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Abstract

In this thesis we study the effects of Heisenberg exchange anisotropy and single-ion anisotropy on
the ground-state phase spectra, magnetic, thermodynamic and quantum properties of various
exactly solvable spin models. After an outline, we proceed to solve some modeled quantum
spin systems by implementing different theoretical and computational methods such as exact
diagonalization method, the transfer-matrix technique and the Quantum Monte-Carlo simulation
(under open source ALPS package). Next, we investigate the influences of the anisotropies,
interaction parameters together with the temperature and magnetic field on the physical behavior
of solved spin systems. As a matter of fact, we demonstrate that the anisotropies dramatically

change the quantum critically of the spin models at different parameter-planes.

Analytical and numerical procedures given in this thesis provide original evidences for exactly
solving either finite-size or infinite-size Heisenberg spin systems such as small spin clusters,
metal-containing compounds, coordination polymers, pure Heisenberg and Ising-Heisenberg spin
lattices under arbitrary conditions. The results delivered from examination of mentioned sys-
tems corroborate that the magnetization, susceptibility, specific heat, and entropy remarkably
change nearby the crirical points at which the first-order ground-state phase transition occurs.
Moreover, we test the ability of cooling and heating of these spin models when anisotropies
change. we observe that anisotropy variations can also influence the isothermal strategies such
as magnetocaloric effect (MCE). During adiabatic demagnetization process, an enhanced MCE
is seen in a proximity of the magnetization jumps accompanied with the first-order ground-state
phase transitions. We conclude that anisotropies play essential role to determine the efficiency

of MCE of the models under consideration.

We prove that, when a typical magnetic impurity is considered for one magnetic dimer of a
Ising-Heisenberg heterotrimetallic coordination compound, the entanglement and the possibil-
ity of teleportation of information can be enhanced by tuning Heisenberg exchange anisotropy
parameter. The same enhancement occurs in the tetranuclear spin-1/2 square complex. Fur-
thermore, It is demonstrated that, the magnetization and specific heat of an octanuclear nickel
phosphonate cage and a family of octanuclear heterometallic 3d/4f complexes, NiflILnle (Ln
= Tb, Dy, Ho, Er), undertake notable changes when an exchange anisotropy is considered

for, respectively, Ni---Ni and Ni--- Ln interactions. The ac susceptibility examinations of two



iii

compounds Nil'Tb}!! and Nil'Dy!!! disclose that their out-of-phase susceptibility component il-

lustrates a maximum in its curve. In addition, the considered anisotropy substantially suppresses
Cole—Cole plot, denoting single median relaxation time becomes smaller. A striking entangle-
111

ment is observed between interacted Ni atoms of Nij'Ln}! complexes depending on the exchange

anisotropy of Ni- - - Ln interaction.
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Introduction

0.1 Omne-dimensional Ising-Heisenberg spin systems

The exactly solvable spin models provide significant cornerstones of the quantum magnetism and
material science. Within this subject, 1-D Heisenberg spin chains and ladders have attracted
a great deal of attention, since they naturally bear strong magnetic properties dominated by
quantum effects and reveal several kinds of zero-temperature phase transitions between intriguing
ground states, that properly coincide with the change in magnetization process [1, 2, 3, 4, 5, 6, 7,
8,9, 10, 11, 12]. Many theoretical researches have been devoted to realize the physics of the 1-D
pure Ising [13, 14] and Ising-Heisenberg spin models. Particular models from the later are Ising-
Heisenberg spin chains [4, 9, 10, 11, 15, 16], sawtooth chains [17, 18, 19, 20|, Ising-Heisenberg
lattice stripes [21, 22, 23] and Ising-Heisenberg two-leg ladders [24, 25, 26, 27, 28] that have
attracted a lot of attention. This is because of being fabricable and, as exactly solvable models,

they exhibit rich magnetic behaviors such that they play an important role in statistical physics.

0.1.1 Solution with in the transfer-matrix technique

One of the most popular methods to solve a wide variety of 1-D spin models with nearest-neighbor
and that of the next-nearest-neighbor interactions is the so called transfer-matrix method. Use-
ful details about the solution of the spin-1/2 Ising-Heisenberg diamond chain within the transfer
matrix technique can be found, for example, in Ref. [29] and references therein [30]. Analogously,
O. Rojas et al. solved a mixed spin-(1/2, 1) Ising-Heisenberg double-tetrahedral chain in an ex-
ternal magnetic field using the classical transfer-matrix formalism and reported comprehensive
results on the ground-state phase transition and the thermodynamics of such a model in their re-
cent work [31]. The method is by far the prominent technique with wide general implementations
in Ising-Heisenberg spin systems with infinite length [4, 9, 10, 11, 15, 17, 18, 19, 20, 21, 22, 24, 25].
The method is also east-to-use and can be pleasantly generalized to cover other models possess-
ing mixed spin-(1/2, S > 1/2) Ising-Heisenberg systems [26, 27, 32], Potts spins [33, 34, 35] and
lattice stripes [21, 22].

The Hamiltonian of a typical 1-D spin-1/2 Ising-Heisenberg chain in the presence of an external

magnetic field with periodic boundary conditions can be written as

H=S [1]+H., (1)
=1

where H; reads the Hamiltonian of each sub-unit block that repeat through the chain, and
H, is the Zeeman part. N is the number of unit blocks that N — oo. The pure Ising-

type exchange coupling represents interaction between (4,7 + 1)—th nodal spins and Heisenberg
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FIGURE 1: Schematic structure of a spin-1/2 diamond chain with Ising spins o localized in the
nodal sites, and Heisenberg dimer spins S localized in the interstitial sites.

(monomer, dimer, trimer) spins. The commutation relation between each of two different block
Hamiltonians [#;, H;] = 0 enables us to calculate the partition function of the model from the

following formula
N

z=|[Jexp [~ B + H.)]). 2)

i=1
where 5 = 1/kpT with kp the Boltzmann constant and T' the temperature (for simplicity we

set kg = 1). Hence, we can write the 2 x 2 transfer matrix T as follows
n
Tos i1 = (0ilTloir1) = 3 exp [ — BEk(04, 0it1)]- (3)
k=1

T represents the transfer matrix of each unit block confined between two nodal spins ¢; and ;1.
n is the number of eigenvalues of the quantum Heisenberg part of the model, i.g., for spin-1/2

dimers n =4 (Fig. 1). Moreover, &, denote the eigenvalues of the Hamiltonian H; + H*.

We then obtain the partition function of the model as
Z =X+ )\, (4)

where A; and A9 are two eigenvalues of the transfer matrix. Since we look for eigenvalues of the
transfer matrix T in the thermodynamic limit N — oo, as usual the largest eigenvalue Ayp, =
max{A1, A2} is the only one that plays the most important role to verify the thermodynamics of
the model [36].

The transfer-matrix technique can be also applied for describing the thermodynamics of a 1-
D Ising-Heisenberg diamond chains, for example, that shown in Fig. 1 in the presence of an

external magnetic field with the corresponding unit-block Hamiltonian

Hi=—Ju (Sg,i ifz + Sé/zsgz) - ASg,i gz - JI(Sg,i + Szfz) (Uz'z + Uz'z+1)
—B(SZ; + Sis) — 50 + i),
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FIGURE 2: Schematic structure of a spin-1/2 two-leg ladder with Ising spins o localized in the
nodal sites, and Heisenberg spins S localized in the interstitial Heisenberg sites.

where Sj‘/‘ﬂ-(oz = {z,y,2}, v = a,b) marks the Heisenberg spins and o; corresponds to the Ising
spins. Jp represents the Ising-type interaction between nodal and interstitial sites, whereas Jyg
and A are the Heisenberg-type interaction between interstitial sites. The system is considered

in the presence of an external magnetic field B along the z—axis.

Ising-Heisenberg two-leg ladders can be exactly solved within the transfer-matrix formalism.
The general structure of these types of Ising-Heisenberg models are schematically illustrated in
Fig. 2 by accounting the alternating Ising and Heisenberg inter-leg couplings in addition to the
Ising intra-leg exchange coupling. Although, their unit block Hamiltonians are different from
the Ising-Heisenberg diamond chains, they can be transformed to each other [24]. Following

Hamiltonian can describe the Ising-Heisenberg two-leg ladder

Hi = —Ju(SE, bi T ngSlZ)!z) —ASZ Sy — [(0Zi+02:01)S0:+ (Ug,i + Ug,i—l—l)slii] (6)
B

—Jo (Ug,z%z,i + U§,i+1‘7§,i+1) - B(Sg,i + Sf,i) —gl(os;+o5,+05 0T 0541)
For these sets of spin systems, the following matrix representation for exp(—fH) in the two-
qubit standard basis of the eigenstates of the composite spin operators {Uii, O it1>This Ofin1)
corresponding to the two consecutive rungs of the square plaquette in i—th block is adopted, by

which the partition function Z can be defined as

Z= Tr[<Ui10f,2|T|0f30f,/4><U§,1U§,2’T’U§,3U§,4> S <U)Zv,1U}ZV,2|T|UJZv,3U)ZV,4>]7 (7)
where ai i= :l:% and
. 4
T(i) = <C’iz,10'@'z,2| eXP(_B%i)|Uz'z,3UiZ,4> = ). exp [— ﬁgk(UfJUiZQ | Uf,:),%iz;)]» (8)
k=1

where the elements of the 4 x 4 transfer matrix T(i) are defined through eigenvalues &.
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0.2 Two-dimensional Ising-Heisenberg spin systems

Two-dimensional Heisenberg spin lattices as another family of exactly solvable models provide
us particularly accessible routes to better understanding of such systems. As soon as Onsager
launched the solution of 2-D Ising model [37], several attempts has been inspired to solve analo-
gous models. For example, honeycomb lattice [38, 39, 40, 41], various kinds of triangular lattices
whose exact solution with an external magnetic field were carried out [42, 43, 44, 45, 46, 47].
Besides, Kagomé lattice was also widely discussed in the literature [48, 49, 50] and references

therein.

0.2.1 Solution by mapping Heisenberg lattice into Ising analogous

In order to solve 2—D materials some applicable techniques have been introduced and widely
developed [51, 52, 53, 54, 55]. Among useful techniques, one is the duality transformation which
applies mainly to solve 2—D cases. Ever since the first formulation of duality was described by
Kramers and Wannier [56], the method has been used to predict the transition points of the
Ising model on the square lattice [57], the Potts model on the square [58, 59|, triangular, and
hexagonal lattices [60]. Heretofore, J. Strecka et al. have utilized some maps such as mapping
to hard-hexagon model, and mapping triangular Heisenberg bilayer lattice into Ising triangular
lattice, to solve several triangles-in-triangles (TIT) lattices, decorated planar lattices, square
lattices and etc. [42, 43, 44, 45, 46, 47]. Many interesting results obtained from the above
methods for the physical behavior of the 2—D lattices have been reported in the literature.

In Ref. [43] the spin-1/2 Ising-Heisenberg model on the geometrically related TIT lattices
(Fig. 3) were exactly solved within the generalized star-triangle transformation with the aid of

mapping the effective spin-1/2 Ising model on a triangular lattice.

The spin-1/2 Ising-Heisenberg model on a TIT lattice can be introduced by characterizing rele-

vant Hamiltonian

H=—Ju Y [A(SFST+S)SY) +S7S5] — i Y- Siof, (9)
) )

where S* with o = x,y, 2 and o}, are spatial components of the spin-1/2 operator of the Heisen-
berg and Ising spins, respectively. Parameter Jy and J; stand for the XXZ Heisenberg and Ising

interactions, respectively. The total Hamiltonian of the model can be rewritten as

N
k=1



Introduction XX1V

Ok O
2
JI J| J ,,’ . .
/
S Sax PR eff/, A
l/ N\,
Jn / N
/ \
\
Su [ SE— ®
O2% O3 O O3

FIGURE 3: The spin-1/2 Ising-Heisenberg model on a TIT lattice and its rigorous mapping
to the pure spin-1/2 Ising model on a triangular lattice (dashed triangles) with the relevant
coupling constant Jeg. Blue cycles represent the Heisenberg spins interacted together via Jy,
while red cycles indicate the Ising nodal spins interacted to Heisenberg counterparts through
coupling constant Jy (Ref. [43]).

where cluster Hamiltonian Hy, is given by

3 3
Hi = —Ju 21 [A(SESE s + SIZ,iSIZ,z‘—i-l) + 87 Sk i) — Zlai,i( i T Slf,i+1)? (11)
1= 1=

(67

with periodic boundary conditions such that S;, = S¢;. Owing to this fact, the partition

function of the model can be written as

N YN
Z=3 Tl Trpexp (— BHr) = > 1 Z. (12)
{or} k=1 (omy ket

Here, v = 1 is the transformation coefficient. The partition function of unit blocks Z; depends
on the three nodal Ising spins o1, oro and ogg linked to the k—th Heisenberg trimer. Hence,

the generalized star-triangle transformation will constitute to,

Zy, (01217 Ok (71'33) = Trg exp(—fHi) = Aexp [5Jeff(01§101§2 + 04a0gs + 023021)}' (13)

In the absence of magnetic field, two independent equations is required to obtain A. First one is
for two uniform configurations with the three equally aligned Ising spins, whereas second one is

attributed to the six nonuniform spin structures possessing one Ising spin with opposite direction
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compared to the other spins. Therefore, we have

Vi= Zk("lilvaiz,"z?)) = Aexp (%ﬁjeff)7
Va = Zi( & 0y, 2079, Fois) = Z( £ 07y, Fofg, £0f5) = (14)
Z(F 0y, 20}, t0is) = Aexp (— B8Jerr).

Consequently, mapping parameters A and Jog are deduced by following equation

A=(WVP)T, Blg=In (2) (15)

0.3 Small Spin Clusters: Metal containing complexes

In condensed matter physics, one of the most investigated subjects is magnetic properties of the
single molecular magnets (SMMs) which has attracted considerable attention to explore magnetic
behavior of small spin clusters [61, 62, 63, 64, 65, 66, 67, 68, 69, 70]. Over the past decade, a
great deal of attention has been attracted by the heterometallic octa(deca)nuclear complexes
composed of 3d/4f transition-metals. This attraction emanates from several points of view.
From the view point of theoretical modeling, these compounds could be properly characterized
by Heisenberg spin models. Second, they exhibit a wide variety of intriguing physical properties
and quantum phase transitions, so they have been known as promising materials in various
branches, such as material science and physical chemistry [71, 72, 73]. It has already become
possible to synthesize a large variety of compounds including identical or mixed transition-
metal ions with the geometry of butterfly-shaped subunit and S-shaped structures, which can
be properly introduced in terms of Heisenberg models. The design of 3d/4f single molecular
magnets (SMMs), different from the homometallic 3d ones, requires the use of lanthanide ions
which present high anisotropy properties. The best candidates ions are: T, Dy, Ho'l and
Er'™ ions [74, 75]. SMMs are discrete metal compounds which behave like superparamagnets
below a blocking temperature. They have already been the proposal of several technological
applications including quantum information processing [76], spintronics [77], quantum dots [78§]

and preparing qubits for advanced quantum computing [79, 80, 81].

In the past few years, it has been corroborated that some exactly solvable spin models may
capture basic magnetic features of a family of octanuclear complexes including lanthanide metal
salts with the addition of nickel acetate [NigLng(ua — OH)a (s — OH)4(u — OOCCH3)s(LHz)4].
These products are new additions to the very small family of NigLny (Ln =Y, Tb, Gd, Dy, Ho,
Er) clusters with planar butterfly (or rhombus) core and show the initial compounds prepared
from the use of pdH, in mixed transition-metal 3d/4 f cluster chemistry. The magnetic properties
of the mentioned polycrystalline samples with isotropic XXX interactions have been theoretically

and experimentally investigated by P. Kalita et al. [73].
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0.3.1 Solution by ED method and QMC simulation

Described small spin complexes and related groups of compounds in physical chemistry science
[82, 83, 84, 85, 86] are of particular interests in resent years. To diagonalize the Hamiltonian of

these finite-size systems, i.e., Eq. (16), some usual methods have been proponded so far.

= % [J(575% + 5YSY) + AS:S7] - Bg 5z, 16)
in which N, denotes the number of edges and N accounts for the number of vertices (sites) in a
favorite spin cluster system. Full exact diagonalization method (ED), density matrix renormal-
ization group (DMRG) [87, 88, 89, 90, 91, 92] and Quantum Monte Carlo (QMC) simulations
[93, 94, 95, 96, 97, 98] are popular methods to solve above Hamiltonian. To solve the problem
of metal containing complexes, it is presumable to perfom two usual methods: full ED and
QMC simulations by adopting the subroutine dirloop — sse — a package from the Algorithms
and Libraries for Physics Simulations (ALPS) project [99, 100]. The later is an open source and

simple computational package to use for researchers [62, 63, 101].

0.4 Contents of this Thesis

In this thesis, we study the magnetic, thermodynamic and quantum properties of a variety of
quantum spin models with anisotropy. For this purpose, we utilize various methods to solve
these models and in some cases we compare our results with the experimental data. By employ-
ing the transfer-matrix technique, we solve several 1-D and 2-D Ising-Heisenberg spin models
and by extracting the partition function, we try to reproduce the physical behavior of these spin
systems. Next, we investigate the same properties but for some small spin clusters including
metal containing complexes with anisotropy. We perform both of ED method and QMC sim-
ulations to diagonalize the Hamiltonian of these materials. According to our novel results, we
think that this work is original and provides the first proposals possessing new outcomes for
the ground-state phase transition, magnetic behavior and quantum properties of several kinds

of spin models.
This thesis is continued by forthcoming chapters with the relevant partitioned contents.

In Chapter 1, we rigorously examine the magnetization process and thermodynamics of some
types of 1-D Ising-Heisenberg spin models such as Ising-Heisenberg spin chain of a heterotrimetal-
lic Fe — Mn — Cu coordination polymer with magnetic impurity. The impurity effects on the
bipartite quantum entanglement, quantum coherence, quantum Fisher information and the abil-

ity of teleportation of this spin system will be examined in detail.
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In chapter 2, a spin S=1/2 Ising-Heisenberg double saw-tooth ladder and two geometrically
different mixed spin-(1/2, 1) Ising-Heisenberg two-leg ladders are modeled as well. The ground-
state phase transition of these models is investigated and a comparison is carried out between
the ground-state phase diagram and their thermodynamics. Finally, the key results obtained for
the anisotropies influences on the magnetization and cooling/heating ability of such systems are

reported in this chapter.

In chapter 3, is proposed two different types of 2-D highly frustrated spin-1/2 Ising-Heisenberg
model on TIT lattices. We then exactly solve these unconventional models through the general-
ized star-triangle transforming to an effective spin-1/2 Ising model on a triangular lattice. The
main part of this chapter will be dedicated to study ordered-disordered ground states, sponta-
neous magnetizations and the specific heat of the spin-1/2 Ising-Heisenberg models defined on
two different TIT lattices, that each of them geometrically reduces to a simple Ising triangular

lattice.

In chapter 4, by taking advantage of the remarkable property of ED method and QMC simu-
lations (implemented by ALPS-Package) we exactly solve some molecular cluster magnets such
as lanthanide containing complexes such as two linked butterfly-shaped Ni}'Lnl"! (Ln = Tb, Dy,
Ho, Er) subunits and an octanuclear nickel phosphonate cage with butterfly-shaped geometry.
Further, a coupled tetranuclear Cuff square complex is solved in parallel. Next, we study the
magnetic properties and the specific heat anomalies of such materials with exchange anisotropy
in the presence of an external magnetic field quite rigorously. We compare our results with the
relevant experimental data and conclude that our numerical results are in a well agreement with
the experimental data analysis. Ultimately, we verify the influences of the anisotropy on the
magnetization and the specific heat of such materials. Further, we investigate the anisotropy
effects on the dc and ac susceptibilities and qutrit-qutrit quantum correlations between nickel
atoms of NiELnEI complexes. Two spin-1/2 Heisenberg edge-shared tetrahedra and spin-1/2
Heisenberg octahedron with the corresponding Dzyaloshinskii-Moriya (DM) interaction have

been solved as well, that the relevant outcomes have not been inscribed in this context.

Each chapter of this thesis will end up with several concluding remarks, manifesting the key
results and future outlooks. The results and derivations of this thesis are published in Refs.
[16, 22, 23, 26, 62, 63, 68, 69, 113, 114, 115].



Chapter 1

Heterotrimetallic Fe — Mn — Cu

coordination polymer

1.1 Preliminaries

With the motivation of heterotrimetallic coordination compound [Cul!Mn!(L1)][Fe!! (bpb)(CN
)2] - C104 - H2O [102], in Refs. [29, 30, 103] have investigated in detail the magnetization process
and thermal entanglement of this polymeric complex owing to the characterizing an effective
1-D Ising-Heisenebrg spin model. Heretofore, the teleportation via a couple of quantum channel
based on the Ising-Heisenberg spin structure of heterotrimetallic Fe — Mn — Cu coordination
polymer was studied [104]. Analogously, magnetization and quantum properties of the hetero-
bimetalic coordination polymer [(Tp)2Fea(CN)g(OAc)(bap)Cua(CH30H) - 2CH30H - HoO] with

different spin configuration were examined in Ref. [105].

In this chapter, we aim to investigate the thermal entanglement, quantum coherence, and the
ability of quantum teleportation in an exactly solvable spin-1/2 Ising-Heisenberg model of the
heterotrimetallic coordination compound [Cu™Mn!(L1)][Fe!! (bpb)(CN)s] - Cl04-H50, with sim-
ple notation Fe — Mn — Cu, including magnetic impurity (see Fig. 1.1). In our approach, we
suppose that the magnetic impurity is located on a unit block of the chain whose variations
can be an efficient way to control and modify the quantum correlations and the ability of the
teleportation of information through the chain. Furthermore, investigating QFI and its first

magnetic field derivative for the model with magnetic impurity is another goal of this chapter.

1.2 The model and method

The total Hamiltonian of the model including a typical magnetic impurity on a unit block is

given by H = "N #; as we reported in Ref. [16], where the unit-block Hamiltonian #; is

1
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FIGURE 1.1: A representation of the spin-1/2 Ising-Heisenberg chain of Fe — Mn — Cu. The
interaction between Fe*™ —Mn?T ions is assumed to be Ising-type interaction, while interaction
Mn?* — Cu®" to be an anisotropic Heisenberg exchange interaction. The magnetic impurity is
indicated by elliptic dotted line.

H; = HIO 4+ HIP, (1.1)

The host Hamiltonian reads

HJo = J (SairSbi)p + JoS5; (i + pis1) — BaSZ; — BaSg, — Bt (i + piga)

fori=1,2,....,7r—1,r+1,...,N.

«

As noted in previous chapter, i

and S§'; with a = {z,y, 2} denote the Heisenberg spin—%
operators of, respectively, Mn?T and Cu?' ions. The quantum part (Sai - Spi)a including

exchange interactions J and A can be defined by

(Sai- Sb,i)A = Sff,z'Sii + Sg’isg’i + ASg,i Iii' (1.2)

The theoretical and experimental results for the susceptibility of this compound unfold that
the Weiss temperature is negative, denoting the antiferromagnetic nature of the predominant
exchange coupling [103]. So, the antiferromagnetic coupling J > 0 is described for the spin-
spin interactions between interstitial dimers Mn?* — Cu?*, while dimer-monomer interaction Jy
reflects the Ising-type interaction between nodal and interstitial magnetic ions Fe?* — Mn?*.

By, = gxpoB with k = {1,2,3} is an external magnetic field along the z-axis (for simplicity we

1

put po = 1). p; and p;41, taking values (3, —%), label the Ising nodal spins Fe?t.

The impurity part of the Hamiltonian is given by

M = J (Sai Spi)a + J0S2; (i + pig1) — haSZz; — haSE, — B (i + piga)

fori=r.
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in which the induced impurity parameter v can be seed into the magnetic impurity h; =
gxB (14 ) with k = {2,3} .

Four eigenvalues of the Hamiltonian ’H?O‘*t are obtained by diagonalizing :—th XXZ dimer. So,

we have

era= LBEL (ui+ piv1) — B (i + piv1) F 3 (B2 + Bs),

(
€23 = —@ 37 (ki + pi1) £VQ2+ T2,

where, Q = Jo (i + priv1) — (B2 — Bs).

(1.3)

The corresponding eigenvectors in the standard dimer basis {|00), |01),|10),|11)} are given by

1) = 100,
[p2) = my[01) +ny [10),
s) = m_|01) +n_[10),
pa) = [11). (1.4)
where following notations are adopted
J Q+vVQ2+ J2
m = (1.5)

= ) nty = .
V2J2 + 202 72002 + J2 V2J2 4202 + 2002 + J2

Analogously, eigenvalues of ’Hzmp can be given by

Ela=22 £ (i + pi1) — B (i + pir) F 3 (ha + ha)

_ (1.6)
Ea3=—28 — B (1 + piv1) £ VK2 + J2,
where k = Jy (1; + pi+1) — (he — hg). The corresponding eigenstates are written as
’SZI> = ’00> )
[p2) = X4[|01) +T'1[10),
[p3) = X_|01) +T_[10),
[pa) = [11). (L.7)
where
J —k £ VKZ+ J?
Sy = T, = R VAT . (1.8)

\/2J2+2142:|:2K,\/Iiz+<]27 \/2J2+2I€2:|:2K,\/K,2+J2
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The system state at thermal equilibrium is p(7") = #%.

