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Chapter 1

Introduction

Kéhler manifolds are widely used in numerous sections of modern theoretical and math-
ematical physics [1],[3],[10],[33]. It is mostly considered as a configuration space of various
systems. Here Kéhler manifolds are considered as a phase space of some (super)integrable
systems, which lead us to an interesting and elegant description of integrability, rooted in the
underlying geometry of the phase space.

One of the advantages of considering integrable systems on them is that the Kahler struc-
ture of the phase spaces enables the use of the geometric quantization method [11],[12], [13],
[14]. The number of known nontrivial (super)integrable systems featuring a Kéhler phase space
is quite limited, and their examination remains at the periphery of integrable systems theory.
This is particularly surprising, given that the quantization of systems with a Kéhler phase space
has been a focal point in modern geometry ever since the inception of geometric quantization.
A notable integrable model with a Kéahler phase space that is currently under extensive inves-
tigation is the (compactified) Ruijesnaars-Schneider model [5] ,[6], [7], [8]. However, even this
system is primarily studied in canonical coordinates. On the other hand, establishing a con-
nection between existing integrable systems and their constants of motion with the isometries
of a Kahler manifold viewed as a phase space can be useful in comprehending the system’s
geometry. It’s an important step towards quantization in non-canonical coordinates.

This thesis is devoted to the study of classical mechanical (super)integrable systems having



Kéhler phase spaces and a construction of their supersymmetric extensions. As demonstrated
later in this work, the methods that are used herein can be extremely useful for supersym-
metrization of a given model. The phase superspaces of such a supersymmetric extensions are
Kahler supermanifolds, meaning, a Kéahler manifold equipped with Grassmann anticommuting
coordinates also ([10],[16]).

The thesis comprises four chapters (excluding the current introductory chapter). The second
chapter is dedicated to a renowned classical system known as the Euler top. It is considered as a
one-dimensional system with Kahler phase space, specifically CP*, and its supersymmetrization
in that context. It is based on [18]. In the third chapter, we study compact and non-compact
complex projective spaces, along with their symmetries. Focusing on the non-compact case, we
regard them as phase spaces of N-dimensional conformal mechanics, N-dimensional oscillator,
and N-dimensional Coulomb system. Their integrability properties are studied from the geo-
metrical point of view. This material can be found in [17]. In the fourth chapter, we examine
the possibilities of supersymmetrization within this formalism and consider the options for su-
persymmetrization for the examples from the previous chapter [19]. Finally, the fifth chapter is
devoted to discussion of the main results and possible future developments of the ideas explored
in this thesis.

This chapter focuses on the basic introductory information about Kéahler manifolds, Hamil-
tonian formalism, and supersymmetric mechanics. These concepts are widely used in current
work.

Section 1.1 is dedicated to Kahler manifolds and explains how they serve as phase spaces
for different systems. It covers the basics and their application in this context.

In Section 1.2 we talk about Hamiltonian formalism in general, as well as, consider Hamil-
tonian and super-Hamiltonian reduction technique.

Section 1.3 focuses on integrability .

And finally, Section 1.4 is devoted to supersymmetric mechanics.



1.1 KAHLER MANIFOLDS

Kahler manifolds are Hermitian manifolds that possess a symplectic structure, satisfying
specific compatibility conditions with Riemann (and/or complex) structures [1], [3]. These man-
ifolds commonly appear as configuration spaces for particles and fields in theoretical physics.
While they can be considered as phase spaces for Hamiltonian systems, this usage is limited
to certain physical problems, such as various versions of the Hall effect and tops [64]. The
number of known nontrivial (super)integrable systems with K”ahler phase spaces is restricted,
and their study is on the margin of the theory of integrable systems.

An exceptional integrable model with a Kéahler phase space extensively studied nowadays
is the compactified Ruijesnaars-Schneider model with an excluded center of mass, whose phase
space is the complex projective space CPY [5]. However, even in these investigations, canonical
coordinates are used.

On the other hand, there are indications that Kahler phase spaces can be useful for studying
conventional Hamiltonian systems, particularly those formulated on the cotangent bundle of
Riemann manifolds. For instance, one-dimensional conformal mechanics formulated in terms
of Lobachevsky plane, serving as a noncompact complex projective plane, plays the role of
phase space [9]. This elegant description allows for the immediate construction of its N' = 2M
superconformal extension associated with su(1,1|M) superalgebra. In recent paper [17], a
similar formulation of some higher-dimensional systems was presented in terms of su(1, N)-
symmetric Kéhler phase space, considered as a noncompact version of complex projective space.

