the components of the B-tensor and

the stress-energy tensor of the shell have been derived.

The B-tensor has been calculated and the approach has been demonstrated for BMS type

soldering.

A common description has been introduced for even and odd dimensional NHEMP ge-
ometries. This description was used to prove that the even dimensional fully non-isotropic

NHEMP system is integrable.

Integrals of motion, as well as the Killing vectors of the fully non-isotropic NHEMP in

arbitrary dimensions have been presented in initial coordinates.

We found a non-trivial transformation between the integrals of motion of fully non-

isotropic and fully isotropic NHEMP black hole geometries.
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e We separated the variables of the most general partially isotropic NHEMP and showed

its transformation to the special cases of fully non-isotropic and isotropic NHEMP.

e A new approach has been suggested for mapping Schrodinger equation on a curved back-

ground to a Klein-Gordon equation on the background of another geometry.

e We have shown that this procedure greatly simplifies for systems with quadratic spectra

and applied it on the Higgs oscillator and the superintegrable Rosochatius system.
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