1.2.1 The density operator and partition function

To find out the quantum properties of the Mn?t — Cu?* ion dimers such as thermal pairwise
entanglement, the quantum coherence, QFI and teleportation, partition function of the model
is required at first step. Beforehand, the original model has been exactly solved in the thermo-
dynamic limit within the transfer-matrix technique [103]. The transfer-matrix technique would
help us to exactly solve such a model with a typical impurity dimer. Owing to this fact, the
local density operator for Heisenberg dimer of site ¢ = r (site a and b labeled in Fig. 1.1) whose

nodal Ising particles p; and ju;41 blockade magnetic Mn?*, is given by

4
o(fis Hit1) = Z —Peig i mitr) | o, N ;5 | (1.9)

which, €; (@i, pi+1) are two-qubit operator eigenvalues (1.3). The partition function of the

model can be obtained in terms of Boltzmann factor of the i— block dimer as following
W(uis pis1)=Trqp [Q(Mn M‘+1)] = 21 e~ ey Mt 1), (1.10)

J

As our system includes a dimer impurity at site ¢ = r, gaining the Boltzmann factor of the
impurity is important to generate total partition function. On the other hand, the Boltzmann

factor for an embedded impurity reads

Mzaﬂz—i—l Ze ﬁglj(uz’MJrl .

Partition function can be thus written in terms of the multiplication of Boltzmann factors, i.e.,

Z = Z{N} W(val‘?)mw(ﬂrfl7/—LT)W(!LT’H7-+1)W(MT-+1,,LL,-+2)...W(,U,N,/J1) . (111)

Above equation can be straightforwardly defined by
Z="Tr (WWN—l) ,

in which the transfer-matrix W associated to the whole of spin chain except the impurity part.

It is defined as

11 1 _1
W:[ Wiz W) ] . (1.12)
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equivalently, the transfer-matrix W for the impurity is given by

W =

o [Vv(éé) Wiz, —3)
W(=5.3) W(-3,-3)

The transfer-matrix elements adopts following notations wi,=w(i.,1), wy_=w(,-1), w_,=
w(-3,1) and w__=w(-1,-1). Accordingly, the eigenvalues of the above transfer-matrix are
given by,

Wi AW _1Q

A
+ 9 )

(1.13)

assuming ) = \/ (W++7W__)2 +4w? _. Therefore, under periodic boundary conditions, the
total partition function for a finite-size spin chain modeled by heterotrimetallic Fe — Mn

— Cu is given by

Z = a4 dAN T (1.14)
where N __ _ — N
0 AW, Wi AW -W- ) (Wi -W_)+Q(W4+W_ )
= 20 ,
d— AW Wi = (Wi =W ) (Wit =W )4+Q(Wi 4 W)

2Q

In the thermodynamic limit N — oo, partition function is determined by the largest eigenvalue
of the transfer matrix W as we labeled above A,. Hence, we attain Zy = aAf ~1. From now
on, we are enabled to investigate the thermal quantum correlations, the concurrence, QFI and

quantum teleportation after obtaining the reduced density operator p of the dimer impurity.

1.2.2 Two-qubit density operator in a matrix form

We employ the approach reported in Refs. [29, 30] in order to calculate the thermal average of
the two-qubit operator corresponding to an impurity linked by Ising nodal ions u, and fiy41.

This operator in the standard dimer basis becomes

gii 0 0 0

_ 0 o022 023 O
oprs pr41) = T , (1.15)
0 o032 o033 O

0 0 0 014

with below expressions



Chapter 1. 1-D Ising-Heisenberg spin chain

Ql 1(“7‘, MT+1) efﬁgrl’

02,2(Hrs prg1) = e Pr2x2 4 e FEay2

Q2’3(/J/ ,UT+1) E (MT?//LT+1) =e BET22+F+ +e /657«32 Fi
,B(M Ur1) = €7 E7"21“2 +e—ﬁsrsp2

94,4 (Mr, MrJrl) e 587‘4.

Four coefficients I'y and ¥4 have already defined in Eq. (1.8).

1.2.3 The reduced density matrix of the impurity part

The reduced density matrix of the dimer impurity at thermal equilibrium can be expressed as

pii 0 0 0
~ 0 p22 p23 O
p(T) = S : (1.16)
0 p23 p33 O
0 0 0 pu
The components py; can be identified by
- 1
Pkl = 7 ZW(#l:HZ)-nW(#r—l7Nr)§k,l(#NNH—I)W(NT—O—I:NT+2)~~~W(NN7N1) - (1.17)

{u}

Performing the transfer-matrix technique results in deducing elements of py; as
~ 1 r—1p N—r 1 D N-1
Pkl = ETI“ (W P W > = ETI" (Pk’lW ) , (1.18)

where

: (1.19)

assuming o (++) = k(3. 2), Oki(+—) = 0ki(3,—3), Ori(—+) = Ori(—1. 1), Opi(——) =
Ek,l(_%7 —%) Eventually, to derive the special components of the averaged reduced density
matrix py;, we reproduce the unitary transformation operator U that diagonalizes the transfer

matrix W. This operator is defined by

Ay —w - A_—w__
uv=|"" , (1.20)
Wi— Wi—
where its inverse is written as
1 _A,—W,,
-1 _ Q QW4 —
U= [ ! A+—wt, ] . (1.21)
Q QW4
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In result, the special components of the two-qubit density operator of the dimer impurity at site

)

After calculating all elements py,;, following relation will be achieved

1 =r is given by
ANTY 0

Tr (U_lﬁkJU AN-1

Pl = (1.22)

A

s = A1+ By
k,l M )

where
Ay = Qo () + 0k (——)] + 4wy op 1 (+-),
Bri= [oki(++) — 0ki(—)] (wig —w__),
= QWiy +w__)+dwy_wy_+

T (Wsy —w—) (wyy —w_) .

Quantum correlations, thermal entanglement, the /;-norm of coherence C;;, QFI and the av-
erage fidelity F4 for the impurity part of the model can be simply investigated using above

achievements.

1.3 Quantum Correlations

In this part, we aim to discuss correlations between the magnetic ions of the dimer impurity
Mn?* —Cu?* as local bipartite quantum correlations. Due to commutation relation [H, Efi 157 =
0 and the translation invariance, the two point spin-spin correlation functions corresponding to

the {z, z}—axes can be characterized in terms of the reduced density operator elements [106].

1.3.1 Thermal entanglement

The reduced density matrix py; provides all information about the bipartite entanglement. A
good measure of the thermal entanglement of impurity part is provided by the concurrence C as
[107]

C = max {0, /\1 - )\2 - )\3 - )\4}, (1.23)

where \; (i = 1,2, 3,4) are the square root of the eigenvalues of the matrix R = p(¢¥ ® o¥) p*

(0¥ ® oY) in descending order (¢¥ is the Pauli matrix in the y—direction).

For the system in thermal equilibrium with density matrix in the X-form (1.16) the concurrence

C(p) = 2max{|pa 3| — \/m,()} :

is given by
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FIGURE 1.2: Panels of upper row illustrate the concurrence C in the (y — Jy) plane at low
temperature 7' = 0.02, where for each of exchange anisotropy and magnetic field parameters
two values A = {0.5, 1} and B = {0.5, 1} are considered. Panels in lower row depict the
concurrence in the (y — A) plane such that Jo = {0.7, 1.7} and B = {0.5, 1} are assumed.

Next, we examine the influences of the magnetic impurity embedded in the model under con-
sideration on the thermal entanglement of the Heisenberg dimer at site ¢ = r, on the quantum

coherence, on the QFI, further on the quantum teleportation.

In plots correspond to the concurrence, [;-norm of coherence and average fidelity, solid lines
show information about the original model (without impurity), whereas dashed lines indicate
information for the model consisting of a static dimer impurity with v = —0.8. In all forthcoming
figures, we consider the specific values of the gyromagnetic factors g1 = 1.2, go = 5, g3 = 1.1
associated to the magnetic ions Fe3T, Mn?* and Cu®*, respectively. Besides, in our numerical

computations the Heisenberg coupling will be selected as the energy unit, i.e., |J| = 1.

In Fig. 1.2 (upper panels) we plot the concurrence C in the (Jy — ) plane for two different
values of B and A at finite low-temperature 7' = 0.02. In this figure, three different phases:
disentangled state (DES), fully entangled state (FES) with an oblique band region, and partially
entangled state (PES) are observable (see first panel). By tuning the both parameters B and A,
phase boundaries undergo substantial changes. Similar to this, in lower row panels, we depict
finite low-temperature A-dependence of the concurrence versus the impurity parameter ~ for
two different values of B and Jy. It could be understood that at a specific rage of ~ there is
a fully entangled state band which is independent of the anisotropy A. Increasing exchange

coupling Jy leads to strength the DES regime and to limit FES boundary.

To understand the anisotropy dependence of the threshold temperature at which the entangle-
ment vanishes, we have plotted in Fig. 1.3 the density plot of the concurrence in the A — T
plane such that the threshold temperature behavior versus A is engraved by dashed line in each

panel. Plots in upper row present the concurrence for the original model (y = 0), while lower
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FIGURE 1.3: The density plot of the concurrence in the (A —T') plane, where exchange coupling
Jo and magnetic field B have been substitutionally taken up as Jy = {0.7, 1.7} and B = {0.5, 1}.
Panels plotted in upper row represent the concurrence for the original model without impurity
(v = 0), whereas plots in lower row show the concurrence for the model with magnetic impurity
(y = —0.8) at site ¢ = r. Dashed lines demonstrate the threshold temperature (at which the
entanglement death occurs) against the anisotropy A.

row panels represent the same term but for the model with a magnetic impurity, supposing
v = —0.8. For the original mode, one sees there are two threshold temperature points which
shifts toward higher temperatures upon increasing both of B and Jy. Besides, the entangle-
ment death happens for higher anisotropies (see second and fourth panels). But on the other
hand, for the case when the model involves with a magnetic impurity at site ¢ = r there is a
single threshold temperature for each value of exchange anisotropy A, revealing the model with
a magnetic impurity does not show re-entrant threshold temperature phenomenon. Regarding
above findings, in Fig. 1.4 is shown the concurrence C as a function of magnetic field B for three
different temperatures 7' = 0.01 (red lines), 7" = 0.05 (blue lines) and 7' = 0.2 (black lines),
where Jy and A have been considered to be tuneable terms. From left to right the figure shows
the concurrence versus magnetic field when all parameters set to be fixed values except Jy. From
up to down is considered all parameters as fixed values except A. As reported in previous work,
at finite low temperature and low magnetic field the state of Mn?T — Cu?t without magnetic
impurity is partially entangled. With increase of the temperature the concurrence remarkably
decreases. By embedding a magnetic impurity to the site r, we see a significant change in
concurrence behavior. Surprisingly, the concurrence of the dimer impurity is alive for higher
magnetic field while for the original model it vanishes. When the anisotropy A increases, the
concurrence increases and reaches its maximum value C = 1 at a special point on the magnetic
field axis. With increase of the exchange coupling Jy, the concurrence increases for the both
considered modes with and without magnetic impurity. But, the influence of Jy on the impurity
case is much more sensible than without impurity mode. Meanwhile, the sharp maximum of the

concurrence curve changes to a dome-shaped maximum, revealing the fact that the entanglement
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FIGURE 1.4: The concurrence C as a function of the magnetic field B, assuming three different
temperatures 7' = 0.01 (red lines), T' = 0.05 (blue lines) and 7' = 0.2 (black lines) and impurity
parameter v = —0.8. g-factors have been taken as g1 = 1.2, go = 5, g3 = 1.1. Totally, we consider

two different values of A = {0.5, 2}, increasing from up to down panels, and Jy = {0.7, 1},
increasing from left to right panels.

death occurs for the remarkably higher magnetic fields.

The most interesting finding from this special consideration is that, when the model is putted in
an external uniform magnetic field (the system without the impurity), the state of the Heisenberg
dimers does not reach maximum entanglement (C = 1) even for low magnetic fields. When the
model possesses an impurity the situation completely changes (dashed lines plotted in Fig. 1.4),
namely, by increasing the magnetic field the concurrence in the magnetic dimer with an impurity
v = —0.8 goes to become maximally entangled. Surprisingly, the state of the model becomes
maximally entangled at low temperature and critical magnetic field B, = 1.282. With further
increase of the magnetic field the concurrence decreases and the state of the model with impurity
losses its maximum entanglement property. Another notable remark from this figure is that,
for the case when the model does not encompass the impurity, the threshold magnetic field at

which the concurrence vanishes, moves toward higher values as the both of parameters A and

Jo increase monotonically.

In Fig. 1.5 is illustrated the temperature dependence of concurrence C for several values of the
magnetic field, where parameters A and Jy are again assumed to be tuneable terms. In this case,
we see that by inducing a magnetic impurity to the Ising-Heisenberg heterotrimetallic chain, the

concurrence substantially increases at low temperatures. For the original model, the concurrence

10
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FI1GURE 1.5: The concurrence C as a function of temperature T', for several fixed values of the
magnetic field, assuming the same set of other parameters to Fig. 1.4.

does not reach maximally entangled state even for the low magnetic fields. It is quite clear that
for the dimer impurity at low magnetic fields, the concurrence reaches its maximum C = 1 as the
temperature decreases. Increasing both parameters A and Jy results in reaching maximum value
of the concurrence at higher temperatures and higher magnetic fields (trace for example evolution
of the dashed red lines and dashed blue lines in all panels). Another unconventional phenomenon
that is visible from this figure is that, for the original model the threshold temperature at which
the concurrence vanishes is strongly dependent on the magnetic field, while for the embedded
impurity model the threshold temperature is almost a fixed constant when the magnetic field

changes.

1.3.2 Quantum Coherence

To quantify the quantum coherence in a spin system a trace-distance measure of coherence is

adopted. Naturally, we take up the [;-norm of coherence that could be defined as
Ciu(p) = Y I(ilpli)].
i#]

Above equation means that the [;-norm of coherence is given by the sum of absolute values of

all off-diagonal elements in the density matrix p. We plot in Figs. 1.6 (a)-(d) l;-norm C;, as a
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(<)

FIGURE 1.6: The quantum coherence C;, as a function of temperature 7" for several fixed values
of the magnetic field and parameter set (a) A =0, (b) A =0.5, (¢c) A =1, (d) A =2, assuming
fixed Jy = 1 and the same set of other parameters to Fig. 1.4.

function of the temperature for the same fixed magnetic fields to Fig. 1.5, where Jy = 1 has
been optionally hypothesized. An interesting result obtained for the quantum property of the
model is belong to our finding for the temperature dependence of C;,. In Fig. 1.6 (a) is displayed
the [;-norm of coherence C;, versus temperature for the parameter set A =0 and Jy = 1, where
several fixed values of the magnetic field have been selected. At low-temperature region, [i-
norm behavior against the temperature T" for the case when the model has a magnetic impurity
is completely different from the original model. To clarify this point, under the cooling, norm
Ci, of the original model gradually decreases and eventually vanishes at a critical temperature
(solid lines), demonstrating the system state becomes decoherence. While its curve intrinsically
has a steep increase when an impurity induces to the model (see dashed lines). For the later,
li-norm reaches its maximum C;;, = 1 at very low temperatures and threshold magnetic field
B = 1.282 (blue dashed line). With increase of the anisotropy A, the low-temperature behavior
of C;, undergoes substantial changes. For example, for the original model, when anisotropic XXZ
interaction is considered for the dimers (A > 0), the critical temperature at which C;; becomes
zero shifts toward lower values (see panel Fig. 1.6 (b)). When the anisotropy increases further,

under cooling the norm C;; not only does not decreases but also increases monotonically (see
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Figs. 1.6 (c) and (d)). For the model with impurity, as A increases, quantum coherence Cj,

reaches its maximum value at higher temperatures (see blue dashed line plotted in Fig. 1.6 (d)).

1.3.3 Quantum Fisher Information (QFT)

Now, let us verify QFI (a useful tool for parameter estimation of quantum probability distri-
butions) and its first magnetic field derivative for the Ising-Heisenberg spin chain of the het-
erotrimetallic coordination compound Fe — Mn — Cu including magnetic impurity, and compare
the QFI behavior with that of for the original model (without impurity). In general phase
estimation scenarios, the evolution of a quantum state, given by the reduced two-spin density
matrix p in Eq. (1.16) with special components p;, under a unitary transformation can be

described as p(0) = exp[—iAf]pexp[iAf], where 6 is the phase shift and A is an operator. The
1

Vv F(pe)

where 6 expresses the unbiased estimator for 8, and v is the number of times the measurement

is repeated. Accordingly, the term F(py) characterizes the QFI, and is defined by [108, 109]

estimation accuracy for € is limited by the quantum Cramér-Rao inequality Af >

4 Ti— T4 2
F(p ) =2 X S5 L L Al) P (1.24)
L,J]=

where |y;) and 7; are, respectively, the eigenvectors and their corresponding eigenvalues of the
density matrix p, and are utilized as the gauge states of estimation parameter 8. Since, we are
going to examine the QFI for a typical Heisenberg dimer Mn?t — Cu?*, along side of the density
matrix p, we have to apply arbitrary complete sets of local orthonormal observables {4, } and
{B,} associated to the both of subsystems Mn?* and Cu?*, respectively. Correspondingly, the
QFTI for a general bipartite spin-1/2 system reads [110]

F=2Fp,A@I+1®By). (1.25)
n
In above, the local orthonormal observables {A,} and {B,} can be written as

{Ay} = {B,} = v2{1, 5%, Y, 57}, (1.26)

which T is identity 2 x 2 matrix. Putting this equation in Eq. (1.24), QFI F can be eventually

evaluated.

Figures 1.7(a) and 1.7(b) illustrate the QFI of the original model (y = 0) for various fixed values
of A and two selected values of exchange interaction Jy = 0.7 and Jy = 1, respectively. It
is observable that F increases monotonically upon increase of the magnetic field, then reaches
an intermediate minimum. The magnetic position of this minimum depends on the exchange
anisotropy A. In other words, by increasing A, the mentioned minimum appears at higher

magnetic fields. For all of considered A there is a steep increase of the QFI in a special magnetic
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FI1GURE 1.7: The QFI as a function of magnetic field B for several fixed values of the anisotropic
parameter A. (a) and (b) correspond to the original model in the absence of impurity (y = 0),
assuming Jo = 0.7 and Jy = 1, respectively. (c¢) and (d) show QFI of the model with magnetic
impurity, v = —0.8, assuming Jy = 0.7 and Jy = 1, respectively. In all panels we considered low
temperature 7' = 0.05. We fixed other parameters as in Fig. 1.4. We note that here and in the
next figure, the discontinuity in lines related to the high exchange anisotropy A > 1 and high
magnetic fields happens for the sake of we calculated the QFI numerically and does not result
in losing the accuracy of the subject.

field interval. This function ultimately reaches its maximum value at sufficiently high magnetic
fields. By inspecting Fig. 1.7(b) one sees that as the Ising coupling constant .Jy increases, the
magnetic position of the produced minimum shifts towards higher magnetic fields. Moreover,

for high values of the A there are two intermediate minima (see blue line).

One of the most interesting and novel results for the Ising-Heisenberg spin chain of the het-
erotrimetallic coordination compound Fe — Mn — Cu with magnetic impurity is crystal clear in
Figs. 1.7(c) and 1.7(d). We see that the QFI behavior is significantly different from the original
case. In fact, by inducing a magnetic impurity into the model, the QFI increases with increase
of the magnetic field till reaches a typical maximum at very low magnetic fields. Then sharply
drops down at critical magnetic field B, &~ 0.5. Surprisingly, the QFI reaches its minimum value
F = 0 at the critical magnetic field B, = 1.282. We remind that at this critical magnetic field
the concurrence becomes maximum (review Fig. 1.4). With further increase of the magnetic
field, QFI shows a steep increase, reaching its maximum value for the exchange anisotropy range
A < 1. For the range A > 1, the QFI makes an intermediate minimum at high magnetic fields

afterwards reaches its maximum. Comparing panel 1.7(b) with 1.7(a) corroborates that increase
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oF |/ 0B
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FIGURE 1.8: The first magnetic field derivative of the QFI of the model with impurity (v =
—0.8) against the magnetic field for several fixed values of A. (a) Jo = 0.7 and (b) Jo=1. In
both panels we supposed low temperature T' = 0.05 for the model. Other parameters have been
taken as in Fig. 1.4.

of the Ising nodal exchange interaction Jy entails the QFI reaches its maximum at remarkably

higher magnetic fields.

The first magnetic field derivative of the QFI of the model with impurity as a function of the
magnetic field has been displayed in Figs. 1.8(a) and 1.8(b), assuming fixed Jy = 0.7 and Jy = 1,
respectively. The QFI shows a sharp pick at critical magnetic field B. =~ 0.5. According to the
expressions in Ref. [111], one can observe that regardless of the value Jy a quantum phase

transition happens at B, ~ 0.5.

1.4 Quantum teleportation

In this section, we study the quantum teleportation by means of an entangled mixed state as
resource. We remind that a mixed entangled state is a state of a bi- or multi-partite system
consisting of two or more subsystems which can be decomposed into (a convex combination of)
other states, but cannot be produced by local operations and classical communication. Particu-
larly, an entangled mixed state is always a mixed state, but a mixed state may be an entangled
mixed state, a separable mixed state, or even a mixed state of a system that does not consist
of several subsystems, so that the terms ”separable” and ”entangled” don’t even make sense for
that system. The standard teleportation can be regarded as a general depolarizing channel [112]
and we investigate the influence of the magnetic impurity of the Ising-Heisenberg spin chain of
the heterotrimetallic coordination compound Fe — Mn — Cu on the teleportation. We suppose

the input state that would be teleported has the form

|thin) = cos (g) |10) 4 € sin <Z> 01) , (1.27)

where 0 < 0 <7 and 0 < ¢ < 27. Here 0 describe all states with different amplitudes and ¢ are

phase of these states, and in the density operator formalism, the state input is pin, = [in) (Vin]-
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The concurrence C;;, of the input state can be written as

Cin = 2 |€' sin <z> cos (Z) | = | sin(0)]. (1.28)

When a two-qubit state p;, (as depicted in Fig. 1.9) is teleported via the mixed channel p. of
the two independent Ising-Heisenberg spin chain of the heterotrimetallic coordination compound

Fe — Mn — Cu, the output state pyy: is given by

Pout = Y pipj (0i®0;) pin (0: @ 05)
,7=1{0,1,2,3}

where 00 = I, ¢! = 0%, 02 = oY and ¢® = o7 are Pauli matrices. p; = tr [Eiﬁch] E0 =
U= U~ |, E' = |0~ )(®~|, B? = |0+)(®F|, B3 = |UH) (U], for which {|T¥),|®*)} denote the

Bell states. Here, we consider the density operator channel as pou: = p(7T).

Therefore, we can write the output state as

(¢ 0 0 0]

" 0 f O

Pout = s (129)
0 g O
0 0 0 ¢

where

c= (p22+p33) (P11 + pa4),

f= (Pr1+ paa)’cos 2(9) + (P22 + P, 3)% sin? (¢
9= (P22+p33)" cos? (§) + (L1 + paa)?sin? (§),
K= 2€i¢),52273 sin 6.

To get a better understanding of the quantum teleportation and average fidelity, let us first
describe the thermal entanglement of the output state Coye. Using Eq. (1.29) in the definition

of concurrence (1.23), we obtain the output concurrence Cyy¢ defined by

Cout = 2max {Qﬁgjgcm — |p2,

In the following subsection, we analyze the quality of the process of the teleportation.
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FIGURE 1.9: The schematic representation for the teleportation of the input state p;, through
a couple of independent quantum channels (p.,). The teleported output state is denoted by

,Hout-
1.4.1 Average fidelity of teleportation

In this section, we turn our attention to the quality of the process of teleportation. The fidelity

between p;, and py: characterizes the quality of the teleported state. The fidelity is defined by

F = <wzn’pout‘¢zn> :

After some straightforward algebra, the fidelity can be described as

sin?6 ,_

F=— [(01,1 + Paa)’ + AP35 — (P22 + P3,3) 2} + (P22 + P33) . (1.30)

When the input state is a pure state, the efficiency of quantum communication is characterized

by average fidelity. We can calculate the average fidelity as

2 ™
1
Fy= /d¢/Fsin0d0.
47
0 0

For the model described here, the average fidelity F)4 can be given by

Fa=|(P1,1 + paa)’ + 4953 — (P22 + P3,3) 2} + (P22 + P33) . (1.31)

Wl

To transmit the input state better than any classical communication protocol, Fl4 must be greater
than % which is the best fidelity in the classical world. In Fig. 1.10(a) we show the behavior
of average fidelity F4 in terms of temperature 7" for several fixed values of the magnetic field,
assuming Jyp = 1 and A = 0.5 and impurity parameter v = —0.8. The horizontal dashed
lines at Fiy = 2/3 denote the limit of quantum fidelities. In Fig. 1.10(a), we can see that for

this choice of parameters the only possibility of teleportation of information happens for null
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FIGURE 1.10: The average fidelity F)4 as a function of temperature T for several fixed values
of the magnetic field and parameter set (a) A = 0.5, (b) A = 1, assuming fixed Jp = 1 and
impurity parameter v = —0.8.

magnetic field in the original model. Meanwhile, when we insert magnetic impurity, we have a
considerable improvement in quantum teleportation. It is quite noteworthy that for the critical
point Bpar = 1.282 the average fidelity becomes maximal at sufficiently low temperatures. It
can be seen that average fidelity is above 2/3 for our model with magnetic impurity in contrast

to the original model where it is not possible to teleport information.