Relating angular coordinates and momenta with the action-angle variables (e.g. [15]) of the

angular part of the integrable conformal mechanics, all symmetries of generic superintegrable



conformal-mechanical systems are described in terms of the powers of the su(1, V) isometry
generators. The maximally superintegrable generalizations of the Euclidean oscillator/Coulomb
systems express all symmetries of these systems via su(1, N) isometry generators. However,
supersymmetrization aspects of that system were not considered there. In a subsequent paper
[19], we have studied supergeneralizations of those systems, we have constructed their N-
extended superconformal extensions , as done in [9] for the one-dimensional case. These results
are presented in Chapter 4.

According to Darboux’s theorem, any symplectic structure can locally be presented in the
canonical form corresponding to canonical Poisson brackets. Furthermore, any cotangent bun-
dle of a Riemann manifold can be equipped with the globally defined canonical symplectic
structure. Hence, for the Hamiltonian description of systems of particles moving on the Rie-
mann space, we can restrict ourselves to the canonical symplectic structure (and canonical
Poisson brackets). Non-canonical Poisson brackets are usually used for the description of more
sophisticated systems, such as various modifications of tops, (iso)spin dynamics, etc.

As it was mentioned above, Kahler manifolds have three mutually compatible structures,
namely complex structure, Riemannian structure and symplectic structure. Kahler manifold is
a particular case of the general Hermitian manifold (g,;dz%dz"). For any Hermitian metric one

can define a 2-form

w = 1g5dz® A dZ° (1.1)

This 2-form is called a fundamental form. Hermitian manifold is called Kahler if this 2-form is
symplectic (closed and non-degenerate). This condition puts a strong limitation, which allows
us to express a Kéhler metric as the second derivative of a function known as the Kéahler

potential.

K (2, 3)

It is worth to mention that it is defined up to a holomorphic or antiholomorphic function: K'(z, z) —



K(z,2)+U(2) + U(2).

Symplectic structure of Kahler manifolds allows as naturally equip it with Poisson brackets.

of dg  9g Of ab a
920 0z> aza@)’ 9" g5 = 00 (13)

{fig}o= ig“E(

Since the symplectic structure relates functions (Hamiltonian) and vector fields (Hamiltonian

vector fields), we can introduce functions, which generate Killing vector fields.

L Ve = —ig™dh, (1.4)

V/J‘ = {h/“ }0 = Vﬂaaza _585‘1’ ©

Such functions are called Killing potentials. By employing the Killing Equations, limitations
on Killing potentials can be deduced. These potentials must have real values and must satisfy
the following equation.

oh,,

92h ]
az“c{zb ~Tag.e =0 (1.5)

These functions are extremely useful for studying systems on Kéahler manifolds in presence
of a constant magnetic field. Since any 2-form is closed in two (real) dimensions, a one-
dimensional orientable complex manifold (Riemann surface) can always be equipped with a

Kahler structure. Many components of the Christoffel symbols and Riemann tensor vanish.

gc = gadng,ca RZCJ = _( Zc),g' (16)

In this thesis some (super)integrable models on maximally symmetric Kdhler manifolds are
discussed. Namely, in the first chapter an integrable system Euler top is approached as a
one dimensional system possessing CP' as a phase space. Latter on, N dimensional compact
and non-compact projective spaces are involved as phase spaces of some model. And namely
the non-compact projective space, denoted here as @TP’N, is studied in details, as phase space
of N-dimensional conformal mechanics and its deformations, specifically Oscillator-like and

Coulomb-like models.
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1.1.1 CN+1 AND CV! AS A KAHLER MANIFOLD

From now on, as we start more concrete consideration and for being more precise let us
denote coordinates on Euclidean spaces (both, compact and non-compact) by u,u, leaving
z,z for the projective spaces. As well as, use i,j,k for the indices, actually, for the same
reason. Certainly, it is very artifical to consider N + 1-dimensional Euclidean space instead of
N-dimensional. We do so just for a complete analogy with the non-compact case (where we do
not consider CV=11), and it is also useful for the next section where we discus compact and
non-compact projective spaces, which are the main objects of study in this thesis, and we take
them to be N-dimensional.