In Fig. 1.10(b) is depicted the temperature dependence of the average fidelity for A = 2. For
this choice of anisotropy parameter, the original model allows teleportation for weak magnetic
fields and lower temperatures. For example, for B = 0.5 (see orange solid curve), as soon as
the temperature increases, the average fidelity falls down below 2/3, signaling the impossibility
of teleportation. On the other hand, the fidelity behavior is significantly different for the case
when a magnetic impurity is embedded. Our results show major improvement in the average
fidelity that can be achieved by tuning the strength of the magnetic impurity. In conclusion, we
can take up the way of inducing magnetic impurities as a creative technique to manipulate and

to enhance the teleportation processing.

Finally, in Fig. 1.11, the average fidelity F4 is plotted as a function of magnetic field B for three
selected temperatures T'= 0.1, T = 0.6 and T'= 1 and v = —0.8. In panels of this figure, solid
lines describe the average fidelity of the original model recently investigated by Y. -D. Zheng et
al. [104]. In Fig. 1.11(a), we fixed Jy = 4, and A = 0.5. As can be seen, the average fidelity
remains above 2/3 for weak magnetic fields in the original model. When the impurity is induced
in the model, in contrast to the original case, the behavior of the average fidelity becomes more

robust, enabling teleportation of information in the regions of very strong magnetic fields.

Analogously, Fig. 1.11(b) illustrates the average fidelity F4 for the case Jy = 2, and A = 1.
Under this condition, one can immediately have two stimulating observations when the original

model is considered. First, the average fidelity sharply decreases upon increasing the magnetic
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FIGURE 1.11: The average fidelity F4 as a function of magnetic field B for several fixed values
of the temperature and parameter set (a) Jo = 4, A = 0.5, and (b) Jy = 2, A = 1, assuming
impurity parameter v = —0.8.

field. Secondly, the teleportation of information is only possible for weak magnetic fields. How-
ever, by assuming the inclusion of the magnetic impurity (dashed curves), we have a dramatic
enhancement of the average fidelity F4. In particular, for the low-temperature regime (i.e.,
T = 0.1), the inclusion of magnetic impurity generates an increase in the average fidelity un-
til reaching maximum fidelity (F4 = 1). Then, this function decreases monotonically as the
magnetic field increases further. However, for the higher temperature (7" = 1), the average
fidelity remains below 2/3, making it impossible the existence of the quantum teleportation of
information. All of these findings show again that a considerable enhancement of the telepor-
tation of information can be achieved by tuning the strength of the magnetic impurity for the

Ising-Heisenberg spin chain of the heterotrimetallic coordination compound Fe — Mn — Cu.

1.5 Conclusions

In this chapter we have studied the influences of a typical magnetic impurity on the quantum
properties of the Ising-Heisenberg spin-1/2 chain of the heterotrimetallic coordination compound
Fe — Mn — Cu. The magnetic impurity has been considered on a local Heisenberg dimer of the
chain. Next, we have exactly solved the model within the transfer-matrix formalism and paid
our attention to the study the thermal pairwise entanglement and /;-norm of the coherence as
measures of the quantum correlation of the impurity dimer. One of our notable results is that
the thermal pairwise entanglement can be controlled and tuned by imposing a magnetic impurity

into the model.

By verifying the QFI of the model we understood that the inclusion of the magnetic impurity

substantially affects on the behavior of this function. Furthermore, QFI presented anomalous
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behavior nearby the critical magnetic fields B, =~ 0.5 and B, = 1.282. Based on the investiga-
tions carried out in this chapter, we proved that QFI can be considered as a useful quantum
tool for estimating the quantum phase transition of the Ising-Heisenberg spin-1/2 chain of the

heterotrimetallic coordination compound Fe — Mn — Cu.

The teleportation scenario for the two-qubits in a typical quantum state has been also discussed
through a couple of quantum channel including a Heisenberg dimer with magnetic impurity.
Each of channels has been assumed to be constructed by an infinite Ising-Heisenberg spin-1/2
chain of heterotrimetallic coordination compound Fe — Mn — Cu. We have demonstrated that
at low-temperature regime, the inclusion of magnetic impurity leads to remarkable enhancement
in the average fidelity until reaching maximum value. Based on our findings regarding the model
with magnetic impurity, we claimed that the average fidelity becomes more robust compared
with the original model, enabling teleportation of information in the regions of very strong

magnetic fields.



Chapter 2

Ising-Heisenberg ladders

2.1 Preliminaries

The both spin-1/2 and mixed-spin (1/2,1) double saw-tooth Ising-Heisenberg ladders have been
considered in Refs. [113, 114, 115]. These ladders can be constructed from the two parallel
so-called saw-tooth chains (or delta chains) or by the decorating the square two-leg ladder (See
Fig. 2.1). The Ising-Heisenberg variant of the saw-tooth chain has been considered earlier in
Ref. [17, 18, 20], however, there the quantum cluster was the two-spin bond along each second
tooth of the chain. In the double saw-tooth ladder the quantum spin clusters are the bond,
connecting each tip of the teeth. In Refs. [113, 114, 115] the exact solution of the model
within the modified classical transfer-matrix technique have been obtained. The ground state
phase diagrams, magnetization curves and the quantum entanglement properties have been also

considered for the spin-1/2 double saw-tooth Ising-Heisenberg ladder.

MCE can be defined as the temperature variation of magnetic materials upon changing the
external magnetic field. In many-body problem, MCE has attracted much attention because of
having a strong potential of cooling applications in material science and technology [116, 117,
118, 119]. An important application of the MCE is the study of phase transitions by using the
magnetocaloric anomalies at the magnetic phase transitions [120, 121]. To demonstrate MCE
the standard quantity, the so-called Griineisen parameter I'g (named after Eduard Griineisen),
is coming out which can be counted as one of applicable tools for detecting quantum critical
points [122]. The Griineisen parameter of magnetic systems under adiabatic conditions can be
identified by

_1¢8T\ _ _ T (8S\ _ _ 1 (oM
Tp=7(55)s = —o5 (58)r = —o5 (57 ) (2.1)
where Cp is the heat capacity at the constant magnetic field, T is the temperature (for simplicity

we consider kp = 1) and B is the applied magnetic field. In the recent decades a series of theo-

retical and computational researches have been conducted on the magnetic properties and MCE

21
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in low-dimensional quantum and Ising spin models [67, 123, 124, 125, 126, 127, 128, 129, 131,
132, 133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143]. The exact results obtained within the
low-dimensional quantum and mixed classical-quantum interacting spin models figure out many
important features of the MCE nearby the quantum critical points, particularly the enhancing
role of frustration and residual entropy, the possibility of magnetic cooling and magnetic heat-
ing during the adiabatic demagnetization, deep connection of the MCE and the ground-state
phase transitions, etc. Besides, by examining the behavior of adiabatic cooling rate, important
information about the MCE can be obtained from the plots of the isentropes in the temperature-
magnetic field plane. During the current decade, a number of exact results on the MCE in the

Ising-Heisenberg one-dimensional spin models have been obtained [133, 134, 135, 136, 137, 138].

The four-spin Ising interaction can be identified as the Ising limit of the cyclic permutation
of the quantum spins localized on the vertices of a plaquette. It was demonstrated that this
particular term is important to realize the magnetic properties of the solid He? [144], as well as
in some cuprates Ref. [145]. The Ising-Heisenberg spin models with additional four-spin Ising
interaction have been also examined in several papers as an Ising limit of the four-spin cyclic
permutation [128, 146, 147, 148, 149, 150, 151].

In this chapter we focus on the MCE, and particularly, on the effects of anisotropies and four-
spin Ising interaction on the magnetic and thermodynamic behaviors of double saw-tooth Ising-

Heisenberg models and a mixed spin-(1/2, 1) Ising-Heisenberg two-leg ladder.

2.2 spin-1/2 double saw-tooth Ising-Heisenberg model

2.2.1 Model and method

At first, we consider a uniform spin-1/2 double saw-tooth Ising-Heisenberg spin ladder (or dec-
orated two-leg ladder [113]) with four-spin Ising interaction (Fig. 2.1). The Hamiltonian of the

model is given by

N
H=73% [(Sl,j 82 )pat 2 (J)0aj0ajt1 + IS; (00 + Taji1))
]:1 &:1,2

+JL017J'O'2J + K0'17j0'17j+102,j0'2’j+1 — B 21:2 (Sij + Ja’j> :|
a=1,

(2.2)
Here N is the number of rungs. We assume that each pair of quantum S = 1/2 spins, S;; and
So,; interact with the X X Z exchange interaction:

(S15-S2)pn = [1(ST;55; + S7,5%,) + ASF ;5] (2.3)

with Sf*(a = z,y,2) being the spin-1/2 operators. J, and J are the Ising-type couplings on

the rungs and along the legs, and K is the coupling constant of four-spin Ising term for each
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FIGURE 2.1: Schematic structure of the spin-1/2 Ising-XXZ double saw-tooth ladder. The balls
denote spin-1/2 particles, where dark balls represent Heisenberg dimers and the other show Ising
spins.

square plaquette of the ladder. J is the Ising coupling between the spins on the legs and two
quantum spins of the interstitial Heisenberg dimer. These coupling is supposed to include only
z-component of the quantum spins. o, ; are Ising spin variables, taking values (1,—1). B is
the external homogeneous magnetic field applied in the z-direction. Let us mention that all

parameters here are supposed to be dimensionless by assuming J being the energy unit.

2.2.2 The exact solution in terms of the generalized classical transfer-matrix
method

Let us present the method of the calculation of the partition function of the model within the

generalized classical transfer matrix technique. First, we proceed to the H model.

N
Z=2_% Tgepe =[] T(o15.005l00501,0250) =Tr TV, (2.4)
{o1} {o2} j=1
where 4 x 4 transfer matrix is given by
T (01,4,024l01+1,02,5+1) (2.5)

cl
= exp {—5H (01,5,02,401,5+1, U2,j+1)}W(Ul,jm,j\01,j+170’2,j+1)
where

W(U1,j,02,j |017J_+1702’j+1):2?:1 e—ﬁen(O‘l,j702,j|<7'1,j+1702,]'+1) , (2.6)
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en (014,02|01,j41,02,j+1), n =1,...,4 are the eigenvalues of the quantum part of the Hamil-

tonian:

HY = (S1;-S2j)yn— Y [B=J(00;+0a;41)] S (2.7)
a=1,2

and the classical part of the system Hamiltonian reads

H (01,5,025]01441,02541) = J| 2 0aj0aje1 + 101502
a=1,2
(2.8)
+K01,j01,j+102,02j41 =B 3 0aj.
a=1,2
The eigenstates of the quantum Hamiltonian are explicitly depended on the values of four clas-

sical spin variables, interacting with the quantum spin dimer. They can be easily found by

the straightforward diagonalization of the quantum Hamiltonian in the standard Isign basis,

(1), ] T4, 14D, | ). The eigenvalues are

f12 =A% \/J2 (01,5 — 02,5 + 01441 — 02,511)° + 7%, (2.9)
€34 =A% (2B = J(o1;+ 02, + 01541 +02511))

the corresponding eigenvectors are given by

1
p12) = —==( T}) + A[ I1), (2.10)
1+ A%
[p3) = [ ),
[pa) = [ 11),
where
2 24 2
J (02 — 01,5+ 02,541 — 01,541) = \/J (02,5 — 01,5 + 02,541 —01541)" +1
AL = (2.11)

n

Thus, we see here that for the whole chain, the eigenvectors of the quantum spin dimer are
dependent on the four values of the classical spin variables they are interacting with. The

explicit form of the 4 x 4 classical transfer-matrix is

2 T2y AT R (o + v2) 25 A% a + 1) 25 A O + 1) 2125 'A% (o + vo)

z2A(x1 + Y1) z125 " A(x2 + %o) 212237 (x0 + %0) 2aA(x1 +¥-1) (2 12)
z2A(x1 + Y1) 212227 (x0 + o) 27 2 AT (x2 + o) zoA(x1 +¥-1) :

212 AT T (0 + o) 2 AT TR 0a o)z AT e TR 0a + o) 2 e AT T (o + v-2)
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FIGURE 2.2: The possible spin configurations of the spin-1/2 double saw-tooth ladder associated
to the ground-state phases.

where the following notations are adopted:

21 =P,z =PI A= ePK = BB, (2.13)

n = 272 Coshgx/(QnJ)2 +n2, n=0,1,2.

Yn = 2e P2 cosh (B (B —nJ)), n=-2,-1,0,1,2.

2.2.3 Ground-State Phase Transition

The system under consideration possesses large number of possible zero-temperature ground
states, depending on the value of its microscopic parameters, n; A; Jy; J; Jy; K/J and the
magnetic field B/J. As the main goal of our study is to clarify the role of the Ising-type
four spin interaction in the enhancement of the MCE, we focus here on a particular range
of the parameters values which admit the special points on the ground state phase diagram
with maximal degeneracy. The MCE is particularly stronger around triple points and moreover
around points of confluence of more phases [127]. We are going to examine the role of the four-
spin Ising interaction K /J in behaviour of the cooling rate. We found that for our purposes the
following special spin configuration presented in Fig. 2.2 are interesting. All these sates feature
the doubling of the unit cell, which is the manifestation of the antiferromagnetic coupling along
the legs. These ground states with the corresponding values of the magnetization per unit block

are given by the following expressions
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FIGURE 2.3: Ground-state phase diagram of the double saw-tooth ladder. (a) In the (B/J —
A/J) plane for fixed K/J = 0.25, and (b) in the (B/J — A/J) plane for fixed K/J = 2. (c) In
the (B/J — K/J) plane for A/J = 1. Other parameters of the Hamiltonian have been taken
such that the system is in its maximum degeneracy, i.e., n/J =1, J1/J = J/J = 2. (d) In the
(B/J — K/J) plane for fixed A/J =1,n/J =1, J./J =1 and J/J = 0.5 in such a way the
maximum degeneracy is destroyed.

N/2
[uuun) = H | T1)2i—1 ® [pa)2i—1 @ | 1T1)2i ® |@a)2i,
i=1
N/2
nunn) = T 11201 ® [oaaio1 © | 112 © a)ai,
i=1
EnuuuZQA_GB+4—2K, M/Msz M/Ms:%,
N/2
nunu) = [T [ 14211 ® [oa)ai1 @] 1)2s © o) o
i=1 .
EnunUZQA_4B—4JH—2JJ_+2K, M/Ms:%7
N/2
[usns) = H | T 2i—1 ® [p2)2i-1 ® | T)2i ® |p2)2,
i=1
Eusns = —2B —2A — 2K —4V/2, M/M, =1,
N/2
[nsns) = H | T4)2i—1 @ |p2)2i—1 @ | )2 ® |p2)2i,
i=1

Ensns:2K—2A—4JH—2JJ_—4, M /Mg =0,

We restricted ourselves to investigate quantum phase transition between the most popular

ground-states characterized in Eq. (2.14), revealing the magnetization plateaux with respect
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to the saturation value.

Here the following principles in notations are adopted. The unit cell in the configurations
with period doubling contains four pairs of spins, each pair is coupled by rung of the ladder.

Thus, for the two spins pointing up(down) we use "u”(”d”), for the pair of spins pointing in

opposite directions we use "n”, and finally for the quantum quasi-singlet state @o; we use ”s”
(solid elliptic line in Fig. 2.2). The ground-state phase diagrams in the (K/J — B/J) plane
containing configurations from Eq. (2.14) are presented in Fig. 2.3 for various fixed values of
the anisotropic exchange interaction A and for particular values of other interaction parameters,
Ji/J = Jy/J =2 and n/J = 1. The main feature of the phase diagrams is a triple point,
the point with specific particular values of K/J and B/J where three ground states become
degenerate. Important role of the Ising four-spin interaction, K/J, is clearly seen, as for the
line K/J = 0 we found that the phase boundary between ground states |nunu) and |nuuu)
disappears. Actually, at B/J = 8 (see Fig. 2.3(c)) we have triple degeneracy between |nunu),

|nuuu) and |uuuu), where for region B/J < 8 the state |nunu) is the ground state, while for

the region B/J > 8, |uuuuy) is the ground state.

One can realize from Figs. 2.3(a) and 2.3(b) that increase of the K/J leads to substantially
restriction of the |nsns) phase, and to widen the phase |nuuu). The phase boundaries are
remarkably affected by the change of the anisotropy A/J accompanied with the magnetization
jumps and plateaux. Surprisingly, when the maximum degeneracy is lifted (see Fig. 2.3(d)),
alteration of the both parameters K/J and A/J also results in the notable changes of the ground-
state phase transitions. For example, the boundary between |nsns) and |[nunu) disappears by

assuming interaction parameter set J; /J =1,J/J = 0.5 and /J = 1.

2.2.4 Adiabatic (de)magnetization process of the spin-1/2 double saw-tooth
Ising-Heisenberg ladder

Recently, many authors have widely reported that various kinds of quantum spin systems exhibit
enhanced magnetocaloric effects (MCE) during the adiabatic demagnetization process leading
to study the low-temperature magnetic refrigeration. Hence, let us also investigate the adiabatic
demagnetization process of the spin-1/2 Ising-XXZ Heisenberg double saw-tooth ladder under
the particular adiabatic circumstances. We here study the isentropes (entropy levels) in the
(B/J —T/J) plane, besides the Griineisen parameter times the temperature 7T g as a function
of magnetic field. The effects of the cyclic four-spin Ising interaction K/J on the entropy levels

and cooling rate are investigated in detail.

Figure 2.4 shows our results for the entropy of spin-1/2 double saw-tooth ladder in the (B/J —
T/J) plane, having set parameter values to Jy/J = Jy/J =2 and n/J = 1 (highly degenerate
mode for the system). Comparing Fig. 2.4 (a) with the ground-state phase diagram depicted
in Fig. 2.3(c) reveals that the MCE in the finite low entropy S/N (low-temperature regimes)
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FIGURE 2.4: Contour plots of the isentropic dependence T'/J against magnetic field B/J of the
spin-1/2 double saw-tooth ladder for fixed values of .J/J = J1/J = 2 and n/J = 1. Regarding
to Fig. 2.3 the corresponding coordinates in the (K/J — B/J) plane nearby the cross-section of
triple points are taken as (a) A/J =1 and K/J =2, (b) A/J =1 and K/J = 2.5. Also, (c)
A/J=2and K/J =1.5,(d) A/J =2 and K/J = 2. By inspecting Fig. 2.3, each temperature
dropping (MCE) occurs nearby the phase boundary of a pair of typical ground states.

perfectly reproduces the ground state phase transition boundaries. By inspecting this figure, it
can be understood that if the magnetic field decreases adiabatically from B/J = 3.5 to B/J = 3
the temperature dramatically falls down. When B/J decreases isothermally from B/J = 3 to
B/J = 2, the entropy noticeably decreases (e.g., approximately from S/4N = 0.2 to S/4N = 0.1
at T'/J ~ 0.025), indicting the model loss heat (S(B/J =3) — S(B/J =2) < 0).

By decreasing cyclic four-spin Ising term K/J and in turn increasing the exchange anisotropy
A/J the critical magnetic point at which the temperature falls down shifts toward stronger mag-
netic fields (see Fig. 2.4 (¢)), this phenomenon is accompanied by the triple points coordination
in the (K/J, A/J, B/J) plane. Totally, we observe three enhanced regions of MCE accompa-
nied by a relatively fast cooling of the model at two selected coordinates (K/J, A/J) associated
to the intersection points. First region is due to field-induced ground-state phase transition
from |nsns) to |nsus), second one appears nearby the transition from |usns) to |nunu), and the
third is accompanied with the transition from |nunu) to |nuuu). Analogously, we observe that
altering parameters A/.J and K/J result in changing the magnetic position of critical points at
which the MCE occurs (see Figs. 2.4 (b) and (d)).

Now, let us discuss the effects of the cyclic four-spin Ising interaction K/J on the Griineisen
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FIGURE 2.5: The magnetic Griineisen parameter multiplied by the temperature 7' I'g as a
function of magnetic field B/J where three different modes have been considered for coordinates
(K/J, A/J) in each panel. Panels (a) and (c) indicate Griineisen parameter at low temperature
T/J = 0.1, and panels (b) and (d) show the same parameter at moderate temperature 7'/J = 0.2.
The same set of other parameters have been considered as Fig. 2.4.

parameter. To this end, we plot the the magnetic Griineisen parameter 17T p against the ap-
plied magnetic field at two different temperatures: the relatively low temperature 7'/J = 0.1
and moderate temperature 7'/J = 0.2. Three modes have been assumed for the coordinates
(K/J, A/J). The same fixed values of the coupling constants Jy/J = J, /J =2 and n/J =1
have been supposed. Figure 2.5(a) illustrates the sign of the parameter 7T g changes close to the
critical magnetic fields B./J ~ 0.1 and B./J ~ 3 denoting a rapid accumulation of the entropy
due to the phase intersection between aforementioned ground-states. The magnetic behavior
of Griineisen parameter corroborates that by tuning the coordinates (K/.J, A/J) the magnetic
position of the critical magnetic fields at which the enhanced MCE occurs during the adiabatic

demagnetization process, will remarkably change.

Another notable result gained from our examinations is the particular response of the Griineisen
parameter to the temperature variations. The most sagely question to ask is that what happens
for the magnetic dependencies of the Griineisen parameter when the temperature changes. To
achieve the authentic answer we display in panels 2.5(b) and 2.5(d) this parameter as a function
of the magnetic field at different temperature for the same fixed values of other parameters
to the panels 2.5(a) and (c). Obviously, large enhanced MCE occurred at low magnetic fields

gradually diminishes when the temperature increases. One another interesting point to declare
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FIGURE 2.6: The mixed spin-(1/2, 1) Ising-Heisenberg double saw-tooth ladder schematically
structured by all considered magnetic exchange pathways. Yellow balls present spin-1 particles,
while dark-blue balls denote spin-1/2 Ising nodal particles, and red balls show the spin-1/2
interstitial Heisenberg dimers. Region restricted by dotted rectangle displays j — th unit block,
while red dashed line limits a single plaquette. Dashed lines indicate the quantum Heisenberg
interaction between dimers, and solid lines represent classical Ising-type interaction. Dotted-
dotted dashed lines denote the alternating weak-rung Ising interaction between nodal spins,
supposing fixed value J, /J = 0.1 in the forthcoming diagrams.

is that, upon the variations of exchange anisotropy and cyclic four-spin Ising interaction, the
observed MCE at lower magnetic field show a restriction against the temperature increment. As
a matted of fact, when the exchange anisotropy A/J increases, by tuning cyclic four-spin Ising

interaction K /J the enhanced MCE is observable even for higher temperatures.

2.3 Mixed spin-(1/2, 1) Ising-Heisenberg double saw-tooth lad-

ders

The present section deals with the study of mixed spin-(1/2, 1) Ising-Heisenberg double saw-
tooth ladder as a decorated two-leg ladder. Obtained results for the magnetic and thermody-
namic properties of this model have been reported in Ref. [26]. The most general Hamiltonian
of the model can be thus obtained by the sum of all unit blocks rounded by dotted rectangle in
Fig. 2.6. Therefor, the Hamiltonian of the ladder reads

N
H=YHj (2.15)
j=1
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The operator H; defines Hamiltonian of the j—th unit block. Thus, it can be written as

Hj= { (81 - S25)a = 7«:20211—21:2 ST (913 el [Ul,j+rj’ + El,jJrrj”])}q

Ji =, . . T D (=2 =2
H 5 [ELj 025 + o141 Sag] + 3 (“l,j + ~2,j> (2.16)
+J) (01,5815 + 02,525 + E1j01j41 + 02,52,511)

— L9102 + 01541) + 92(E1j + Baj41)] ],

where S7; (o € {z,y,2}) indicate spatial components of the standard spin-1/2 operator to the
. .. .- . g (=11

leg I and rungl J under periodic boundary conditions. In addition, we supposed j = ——;

and j' = # Here, N is the number of rungs and must be even. Also, we assume that

each pair of S = 1/2 quantum spins S ; and S5 j, interact through a typical XX Z exchange
coupling;:

(S1j - S2j)ya = [J(ST;55, + SY,5% ) + ASF ;85 ], (2.17)

with Sf*(a = z,y, 2) being the special quantum spin operators. J; and J| are the Ising-type
couplings on the rungs and along the legs. These couplings are supposed to include only z-
component of the quantum spins. J represents the isotropic interaction between the interstitial
Heisenberg dimers, and A stands for the exchange anisotropy between them. It is noteworthy
that in the remaining parts of this article we consider just two species of Ising-Heisenberg spin
ladders, i.e., mixed spin-(1/2, 1) Ising-XX double saw-tooth ladder by supposing A = 0, and
mixed spin-(1/2, 1) Ising-XXX double saw-tooth ladder by supposing A = 1 with respect to the
coupling constant J. 0, ; and 2, are the S = 1/2 and S = 1 Ising spin variables, taking values
(1/2,—1/2) and (1,0, —1), respectively. B is the external homogeneous magnetic field applied
in the z-direction. D represents the single-ion anisotropy parameter, and ¢g; and go are Landé
g-factors associated to, respectively, spins-1/2 and spins-1. Although Eq. (4.4) seems to be a
long complicated formula for the total Hamiltonian of the system, we try to show in detail all
parts of the Hamiltonian with different symbols that may help readers to deep understand of

the model, as well as, to follow our analytical and numerical calculations easily.

2.3.1 The exact solution within the classical transfer-matrix formalism

We perform transfer-matrix technique to obtain the partition function of the model. Conse-
quently, the partition function of the mixed-spin Ising-Heisenberg double saw-tooth ladder can
be written in the form

Zy = Tr [TV], (2.18)

The average spin value of the j—th plaquette in our favorite one-dimensional Ising-Heisenberg
model when the system reaches thermodynamic equilibrium is the same for all values of j. Al-
though, each two adjacent plaquettes are geometrically different (because of localizing different

Ising spins on the vertices), they are mathematically the same since all Heisenberg dimers are
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identical. Actually, the Hamiltonians of each adjacent plaquettes follow the commutation rela-
tion [3'—[;D , ”Hf +1) = 0. This property enables us to deduce the partition function of the model
through the transfer-matrix of j—th plaquette. Accordingly, 6 x 6 transfer-matrix T of the j—th
plaquette has typical form

T =w(o1j, E2,j|E1,5, 02,5)- (2.19)

The fully symmetric matrix w is a Boltzmann factor for the associated plaquette bounded by

red-dashed rectangle in Fig. 4.5.

The eigenvalues of the quantum part of the Hamiltonian block explicitly depend on the values of
four nodal spins, interacting with the quantum spin dimer. Rely on this fact, the eigenvalues of
the Hamiltonian of the j—th plaquette can be easily found by its diagonalization in the standard
basis (| 1), | T4),| 41), | ). Therefore, the eigenvalues are

€12 =
—T+ %\/JH2 (01,2j-1 — Sn2j-1 + Evj — 02,2))" + J2, (2.20)
€34 =
2 £5 (2018 — Jy(012j-1 — E22-1 + E12j — 02.3))) |
with the corresponding eigenvectors
[W12) = g (110 + A< 41),
U3) = | 14), (2:21)
[Tq) = | 1),
where
Ay =
1 [J|| (E2,2j-1 — 01,2j—1 + 02,2 — E1,25) (2.22)
i\/J”Q (E22j-1 — 012j-1 + 02,25 — E12;)° + JQJ.
The transfer-matrix T has the symmetric form
A G a a K U
g B @ Q@ R S
Q Cc v w
T=| “ T (2.23)
a QV C X ~
KR WX D J
u s ~ ~ J €&

where by considering

2 =ePL =B, A= efD, = ePB § = ePA,
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the following notations are adopted for the all components of the transfer-matrix:

N

A= 4272207202 (pa + 09), G = 4z 225 12 (03 + 13),

K= 4(»21;22 W) (o1 +U3), U = A(z125 227 %) (o + ¥3),

B = 4(u) (2 +19), Q = 4(z 2003 (01 + ¥}),

R = 4(po + 1), § = 4(zE 27 03 (o1 + ),

C=4(z1257A2)(po + ¥9), V =4(21 25\~ )(900 + 1),

W = 421 22h I ) (o1 + ), X = A(eF 2o E) (91 + ),

D = 4 (pz +19), T = (225 A H) (g + ),

£=A4(z" Zz 3PN (oo + 1Y),

a=4A"2p)(p2 +¥3), v = 4N ) (-2 + ¥3),

Q= 4(27 A0 ) (1 + ), (2.24)

for which functions ¢ and 1 are defined as

©n = 20 cosh(B[2B — nJ)),
Ui = 26 cosh(B/(mn)? + (m'])?).

2.3.2 Free energy

To derive exact expressions for all thermodynamic parameters of the mixed spin-(1/2, 1) Ising-
Heisenberg double saw-tooth ladder, the partition function should be calculated by using above
analytical procedure. In the thermodynamic limit, the free energy per unit plaquette can be
expressed as

f=-3 LIn Avaa, (2.25)

where, Apqr is the largest eigenvalue of the transfer matrix. Now, one can investigate the

thermodynamic parameters of the model under consideration quantitatively.

2.3.3 Magnetization

At the beginning, let us discuss possible magnetic ground states reproduced by magnetization
curve. In Figs. 2.7 (a) and 2.7 (d), we display the low-temperature magnetization in the
(B/Jy—J/J)) plane for A/J; = 0 and A/J| = 1, respectively. The single-ion anisotropy assumed
to be D/Jy = 1. We note that in all of forthcoming figures we optionally assume different fixed
values g1 = 1 and g9 = 2 for the Heisenberg dimers and spin-1 Ising nodal sites, and alternating

weak-rung interaction coupling J, / J| = 0.1 between nodal spins. The magnetization exhibits
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FIGURE 2.7: (a) and (d) Contour plot of the magnetization per saturation of the mixed spin
Ising-Heisenberg double saw-tooth ladder, in the (B/.J;—J/J||) plane for fixed values of A/.Jj =0
(mixed spin Ising-XX double saw-tooth ladder) and A/J; = 1 (mixed spin Ising-XXX double
saw-tooth ladder), respectively. (b) and (e) show the corresponding magnetic susceptibility to
panels (a) and (d) respectively. (c) and (f) 2-D plot of the magnetization for some selected
exchange coupling ratio J/Jj. In all panels are assumed fixed parameters g; = 1, go = 2,
Ji/Jy =01, D/J; =1and T/J) = 0.1. Dotted lines show the special point [.J/J| = 2.25
which would be our interest to consider in numerical process.

at sufficiently low temperatures abrupt but continuous changes in a vicinity of each critical field

being reminiscent of zero-temperature magnetization jumps.

Figure 2.7(a) illustrates the magnetization curve of the mixed spin-(1/2, 1) Ising-XX double saw-
tooth ladder in the (B/J)—J/J|) plane for the case when Heisenberg XX interaction is considered

for the dimers, namely A/ J| = 0, assuming other parameters of the Hamiltonian as fixed values
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g1=1,92=2,J1/Jy =01, D/J; = 1. It is clear from this panel that the magnetization at
J/J| = 0 (see blue solid line plotted in panel 2.7(c)) shows intermediate plateaux at M /M = 1/7
and widely at M /My = 5/7, M; means saturation magnetization. As the exchange coupling
J/ J)| increases another intermediate plateau appears at M /Mg = 3/7, such that the plateau at
M /Mg = 5/7 becomes narrower. By considering isotropic case XXX Heisenberg interaction for
the dimers (panel 2.7(d)) we witness that the magnetic phase boundaries accompanying with the
magnetization jumps are considerably limited. Furthermore, the magnetization becomes zero at
low magnetic fields and weak interaction J/.Jj. This phenomenon tell us that an unconventional
plateau at M /My = 0 arises in the magnetization curve (see panel 2.7(f)) which gradually
disappears upon increasing .J/ J|. The magnetization plateau at M /Mg = 3/7 is created at
lower exchange coupling J/J| for the mixed spin Ising-XXX model, see for example, red dashed
line plotted in panels 2.7(c) and 2.7(f). In Figs. 2.7(b) and 2.7(e) are depicted the magnetic
susceptibility in the same conditions to panels 2.7(a) and 2.7(d), respectively. One can see
that the magnetic susceptibility has a sharp peak nearby the critical magnetic fields at which

first-order magnetic phase transition occurs.

2.3.4 Entropy and magnetic Griineisen parameter

The contour plot of the entropy per block is displayed in Fig. 2.8 in the (B/J; —T/J)) plane
for arbitrary anisotropic parameters set A/J = {0, 1} and D/J = {1, 2}, assuming fixed
J/J = 2.25. Contour plot showed in Fig. 2.8(a) implies that the entropy variation can be
qualitatively a good evidence of the first-order phase transition between magnetic ground states
of mixed spin Ising-XX ladder with the magnetization values M /M, = {1/7, 3/7, 5/7} whose
boundaries are confined by magnetization jumps. The reason is that the isentropy lines are
significantly accumulated close to the critical magnetic fields B/ J ~ {0, 1, 1.6, 3.2}, where at
each point an enhanced MCE exists. It can be concluded from Fig. 2.8(b) that the entropy per
plaquette of the mixed spin Ising-XXX ladder in terms of ratios B/.J; and T'/Jj can particularly
show the discontinuous magnetic phase transition corresponding to the magnetization jump
from an intermediate plateau appeared in Fig. 2.7(f) to one another. Evidently, the feature and
magnetic position of the magnetization jumps is different from the case mixed-spin Ising-XX
ladder (or when A/J) = 0).

The adiabatic demagnetization process of the both cases, mixed-spin Ising XX double saw-tooth
ladder and mixed spin Ising-XXX double saw-tooth ladder, strongly depends on the single-ion
anisotropy parameter D/J|. To prove our claim, we have plotted in Figs. 2.8(c) and 2.8(d)
the isothermal dependences of entropy S/N of, respectively, the mixed spin Ising-XX ladder
and that of mixed-spin Ising-XXX ladder, in the temperature-field plane for D/ Jy = 2. The
adiabatic demagnetization curves (solid lines of the contour plots) are illustrated in these panels,
as well. We see that by tuning the single-ion anisotropy parameter the shape of entropy under-

goes significant alterations, and the isentropy lines suddenly accumulate. Moreover, it results
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FicURE 2.8: Contour plot of the entropy as a function of the temperature and the magnetic
field of the mixed spin-(1/2, 1) Ising-Heisenberg double saw-tooth ladder for fixed values of
J/J” = 2.25 and JJ_/JH =0.1. (a) A/JH = 0 and D/J” = 1, (b) A/J” =0 and D/J” = 2, (C)
A/Jy=1and D/Jj =1, (d) A/Jy=1and D/J; = 2. The entropy changes from its minimum
value S/N = 0 (dark regions) up to S/N = 0.5 (bright regions).

in disappearing some accumulations and appearing new ones at different magnetic positions,

revealing the MCE enhances at different magnetic field values. This is true for both models.

Now, let us discuss the effects of single-ion anisotropy D/ J) on the magnetic Griineisen parameter
times magnetic field to realize the cooling/heating property of the models under consideration
at low temperature. For this purpose, we plot in Fig. 2.9 the cooling rate as function of ratios
B/J and T/ J, keeping other parameters of the Hamiltonian as in Fig. 2.8. In accordance with
general expectations, we witness sharp fall-and-rise containing positive and negative values in
vicinity of the critical magnetic fields. When the temperature increases, the magnitude of these
peaks rapidly decreases. This behavior is directly connected to the anomalous zero-temperature

entropy of the models under consideration at critical points.

Figure 2.9(a) displays the cooling rate of the mixed spin Ising-XX double saw-tooth ladder as
a function of the magnetic field for three selected temperatures 7'/ Jy = 0.04, T/ J = 0.06,
and T/Jj = 0.1 by assuming fixed A/Jj = 0 and D/J = 1. The blue curve starts at zero
magnetic field and crosses the first transition at B./J) ~ 0.2 that recalls the magnetization
jump from zero to intermediate 1/7-plateau of saturation magnetization. Further increase of the
magnetic field results in arising second fall-and-rise at proximately B./J| ~ 1 which cuts two
ground states with magnetization value M /M, = 1/7 and M /My = 3/7. Third peak arises at
B./J) = 1.5, where the the magnetization jump occurs from 3/7-plateau to 5/7 plateau with

respect to saturation value. Compared with aforementioned enhanced MCEs, there is a giant
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FIGURE 2.9: Grineisen parameter multiplied by the magnetic field BI'g as a function of the
magnetic field for three temperatures 7'/J; = 0.04, T'/J; = 0.06, and T/J; = 0.1 at fixed
exchange coupling J/J| = 2.25. (a) A/Jy=0and D/Jy=1. (b) A/Jy=1and D/J; =1. (c)
A/Jy=0and D/Jy =2. (d) A/Jy =1and D/J = 2. Other parameters have been taken as
in Fig. 2.8.

MCE nearby the critical field B./Jj ~ 3.1 accompanied with the magnetization jump from
5/7-plateau to saturation magnetization. By considering the second model, i.e., mixed spin
Ising-XXX double saw-tooth ladder (look at Fig. 2.9(b)), the shape and height of the peaks will
notably change. This phenomenon is in accordance with the change in magnetization steps and

jumps as illustrated in Fig. 2.7(f).

To get an overall insight into the influence of ratio D/ J| | on the cooling process, we display in Figs.
2.9(c) and 2.9(d) the field dependence of the magnetic Griineisen parameter multiplied by the
magnetic field , BI'p for both models at three different temperatures 7'/.J) = 0.04, T/JH = 0.06,
T/Jy = 0.1 and fixed J/J = 2.25, assuming D/J = 2. Evidently, different critical magnetic
fields are observed nearby which the MCE could become enhanced. In result, the single-ion
anisotropy considerably affects on the cooling /heating property of the both models. Besides, we
observe that the parameter D/ J) has substantial influences on the temperature dependence of

the residual entropy in analogous to the mixed spin Ising-XX ladder.

2.4 Mixed spin-(1/2, 1) Ising-Heisenberg two-leg ladder

Various Heisenberg spin models defined on the two-leg ladders have attracted a great deal of

attention in theoretical condensed matter due to reveal extremely rich behaviors, dominated by
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quantum effects [152, 153, 154, 155, 156]. Two-leg ladders with antiferromagnetic exchange along
their rungs [157, 158], as well as, both of antiferromagnetic and ferromagnetic exchanges along
legs have been investigated in previous studies [159, 160, 161, 162]. From this perspective, M. T.
Batchelor et al. [163] have comprehensively investigated the magnetic properties, ground-state
phase transition and thermodynamics of various versions of exactly solvable two-leg ladders,
both pure spin-1/2 models and mixed spin (1/2, 1) ones, and discussed their implementation in

the physics of strong-rung interaction ladder compounds.

Although, there is a great interest on the magnetic and thermodynamic properties of the Spin-1/2
two-leg ladder systems, mixed spin-(1/2, S) Ising-Heisenberg ladders have been much less stud-
ied. They exhibit many interesting aspects that would definitely attract a numerous attentions
in theoretical condensed matter and magnetic material science. From the experimental point of
view, various magnetic materials with obvious quantum nature have been detected whose struc-
tures can be characterized in terms of the mixed spin ladders. With this regard, a widespread of
organic mixed spin ladders with strong rung coupling have been synthesised [163, 164, 165]. In
a resent report [166], H. Lu et al. experimentally studied the synthesis, structure, and magnetic
properties of a novel diamond chain CupFePO4F4(H20)4 composed of mixed spins S 2+ = 1/2
and Sps+ = 5/2. The model possesses a noncollinear spin order with successive ground-state
phase transitions. In the current section, we introduce a mixed spin-(1/2,1) Ising-XYZ two-leg
ladder whose nodal Ising spins play the decoration role. One of applications of this model is that,
it can effectively reproduce the mixed spin diamond chain compound CusFePO4F4(H20)4 by
rigorously mapping to equivalence with the introduced mixed-(1/2,1) Ising-Heisenberg two-leg
ladder. We prove that the generalized mixed spin-(1/2, 1) Ising-Heisenberg model on a deco-
rated two-leg ladder can be exactly solved through the classical transfer matrix technique and

discloses many interesting magnetic properties.

The current progress contributes to manufacture low-dimensional magnetic materials with de-
sired parameters, particularly, when the system involves with the alternating dimer-rung ex-
change. Moreover, the selected model properly creates the possibility of understanding an
Ising-Heisenberg ladder system with the four-spin Ising interaction and leg-rung exchange mod-
ulations. The main discoveries form our investigations of this model have been noted in Ref.
[27].

2.4.1 Model and its exact solution

The most general Hamiltonian of the two-leg ladder could be then obtained by the sum of all
unit blocks represented by dashed rectangle in Fig. 2.10. Due to better characterizing the
Hamiltonian, we split all unit blocks to two sub-unit blocks as

H=3% (ML +#HE), (2.26)

M=

j=1
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FIGURE 2.10: Sketch of the mixed spin-(1/2,1) Ising-Heisenberg two-leg model on a decorated
ladder. Gold balls present effective spin-1 particles, while blue balls denote effective spin-1,/2
particles. They interact with their nearest-neighbor sites through Ising-type coupling constant
J) along the legs and through J, along the rungs. Red balls linked together with tick lines show
the spin-1/2 interstitial Heisenberg dimers. The region indicated by dashed rectangle displays
a unit block (including two plaquettes) that repeats throughout the ladder.

The operators ’Hgl and ’H%Q define Hamiltonians of two sub-unit blocks so-called square Plaquette-
1 (Py) and Plaquette-2 (Ps), respectively. Hamiltonians of the two square plaquettes can be

written as below abbreviated forms

HE' = { =T (815 Sai)a- = 32 Sij(9nB+ad[ons+Ees]) )+

{ — %[00, 2 + E1j 02] + K (01 E2j 025 E15)
—5 (9201 + 025) + g3(Z1,5 + Z2)] |
(2.27)

[1]

B={- J( 1" Sé,j)N - R:;QSIHZJ (91B +adyo, jp 7 + n,j+j"])}q+

(-4 [E1j 02, + 01541 S2j41] + K (E1 01541 B2,j4+1 02,5)

—Blga(02j + 01j41) + 93(Er,; + Eaj41)] b
where Sa (S'a ) indicates spatial components of being the Pauli operators to the leg x and
j-th (7 + 1-th) rung under periodic boundary conditions. a = {x,y, 2z} denotes the direction
of the Pauli matrices in the z—, y— and z—axis, respectively. Subscripts ¢ and c¢ represent,
respectively, the quantum and classical parts of the Hamiltonians. Here, IV is the number of
unit blocks which is supposed to be even, and we assume that each pair of quantum spins S ;

(81,) and Sz ; (S5 ;), interact through the fully anisotropic XYZ exchange coupling

J (Sl,j ) 52,1‘) J[( (1+4+7) 1 Zx,j + (1 - ’Y)S?f,jsg,j) + A~ Sfj f,j],

J S (2.28)
J (st .5273)A = J[((1+7) 17j527j+(1—fy)s§jsg,j)+A+5Ljszj],
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where, J represents the ferromagnetic exchange interaction between the interstitial Heisenberg
dimers, while v is the XY-anisotropy. Subscripts A~ = (1 — A)/2 and AT = (1 + A)/2 denote
alternative rung-exchange anisotropy in the interstitial dimers respectively, Pi-dimer and Pa-

dimer, where A (=1 < A < 1) stands for the exchange anisotropy. In addition we supposed
! (=1)r-1 _ (=

J =——5— and j” = % Ji and J) are the Ising-type couplings on the rungs and along

the legs, respectively. Tunable coefficient « typically represents the strength of Jj with respect to

other parameters. To invoke the strong ferromagnetic Ising-rung interaction condition J; >> 0,
in the current research we consider 0 < o < 1. K manifests four-spin Ising interaction between
four nodal sites of each plaquette. These couplings are supposed to include only z-component of
the quantum spins. o, ; and Z, ; are the S = 1/2 and S = 1 Ising spin variables, taking values
(1,—1) and (1,0, —1), respectively. B is the external homogeneous magnetic field applied in the
z-direction. Motivated by assuming mixed spin parties in the ladder, we here optionally consider
three different static Landé g-factors g1, go and g3, denoting three different particles in the spin
model. Multiplicity of the parameters in the Hamiltonian makes enable us to introduce a more
flexible and eligible model for both of the theoretical investigations and experimental analysis

specially for mixed-spin two-leg ladders and metal ions doped spin ladders [167, 168, 169].

2.4.2 The exact solution within the classical transfer-matrix formalism

We perform the generalized classical transfer-matrix technique to obtain the partition function
of the model. To study the thermodynamics of the mixed spin-(1/2,1) Ising-Heisenberg two-
leg ladder, we realize that Hamiltonians of each pair of unit block commute with each other.
Consequently, the partition function of the model could be expressed as the product of Boltzmann

factors corresponding to the unit blocks possessing the same transfer matrix T, namely

N . .
Z=Tr [TV = Tr (H e[—ﬁ(HF*HEQ)]) . (2.29)
j=1

To obtain above partition function, one can apply the transfer-matrix approach using the product
of Boltzmann factors for the sub-unit blocks with Hamiltonians H%l and ’HéQ. Hence, the 6 x 6

transfer-matrix of a unit block can be written as

T =w(o1j, Z2,4E1, 025)W(E1;, 024l01511, E2541)- (2.30)

6 x 6 fully symmetric matrices w and W are Boltzmann factors for the sub-unit blocks with

Hamiltonians ’H%l and H%Q, respectively.

The procedure of deducing eigenvalues of the Hamiltonians of 4-sites plaquettes and their cor-

responding transfer-matrix coefficients is given below.
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Consider the mixed spin-(1/2,1) Ising-Heisenberg two-leg model on a decorated ladder. The
corresponding 6 x 6 transfer-matrix per block is given by Eq. (2.30). For simplicity, we divide

the Boltzmann factors w and W into classical and quantum parts such that
—_ —_ L P [ ) —_ —_
W (01, E2[E1, 095) = e (000 2212059250 Sy (045, Bs 5|2, 02),

— _BHZI(=, . ) ) = — —_
W (Z1, 02,4l01541, Sajp) = e P Erg aglrniin Sai) o3y (21, 025001541, Zagia) -
(2.31)

On above, we have the Boltezmann’s weight for the quantum parts of the Hamiltonians (2.27)

4 —_— —_—
W (015, B24|Z1y, 025) = 32 e Pl =245, 024),
n=1 (2.32)

w. (= . . . = - — —Ben(E1,5, 02,5|01,j41, E2,5
Wq (Evj, 02,l01,+1, Ezj41) = 216 Fen(Brg o25lo1.441, Bz ),
n=

for which e,, and g, (n = 1, ..., 4) denote the eigenvalues of the quantum parts of the Hamiltonians
(2.27).

The eigenvalues ¢, and g, explicitly depend on the values of four classical spin variables of the
unit-cells in each block, interacting with the quantum Heisenberg spin dimers P;-dimer and Ps-
dimer. They can be easily found by the straightforward diagonalization of the quantum parts
of the Hamiltonians in the standard Ising basis (| 11), | T4),| 41),] J4)). Thus eigenvalues ¢,, are

€1.4 J 2g1B _ _
= —(1=-A + . =5 . =
J” J” ( ) + { JH (Ul,] + 2,5 + 02,5 + 1,])}
(2.33)
€23 _ J S g+ )2 J)2
Jj = Jj (A-1)+ \/(‘71,3 Z2,j — 025+ “—‘1,3) + 16(JH) )
and for g, we have analogously
€14 J 21 B . _
GENE FPUNEY LI )]
7 JII( +A)F J; (15 + 025 + Erje1 +02541)
(2.34)
g23 J = = 2 2
J” = j”(—l - A) + \/(:17]‘ — 02 —224+1F 01,]‘_1_1) + 16(%") .
The transfer matrix of the P; has the symmetric form
A G = 7 K U
G B Q@ 9@ R S8
Q Cc v w
T=| " T, (2.35)
T Q@ vV C X v
R W X D J
u s ~ ~ J €
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where by considering
1 = eﬁJla A= eﬁKa H1 = 6/891B7 H2 = 6ﬁ92Ba H3 = eﬁggB’ 0= 66A7]a

the following notations are adopted for the all components of the transfer-matrix:

A= A0 N ) (o + 00), G = A2y s (03 + ),
K = (2 2 ps) (o1 + ), U = 407 A (0 + 1),

B = 4(u3) (02 + ), Q= 4= *pig) (o1 + 3),

R = 4(po+13), S = 4(z 23 ) (1 + ),

C=4(z1A" (o +13), YV =4(z{ A" (po + ¥3),

W= 4(22 5 ) (oot + 03), X = (2 13 2ua) (01 + 1)),

D = 4(13%) (s + 09), T = 4(=1 21132115 (s + ),

€ =40z Ay g (p-a + 49),

T =4(u3)(p2 +13), ¥ = 4z ) (o2 + ¥3),

Q = 4(=2 1305 (1 + ), (2.36)

for which functions ¢ and ¥ are defined as

©n = 2671 cosh(B[291 B — nJ]),
o = 26 cosh(,B\/(mJ)Q + (mJ))?).

Analogously, the Boltzmann factors for the Py-dimer are expressed in a similar way to the Pj-
dimer. The transfer matrix of the Py can be easily obtained in an analogous procedure to the
Py, but by substituting parameter A~ with A*. Eventually, the transfer matrix of the unit
blocks can be given by T = T T, for which 77 is the transfer matrix of the Plaquette-2. Due to

abbreviate analytical expressions we leave writing this matrix.

2.4.3 Gibbs free energy and thermodynamic parameters

To derive forthright expressions for all thermodynamic parameters of the mixed spin-(1/2,1)
Ising-Heisenberg two-leg ladder, the partition function should be calculated by considering unit
block Hamiltonians of the model written in Eq. (2.27). In the thermodynamic limit, the free

energy per block can be expressed as

f = _%lnAma;r; (237)
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where, Ajqe is the largest eigenvalue of the transfer matrix T. Magnetization, entropy and

specific heat of the model can be obtained using the Gibbs free energy as follows

2
M= _<%)T’ 5= _<§%>B’ ¢= _T<%>B' (2.38)

One can exactly obtain A4, and in turn the thermodynamic parameters of the model under

consideration using numerical procedure that we have expressed in our publication [62].