The metric of the N + 1-dimensional complex Euclidean space is well known

ds® = dudau, gi; = 045- (1.7)

J

Here and throughout the remainder of this text, when we express a product without explicit
indices, it implies the presence of dummy indices and the performance of a subsequent summa-

tion:

dudu = du;du; = Z dudi;, 272 = 242, = Z 2aZa, €tc. (1.8)
It is easy to note that the Kahler potential and the symplectic structure are as follows
K(u,u) = uu, w = —wdu A du, {u', W }o = 169, (1.9)

Such a Kahler potential leads to the metric above. All the components of Christoffel symbols
and Riemann tensor vanish. Finally we present the results for Killing potentials and corre-

sponding Killing vector fields.

hy =u',  VI=—0;. (1.10)



Vi; vector fields generate rotations, while V;~ and V.t are the generators of translation.

Although h,;, h and h; are not real, one can take real combinations using these functions.
The number of real Killing potentials is (N + 1)(2(N + 1) + 1), so as is mentioned CV*! is

maximally symmetric space.

The metric of N+ 1-dimensional complex pseudo-Euclidean space CV! is equally well known

ds® = dugdiig — dugdig, 95 = Vi5- (1.11)

where v = diag(1, —1,...,—1) and indices a,b,... = 1, ..., N.

Kahler potential and associated Poisson brackets are given by

K (u, @) = ugtip — ugUq, {ui, 45} = vy (1.12)

The Killing potentials and associated vector fields are are given by (1.10).

1.1.2 CPY¥ AND @DN AS A KAHLER MANIFOLD

The N-dimensional complex projective space is a space of complex rays in the (N + 1)-
dimensional complex Euclidian space (CN*! Zij\io du'du’), with u* being homogeneous co-
ordinates of the complex projective space. Equivalently, it can be defined as the quotient
SPNHL/U(1), where S?M*1 is the (2N + 1)-dimensional sphere embedded in CN¥*! by the con-

straint S w'@’ = 1. One can solve the latter by introducing locally “inhomogeneous” coor-

a

dinates 203

Z= - with a#iul 0. (1.13)
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Hence, the full complex projective space can be covered by N + 1 charts marked by the indices

i =0,..., N, with the following transition functions on the intersection of i-th and j-th charts:
27
a )
(4)

Let us endow CN*! with the canonical Poisson brackets {u, %/} = 16", and define, with respect

to them, the u(N + 1) algebra formed by the generators
hi = a'u’ . (1.15)

Reducing the manifold C¥*! by the action of the U(1) group with the generator J = u'a’, we
arrive at the SU(N + 1)-invariant Kéhler structure defined by the Fubini-Study metrics ([38],

[72])

0?log(1 + 22) drodsb — dzdz  (2dz)(2dZ)
02007 142z (L+22)2

Gupdzdz’ = K =log(1 + 22). (1.16)

This metrics is obviously invariant under the passing from one chart to another. Hence, we
can omit the indices marking charts and assume, without loss of generality, that we are dealing
with O-th chart, so that the indices a, b, ¢ run from 1 to N.

Being Kahler manifold, the complex projective space is equipped with the Poisson brackets
{z%, 2} = 19°, where ¢® = (1 + 22)(0®* + 2%2") is the inverse Fubini-Study metrics. The
su(N + 1) isometry of CPY is generated by the holomorphic Hamiltonian vector fields defined
as the following momentum maps (Killing potentials).

b a

sa
zZ°Z _ <z +

1422’ a:1+22’ a:1+z2'

Za

(1.17)

ab —
Like for the Euclidean case the number of independent Killing vector fields indicates that

this space is again maximally superintegrable. Finally we can compute the components of

Christoffel symbol and Riemann tensor.

opz 4 ooz

I = -
1422

v Raped = 9ab9ea + 9eb9ads (1.18)
An analogues formulas can be written down for the non compact case. As it was mentioned,
to get to the non-compact complex projective space we start from N + 1 dimensional pseudo-

Euclidean space CN! with Poisson brackets {u;, u;} = 1,5, where 7 is as defined in previous

section.