2.4.4 Magnetization process and discontinuous ground-state phase transition

We begin by exploring the low-temperature magnetization process of the mixed spin-(1/2, 1)
Ising-XYZ two-leg ladder. The 3-D magnetization curves in the (B/aJ — J/aJ)) plane are
plotted in Fig. 4.6 for three different fixed values of the special parameter K/ aJ). In all figures,
two distinguished sets of Landé g-factors g1, go and g3 have been optionally assumed. In fact,
we formally consider two different versions of spin localization in the body of ladder. First
version is assembled, for example, by set {g1 = 1, g2 = 1, g3 = 2}, revealing nodal spin-1/2
particles (dark-blue balls in Fig. 2.10) and Heisenberg dimers (red balls in Fig. 2.10) have
identical nature. Second version is modulated by set {g1 = 1, g2 = 4, g3 = 2}, motivating by
consideration all particles in the ladder have different nature. Nevertheless, we enable readers
to select a wide range of Landé g-factors to investigate the model by following our technical

procedure.

Panels 4.6(a), 4.6(c), 4.6(e) display the normalized magnetization M with respect to its satu-
ration value M; for the set {g1 = 1, g2 = 1, g3 = 2}, denoting spin-1/2 particles localized on
the legs and on the rungs have identical g-factors. Panels 4.6(b), 4.6(d), 4.6(f) illustrate the
magnetization for different set of g-factors, i.g., {g1 = 1, g2 = 4, g3 = 2} revealing all parti-
cles interacted together have different g-factors. Meanwhile, three different values of the cyclic
four-spin Ising interaction K/a.J| have been considered. Panels 4.6(a) , 4.6(b) represent 3-D
magnetization curve of the model for two different sets of Landé g-factors such that K/aJ; = 0.
In panels 4.6(c) , 4.6(d) we consider fixed value K/aJy = 1, and in panels 4.6(e) , 4.6(f) we have
assumed K/aJ) = 2.

Generally speaking, as it is illustrated in Fig. 4.6, the alterations of cyclic four-spin Ising
interaction has substantial influences on the magnetization behavior in (B/aJ) — J/a.J)) plane.
We discuss this stimulating medium in Fig. 2.12. Possible magnetic ground states of the mixed
spin-(1/2,1) Ising-Heisenberg two-leg ladder can be found by changing in magnetization behavior,
depending on the mutual interplay between the model parameters A=, At J, /aJ | and K Jaud, I
It is argued in Figs. 2.12 and 2.13, the ground-state phase diagram in the (B/aJ — J/aJ))
plane and (B/aJ) — K/aJ)) plane, respectively. In this study, we focus on the interplay between

the ratio K/ aJ)| and zero-temperature phase spectra of the model.
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FiGURE 2.11: 3-D plots of the low-temperature magnetization per its saturation value as a
function of the magnetic field B/a.J| and the interaction ratio J/a.Jy where fixed values, a = 0.5,
A =0.5,7=0.5and J, /aJj = 5 are assumed. In this plot and next plots we generally consider
two different sets for the Landé g-factors g1, g2 and gs. (a), (c), (e) {g1 =1, g2 = 1, g3 = 2};
(b), (d), (f) {g1 =1, g2 =4, g3 = 2}. Also, three different values of the four-spin Ising term
K/aJ) have been evaluated. (a) , (b) K/aJ = 0; (c), (d) K/aJ =1; (e) , (f) K/aJ) = 2.
We here consider T'/a.J) = 0.12.

Figure 2.12 (a) illustrates the zero-temperature phase diagram of the ladder in (B/aJ) —J/aJ))
plane for K/aJj = 0 and g-factors set {g1 = 1, go = 1, g3 = 2}. Other parameters have been
assumed to be o« = 0.5, A = 0.5, v = 0.5, and JL/aJH = 5. The later assumption denotes
the interaction between spin-1/2 and spin-1 particles localized on the Ising rungs of the ladder
to be strong-rung ferromagnetic interaction. A notable remark from Fig. 2.12 is that level-
crossing magnetic field shown by red and blue lines in all panels has identical gradients with a
linear dependence on the exchange interaction J/ aJ)|. The model, independent of the quantity
K/ aJ|, presents in the low-temperature magnetization curve an instant magnetization jump

from zero to an intermediate plateau normalized with respect to the saturation magnetization.

It can be seen from Fig. 2.12 (a) that for the case K/aJ = 0 when the set of g-factors {g1 = 1,
g2 = 1, g3 = 2} is considered, the model may also exhibits several intermediate plateaux such
as (1/5)—plateau, (2/5)—plateau, (3/5)—plateau and (4/5)—plateau of the saturation value M.
On the other hand, as illustrated in Fig. 2.12 (b), when the set {g1 = 1, g2 = 4, g3 = 2}
is assumed, the model reproduces magnetic ground-state phase spectra corresponding to the
magnetization (1/4)—plateau, (3/8)—plateau, (1/2)—plateau, (3/4)—plateau and (7/8)—plateau
of the saturation value (the same fixed values of all parameters to Fig. 4.6(b) are supposed).
Filled-plus marks in both panels 2.12 (a) and 2.12 (b) demonstrate the co-ordinates of critical
exchange interactions J/aJj = 4 and J/ aJ) = 2 at which four ground-states become degenerate.
Although, each point of the both blue and red lines is fascinating to count in our investigations,

on an optional basis we choose two introduced quadruple points such that they play the most



Chapter 2. Ising-Heisenberg double saw-tooth ladders 45

6 {g1=1,92=1, g3=2}, K/aJ =0 5 {91=1, g2=4, g3=2}, K/aJ; =0
(a)l T T T T T T (b) T T T
5F @ @ 4t
af B ] 2
= =31
S 3 B S}
= / =2t 1
52_ @ i ~ /
A | 1l @
1 1 1 1 1 1 1 1 1 1
% 12 3 4 5 6 7 8 9 % 1 2 3 4 5
B/a]J B/al]
(g1=1, g2=1, g5=2}, K/aJy =1 {91=1, g2=4, g5=2}, K/aJy =1
6(C)| T T T T L T 6 (d) T T T T
5t @ > ]
A @ : 4t i
S ) S, @ /
) I
el @ - el 518 %@ ® ]
1} 5 1 1} > 1
% 12 3 4 5 6 7 8 9 % 1 2 3 4 5
B/a]J B/a ]
. {(g1=1, g2=1, gs5=2}, K/aJy =2 . {91=1, g2=4, gs=2}, K/aJy =2
(e) T T T T T T T 4/ (f) T T T T T
S S
83 83 —
=2 ) 1
1 1 @-
/ 1 1 1 1 1 1 1 1
% 12 3 45 6 7 8 9 10 0 5
B/a]J B /a ]

FIGURE 2.12: The ground-state phase diagram of the mixed-spin Ising-XYZ two-leg ladder
within the (B/aJ — J/aJ)) plane for three different values of the ratio K/a.Jy. Solid lines
with different colors label discontinuous phase transitions. Shaded area in all figures are the
same. Fractional numbers rounded by circles indicate the corresponding magnetization plateau
to a given ground-state in units of saturated magnetization M. For example, 1/5 denotes
intermediate one-fifth plateau, whereas 1/2 represents magnetization one-half plateau, and so
on. (a) {g1 =1, g2 =1, g3 =2} and K/aJy =0, (b) {91 =1, g2 = 4, g3 = 2} and K/aJ = 0.
() {g1=1,92=1,93 =2} and K/aJ =1, (d) {g1 =1, go = 4, g3 =2} and K/aJ = 1. (e)
{91=1,92=1,93 =2} and K/aJ) =2, (f) {g1 =1, go = 4, g3 = 2} and K/aJ = 2. The
same set of other parameters to Fig. 4.6 have been conceived.

important role to continue our studies on the quantum correlation and the thermodynamics of

the model.

A deep insight into the nature of different phase boundaries can be obtained by considering the
typical cyclic four-spin Ising interaction in the magnetization process. With this in mind, we

have plotted in Figs. 2.12 (¢)-2.12 (f) the ground-state phase diagram when the system involves
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FIGURE 2.13: First-order zero-temperature phase transition of the model within the (B/a.J) —
K/aJy) plane. (a) {g1 =1, g2 =1, g3 = 2} and J/aJ) =4, (b) {g1 = 1, go = 4, g3 = 2} and
J/aJ = 2. Other parameters of the Hamiltonian have been taken as for Fig. 4.6. Filled pluses
display the intersection of multiple ground states, where the degeneracy between them occurs.

an additional Ising term K /aJH = 0. Surprisingly, the phase boundaries undergo substantial
changes. For instance, when K/aJ| > 0 for the set {g1 = 1, g2 = 4, g3 = 2} an intermediate
(5/8)—plateau is visible in the magnetization curve (Fig. 2.12 (d)).

To bring an insight into how the cyclic four-spin Ising term play its rule to confine magnetic
ground-state phase boundaries, we plot in Fig. 2.13 the possible ground-state phase diagram
in the (B/ alJy— K / oaJH) plane, where the co-ordinates of two aforementioned quadruple points
have been optionally taken as fixed exchange interactions. To verify this point, in Fig. 2.13(a),
is plotted the ground-state phase diagram when the set of Landé g-factors {g1 = 1, g2 = 1,
g3 = 2} and fixed J/aJ| = 4 are assumed. Figure 2.13(b) demonstrates the same theme but for
the set of {g1 =1, g2 = 4, g3 = 2} and fixed J/aJ = 2.

As a result, one perceives from both panels of Fig. 2.13 that there are three critical points
at which the boundaries of two or more ground states cut each other off, revealing that they
become degenerate. The co-ordinates of these fancy points are as {B/aJ) = 0, K/aJ| = 2.5},
{B/aJy =5, K/aJy = 0} and {B/aJ) =7, K/aJy = 1} (see panel 2.13(a)). In a different
fashion, as shown in panel 2.13(b), we find the same critical points for the cyclic four-spin Ising
term at the special co-ordinates {B/aJ) =0, K/aJ = 2.5}, {B/aJ = 3.4, K/aJ = 1}. In
what follows, we will also focus on the special critical point K/aJj = 1 as a quadruple point to

investigate the thermodynamics of the model in different situations.

2.4.5 Specific heat

Let us continue our discussion with the all dependencies of the specific heat of the mixed-spin
Ising-XYZ ladder in the (B/aJy — T/aJ)) plane by considering the co-ordinates of the above-
described critical points as fixed values for interaction parameters J/a.Jj and K/aJ. To this

end, we display in Figs. 2.14 (a) and 2.14 (d) contour plot of the specific heat as a function of
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the temperature and the magnetic field with K /a.Jj = 0 by supposing two conditions {g; = 1,
g2 =1,93 =2}, J/aJy =4, and {g1 = 1, g2 = 4, g3 = 2}, J/aJ) = 2, respectively. By
inspecting Fig. 2.14 (b) one can realize that there is an anomalous Schottky maximum arisen
at high temperatures (7'/aJj > 1) and moderate magnetic fields (1 < B/aJ) < 3). With
increase of the magnetic field is demonstrated a smaller peak at relatively low temperatures.
The transition temperature could be fixed in the temperature intervals in which the specific
heat curve has a steep increase and changes much, as we illustrated by upside down arrows.
Under the situation {g1 = 1, g2 = 4, g3 = 2}, J/aJ = 2 (Fig. 2.14 (e)), the typical Schottky

maximum appears at lower magnetic fields.

Another interesting phenomenon observed at sufficiently low temperatures is that, the contour
lines of the specific heat are remarkably accumulated nearby the critical magnetic fields at
which magnetization jump occurs. It is quite noteworthy that we witness a huge accumulation
of contour lines close to the co-ordinates of quadruple point (filled-plus marks in Fig. 2.12)
rather than other critical points. For more clarity, we plot in Figs. 2.14 (c) and 2.14 (f) the
specific heat as a function of the magnetic field for several fixed values of the temperature where
other parameters have been set as panels 2.14 (a) and 2.14 (d), respectively. One can find that
the specific heat becomes minimum for a wide range of the temperature at the critical magnetic
fields, for example B./aJ| = {0, 5, 7} when the situation {g1 =1, g2 = 1, g3 = 2}, J/aJ =4,
K/aJy = 0 is considered. Under different condition {g1 = 1, g2 = 4, g3 = 2}, J/aJ| = 2,
K/aJ) = 0, the specific heat minima occur at the critical points B./aJ) = {0, 2.5, 3.5}.

To uncover the effect of cyclic four-spin Ising term K/a.J) on the specific heat behavior, in
Fig. 2.15, is shown the specific heat in the (B/aJ — T/aJ)) plane by assuming fixed value
K/aJ| = 1 where other parameters have been taken as Figs. 2.14(a)— 2.14(f). In panels
2.15(a) and 2.15(d), we observe significant evolution in the specific heat curve as we consider
non-zero cyclic four-spin Ising term K/ aJ)| # 0. More importantly, the term K/a.J) results in
changing the field-temperature position of the Schottky peak (compare Figs. 2.14(b) and 2.14(e)
with Figs. 2.15(b) and 2.15(e)). Analogously, the density of contour lines of the specific heat
remarkably increases close to the critical magnetic fields B./aJ = {0, 3, 5, 7} (Fig. 2.15(a))
and B./aJ) = {0, 1.5, 2.5, 3.5} (Fig. 2.15(d)), at which a magnetization jump occurs between
two ground states. The specific heat becomes minimum at these special critical magnetic fields
(see panels 2.15(c) and 2.15(f)).

2.4.6 Magnetocaloric effect

In this part, let us examine MCE properties of the mixed-spin (1/2, 1) Ising-XYZ two-leg ladder
and present the most interesting results obtained for the isentropy lines together with magnetic
Griineisen parameter multiplied by the magnetic field BI'p for two arbitrary sets of Landé

g-factors in the limit of quadruple points co-ordinates depicted in Figs. 2.12 and 2.13. We
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FIGURE 2.14: (a) Contour plot of the specific heat in the (B/a.Jj —T/a.J)) plane for the set
{91 =1, g2 = 1, g3 = 2} and fixed value J/aJj = 4. (b) The temperature dependence of the
specific heat for several fixed magnetic fields when the condition {g; = 1, go = 1, g3 = 2} and
J/aJ = 4 is assumed. Arrows illustrate the transition temperature at which the specific heat
has a steep increasing to make a maximum. (c) The specific heat as a function of the magnetic
field for a number of selected temperatures under the condition {g; = 1, g2 = 1, g3 = 2} and
J/aJ = 4. (d) Contour plot of the specific heat for the arbitrary set {g1 = 1, go = 4, g3 = 2}
and fixed value J/aJy = 2. (e) The specific heat curve versus temperature for various fixed
values of the magnetic field when the condition {g1 = 1, go = 4, g3 = 2} and fixed J/aJ = 2
are hypothesized. (f) The specific heat as a function of the magnetic field for a number of
selected temperatures, visualizing the set {g1 = 1, g2 = 4, g3 = 2} and fixed value J/aJ) = 2.
In all panels is assumed the zero value for the cyclic four-spin Ising term, i.e., K/a.Jy = 0, and
other parameters have been taken as Fig. 4.6.

would note that one of the most important results obtained from our numerical calculations and
simulations is uncovering the fact that the adiabatic demagnetization process strongly depends
on the cyclic four-spin Ising interaction parameter K /aJ”. In what follows, we try to pave a

way to understand this fact through plotting intelligible figures in different perspectives.

Figure 2.16(a) shows the isothermal dependence of entropy S/8N in the field-temperature plane
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FIGURE 2.15: (a) The temperature and magnetic field dependencies of the specific heat of
the model under the same situation to Fig. 2.14 but for non-zero value of the cyclic four-Ising
interaction K /a.Jy = 1. (a), (b), (c) display the specific heat for the set {g1 = 1, go = 1, g3 = 2},
J/aJ = 4, and (d), (e), (f) correspond to the set {g1 = 1, g2 = 4, g3 = 2} and fixed value
J/aJ) = 2, fitting with co-ordinates of the quadruple point marked in Fig. 2.13 (b). Arrows
imply the same definition to Figs. 2.14 (b) and 2.14 (e).

including adiabatic demagnetization curves (solid contour lines) for the case when we consider
the situation {g1 = 1, g2 = 1, g3 = 2} and fixed value J/aJj = 4. It is quite evident that the
isentropy lines are suddenly accumulated nearby the critical magnetic fields B./aJ) = {0, 5, 7}.
The density of the isentropy lines close to the field-position of quadruple point with the corre-
sponding co-ordinates (B/aJ), J/aJ|, K/aJ)) = (5, 4, 0) is much more than other places.

In Fig. 2.16(d), we display the isentropic changes of temperature 7'/a.J as a function of the
external magnetic field B/aJ) for the set {g1 = 1, go = 4, g3 = 2}, assuming fixed values
of J/aJy = 2 and K/aJ = 0. It can be seen enhanced regions of MCE at critical points
Be/aJ = {0, 2.5, 3.5} due to the ground-state phase transition and/or magnetization jump
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FIGURE 2.16: Entropy of the mixed-spin (1,1/2) Ising-XYZ two-leg ladder and the correspond-
ing magnetic Griineisen parameter times the magnetic field BT g as a functions of the tempera-
ture and the magnetic field for the zero cyclic four-Ising interaction K/a.J) = 0. (a) The entropy
in the field-temperature plane for the case when the set {g1 = 1, g2 = 1, g3 = 2} and fixed
J/aJ = 4 are assumed. (b) The magnetic field dependencies of the dimensionless parameter
BT'p for three selected temperatures T'/aJ) = 0.1, T'/aJ = 0.25 and T'/aJ) = 0.5. (c) The
temperature dependencies of the parameter BI'p for several selected values of ratio B/a.Jj and
the same set of other parameters to panel (a). (d) Isentropic curve in the field-temperature
plane such that the set {g1 = 1, go = 4, g3 = 2} and fixed J/a.J| = 2 are considered. (e) The
corresponding Griineisen parameter as function of the magnetic field under the circumstance
{91 = 1, g2 = 4, g3 = 2}, where fixed J/aJj = 2 is supposed. (f) Griineisen parameter as
function of the temperature under the same circumstances to panel (d) such that various fixed
values of the magnetic field are supposed. Remaining parameters have been taken as Fig. 4.6.
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from one plateau to another one. In this case, the maximum value of entropy is Spax/8N = 2.07,

where T > 0.

To identify the cooling rate of the model in the vicinity of particular field-induced phase transi-
tions, in Fig. 2.16(b), is depicted the quantitative fingerprint of magnetic Griineisen parameter
multiplied by the applied field with respect to the original magnetic field when the set {g; = 1,
g2 =1, g3 = 2} and fixed interaction ratios J/a.Jj = 4 and K/aJ| = 0 are used. In accordance
with general expectations, we witness very sharp peaks containing positive and negative val-
ues close to the critical magnetic fields at which a ground-state phase transition occurs. When
the temperature increases, the magnitude of these peaks rapidly changes. This behavior is di-
rectly connected to the anomalous zero-temperature entropy of the model under consideration

at critical points.

Accordingly, a similar scenario is presented in Fig. 2.16(e) but for the case {g1 = 1, g2 = 4,
g3 = 2} and fixed interaction ratio J/a.Jy = 2, assuming the same set of other parameters as
used in Fig. 2.16(d). This imagination reveals an identical enhanced MCE at respective ground-
state phase transitions, namely, at critical points BC/aJH = {0, 2.5, 3.5}. In both plots Fig.
2.16(b) and Fig. 2.16(e), is seen a steep decreasing of the cooling rate in the vicinity of zero
magnetic field point B./aJ) ~ 0 (zoomed insets), reminiscing a quick magnetization jump from

M/Ms = 0 to the magnetization intermediate (1/5)—plateau of saturation value.

The temperature dependence of the parameter BI'p for various fixed values of the magnetic
field is presented in Figs. 2.16(c) and 2.16(f) under the same circumstances to, respectively, Fig.
2.16(a) and Fig. 2.16(d). One sees that by cooling the system, close to the critical magnetic
field at which ground-state phase transition occurs, parameter BT' g goes to infinity (solid lines),
while for other values of the magnetic field, by ultra-cooling the system (T'/a.J) < 1), BI'p

tends to zero.

Figure 2.17(a) shows the isentropy lines in the field-temperature plane under the same circum-
stances to Fig. 2.16(a) but for non-zero value K/aJH = 1. By inspecting this figure, one can see
that by imposing a non-zero value of cyclic four-spin Ising interaction, an enhanced MCE will
appear nearby one another critical magnetic field B/a.Jj = 3, denoting phase transition from the
ground-state with magnetization M /M, = 1/5 to that of with magnetization M /M, = 2/5 (see
Fig. 2.12(c)). In Fig. 2.17(d), we plot contour plot of the entropy and a number of isentropy lines
for the case {g1 = 1, g2 = 4, g3 = 2} and fixed J/aJj = 2 and K/aJ = 1. Again, we observe
an extensive variation in the entropy of the model specifically close to the point B/ aJy = 1.5,
where the magnetization jump happens from (1/4)—plateau to (1/2)—plateau normalized with
the saturation magnetization (see Fig. 2.12(d)). In result, the four-spin Ising interaction K/a.J|
has a great influence on the entropy behavior regardless of what values we choose for Landé

g-factors.
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FIGURE 2.17: The entropy and Griineisen parameter as functions of the temperature and the
magnetic field for the non-zero cyclic four-spin Ising interaction K/a.Jj = 1. (a) The contour
plot of the entropy together with a number of isentropy lines for the case {g1 =1, g2 = 1, g3 = 2}
and fixed J/aJ = 4. (b) The corresponding magnetic Griineisen parameter BI'p versus ratio
B/aJy for three selected temperatures T'/ay = 0.1, T'/aJy = 0.25 and T'/aJ) = 0.5. (c)
Dimensionless parameter BI'p as a function of the ratio 7'/a.Jj for the same parameters set to
panel (a), while several fixed magnetic fields are assumed. (d) Isentropy lines for the set {g1 = 1,
g2 = 4, g3 = 2} and fixed J/aJ = 2. (e) The corresponding magnetic Griineisen parameter
as a function of magnetic field at three different temperatures 7'/a.J) = 0.1, T'/a.Jy = 0.25 and
T/aJ; = 0.5 under the same condition to panel (d), i.e., {g1 = 1, g2 = 4, g3 = 2} and fixed
J/aJ = 2. (f) The Griineisen parameter multiplied by the magnetic field as a function of the
temperature for the same parameter set to panel (d), where different fixed values of the magnetic
field are selected. Remaining parameters such as «, v, A and J /aJ have been assumed as
Fig. 4.6.

Last but not least, let us discuss the effects of parameter K /a.Jj on the cooling rate. For this
purpose, we plot in Figs. 2.17(b) and 2.17(e), the magnetic Griineisen parameter times the
field against ratio B/a.J) at three different temperatures 7'/aJ) = {0.1,0.25,0.5}, by keeping
other parameters of the Hamiltonian as in panels 2.17(a) and 2.17(d), respectively. The blue

solid curve in Fig. 2.17(b) starts at almost zero magnetic field with a steep slope (see zoomed
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inset) and crosses the first transition at B/aJ = 3, and cuts two ground states with the
corresponding magnetization values M /Mg = 1/5 and M /M, = 2/5 numbered in Fig. 2.12(c).
Third peak arises at B/a.J| = 5, where the boundary between ground states with magnetization
M/Ms = 2/5 and M/Ms = 3/5 exists. Final peak arises at B/a.Jj = 7 which is the magnetic
field-position of the quadruple point marked in Fig. 2.12(c). By assuming the set {g1 = 1,
g2 = 4, g3 = 2} and utilizing fixed value of J/aJ = 2 (Fig. 2.17(e)), the magnetic-position
of the Griineisen peaks will change. This phenomenon is in accordance with the change in

magnetization steps and jumps as shown in Figs. 4.6(d) and 2.12(d).

The temperature dependence of the parameter BI'p for several fixed values of the magnetic field
is depicted in Figs. 2.17(c) and 2.17(f), where the other parameters have been taken as Fig.
2.17(a) and Fig. 2.17(d), respectively. Nearby the critical magnetic fields, we observe that the
behavior of BI'p against the temperature is similar to the case when K/aJy = 0 is assumed.
Nonetheless, it is understandable that by considering K/a.Jj > 0, during ultra-cooling process
( T/aJ < 1), parameter BI'p changes remarkably unlike the case when K/aJ) = 0. One can
optionally allocate different values to the g-factors and creates another g-factor sets and repeat

the same procedure. Hence, different outcomes may be achieved.

It could be expected from ground-state phase diagram plotted in Fig. 2.12(e) that by considering
higher values of the interaction parameter K/a.J| (for instance, K/aJ| = 2 and fixed J/aJ| = 4)
the magnetic Griineisen curve would has an extra peak at critical magnetic field B/a.J = 1 when
the g-factors are set as {g1 = 1, g2 = 1, g3 = 2}. By inspecting Fig. 2.12(f), one immediately
finds that an enhanced MCE will occur at the critical field B/aJ, | = 0.5, as long as, the g-factors
are set as {g1 = 1, g2 = 4, g3 = 2} and fixed value J/aJ| = 2 is assumed.

2.4.7 Correlation function

General expression of the nearest neighbor correlation function between Heisenberg dimers of
each plaquette relies on the exchange interaction derivative of the Gibbs free energy (Eq. (2.37)).
Since we have assumed all interaction parameters between Heisenberg dimers are identical,
namely, Jj_1 = J; = Jj41 = --- = Jon = J, to get an overall introduction of the first derivative
of free energy f, and evoke the pair correlation function g}x of the j-th Heisenberg dimer-rung,

we need to consider

We plot in Fig. 2.18 the correlation function (2.39) against the interaction ratio J/a.J| for a few
selected temperatures under particular conditions assumed in previous plots. In order to compare
the correlation function of the Heisenberg dimer-rungs G7* with the investigated thermodynamic
parameters in previous parts, we first consider the set {g1 = 1, g2 = 1, g3 = 2} and a zero value

for the cyclic four-spin Ising interaction (Fig. 2.18(a)). The magnetic field has been taken as
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FIGURE 2.18: Pair correlation function for the Heisenberg dimers under different conditions. (a)
G* with respect to the exchange interaction ratio J/a.J) for the set {g1 =1, g2 = 1, g3 = 2} and
zero value of the parameter K/a.J). The critical magnetic field B/a.J| = 5 has been considered,
where other parameters have been assumed as for Fig. 4.6(a), i.e., & = 0.5, A = 0.5, v = 0.5,
and Jy /aJ) = 5. (b) GF* for the set {g1 = 1, g2 = 4, g3 = 2} and K/aJ) = 0, assuming critical
magnetic field B/aJy = 2.5. (c) G§* for the set {g1 = 1, g2 = 1, g3 = 2} and non-zero value
K/aJy =1 and fixed B/a.J = 7. (d) Gi* for the set {g1 =1, g2 = 4, g3 = 2} and fixed values
K/aJ =1and B/aJ) = 3.5.

fixed value B/a.J) = 5 as well, which conveys the field-position of quadruple point marked in Fig.
2.12(a). It is quite surprising that at low temperature (7'/a.J = 0.1) there are some plateaux
and jumps in the pair correlation function curve. By comparing this figure with Fig. 2.12(a), one
instantly finds out that the correlation function jumps occur in the vicinity of quadruple points.
As mentioned before, these intriguing points are intersection of four separated ground states.
Another elegant remark to pronounce is that when the temperature increases monotonically, the
correlation function plateaux gradually disappear until the correlation function curve becomes
smooth at high temperatures. In different situation {g1 = 1, go = 4, g3 = 2}, by assuming the
fixed field B/aJ) = 2.5 the correlation function jumps occur at lower amounts of interaction
ratio J/aJ) (Fig. 2.18(b)).

Now, the main question that may involve our mind is that whether the cyclic four-spin Ising
term K/ aJH affects the correlation function g;m or not? To answer this question we illustrate
in Fig. 2.12(c), the pair correlation function versus the interaction parameter J/a.J) for the

set {g1 = 1, g2 = 1, g3 = 2} and fixed K/aJ = 1. The field-position of triple point (shown
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by filled-plus mark in Fig. 2.12(c)) is optionally considered. The mentioned triple point is the
intersection of three ground states with the magnetization values M /M, = 3/5, M /My = 4/5 and
M /Mg = 1. Amazingly, imposing a non-zero cyclic four-spin Ising interaction in each plaquette
leads to widen the correlation function plateaux. The correlation function jumps occur at higher

interaction ratio J/a.Jj.

Furthermore, we observe that the plateaux appeared in the correlation function curve stay
alive at higher temperatures (compare black curve marked with honeycombs plotted in both
Figs. 2.18(a) and 2.18(c)). Lower right panel 2.18(d) depicts G with respect to the interaction
parameter J/a.Jj|, assuming the set {g1 = 1, g2 = 4, g3 = 2} and fixed magnetic field B/a.J) = 3.5
and K/aJj = 1. By comparing Figs. 2.18(b) and 2.18(d) with each other, we realize that the
correlation function intermediate plateau is broadened by applying a non-zero value of the ratio
K/ aJ). The width of the intermediate plateau appeared in the correlation function curve is in
a good agreement with the width of shaded region between red and blue lines plotted in Fig.
2.12.

2.5 Conclusions

The present chapter deals with the magnetic and thermodynamic properties, as well as, MCE of
Ising-Heisenberg double saw-tooth ladders and an Ising-Heisenberg mixed spin-(1/2,1) model on
a decorated two-leg ladder, which are exactly solvable within the transfer-matrix technique. We
performed an extra term so-called cyclic four-spin Ising interaction in the Hamiltonian of the
model, which is important to take in to account when the purpose is investigating the physical
properties of spin ladders. We have also considered anisotropy property for the Heisenberg

dimers in the z—direction.

The isentropy lines of models are rapidly accumulated nearby the critical points/lines, which
denotes both cooling and heating properties under the same condition at low temperature. The
most interesting finding for these selected models is that, alteration of the magnetic anisotropy
and single-ion anisotropy considered for the integer spins slightly above (below) the critical points
results in cooling/heating during the adiabatic demagnetization process, where the temperature
rapidly falls down. So, the anisotropies play an important role to understand cooling process

together with discontinuous zero-temperature phase transitions of such spin ladders.

We have also realized that there are some particular points in the field-induced ground-state
phase diagram of the model which makes the intersection of several different ground states.
Assuming the cyclic four-spin Ising term affects the co-ordinates of these special points. It has
been demonstrated that at low temperatures, the specific heat curve anomalously behaves nearby

the critical magnetic fields at which a magnetization jump occurs. An anomalous magnetocaloric
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effect has been observed close to respective magnetization jumps of the Ising-Heisenberg two-
leg ladder. More importantly, toning the magnetic field, four-spin Ising interaction, and the
exchange coupling parameter slightly above (below) the critical points result in cooling/heating
during the adiabatic demagnetization process, where the temperature rapidly falls down and

reaches close to the first-order zero-temperature phase transition.

It is quite surprising that we found an enhanced magnetocaloric effect in the vicinity of dis-
continuous phase transition points. A notable result is that, for the Ising-Heisenberg two-leg
ladder, under ultra-cooling the magnetic Griineisen parameter goes to infinity nearby the critical
magnetic field at which first-order zero-temperature phase transition occurs. We evidenced that
by tuning cyclic four-spin Ising term, magnetization plateaux undergoes a substantial changes.
Further, the change in correlation function behavior is in an excellent coincidence with the

magnetization variations.



Chapter 3

Spin-1/2 Ising-Heisenberg model on
2-D TIT lattices

3.1 Preliminaries

The spin-1/2 Ising-Heisenberg model on geometrically frustrated planar lattices attracts a great
deal of research interest as it may exhibit both spontaneous long-range order as well as pe-
culiar spin-liquid phases [170]. Recently CugXs2(cpa)s (cpa=carboxypentonic acid; X =F, Cl,
Br) was discovered to form a particular topological structure, a triangles-in-triangles Kagomé
structure [171]. For such group of 2-D Ising-Heisenberg models, the magnetic moments come
from Heisenberg trimers with antiferromagnetic interaction. Hence, they can be exactly solved
by the transfer-matrix formalism like their 1-D counterparts [22, 26]. Theoretical studies for the
spin-1/2 Ising-Heisenberg model on the similar sets of 2-D triangular lattices also exist in the
literature [42, 43, 44, 45].

In this chapter, we shed light on the ground-state phase diagram, magnetization and specific heat
of the spin-1/2 Ising-Heisenberg model on two modes of new triangle-hexagon lattices including

Heisenberg exchange anisotropy in the presence of magnetic field.

3.2 Model and its exact solution

Let us proceed the definition of the spin-1/2 Ising-Heisenberg model on the TIT lattice, which
resembles the magnetic data of polymeric coordination compounds CugXsa(cpa)g on the basis of

the spin topology depicted in Fig. 3.1 which leads to the Hamiltonian
N Yo 3N
H = —JH§ [A(Sfo +5; Sj) + SfSﬂ —Ji ;Sfaf, (3.1)

o7
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FIGURE 3.1: Schematic drawing of spin-1/2 Ising-Heisenberg model on a 2-D TIT lattices
manifested by solid bold lines and balls. And its rigorous mapping to the spin-1/2 Ising model
on a simple triangular lattice represented by dashed lines. For mapping process, once we consider
just solid bold lines and balls (marking v = 1), once we artificially fill the empty part of model
with pale lines and balls (marking v = 2). Red balls denote the Ising nodal spins, while, all blue
balls are Heisenberg trimers.

where S with a = z,y, z and o} are spatial components of the spin-1/2 operator of the Heisen-
berg and Ising spins, respectively. Parameters Jy and Ji stand for the XXZ Heisenberg and

Ising interactions, respectively. The total Hamiltonian of the model can be rewritten as

N
H = Hy, (3.2)
k=1

where cluster Hamiltonian Hj, is given by

3 3
Hi = —Ju Zl [A( laccz Igcc,i+1 + SZ,Z-SZ,Z-H) + Sli,isli,wrl] —Ji .Zlg’ii li,’i’ (3-3)
1= 1=
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with periodic boundary conditions. We suppose hy = Jiof ;, ho = Jiof 4, hy = Jio} 5. The

eigenvalues of the uniform case hy = ho = hy = :i:% are given by

3J; 3J; J; J;
Eip=—"7F 7, Bsa= "7 (14+24) + 7, )
Ju JrI Ju Jr ’
Fsg=—(1+2A) - — E;s=—(1—-4A —.
5,6 1 ( + ) 1 7.8 1 ( ):F 1
For the non-uniform case hiy = ho = —hg = :l:% (or any other permutation) we have
3JH JI JH JI
Fio=———F— Esys=—(2A+1 —
1,2 J(41 $A%,J 3,4 4( +)$4,
a(l— —-Jr 1 JaA
BEsg = 1 T 2\/(2 _ JI)2 + 2(JHA)2, (3.5)
Ju(l—-A)+J 1 Jul
Erg = ul 1 ) I¥2\/(}; +J1)% +2(JuA)’
The partition function of the model can be defined by
Z =5 I Trrexp ( — BHk) = > II Z. (3.6)

{01} k=1 {o1} k=1

After tracing out the spin degrees of freedom of the k—th Heisenberg trimeric cluster, the
partition function of each unit block Zj through the generalized star-triangle transformation

can be formulated as

Zk(o-lil’ 0122’01§3) = Trj, exp(—BHy) = Aexp [Bjeff(alilaliz + 0%k + ‘71?3‘71?1)]- (3.7)

In the absence of any external magnetic field, one reaches just two independent equations; once

. . . . . . N
for the uniform configurations with the three equally aligned Ising spins hy = ho = hy = +4,

BJ
Vi = Zu( % oy Fogy. Foiy) = 26975 cosh (357) + e “TH042) cosh (31)
_Bn

3.8
+2€ 1 (1*4A) COSh (%) = A@Xp (%/Bjeﬁ‘)y ( )

and once for six nonuniform spin arrangements with one Ising spin pointing in opposite direction

of other two

Va = Zi( & 0y, 20}y, Fois) = Zu( & 0}y, Foly, 2073) = Zu( F 0}y, £0fp, F0f3) =
26381 cosh (14Jy) + 2e T2 1+28) cosh (81 4 2% [a(=2)-4] ¢oen (2Q.)
—i—2e_g [m(1-a)+1] cosh (§Q+)
= Aexp (— 18Jct),

(3.9)
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for which Q* = \/(%JHA + J1)2 + 2 (JHA)z. Mapping parameters A and Jog can be determined
by

A= (W), Blg=In (%) (3.10)
Hence, the partition function of the spin-1/2 Ising-Heisenberg model on the TIT lattice can be
obtained by rigorous mapping to the spin-1/2 Ising model on a simple triangular lattice (dashed

lines in Fig. 3.1), i.e., Z = AN Z5, (8, Jer).

the internal energy U of the 2-D Ising-Heisenberg model on the TIT lattice can be linked to
the internal energy Uny of the spin-1/2 pure Ising model on the triangular lattice via following

equation

U/N = —1(% SWQ) + UIM/N<W1 W2)7 (3.11)

A\, Jg \Vi Vi
where, new functions Wy = 9V1 /98 and Wy = 9V,/9p can be calculated from Eqs. (3.8) and
(3.9). The straightforward form of internal energy Uy can be, for example, found in Refs.

[51, 52]. Hence, we can acquire the specific heat of the model from formula C' = 0U/9T.

The spontaneous magnetization of the Ising spins mp in the spin-1/2 Ising-Heisenberg model
on the TIT lattice can be deduced from the single-site magnetization myy; of the spin-1/2 Ising

model on the triangular lattice [172] as following

0ol

1
mp= -
=9

161,V
(V7 +3vy") (V) - V;)g

(3.12)

in which v =1 is for the TIT lattice shown in Fig. 3.1 without pale parts, whereas v = 2 is for
the TIT lattice including pale parts. On the other hand, the spontaneous magnetization of the
Heisenberg spins my can be written in terms of the single-site magnetization mmny; of the Ising
spins such that

mH:W<%+%>+%§A<%—3%), (3.13)

where triplet correlation tpy = <021022023>1M between three Ising spins from the k-th cluster

Hamiltonian reads

VI =2V VIV = VI () 435 (V] - V)
(v -v5)’

miM
4

v = 142 (3.14)
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FIGURE 3.2: The ground state phase diagram for our new TIT model for v = 1.

3.3 Results and discussion

The critical condition in the vicinity of critical temperature (. of the spin-1/2 Ising-Heisenberg

model on the TIT lattices can be demonstrated from following expression

X
qﬂwkﬁzln(¥%>:Jn3=$WqY:3V;. (3.15)
2

We have plotted in Fig. 3.2 the ground-state phase diagram of the introduced TIT lattice
with v = 1 in the A — Jy/Ji plane. This model displays in its ground-state phase diagram
one disordered ground state, disordered quantum paramagnetic phase (QPP), and a couple of
spontaneously long-range-ordered states called as the classical ferromagnetic phase (CFP), and

the quantum ferromagnetic phase (QFP). Boundaries between these phases are manifested by

two lines )
QFP < CFP : Jy/J1= ——,
A5 -1) (3.16)
FP PP : = ——
C e Q JH/JI Ao

The effective exchange interaction vf3.J.g versus the temperature is depicted in Figs. 3.3 and 3.4
for the corresponding TIT lattices, where two different values of the exchange anisotropy A = 1
and A = 2 are assumed. One sees that the effective coupling of the case v = 1 (see Fig. 3.3(a)) in
the Ising isotropic A = 1 either tends towards zero for Jy/J; = 0 when the temperature goes to
zero or diverges for Jy/J; < 0. By considering A = 2 (Fig. 3.3(b)) we observe that the effective
coupling diverges at lower temperatures when Jy/J; < 0. For the TIT lattice v = 2 (see Fig.
3.4), the effective coupling tends to zero with a steep decrease from higher value and it diverges at
higher temperatures with respect to the case v = 1. Evidently, according to the critical condition

(3.15), TIT lattice is spontaneously long-range ordered whenever v5Jog > In(3), namely the
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0.0

FIGURE 3.3: The critical temperature of the spin-1/2 Ising-Heisenberg model on the TIT lattice
when v = 1 as a function of the temperature for several values of the exchange interaction Jg/Jp
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FIGURE 3.5: The results obtained for the critical temperature of the spin-1/2 Ising-Heisenberg
model on the TIT lattices as a function of the exchange interaction Jy/Ji for several values of
the exchange anisotropy. (a) v =1, (b) v =2 (see Fig. 2 of Ref. [42]).

effective coupling constant is greater than the critical value, otherwise it becomes disordered,
ie., for y8Jeg < In(3).

Let us now discuss the dependence of the critical temperature on the effective coupling Jy/Ji
between the Heisenberg and Ising interactions. It is evident in Fig. 3.5(a) that, for particular
case of the easy-axis exchange anisotropy A < 1, the critical temperature is a monotonically
decreasing function of the effective coupling until it completely vanishes at the ground-state
boundary between phases CFP and QFP. When the critical behavior of the second TIT lattice
(Fig. 3.5(b)) is under consideration, the critical temperature is shifted towards higher values

because of the higher connectivity of the Ising spins in the TIT lattice with v = 2.

In Fig. 3.6 are illustrated the magnetization curves of the TIT lattices for several fixed values
of the exchange coupling ratio Jy/Ji and fixed A = 1. It is quite clear from Fig. 3.6(a) that the
spontaneous magnetizations of the Heisenberg and Ising spins for the TIT lattice v = 1 start
from their saturation magnetization 0.5, denoting the ground-state CFP. Moreover, the magne-
tization of the Heisenberg spins exhibits a greater temperature-induced than the spontaneous
magnetization of the Ising spins even though both sublattice magnetizations tend towards zero
with the same critical exponent from the standard universality class of the two-dimensional Ising
model [43]. A similar behavior can be observed in the temperature dependencies of the sponta-
neous magnetizations of the TIT lattice with v = 2. But in this case, the critical temperature

at which magnetizations suddenly vanish moves towards higher temperatures.

By inspecting Fig. 3.7(a) the spontaneous magnetization of the Heisenberg spins in the TIT
model with v = 1 for anisotropic case A = 2 starts from nonzero but remarkably less than
saturation value, i.e., myg = 0.1667 for the exhcange coupling region Jy/J; > 0.5, which bears
evidence of the phase QFP being ground-state. In Fig. 3.7(b) we prove that the spontaneous
magnetizations of the Heisenberg and Ising spins in the model with v = 2 show similar behavior

to the previous case, but with higher critical temperatures at which they vanish.
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FIGURE 3.6: Temperature dependencies of the spontaneous magnetization mj of the Ising spins
(broken lines) and the spontaneous magnetization my of the Heisenberg spins (solid lines) for
the fixed A =1 and several values of the interaction ratio Jy/Ji. (a) v =1, (b) v = 2.
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FIGURE 3.7: The spontaneous magnetization my of the Ising spins (broken lines) and the
spontaneous magnetization my of the Heisenberg spins (solid lines) for the fixed A = 2 and the
same set of other parameters to Fig. 3.6.
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model on the TIT lattice with v = 2 for several values of Jy/Ji. (a) A =1 and (b) A =2.

Finally, let us turn to a detailed analysis of the temperature dependencies of the specific heat. In
Fig. 3.8 is shown the zero-field specific heat for TIT lattice with v = 1 in a semilogarithmic scale
by taking two different exchange anisotropies for various fixed values of the exchange interaction
ratio Jy/Ji. Thermal variations of the specific heat for the isotropic Heisenberg trimers are
typically illustrated in Fig. 3.8(a). As one can see in this figure, the specific heat of Ising-
Heisenberg model on this TIT lattice exhibits a logarithmic singularity from the standard Ising
universality class when considering the ferromagnetic Heisenberg interaction Jg/J; > 0 and
A = 1, where the system’s ground state is CFP. With transition from CFP to QPP (see Fig.
4.13) we observe that the singularity changes to an anomalous Schottky-type maximum. With

further decrease of Jyy/Ji a double-peak appears in the specific heat curve.

Figure Fig.3.8(b) represents the specific heat as a function of temperature for the particular
case of the ferromagnetic Heisenberg interaction with the easy-axis exchange anisotropy A = 2.
Interestingly, we witness a singularity for the interaction region nearby the phase boundary
between CFP and QFP (in this case Jy/J; > 0.5). When the model is in CFP state a double-

peak is evident.

When the specific heat of the second TIT lattice with v = 2 is concerned, we see somewhat similar
thermal behavior for A = 1 (Fig. 3.9(a)) but the singularity happens at higher temperature.
On the other hand, one can see that for the case A = 2 (Fig. 3.9(b)) when the ground state
of the system is QFP the specific heat shows a large strict singularity. Nearby the ground-state
phase transition between phases QFP and CFP the singularity gradually weakens.

3.4 Conclusions

In this chapter, at first, we exactly solved two 2-D spin-1/2 Ising-Heisenberg model on the TIT

lattices through the generalized star-triangle transformation by establishing a rigorous mapping
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to a simple spin-1/2 Ising model on a triangular lattice. Then, their ground-state and finite-
temperature phase diagrams have been constructed. We uncovered that the Ising-Heisenberg
model on two TIT lattices exhibits a rich magnetic behavior with several unconventional quan-
tum phases and boundaries. Besides, we have investigated the spontaneous magnetizations of
the Heisenberg and Ising spins of the spin-1/2 Ising-Heisenberg model on two different but ge-
ometrically related TIT lattices. We witnessed that a quantum reduction of the spontaneous
magnetizations of the Heisenberg and Ising spins is the result of quantum fluctuations and

strongly depends on the anisotropy.

Ultimately, it has been demonstrated that the specific heat of Ising-Heisenberg model on the
TIT lattices exhibits a logarithmic singularity from the standard Ising universality class for the
isotropic ferromagnetic Heisenberg interaction, where the model is in the ground state CFP.
Within the phase boundary QPP this singularity changes to a single Schottky maximum, where
for Jg/Ji < —1 we observed double-(triple-) peaks. When an anisotropic interaction were
considered, a singularity was observed in the specific heat curve for the interaction region within
the phase boundary QFP.



Chapter 4

Molecular cluster magnets

4.1 Preliminaries

In the past few years, it has been verified that some exactly solved Heisenberg spin models may
capture basic magnetic features of a family of octanuclear nickel containing complexes. In this
chapter, we present our results gained for the low-temperature magnetization process and the
specific heat of the octanuclear nickel phosphonate cage [Nig(u3—OH)4(OMe)2(O3PR1)2(02CtBu
)6(HOQCtBu)8] in the presence of an external magnetic field by assuming aditional anisotropic

terms: Heisenberg exchange anisotropies A1 and As, also single-ion anisotropy D.

Moreover, another family of octanuclear complexes including lanthanide metal salts with the
addition of nickel acetate [NigLny(pu2 — OH)2(us — OH)4(pw — OOCCH3)g(LHz)4] have attracted
much attention due to reveal rich ground-state phase diagram and great magnetic properties.
These products are new additions to the very small family of NigLns (Ln = Tb (a); Dy (b); Ho
(c); Er (d)) clusters with planar butterfly (or rhombus) cores and show the initial compounds
prepared by using of 2-methoxy-6-[2-(2 hydroxyethylamino)ethylimino-methyl] phenol (LHjz)
ligand to modulate mixed metal 3d/4f cluster chemistry. Studies of the magnetization, dc and
ac susceptibilities and magnetocaloric effect have been performed on polycrystalline samples
a —d by P. Kalita et al. [73]. They realized a ferromagnetic interaction between the lanthanide
and the nickel centres, with estimated strength Jyni...n = +0.86 cm~ 1, They also noted that
none of the complexes are SMMs because of the existence of very weak Ni---Ln and Ln---Ln
magnetic interactions. In an earlier study [173], S. Biswas et al. considered similar compounds
called octanuclear heterobimetallic assemblies ([LngNig(HzL)4 (13 — OH)4(pu2 — OH)4]4Cl- 2H20 -

yCHCl3), and examined their magnetization together with the dc and ac susceptibilities.
In this chapter, we consider a series of NiflILnfln complexes, then exactly examine their low-

temperature magnetization process, magnetic relaxation studies using Cole-Cole formalism [174,

67
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175, 176], and specific heat. These complexes are composed of two butterfly-shaped heterometal-
lic Nis'Lnl"Oy distorted cubes connected to each other by acetate and hydroxide bridging lig-
ands. Herein, we consider a typical exchange anisotropy for the Ni- - - Ln interactions, next focus
on realizing how this anisotropy influences the magnetization process, the specific heat and
Cole—Cole plot of ac susceptibility (for compounds a and b). The entanglement between ions
of small clusters with prominent of ferromagnetic interaction have been considered much less in
the literature. The entanglement between pair spins of mixed 3d/4f metal complexes has not
considered in a broadcast medium so far. Hence, we study the entanglement negativity between

Ni- - - Ni of the complexes a—d.

To investigate the low-temperature magnetization behavior, thermodynamics, as well as, quan-
tum properties of the considered nickel complex discused above, we utilize ED method to diag-
onalize their Hamiltonians. To ensure the correctness and completeness, we compare our exact

results of magnetization process with those obtained through QMC method.

In the final section of this chapter, a tetranuclear square complex on a spin-1/2 chain is con-
sidered, and the exact solution of this model via ED method is presented. Next, we discuss
the possible ground-state phase diagram and the magnetization of the model. The effects of
anisotropy, exchange interaction, and external magnetic field on the local quantum uncertainty
and quantum coherence are discussed in detail. By using the standard teleportation protocol,

the output state of the two-qubit entangled state is investigated as well.