13



Reducing CV! by the action of U(1) generator J = u’u" — u®u® we arrive at the SU(1.N)

invariant Kéahler structure

0?log(1 — 22) 1ot — dzdz N (zdz)(zdz)

LD 1o - K =log(l — z2). (1.19)

g,5d2°dz" =

This manifold is equipped with the following Poisson brackets

(29,27 = g%, (1.20)
g

_ _ ~— N
where g% = (1 — 22)(0% — 2%2°) is the inverse metric. The isometry algebra of CP
is su(1.N), and it is generated by the holomorphic Hamiltonian vector fields defined by the

following Killing potentials

—azb Za ~a

het = h, = h = : 1.21
L @ 1—zz “ 1 -2z (121)

Again, as in compact case the number of Killing potentials shows that this a maximally

symmetric space. Here are the components of Christoffel symbols and Reimann tensor

60z¢ + dazb

Ty, =
be 1—2z2

s Ruped = 9abed + 9bYad: (1.22)

14



1.2 HAMILTONIAN FORMALISM

Below, we recall some very basic facts about Hamiltonian formalism, which can be found
in many textbooks on classical mechanics or, to align with the spirit of this thesis, in [10].
Non-degenerate Poisson brackets of a Hamiltonian system are locally defined by
of 99

W' (z) = : 1.2
S (x)—, detw # 0 (1.23)

x)

{f.9} =

This brackets obey the following conditions, which are known as antisymmetricity condition

and Jacobi identity

{f,9y =—{9. 1}, (1.24)
{fAg, 13} +{h.Af. g}} + {9, {h, f}} =0, (1.25)
or equivalently
wij = —wii, (1.26)
Wijk + Weij + Wiki = 0. (1.27)

Due to the nondegenerency of matrix w one can construct a nondegenerate two-form

w= %wijdxi A da?. (1.28)

Jacobi identity implies closeness of this two-form
dw = 0. (1.29)
A manifold equipped with such a form is called symplectic manifold and denoted by (M, w).

Obviously, M is an even-dimensional manifold. The Hamiltonian system is defined by a triple

(M,w, H(x)), where H(x) is a scalar function called Hamiltonian.

15



The Hamiltonian equations of motion generate a vector field that preserves the symplectic

form w

dz? ) )
dﬁ —{H2)=V: Ly,w=0, (1.30)

where Ly denotes Lie derivative along the vector field V. Conversely, any vector field, preserv-
ing the symplectic structure, is locally a Hamiltonian vector field.
The vector field V defines a symmetry of Hamiltonian system,if it preserves both the Hamil-

tonian H and the symplectic form w:
Ly ,w =0, VsH =0 (1.31)

Hence,

Vo={J, }, {J,H}=0 (1.32)

The scalar function J(z) is called a constant of motion of Hamiltonian system.

16



1.3 INTEGRABLE SYSTEMS

Integrable models play a pivotal role in modern theoretical and mathematical physics. Their
significance lies in the fact that distinct physical phenomena can often be described by similar
mathematical frameworks. Consequently, exactly solvable models find applications across a
wide range of domains. Through these models, a vast array of both macroscopic and microscopic
physical phenomena can be effectively characterized. Furthermore, integrable models have
implications beyond physics, as systems of integrable differential equations also arise in various
other disciplines, including mathematics and computer science.

An N-dimensional mechanical system, characterized by N degrees of freedom, is called
integrable if it possesses N constants of motion that mutually commute and are functionally
independent [8, 9]. Moreover, the system may feature additional constants of motion. In such
cases, we classify the system as superintegrable.Specifically, if an N-dimensional mechanical
system exhibits 2N — 1 functionally independent constants of motion, it is called maximally
superintegrable 1. Conversely, if the system upholds N + 1 conserved quantities, it is labelled
manimally superintegrable. While integrability of models lets us easily separate variables just
in a single coordinate system, with superintegrability, we can do this in many different coor-
dinate systems. For instance, the two-dimensional oscillator is superintegrable, enabling us to
separate variables using both Cartesian and polar coordinates. In classical mechanics, maximal

superintegrability ensures trajectories remain closed. In the quantum mechanics, the energy

! According to Liouville’s theorem in classical mechanics, an isolated mechanical system with N degrees of
freedom can possess 2N — 1 additional constants of motion, aside from the Hamiltonian, that are in involution
(meaning they mutually commute). This result is a consequence of the conservation of phase space volume in

Hamiltonian dynamics.

17



spectrum of integrable models depends on N quantum numbers. For superintegrable systems
possessing an additional K conserved quantities, the energy spectrum depends on N — K quan-
tum numbers. In cases of maximal superintegrability, the energy spectrum is determined by a
single quantum number, leading to a degenerate energy spectrum at the quantum level.