4.2  Octanuclear nickel phosphonate-based cage

4.2.1 Model

Hamiltonian of the octanuclear nickel phosphonate-based cage [Nis(u3 — OH)4(OMe)2(O3P
Rl)Q(OQCtBU)6(HOQCtBU)8] shown in Fig. 4.12 can be expressed as

H:—J1[51-SQ+53‘S4+S5-56+S7'58}
—JQ[Sl‘S3+SQ'S3+S4'S5+S4'SG+

S5'S7+56'S7+51-Sg+52-58] (4'1)
8 8
2
—gupB '21 S; +D Zl (SJZ) ,
Jj= j=

First and second parts in equation (4.1) correspond to the anisotropic Heisenberg couplings

between each pair spins interacted together, which is explicitly given by

(Si-8))sa = J(SEST+SYSY) + ASzS?, (4.2)
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FIGURE 4.1: Schematic structure of the Heisenberg octanuclear nickel phosphonate cage. The
balls denote Ni atoms that are connected together via Body-Body (BB) interadimer interaction
J1 and the corresponding Wing-Body (WB) interdimer interaction Js.
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FIGURE 4.2: (a) QMC results obtained for the temperature dependence of the product of
magnetic susceptibility times the temperature ;7 for the Heisenberg octanuclear nickel
phosphonate-based cage in the absence of the magnetic field (B = 0.1T), assuming fixed val-
ues of J; = 7.6 cm™! and Jo = —22.4 cm~'. The inset shows deduced magnetization per
saturation M /M, by QMC simulation and ED method as a function of the external magnetic
field B, assuming fixed values of J; = 7.6 cm™!, J, = —22.4 cm™! at moderate temperature
T = 2 K. Due to compare with the experimental data in Ref. [177], other parameters have been
taken as Al = Jy, A2 = Jp and D = 0. (b) The ED and QMC results for the magnetization
per saturation value of the model versus magnetic field at low temperature T = 1K for the
same fixed values of other parameters as panel (a) divided by kg, namely, J; /kg = 7.6 K and
Jo/kp = —224 K.

where J = {J1, Jo} denotes isotropic coupling constants, and A = {A;, As} corresponds to the
anisotropy exchange interactions. S¢ for which aw = {z,y, z} are spin-1 operators (with & = 1).
B is the applied homogeneous magnetic field in the z-direction. The gyromagnetic ratio would
be taken as g = 2.42 [177] in the plots drawn in this section. The characterization of the partition
function of the model under consideration can be defined as Z = Tr[exp(—ﬁH )] The Gibbs

free energy can be obtained from the partition function of the system as f = —kgT In Z.
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4.2.2 Results and Discussion

This part demonstrates the most interesting results obtained from the study of the magne-
tization process, magnetic susceptibility, and specific heat of the butterfly-shaped octanuclear
cluster [Nig(ug3—OH)4(OMe)2(O3PR1)2(02C'Bu)(HO2C'Bu)s| by utilizing the thermodynamic

relations as following

M= _(%JE;)T7 X= (%)T’ ¢= _T(%>B‘ (43)

The most stimulating results obtained for this magnetic material have been mentioned in Ref.
[63].

Figure 4.2(a) illustrates the QMC results of the temperature dependencies of the product of
zero-field magnetic susceptibility times the temperature x ;7 of the model calculated by ALPS
project. By comparing our numerical results and the experimental data expressed in Refs.
[177, 178, 179], we find that our results are in an excellent agreement with their experimen-
tal measurements. The room temperature yp;1" value for the model under consideration is
10.0 cm®mol 'K for the set of other parameters as J; = 7.6 cm™!, Jo = —22.4 cm~! and
g = 2.4, which is close to the expected value 9.96 cm3mol 'K for eight isolated Nil ions. We
note that in this step, we consider the model as a pure Heisenberg spin-1 cluster system isolated
from any anisotropy dependencies. The inset of Fig. 4.2(a) displays the ED and QMC results
for the magnetization versus magnetic field at moderate temperature T' = 2 K and the same set
of coupling constants considered for examining x ;7. One can see from the inset that, not only
ED and QMC results are in accordance with each other, but also they are in a good agreement

with the experimental results reported in Ref. [177].

Figure 4.2(b) shows deduced magnetization per saturation value M/M; from the ED and QMC
methods as a function of the magnetic field at low temperature 7' = 1K for fixed values of
Ji/kp = 7.6 K, Jo/kp = —22.4 K and g = 2.4. We mention that in order to reduce the
complexity of our numerical calculations, we change the units of exchange couplings into the
temperature unit (Kelvin). The system has a complex magnetization scenario due to multiplicity
of intermediate magnetization plateaus. It is quite obvious that the magnetization curve shows

, %, %, %, %, %, and % of the saturation magnetization. The large

intermediate plateaus at 0
number of magnetization plateaus is due to existence of a strong interdimer antiferromagnetic
interaction Jo/kp = —22.4 K. This figure also manifests a plausible coincidence between results

of the both ED and QMC procedures.

Now, let us investigate the magnetization process and the specific heat of the model when it
involves with the Heisenberg exchange anisotropies Ay and As, as well as, single-ion anisotropy
property D. Typical dependencies of the magnetization per saturation value are plotted in

Fig. 4.6(a) against magnetic field B for different selected values of the single-ion anisotropy
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FIGURE 4.3: (a) ED results for the magnetization per saturation value M /M, of the isotropic
octanuclear nickel phosphonate-based cage as a function of the magnetic field B at low temper-
ature T = 1K for several fixed values of the single-ion anisotropy parameter D, by assuming
fixed values of Jy/kp = A1/kp = 7.6 K, and Jo/kp = Ay/kp = —22.4 K. (b) Magnetization
per saturation value M/M, as a function of the magnetic field at low temperature 7 = 1K
for different fixed values of exchange anisotropies A; and A,, by assuming an optional value
D/kp =10 K.

parameter D/kp, when the isotropic XXX Heisenberg case is considered for the model, namely,
Ay/kp = Ji/kp = 7.6 Kand Ay /kp = Jo/kp = —22.4 K. Interestingly, the single-ion anisotropy
variations have no remarkable influence on the magnetic dependence of magnetization in the

magnetic field interval B < 20 T, where a magnetization jump occurs between %—plateau and

%—plateau (accompanying with the ground-state phase transition between plateaus % and %

of the saturation magnetization). As a matter of fact, for the magnetic field range B > 20 T,
12
27 3>
become wider and shift toward stronger magnetic fields. Generally, there is a delay in the

intermediate magnetization plateaus at M /My > % ( and % of the saturation magnetization)

magnetization behavior to reach its saturation when the single-ion anisotropy increases.

To understand the spin exchange anisotropy effects on the magnetization process of the oc-
tanuclear nickel phosphonate cage, we plot in Fig. 4.6(b) the magnetization per saturation
value M /M, with respect to the magnetic field for various fixed values of the both exchange
anisotropies A; and Ay, and optional value D/kp = 10 K at low temperature T' = 1K. Coupling
constants J; and Jy have been taken as panel 4.6(a). As could be expected, the width and mag-
netic position of all plateaus undergo significant changes upon altering anisotropies. To clarify
this point, the magnetization scenario for relatively small anisotropies A; < J; and |Ag| < |J2]
is illustrated in Fig. 4.6(b) on a particular example with A;/kp =1 K and As/kp = —2 K (red
solid line marked with diamonds). One can see that, the width of all plateaus becomes narrower
and their magnetic positions shift toward lower magnetic fields. Consequently, the magnetiza-
tion reaches its saturation value in lower magnetic fields (in this case By &~ 28 T). The similar
behavior can be seen for the magnetization under condition A; > J; and |Ag| < |Ja| (orange

curve marked with triangles). For the case A; < J; and |Ag| < |J2| (black dotted line with
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FIGURE 4.4: (a) Specific heat of the isotropic Heisenberg octanuclear nickel cage as a function
of the temperature for various fixed values of the magnetic field B = 2 T,5 T,10 T, and
20 T, where other parameters are taken as Ji/kgp = 7.6 K and Jo/kg = —22.4 K, Ay = Jy,
Ag = Jy, D =0and g = 2.4. (b) The temperature dependence of specific heat of the anisotropic
octanuclear nickel cage model for the same set of fixed magnetic fields as panel (a) and fixed
anisotropies Ay /kp = 10 K, Ay/kp = —5 K and arbitrary single-ion anisotropy D/kp = 10 K.
(c) The temperature dependence of the specific heat for the same fixed values of magnetic fields
and single-ion anisotropy (D/kp = 10 K) as panel (b), but for different selected values of spin
exchange anisotropies, i.e., A1/kg =5 K, Ay/kp = —10 K. (d) The specific heat of the model
versus temperature for the same fixed values of the exchange anisotropies as panel (c), where
several selected values of the single-ion anisotropy are taken as D/kp =2 K, 5 K,20 K,40 K in
the presence of a weak magnetic field B =5 T.

circular marks) wider magnetization plateaus are presented by magnetization curve, whose mag-
netic positions are in the stronger magnetic fields. When we consider high amounts of exchange
anisotropies for the model such that Ay > J; and |Az] > |Ja|, the width of all magnetization
plateaus considerably increase and their magnetic positions move to stronger magnetic fields,
so the magnetization reaches its saturation value in the stronger magnetic fields (for this case
By~ 45 T).

Next, let us discuss the effects of exchange anisotropies A; and Ao, as well as, single-ion
anisotropy D on the specific heat of the model versus the temperature T' for the same set
of coupling constants J; and Js as before. To this end, we display in Fig. 4.10 the temperature
dependence of the specific heat of the octanuclear nickel phosphonate-based cage under different

circumstances. Figure 4.10(a) demonstrates the specific heat C' versus temperature 7" for several
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fixed values of the magnetic field when the system is assumed as a pure isotropic Heisenberg
model, namely, Ay = J1, As = Jo, and D = 0. When the temperature arises from zero, the spe-
cific heat manifests a steep increase in the temperature interval 2 K < T' < 9 K in the presence
of weak magnetic fields (red solid curve), and reaches its maximum at temperature T ~ 9K.
As a result, there is a Schottky-type maximum in the specific heat curve at 7"~ 9K and weak
magnetic fields (B < 5 T). With increase of the magnetic field, the Schottky peak’s height grad-
ually decreases until a second peak appears at finite low temperature T' ~ 0.2 K. By inspecting
Figs. 4.10(a) and 4.2(b), one can realize that converting the Schottky peak into a double-peak

coincides the magnetization jump from zero plateau to first intermediate %—plateau.

We illustrate in Fig. 4.10(b) the temperature dependence of the specific heat for a particular
anisotropic case Ay /kp = 10 K, Ay/kp = —5 K and D/kp = 10 K, and several fixed values of the
magnetic field B. In this situation, we see a stable double-peak temperature dependence. There
is no outstanding alteration in the specific heat behavior for the weak magnetic field variations
(B =2T,5T,10 T). When the the magnetic field increases further than B = 10 T, the
height and the position of larger peak change. Actually, its height decreases and its temperature

position moves toward lower temperatures.

When different anisotropies are considered for the model (Fig. 4.10(c)), we see that the double-
peak gradually changes to the Schottky peak at lower temperatures upon increasing the magnetic
field. This scenario indicates that the system goes to the ground-state phase corresponding to the
magnetization %—plateau. Finally, our exact results for the effects of single-ion anisotropy on the
temperature dependence of the specific heat are plotted in Fig. 4.10(d), where other parameters
have been taken as Ay /kp =5 K, Ag/kp = —10 K and B = 5 T. Interestingly, increase of the
single-ion anisotropy results in varying the shape and the temperature position of the larger peak
of the double-peak appeared in the specific heat curve. Strong single-ion anisotropy property
has fundamental influence on the height and temperature position of the both peaks. Generally,
both peaks move away from each other on the temperature axis. Indeed, by increasing the
single-ion anisotropy, the specific heat practically tries to make a single Schottky maximum
at higher temperatures, while there is still a cusp reminiscent the smaller peak at sufficiently
low temperatures. These changes in specific heat behavior are in a good coincidence with the

magnetization response to the single-ion anisotropy variations (see Fig. 4.6(a)).

4.3 Heterometallic octanuclear Nij'Ln}"! (Ln = Tb, Dy, Ho, Er)

Complexes

Our motivation to study the complexes a —d is based on recent works such as theoretical

investigations and experimental analysis of the mixed NijLn}!! complexes [73]. We assume two

linked butterflied-shape structure of the heterometallic Nis'Ln'O, distorted cubes together as
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FIGURE 4.5: Butterfly-shaped molecular core of complexes a — d. Orange balls present lan-
thanides, blue balls denote nickel atoms. All magnetic coupling constants are illustrated in this
figure.

labeled on the links between atoms (Fig. 4.5). The total Hamiltonian of the complex systems

Nil'Lni" can be modeled as

H = —Jun [Sxi, - SNiy + Sis - Snia] — Ju[ Sty - Stny + Sty - Sty |
4

—Ju| > Sniy - Stm,+ . Sni. - Sing| + Da 21( ﬁﬁj)2
=

{a,b}=1,2 {c,d}=3.4 (4.4)

4 4
2
+D1 Y (SEn,)” — 2Ju(S§,) S, — hBB 21 (90S%;, + 915Fn,)-
]:1 a=

where S indicate spatial effective components of the standard spin operators of the metal cen-
tre(s) Ni'l and Ln"!. Although, in lanthanide ions the spin usually is not a good quantum
number, reproducing an effective spin model can be useful to account for spin moment and
orbital contributions. Here, Jy,, Ji and Jy) are the exchange interactions between each ion(s)
pair, namely Ni---Ni, Ln---Ln and Ni---Ln, respectively. The presence of low-lying excited
states has been disclosed in such complexes [73] that is in agreement with the existence of weak
Ni- - - Ln magnetic interactions. zJ, accounts for the intercubane exchange interactions between
Ln™ using the molecular field approach. As expressed in Ref. [73], this interaction is very weak,
so we ignore its effects on the magnetization process and other quantities investigated in this
context. B denotes the external magnetic field along the z—direction. it should be noted that,
as concluded in Ref. [73], the single-ion anisotropy property of Nil! and Ln'! ions naturally

I 5n a low-coordination behavior is

depend on their geometry in the complexs, such that Ln
mainly expected to constitute a prominent single-ion anisotropy compared with its counterpart
for Ni'l ions. Hence, we impose in the Hamiltonian both of single-ion anisotropies D,, and D,

associated to, respectively, Ni'! and Ln™ ions. For anisotropic case, we assume each pair of
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quantum spins Sy; and St linked together through XXZ exchange interaction such that
JHI(SNi ) SLH) = nl(Slflian + Slglisgn) + A SRS (4.5)

where, Ay is an arbitrary Heisenberg exchange anisotropy for each Ni---Ln interaction. For

simplicity, we keep other interactions Ni---Ni and Ln- - - Ln remain XXX-type.

The Hamiltonian of NiELnEI complexes can be subsequently put into a diagonal form (4.6) as
long as we introduce the total spin operator of the whole system as S; and its z-component to
be conserved quantities with well defined quantum spin numbers Sy = 0,1,2,--- ,4(SL, + Sx),
and Sf = =S, —S¢+1,---,5 — 1, 5.

Jul
H = =182 — (Jun = 3J0)SEy — (= 3Ju) S, = 2(Jon — 5Ju) S5 — 20 = 5.1) 2
—4(An — Ju)(S72, + S+ S&P) + 4DnSR? + 4D1S7? — AppB(gnSE + 9157).-

(4.6)
So, the eigenenergies can be then expressed in terms of composite quantum spin numbers {Si,
Stan> Stars St St St Sk} such that
Jn
Ep = _%[St(st + 1)] - (JHH - 3Jnl)[StNN (StNN + 1)] - (JH - 3Jn1)[StNL (StNL + 1)]
—2(Jan — 5Ju1) [Stn (St + 1)] = 2(J1 — 5J01)[Sey (St +1)] (4.7)
—4(An — Jn)(SF2 4+ SP2+ SF) + ADySE + AD1SF? — 4 B(gnSE + 915F)

tNL

which principally entails the values St = 0,1,2; Sty = [SL.—1],- -+, SL+1; 57

2= =St s

Sty and so on. Here g, = 2 and g is gyromagnetic factor of lanthanides and pp is the Bohr

magneton. The local g-tensors are assumed to be isotropic with the g principal values.

One can straightforwardly obtain the partition function of the compounds using Eq. 4.7, and in
turn investigates the magnetic and thermodynamic properties of them. We will perform exact
numerical solution to achieve partition function and the thermal reduced density matrix of the

bipartite Ni- - - Ni interaction.

In the next subsections we discuss the most stimulating results for the mixed Ni}!Ln}" complexes,

assuming the particular case with the intracubane ferromagnetic interaction for the Ni---Ni
(Jan > 0) and Ni---Ln (Jy > 0) junctions, and respectively weak antiferromagnetic exchange

interaction for Ln---Ln (Jy < 0) within each butterfly-shaped cage Ni}'Ln}!T.

4.3.1 Magnetic properties

In what follow, we examine in detail the low-temperature magnetization, dc and ac susceptibil-
ities together with the Cole-Cole plots of the complexes introduced by Eq. (4.4) consisting of
the special tunable exchange anisotropy A, in the presence of the external uniform magnetic
field B.
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TABLE 4.1: Main magnetic data and ED results of data fitting parameters for the isotropic
samples a—d, assuming A, = Jy,; and the same coupling constant value of Ni---Ni to that of
obtained in Ref. [73], i.e., Jun = +5.2 cm ™1,

Sample Jnl (cm»l) Jll (cm_l) Dn (cm»l) Dl (cm’l) ED for Exp. data

xM T300 K xM T300 K

cm3 K mol” cm3 K rnol_1

(73]

N b | 2.5 -1.5 0.25 2.6 (~) 52 52.5
NiifDym | 1.75 -1.25 0.5 2.6 (~) 59 61.4
NillHoT | 0.01 -0.75 1 4.75 (=) 60 61.6
NillEr ! 0.9 -1.1 0.5 2.2 (~) 52 51.6

4.3.1.1 Magnetization process

To gain insight into how the spin ground states of the NijlLn}l complexes are manifested at

finite temperatures, we plot in Fig. 4.6 the magnetization as a function of the magnetic field B.
At first glace, we compare our deduced results of the magnetization at temperature T = 2 K
with the experimental data reported in Ref. [73] (curves marked with black cycles), assuming
isotropic XXX interaction A, = Jy. We consider exchange coupling Ni---Ni as fixed value
Jon = 5.2 cm™! in all forthcoming simulations, while remaining exchange interactions J,; and
Ji, as well as, single-ion anisotropies D, and D; are selected such that the best fit with the

experimental data of magnetization and dc susceptibility (Fig. 4.7) is achieved.

Based on the ED method and QMC simulations, the best fit of the magnetic data with the
Hamiltonian (4.4) led to the magnetic parameters of table 4.1. As unfolded in Ref. [73], low-lying
excited states play determinative role in being weak Ni- - - Ln magnetic exchange interactions in
all samples a—d. A steep increase in the magnetization curve at B < 1T supports the interaction
Ni. - - Ln is ferromagnetic. For magnetic range B > 1T, slow increase without reaching saturation
at B =5 T could be mainly due to the presence of striking magnetic anisotropy for lanthanides.
The slope of the magnetization curve against B below 1 T is higher for a than for b, indicating
a stronger magnetic coupling Ni- - - Ln for the former. Analogously, a weaker magnetic exchange
interaction is deduced for complexes ¢ and d than in their counterparts a and b. ED results
of data fitting parameters for the isotropic case of compounds shown in table 4.1 confirm these

presumptions.

It is evident from Fig. 4.6 that for all compounds, our results obtained from ED method and
from QMC simulation are in a good agreement with the experimental data of the magnetization
process. According to the compatibility between ED results and QMC simulations, hereafter,
we perform ED method to realize the low-temperature magnetic properties and the behavior of

other variables investigated in this work.

The magnetization curve exhibits at low temperatures abrupt in vicinity of each critical field,

addressing the zero-temperature magnetization jumps. It is clear from Fig. 4.6 that four possible
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FIGURE 4.6: Numerical results of the magnetization of the complexes a—d as a function of
the transverse magnetic field B at low temperature T' = 0.2K (red solid lines) and at T = 2K,
obtained form QMC-ALPS algorithms (hexagons) and from ED method (green solid lines) where
we have considered exchange couplings as J,, = 5.2 cm ™!, and other data parameters selected
from table 4.1 to achieve the best fit with the experimental data analysis reported in Ref. [73]
(black cycles). Blue solid curves demonstrate the low temperature (7' = 0.2K) magnetization
process of compounds for various fixed values of the exchange anisotropy Ay (2 > Ay, > —2 with
a numerical step 0.1). Pluses show the ED results of the magnetization at higher temperature
T = 2K, assuming fixed value A, = —0.5 cm~!. Right hand axes indicate the magnetization
per saturation of compounds.

sequences of the intermediate magnetization plateaux can be generally detected at low temper-
ature T' = 0.2 K for a—c (red solid lines), and two plateaus for complex d. Depending on the
strength of exchange anisotropy parameter A, the magnetization jump occur at different crit-
ical magnetic field. As the anisotropy decreases in all compounds, the magnetic position of the
critical points moves toward higher magnetic fields. Upon further decrease of A, one sees that
new narrower plateaux appear at respective lower fractional values of saturation magnetization.
We figured out a considerable influence of assumed exchange anisotropy Ay on the magneti-
zation of the complexes at higher temperature. We display in Fig. 4.6 how the magnetization
curve deviates at T = 2 K when fixed Ay = —0.5 cm™! is hypothesized. Consequently, at low
temperature region, by tracing the magnetization jumps and steps the possible discontinuous

ground-state phase transitions of the complexes can be pleasantly demonstrated.

Figure 4.7 displays our ED results obtained for the xas1T product for isotropic complexes a—d

when Ay = Jy1 in the 2—300 K temperature range in the presence of an applied magnetic field
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FIGURE 4.7: Experimental data of the x ;7T product together with the corresponding ED results
(solid lines) versus the temperature for isotropic complexes a—d in the 2—300 K range with an
applied magnetic field B = 0.1 T.

B = 0.1 T. This figure manifests all necessary information about the magnetic interactions of the
compounds under consideration. As elucidated in Ref. [73], due to a ferromagnetic interaction
between Nill and Ln™ we observe an increase of function y ;7 under cooling for complexes a
and b. With further decrease of the temperature (T < 5K), xpT decreases for b, denoting
the magnetic anisotropy of the Nil ions. For complexes ¢ and d, it is evident that the /T
product increases steadily upon decreasing the temperature then more sharply down to 7' < 5K.

HI jons leads to this behavior.

The depopulation of the magnetic sub-level energies m; of the Ln
Along side this, the Ln" anisotropies may overcome the Ni'l — Ln'!! ferromagnetic interactions

at sufficiently low temperatures.

4.3.1.2 AC susceptibility

For a paramagnetic system in thermal equilibrium, a dc magnetic field can play as the anisotropy
role in the Hamiltonian and lifts the degeneracy. Dynamic susceptibility ya.c is defined as the
response of the magnetization of a substance to a small change in the magnetic field, namely, as
the dc applied magnetic field is changed different susceptibility is given. Assume a material in
the presence of an external magnetic field B(t) = By + bcos(wt), alternating with the angular

frequency w = 27 of the ac field, where b corresponds to the amplitude of the driving field.

In thermal equilibrium, it is expected that the temperature of the spin system and the lattice
temperature are equal. The temperature of the spin system will change upon the magnetic field
variations that contributes to the spin-lattice relaxation. Therefore, the entropy of the spin
system undergoes changes [180, 181]. From this, one can deduce analytical expression for the

complex susceptibility xac as

O — xs) (4.8)

Xae(w) = Xs + 1+ wwr
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where quantity x7 is the isothermal susceptibility in the limit of the low frequency and is
associated to the spin-lattice relaxation, while xg denotes the adiabatic susceptibility in the limit
of the high frequency which is related to spin-spin relaxation. w = 27v (v reads frequency), and
7 is called relaxation time after which the magnetization of the system reaches a new equilibrium

state. Real and imaginary parts of Eq. (4.8) can be written as

M Mw) = M (4.9)

1y —
X(w) =xs+ 14 w2r2’ 14 w272

The Argand plot is a semicircle when one relaxation time (the Debye process) exists, whereas
for the distribution of relaxation times the plot is an arc. Here, the strategy that might apply is
a spread of relaxation times into the complexes a—d. The generalized Debye model can be thus

formulated as
(Xt — x5)

W, (4.10)

XaC(W) =Xs +

where 0 < o < 1. For the Debye model o = 0, while for spin glasses value o = 0.9 can be

"

achieved. For the complexes under study we attain a # 0, because X2 ../ Xmax < 1-

The relaxation time of superparamagnets with respect to the temperature may be described by
the Arrhenius law 7(t) = 19 exp(AE/kpT), in which AE is the energy barrier. In all complexes
a — d, existence of weak magnetic interactions Ni---Ln and Ln---Ln result in a small energy
barrier for the flipping of the magnetization, further lead to a favor quantum tunneling of
magnetization by mixing of low-lying excited states in the ground state. Characteristic time
7o is considered as temperature independent and varies from 7y ~ 107 s for nonmetallic to

10 ~ 10713 s for metallic systems.

Experimental analysis enlightened that only compounds a and b show out-of-phase component
of the susceptibility x” for the temperature region below 4 K [73]. Besides, none of these
complexes exhibit any maximum in the y” curve above 2 K at frequencies upto 1.4 kHz, even
in the presence of a small dc field (B = 0.1 T) to fully or partly suppress the possible quantum

tunneling relaxation.

In this section let us study the effect of the dc field on the ac susceptibility measurements of
the complexes a and b, propounding either isotropic or anisotropic case at lower temperature
region below 2 K. Figure 4.8 illustrates x’ and x” simulations for a and b. We consider the both
XXX and XXZ (A, = —0.5 ecm™!) interactions for theses compounds. The behavior of these
functions versus temperature and their responses to the dc magnetic field are in agreement with
the experimental analysis pronounced in supporting information of Ref. [73]. Surprisingly, we
find a maximum in the x” curve in the temperature region 1.5 K < T' < 2.5 K at frequencies
reaching 1.4 kHz, showing blocking temperature at T =~ 2K. The anisotropy Ay considerably
reduces the height of this maximum approximately to fifty percent, whereas does not change the

blocking temperature.
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FIGURE 4.8: Numerical results for the temperature dependence of components x’ and x” of
complexes a (upper panels) and b (lower panels), assuming three different values of the applied
dc magnetic field B =0, 0.1 T, 0.2 T. In all panels, both of XXX and XXZ (with the special

easy-axis Ay = —0.5 cm’l) models have been considered.
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FIGURE 4.9: Argand (cole—cole) plots of a and b for the parameter sets to x' and x” for v =
1 Hz — 1400 Hz. In all panels, both of XXX and XXZ (with the special case Ay = —0.5 cm™1)
models have been considered.



Chapter 4. Molecular cluster magnets 81

Figure 4.9 shows the Cole-Cole plot of a and b that is asymmetric and pertains to a distribution
of relaxation times. This result is a fingerprint of the SMM-like behavior of these compounds.
The relaxation time decreases with increase of the magnetic field and considering anisotropy
Ap < Jul-

4.3.1.3 Specific heat

Next, let us proceed to argument of the results for the specific heat of all complexes derived
within the framework of the full ED method. The temperature dependence of the specific heat
of complexes is plotted in Fig. 4.10 for several fixed values of the magnetic field. It can be
realized from this figure that our results provide a well description of the thermodynamics of
complexes under consideration, whenever the applied magnetic field changes from zero upto 2T.
We conclude that, the specific heat of a exhibits a double-peak temperature dependence at low
magnetic field (see for example pluses). By increasing the magnetic field, maxima of the double-
peak merge together and make a hill-shaped single Schottky maximum at higher temperatures.
As well as, considering anisotropyic XXZ model, taking A, = —0.5 cm™!, the double-peak

exists for higher magnetic fields.

For other compounds we see a relatively similar behavior. The specific heat depicts a steep
increase at low temperature region and reaches its maximum under heating. It is easy to find
a field-dependence double-peak in low magnetic fields. The anisotropy parameter substantially
affects the temperature dependence of the specific heat in the presence of each selected magnetic
field. The change in shape of the double-peak appeared in the specific heat of complexes likely
remind us the first-order ground state phase transition accompanied with the magnetization

jumps and plateaux.

4.3.2 Thermal entanglement

Final stimulating topic that reserves its own right to notify in this context is the measure of
quantum entanglement between the Ni- - - Ni spin pairs of the studied complexes. The quantity
that we consider as a measure of bipartite entanglement is thermal negativity that can be

identified through the qutrit-qutrit reduced density matrix p, and reads

[t ]l -1

N(p) = = (4.11)

which corresponds to the absolute value of the sum of negative eigenvalues of the partial trans-

posed density matrix pT4 with respect to the first sub-system (A). The trace norm of matrix

pT4 is identified by || pTa [|= /Tr[(pTa)tpTa].
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FI1GURE 4.10: ED results for the specific heat of complexes a—d as a function of the temperature

at several fixed values of the magnetic field B. Both of XXX (left column) and XXZ (right

column) models are presented. In the panels of right column we assume A, = —0.5 cm ™1,

In Fig. 4.11 is plotted the negativity A/(p) as a measure of bipartite entanglement between spin-
1 pairs Ni-- - Ni of the complexes a—d with respect to the temperature for several fixed values
of the magnetic field. In this figure one can see that the behavior of negativity is generally
different for each compound. Particularly, when an external magnetic field is applied, this
function behaves anomalously. To clarify this point, in the absence of the magnetic field, for a,
there is a very small entanglement between pairs of Ni atoms that rapidly increases with increase
of the temperature, then monotonically tends to a constant value A" ~ 0.06. With increase of the
magnetic field, one observes that by heating, the negativity reaches a relative minimum within

the interval 1 K < T, < 3 K, then increases upto N ~ 0.06.

The temperature dependence of the thermal negativity for Ni---Ni of the complexes b—d are
unlike a in the absence of magnetic field (see black dashed lines). The entanglement of pair spin
Ni- - - Ni strengthens upon cooling the complexes, where a notable entanglement is demonstrated
at sufficiently low temperatures and low magnetic fields. Applying a stronger magnetic field

substantially alters the temperature dependence of the negativity. For instance, upon cooling
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FIGURE 4.11: Thermal negativity as a function of temperature T' for various fixed values of
the magnetic field, supposing XXX model of compounds a—d. Insets illustrate the temperature
dependence of the negativity where XXZ model of the corresponding complexes were examined
for easy-axis anisotropy Ay = —2 cm™!.

the negativity reaches a relative maximum and then sharply decreases where an entanglement

death happens in these complexes at low temperatures.

Insets assigned in the panels of Fig. 4.11 depict relevant entanglement negativity versus tem-

perature when the anisotropic XXZ models are hypothesized for the complexes such that A, =

—2 cm™!'. The interesting point to observe from insets is that, when a typical easy-axis
anisotropy Ay = —2 cm ™! is assumed, the entanglement is restricted for a wide rage of magnetic
field.

4.4 Coupled tetranuclear Cu}lI square complexes

4.4.1 The model

In this section, let us consider the Hamiltonian of the tetranuclear copper(II) compounds abbre-
viated by simple notation Cu}f (see Fig. 4.12) as a magnetic system which is under the influence

of an external magnetic field. The Hamiltonian of the model can be expressed as follows
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FIGURE 4.12: schematic structure of the four spin-1/2 Cuff complexes on the XXZ Heisenberg
model with the corresponding magnetic exchange interactions.

H =[—J1(S7S5 + S{SY) + A15755
[—J2(S55% + S4SY) + N9S55%
[—J3(S5S7 + SYSY) + A3S55%
[—J4(STST + SYSY) + AyS;S;
nBgB(ST + 55 + 55 + 5).

+
_l’_
_l’_

]
]
] (4.12)
J—-

The coupling J; with ¢ = {1,2,3,4} describes the strength of the spin interaction, being ferro-
magnetic when J; > 0. B is the external magnetic field which is only applied to the z-direction,
while A is the exchange anisotropy parameter. ¢ is the Landé g-factor with the assumption
g =2, and S (a = z,y,2) are the spin-1/2 operators. For simplicity, we set h = 1, and Bohr
magneton pp was absorbed into a definition of the magnetic field term. We notify that for sim-
plicity, in the forthcoming analytical expressions and simulations, we consider Jo = J3 = Jy = J
and uniform anisotropy A; = Ay = Az = Ay = A, assuming J; = 1 as energy unit for all other
parameters with {B, J, A, T} being dimensionless parameters. In the next sections, we will as-
sume both pure ferromagnetic interactions (J > 0) and mixed ferromagnetic-antiferromagnetic
interactions between nearest-neighbor spins by adopting J < 0 that means Js, J3, Jy < 0 but
Ji=1>0.

4.4.2 Ground-state phase transition

The spin-1/2 tetranuclear square complex with the Hamiltonian (4.12) exhibits four different
ground states in the presence of a transverse magnetic field. The ground-state phase diagram
of the model involves two localized one-magnon phases, | LOM); and | LOM)2, the localized

two-magnon phase | LTM) and the fully polarized phase | FPS) given by the eigenvectors

1
| LOM); = |¢11) with M/Mg = 5
| LOM)y = |apo)  with M/M, = 17
| LTM) = |1h1g) with M/M, =0,

| FPS) = [¢b) with M/M, = 1.

(4.13)

[\
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FIGURE 4.13: (Left panel) Ground-state phase diagram in the (B — A)-plane by assuming
fixed J = 0.02. (Middle panel) Ground-state phase diagram in the B — J plane by assuming
fixed A = 1. (Right panel) The total magnetization with respect to the transverse magnetic
field B for fixed values J = 0.02 and A = 1 at two different temperatures 7' = 0.02 and
T = 0.1. The inset displays the experimental data (blue cycles) and our numerical data fitting
(green solid line) for the field dependence of the magnetization of Cu'! square complex at high
temperature 7' = 2 K when the same set of exchange couplings to those reported in Ref. [182],
ie, J1 = —|A1] = +5.81 em™ !, Jo = —|Ay] = +2.36 ecm ™!, J3 = —|A3] = +1.73 cm~! and
Ji = —|A4] = +2.37 cm ™! is considered.

M is the total magnetization and Mg denotes the saturation magnetization.

In Fig. 4.13 (left panel), we illustrate the zero-temperature phase diagram in the (B — A)-
plane where weak coupling constant J = 0.02 is assumed. In this situation, one detects three
different ground states | LOM)2, | LTM) and | FPS). | LOM)2 phase region is located between
other two phase such that they have no mutual boundary. The boundary between | LOM), and
| LTM) phases is given by B = 0.2501 4+ 0.5A, while | LOM)2 and | FPS) phases are separated
by B = —0.2501 + 0.25(A + /A2 4+ 1.042). The most stimulating result of the ground-state
phase diagram within the (B — J)-plane is plotted in the middle panel of Fig. 4.13, revealing the
topology of two different phase transitions, namely, discontinuous ground-state phase transitions
(solid lines) and that of the continuous (second-order) phase transition (vertical dotted line)
between | LOM); and | LOM)2 for which the total magnetization is in one-half of saturation

value.

By inspecting right panel of Fig. 4.13, one can see that the low-temperature magnetization versus
applied magnetic field exhibits zero and one-half plateaux with respect to its saturation value for
the parameter set J = 0.02 and A = 1. By comparing this panel with those of phase diagrams,
one immediately understand that the magnetization jumps and plateaus are accompanied with
the ground-state phase transition and phase region. Magnetic measurements on the model
manifested ferromagnetic interactions between four Cu'! atoms, possessing S; = 2 ground state.
In order to have a comparison between our theoretical prediction for the magnetization of the
model with the relevant experimental data reported in Ref. [182], we display in the inset of right
panel of Fig. 4.13 the magnetization versus magnetic field by assuming the same fitting set of
the other parameters, namely, at T = 2 K (solid green line) and fixed values of the coupling
constants J; = —|A1| = +5.81 cm™!, Jo = —|Ag| = +2.36 cm ™!, J3 = —|A3| = +1.73 cm~! and
Jy = —|A4| = +2.37 cm~!. We observe that our analytical results are in an excellent coincidence

with the experimental data (blue cycles).
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4.4.3 Local quantum uncertainty

The local quantum uncertainty (LQU) was recently proposed as a discord-like measure of quan-

tum correlations based on the principle of skew information. It is written as
U(p) = winZ(p, Kn © I) (4.14)
A

where K is some local observables on the subsystem A. Ig being the identity operator acting
on the subsystem B, while Z is the skew information associated to the density matrix p and
defined as

T(p, K ® Ts) = — 5 Te([y/p, Kn © Ti]”). (4.15)

For a bipartite qubit-qudit system the closed-form of the local quantum uncertainty is given by
U(P) =1- )\maX(WAB)¢ (416)

where A\pax stands for the largest eigenvalue of the 3 x 3 matrix WWap whose elements are given
by
(Wa)i; = Te(v/p (03 @ In) /7 (ag/ ® IB)). (4.17)

In above, O'z(a/) with a(a’) = {z,y, 2z} represent the Pauli operators of the subsystem A. There-
fore, in terms of the Fano-Bloch components R associated with the matrix p, the eigenvalues

(WAB)ij can be expressed as

2 52
wi = W= (n +2va) (t2+2¢£)+i\/(tl+(j;;)2:’?2m)

)

wa = g (ea (v vm)) g (et R ST e Tl ),
with
tig = % (Roo = Ro3) , (4.18)
dig = % [(Roo + Ra3)” — (Rso £ Ros)” — (Ru1 F 7322)2} :

Hence, the LQU for the considered density operator p is gained from

U(p) =1 — max(Wp, Ws). (4.19)

Figure 4.14 illustrates the LQU of the model in different planes. Panels of the first row depict
the temperature dependence of this function for fixed J = 0.02, such that left panel corresponds

to the several values of the magnetic field and A = 1, whereas right one corresponds to the case
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FIGURE 4.14: Local quantum uncertainty U(p) in different perspectives. Horizontal dotted line
shows the critical magnetic fields where the phase boundary between | LOM)5 and | FPS) (black
line plotted in the left panel of Fig. 4.13) exists.

when several values of the anisotropy are assumed at fixed B = 0.6. A vivid difference is evident
between LQU and concurrence, i.g., the later reaches its maximum value 1 at finite low tempera-
tures while the former does not. In addition, the concurrence vanishes at a critical temperature,
while upon heating, LQU tends to zero but does not vanish. Lower-left panel displays the LQU
as a function of the magnetic field for several values of the exchange anisotropy, supposing low
temperature T = 0.02 and J = 0.02. Again, one sees that the LQU does not reaches unity, and
with increase of the magnetic field it sharply decreases and ultimately vanishes nearby the same
critical magnetic point to the concurrence. It is worth mentioning that another notable difference
between magnetic behavior of LQU and concurrence is that, the former behaves anomalously
when drops down in height to & = 1/2. This phenomenon disclosed by horizontal dotted line
is the fingerprint of the first-order phase boundary between | LOM)2 and | FPS) (see black line
plotted in the left panel of Fig. 4.13) that was not observed in the concurrence. In result, the

LQU is more robust than the concurrence to demonstrate discontinuous phase spectra.

Last but not least, let us also emphasize another important consequence of the LQU analysis with
respect to the coupling constant J. Lower-right panel illustrates the LQU versus the coupling
constant J at low temperature T' = 0.02 and A = 1, where four different values of the magnetic
field have been taken. For the ferromagnetic coupling, J > 0, the LQU falls down close to
the critical exchange coupling at which the ground-state phase transition occurs. On the other
hand, for mixed ferromagnetic-antiferromagnetic case J < 0, we see that this function does not

vanish but tends to &/ = 0.1 as J decreases further than critical point J = —1 at which the
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FIGURE 4.15: Quantum coherence C;, of the model under study with respect to the same
parameter sets, as well as, with the same panel-sequence to Fig. 4.14.

second-order phase transition occurs (see vertical dotted line shown in the middle panel of Fig.
4.13). Furthermore, for region J > 0, at low magnetic field B = 0.4 (blue line), the LQU curve
shows a discontinuous alteration in the vicinity of a critical point accompanied with the phase
boundary between | LOM), and | LTM) (see black line plotted in the middle panel of Fig. 4.13).
Hence, the LQU could be a fine witness of the discontinuous phase transition of the model that

is more vigorous that the concurrence in this medium.

4.4.4 Quantum coherence

Here, we use the intuitive [ —norm of coherence measure. We depict typical thermal variations of
the [{—norm of coherence of the tetranuclear model with successive reentrant phase transitions
in Fig. 4.15. Upper left-right panels manifest the temperature dependence of the quantum
coherence for the fixed J = 0.02 and various values of other parameters. It is evident that
this quantum correlation quantifier experiences its maximum at low temperature such as the
concurrence. On the other hand, when the temperature increases, at low magnetic fields and
low anisotropies such a function gradually decreases and tends to zero but does not vanishes
neither at higher magnetic fields nor for stronger exchange anisotropies. Returning to Fig. 4.14,
it is observable that the [; —norm of coherence and LQU have similar behavior to each other at

high temperatures.

Lower-left panel displays the coherence as a function of the magnetic field at low temperature

T = 0.02 and low exchange coupling J = 0.02, where several fixed values of the anisotropy A
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FIGURE 4.16: (Upper-left panel) F4 versus temperature, assuming J = 0.02, A = 1 and several
fixed values of the magnetic field. (Upper-right panel) The average fidelity F4 as a function
of anisotropy A for fixed J = 0.02, B = 0.6 and different values of the temperature. (Lower-
left panel) Field dependence of the average fidelity F4 for various temperatures, where other
parameters have been taken as J = 0.02 and A = 1. (Lower-right panel) the same function at
low temperature T" = 0.02 against the coupling constant J when different fixed values of the
magnetic field are considered such that A = 1. Horizontal dotted lines denote the limit value 2/3
and identify the quantum teleportation becomes possible for the case when the average fidelity
is greater than this value.

are assumed. The same behavior to the concurrence is evident close to the critical magnetic
fields at which the ground-state phase transition occurs. The /;—norm of coherence C;, versus
the coupling constant J at low temperature is plotted in the lower-left panel of Fig. 4.15, where
anisotropy A = 1 and four different magnetic fields are selected. It is visible a quite different
behavior of this function compared with the LQU and the concurrence. Namely, for the case
when J < 0, by decreasing the exchange coupling J further that the critical point J = —1, the
quantum coherence not only does not vanishes but also increases more than LQU. Jumps in
the coherence curve at special critical point on the J-axis reminisce us the ground-state phase

transition.

4.4.5 Quantum Teleportation

In this part, we study the quantum teleportation throughout an entangled mixed state, as a
resourse; acts as a generalized depolarizing channel. Next, we investigate the effects of the
anisotropy and the magnetic field on the possibility of teleportation through the model under

verification.
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To describe the quality of the process of teleportation, it is often quite useful to study the
fidelity between pi, and poyt to characterize the teleported state. When the input state is
a pure state, one can apply the concept of fidelity as a useful indicator of the teleportation
performance of a quantum channel quantifier. As said earlier, the average fidelity F4 depends
on the quantum channel parameters. In order to transmit a quantum state better than the
classical communication protocols, F4 must be greater than 2/3 (dotted lines plotted in Fig.
4.16) which is the best fidelity in the classical world. In upper-left panel of Fig. 4.16, is shown
the average fidelity as a function of the temperature for the weak easy-axis coupling J = 0.02
and fixed A = 1, where several fixed values of the magnetic field have been assumed. It is clear
from this figure that F4 does not reaches limit of quantum fidelities for B 2 0.8, hence the
teleportation of information happens for the magnetic field rage B < 0.8. By inspecting left
panel of Fig. 4.13, one finds that the teleportation of information is solely possible for the region
below than black line which separates the phase boundaries | LOM)y and | FPS). Increase of

the temperature leads to decease of the possibility of teleportation.

In upper-right panel we depict the average fidelity versus the anisotropy A for several fixed
temperatures and parameter set J = 0.02 and B = 0.6. A reentrance point is evident in this
figure at which a sharp change in the average fidelity behavior happens. This phenomenon is
accompanied with the ground-state phase transition from | FPS) to | LOM),. This quantity
immediately reaches its maximum F4 = 1 within the anisotropy interval 0.8 < A < 1.5, as
soon as the system’s ground state switches to | LOM)y (with M /My = 1/2). So long as the
system is in this ground state, the fidelity remains maximum value. Nearby the phase boundary
between | LOM)s and | LTM) the average fidelity sharply decreases. With further decrease
of the anisotropy, such a function monotonically decreases and tends to limit value 2/3. The
relevant field dependence of the average fidelity at J = 0.02 and A = 1 shown in the lower-left
panel has also similar behavior. It can be seen from this figure a steep decrease as well as line
accumulation in the average fidelity function at low temperature regime in the vicinity of critical
magnetic field at which the ground-state phase transition occurs between | LOM)y and | FPS).
Under heating F4 decreases at low magnetic fields. Accordingly, the possibility of teleportation
through this model is restricted.

The most interesting finding from the fidelity investigations is manifested in lower-right panel
of Fig. 4.16 by which we illustrate the average fidelity with respect to the exchange coupling J
at low temperature T' = 0.02 and A = 1. As one can see, F4 anomalously behaves nearby the
critical exchange couplings at which the ground-state phase transition occurs. Surprisingly, in
the antiferromagnetic region of J, close to the critical point J = —1 at which the second-order
phase transition occurs, the average fidelity sharply drops to its minimum. Consequently, F4
could be an eligible candidate to trace the ground-state phase transition of the tetranuclear spin-
1/2 square compound possessing either ferromagnetic or mixed ferromagnetic-antiferromagnetic

exchange couplings.
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4.5 Conclusions

In this chapter, we have rigorously examined the magnetic and thermodynamic properties of
the octanuclear nickel phosphonate-based cage with the geometry of butterfly-shaped molcular
structure and a set of heterometallic octanuclear Ni{'Ln}' (Ln = Tb, Dy, Ho, Er) compounds.
To this end, we first examined the magnetization processes of the isotropic version of the models
through ED and QMC methods. We have proved that our results are in excellent agreement with
the corresponding experimental data. Building on this confidence, we continued our investiga-
tions by means of the ED procedure for the magnetization process, as well as, the specific heat
of these models including Heisenberg exchange anisotropy and single-ion anisotropy properties.
The models show a complex magnetization landscape with a number of intermediate plateaus
and magnetization jumps at low temperature accompanying with the ground-state phase tran-

sitions.

Using the reduced density matrix derived from our ED analysis, it is possible to investigate

the pairwise thermal entanglement for the linked Ni atoms of Ni}Ln}!

complexes. Owing to
this fact, we have uncovered that there is a notable entanglement between ferromagnetically
interacted Ni atoms for a range of magnetic field. Applying a relatively high magnetic field,
this entanglement sharply decreases upon cooling and disappears at a critical temperature.
Surprisingly, considering exchange anisotropy for Ni-- - Ln interactions mostly leads to weaken
the thermal pairwise entanglement in compounds b—d, and to enhance the entanglement in

compound a.

Furthermore, we found several first-order phase transitions in the phase diagram of coupled
tetranuclear Cuﬂ} square complex. In addition, a special second-order phase transition between
two localized one-magnon states with relevant magnetization in one-half of saturation magnetiza-
tion has been detected when mixed ferromagnetic-antiferromagnetic exchange couplings between
nearest-neighbor spins have been hypothesized. We then studied local quantum uncertainty and
compared it with the concurrence for a pair of spins. We have demonstrated that the both
functions behave anomalously close to the critical points at which a typical ground-state phase
transition occurs. At low temperature and weak coupling constant we could observe maximum
entanglement between selected pair of spins. According to our observations, we convincingly
concluded that the local quantum uncertainty is generally more robust than concurrence to

witness the ground-state phase transition in different Hamiltonian-parameter sets.
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Concluding remarks

The main outcomes delivered from this dissertation are as follows.

i)

ii)

iii)

iv)

One of our notable results reported in chapter 1 is that the thermal pairwise entanglement
of Fe — Mn — Cu chain polymer can be controlled and tuned by imposing a magnetic
impurity into the model. Based on our theoretical investigations, we proved that QFI
can be considered as a useful quantum tool for estimating the quantum phase transition
of the Ising-Heisenberg spin-1/2 chain of the heterotrimetallic coordination compound
Fe — Mn — Cu. We have demonstrated that at low-temperature regime, the inclusion of
magnetic impurity leads to remarkable enhancement in the average fidelity until reaching
maximum value. Based on our findings regarding the model with magnetic impurity, we
claimed that the average fidelity becomes more robust compared with the original model,

enabling teleportation of information in the regions of very strong magnetic fields.

The most interesting finding for the Ising-Heisenberg spin ladders discussed in chapter 2
is that, alteration of the magnetic anisotropy and single-ion anisotropy considered for the
integer spins slightly above (below) the critical points results in cooling/heating during
the adiabatic demagnetization process, where the temperature rapidly falls down. So, the
anisotropies play an important role to understand cooling process together with discon-
tinuous zero-temperature phase transitions of such spin ladders. We have also realized
that there are some particular points in the field-induced ground-state phase diagram
of the model which makes the intersection of several different ground states. Assuming
the cyclic four-spin Ising term affects on the co-ordinates of these special points. It has
been demonstrated that, at low temperatures, the specific heat curve anomalously behaves
nearby the critical magnetic fields at which a magnetization jump occurs. An anomalous
magnetocaloric effect has been observed close to respective magnetization jumps of the

Ising-Heisenberg two-leg ladder.

We uncovered in chapter 3 that the Ising-Heisenberg model on two new modeled TIT
lattices exhibits a rich magnetic behavior with several unconventional quantum phases and
boundaries. We witnessed that a quantum reduction of the spontaneous magnetizations of
the Heisenberg and Ising spins is the result of quantum fluctuations and strongly depends
on the anisotropy. Ultimately, it has been demonstrated that the specific heat of Ising-
Heisenberg model on the TIT lattices exhibits a logarithmic singularity from the standard
Ising universality class for the isotropic ferromagnetic Heisenberg interaction, where the

model is in the ground state CFP.

In chapter 4 we observed that the Ni containing complexes show a complex magnetiza-
tion landscape with a number of intermediate plateaus and magnetization jumps at low

temperature accompanying with the ground-state phase transitions. Also, alteration of
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the single- and two-ion anisotropies affected on the magnetization process and the thermo-
dynamics of these models. We have realized that there is a notable entanglement between
ferromagnetically interacted Ni atoms of NiflILniH complexes for a special range of mag-
netic field. Surprisingly, considering exchange anisotropy for Ni- - - Ln interactions mostly
leads to weaken the thermal pairwise entanglement in compounds b—d, and to enhance

the entanglement in compound a.

Furthermore, we found several first-order phase transitions in the phase diagram of cou-
pled tetranuclear Cu}f square complex. In addition, a special second-order phase transi-
tion between two localized one-magnon states with relevant magnetization in one-half of
saturation magnetization has been detected when mixed ferromagnetic-antiferromagnetic
exchange couplings between nearest-neighbor spins have been hypothesized. We have
demonstrated that the local quantum uncertainty and concurrence as quantum correlation
quantifiers behave anomalously close to the critical points at which a typical ground-state
phase transition occurs. We have concluded that the local quantum uncertainty is gener-
ally more robust than concurrence to witness the ground-state phase transition and critical

behavior of tetranuclear Cuff square complex in different Hamiltonian parameter sets.
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