Very well known examples of maximally superintegrable models are the N-dimensional
Coulomb system and the N-dimensional harmonic oscillator, which are widely considered as
an examples throughout this work. Both in chapter 3 and 4, as in bosonic case so in supersym-
metrisation, this geometrical approach is demonstrated in these models. So it worth to give

some basics on these systems, what we are going to do in the next two subsections.

1.3.1 OSCILLATOR

Harmonic oscillator is well known and maybe the most important example of a maximally
superintegrable model [22]. Due to its simplicity and unique properties it plays a crucial role
in all areas of modern physics. Techniques developed for harmonic oscillator can be used in all
areas of physics, e. g. in condensed matter physics and quantum field theory. There are several
extensions and generalizations of harmonic oscillator, namely non -harmonic oscillator, oscil-
lator with additional potential. In current work oscillator is the key system. We will consider
superintegrable generalizations of oscillator in curved spaces, for instance on spherical and pseu-
dospherical spaces, Euclidean and projective complex manifolds. Extensions with additional
potential will also be discussed, namely we will focus on superintegrable generalizations with
an inverse square potential. Before discussing this generalizations it is important to discuss the
standard harmonic oscillator.

The harmonic oscillator stands out as a well-known and arguably the most significant ex-

ample of a maximally superintegrable model [22]. Due to simplicity and distinctive properties

18



it plays a pivotal role across various domains in modern physics. Techniques that are devel-
oped for the harmonic oscillator find applications in diverse fields, including condensed matter
physics and quantum field theory.Extensions and generalizations of the harmonic oscillator,
such as the non-harmonic oscillator and oscillators with additional potential, exist. In our
current study, the oscillator takes center stage as the key system. We explore the oscillator
as a system that possesses Kéahler phase space. Additionally, In the third chapter we dis-
cuss supersymmetrisation of the harmonic oscillator, now having, so to speak, Kahler phase
superspace.Before delving into these generalizations, it is essential to lay the groundwork by
discussing the standard harmonic oscillator.

N-dimensional harmonic oscillator is a system with quadratic potential and standard Pois-

son brackets.

Rl )
l\’)

N
b; i
Z 5 ) {pmxj} = 5@'; {Pz‘;pj} = {xmxj} =0 (1‘33)

Given the rotational symmetry of the system, angular momentum is conserved. It is well

known that the symmetry associated with these conserved quantities is SO(N).
Lij = Pi%; — P;jZi, {Lij> Lkl} = 5i1ij - 5kjLil + 5szik - 5iijl (1-34)
Moreover, oscillator has an additional conserved quantities that are quadratic on momenta
Iij = pipj + w’zz; (1.35)

This is the Fradkin tensor, and when combined with angular momentum, the system of
conserved quantities for the harmonic oscillator possesses U(N) symmetry. It is crucial to note
that functional relations exist among these conserved quantities, leading to a total of 2N — 1
functionally independent conserved quantities. The U(N) symmetry becomes more apparent
when we introduce complex quantities, which can be regarded as the classical analog of creation

and annihilation operators.

{ai,u;} = idy; (1.36)



In these coordinates, the Hamiltonian will exhibit a clear U(N) invariance, allowing us to

express conserved quantities as generators of this symmetry.

N
i=1
The energy spectrum can be expressed as follows, and as previously noted, it depends solely

on one quantum number (n). [23].

B = ho(n+3) (1.38)

1.3.2 COULOMB PROBLEM

The Coulomb problem stands as another well-known example of a superintegrable model,
significant in celestial mechanics and recognized for centuries. The system’s symmetries, in-
cluding angular momentum conservation (Kepler’s second law) and the conservation of the
Laplace-Runge-Lenz (or simply Runge-Lenz) vector, have been known for an extended period.

Within this thesis, we once again explore this superintegrable model in terms our geomet-
rical language. The supersymmetrisation possibilities in this context are considered as well.
However, the investigation of complex generalizations of the Coulomb system poses significant
challenges and is not within the scope of our discussion. This is because the Coulomb problem
exhibits orthogonal symmetries, while a complex structure necessitates unitary symmetry.

The Hamiltonian of N-dimensional Coulomb problem is

N 2
Y2 Y /
H— i/ E 2 1.39

Poisson brackets are the same as given in(1.33). Again we have SO(N) rotational symmetry

and due to that angular momentum is a conserved quantity.

Lij = pixj — pjx;, {Lij, Liu} = 6aLij — SxjLa + 6 Lar, — SixLj (1.40)

20



We have additional constants of motion, which are called Runge-Lenz vector

T

Together with angular momentum the system of conserved quantities has SO(N + 1) sym-
metry [24]. N-dimensional Coulomb problem can be obtained via reduction from free particle
moving on N + 1 dimensional sphere Since the symmetry of this system is obviously SO(N +1),
the symmetry of N-dimensional Coulomb problem is not surprising.

Again the number of independent constants of motion is 2N — 1. So the N-dimensional
Coulomb system is maximally superintegrable.

The energy spectrum depends on one quantum number

v

E=— .
212 (n 4 52)2

(1.42)
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1.4 SUPERSYMMETRIC MECHANICS

In this section we consider the Hamiltonian approach applied to classical supersymmet-
ric mechanics. While supersymmetry was originally introduced in the quantum field theory,
subsequent developments have revealed the intrinsic significance of supersymmetric mechanical
models in modern physics. Firstly, considering mechanics as a one-dimensional field theory
allows us to regard these models as a simple "toy” models of supersymmetric field theories
and superstring theory. However, it is acknowledged that, to date, no empirical evidence sub-
stantiates the existence of supersymmetry in high-energy physics. In contrast, supersymmetry
manifests in numerous physical quantum mechanical phenomena. For example, the widely
recognized Landau problem can be interpreted as a paradigmatic supersymmetric model [20)].

The third chapter of this thesis is devoted to the supersymmetric extensions of certain
integrable models on Kéahler manifolds. Therefore, it is useful to provide some fundamental
information about supersymmetric mechanics. It is urgent to emphasize that Kahler structures
play a pivotal role in supersymmetric field theoretical models. Notably, supersymmetric La-
grangians can be formulated by employing the Kahler potential to compose chiral superfields.
[21].

Initially, we need to extend the concept of Poisson brackets to include odd Grassmann quan-
tities. This extended structure is termed a ”supersymplectic structure.” It’s essential to note
that the Poisson brackets for two odd Grassmann quantities exhibit symmetry and resemble
the anticommutator for operators in quantum mechanics, as discussed in [10]. Additionally,

the Jacobi identity must be extended to accommodate this context.

{f, g0} = =(=1)""{g", ;3 (1.43)

22



(=1L g, hOY} + (1) {g® AR, FOY} + (1RO {9, g} =0 (1.44)

where a, b, ¢ take values 0 for even Grassmann variables and 1 for odd Grassmann variables.
We state that we have N' = n supersymmetric mechanics when there exist n odd-Grassmann

variables (); (supercharges) that satisfy the following relation

Given the one-dimensional field theory context, our superspace consists of time and Grass-
mann variables (,0;), often referred to as ”supertime.” It is evident that this supersymmetry
corresponds to the N' = n,d = 1 SuperPoincaré algebra.

Let us examine the most straightforward example, namely N' = 1 supersymmetric me-
chanics. In this scenario, any odd Grassmann variable can be selected, and its square can be
identified as the Hamiltonian. However, due to its trivial nature, this case lacks significant
interest.

Moving on to the N/ = 2 supersymmetric mechanics example. In this case, the supercharges
can be redefined as QF = (Q; +iQ,)/ V2, resulting in the supersymmetric algebra taking the
following form:

{1, @ y=H, {Q",Q"}={Q7,Q}=0 (1.46)

If we consider a particle on a Riemannian manifold, the supercharges and the symplectic

structure can be selected in the following form:
1
QF = (pa £ W o )0%, w = dpg N\ dx® + §Rabcdninlidxc Adz? + Gar D A Dn® (1.47)
where Dn¢ = dn%+T%n% dz® and W is called superpotential. One can compute the Hamiltonian

1
H = §gab(papb + WoW3) + Waanin® + Rapean®n’nns (1.48)
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Chapter 2

Euler top and freedom in
supersymmetrization of

one-dimensional mechanics

2.1 INTRODUCTION

In this chapter, we explore a basic one-dimensional model that possesses a Kahler phase
space. The model under consideration is an Euler top, a classical mechanical integrable sys-
tem widely studied for its interesting dynamics. The Euler top represents a rotating rigid
body, exhibiting rich behaviors related to angular momentum and precession, see, e.g. [1].
Conventionally it is described by the Hamiltonian system with degenerated Poisson brackets

parameterized by the components of angular momentum ¢ = (xy, x5, 3),

X
{Ii, l’j} = 5ijkxk7 H = Z ﬁ, (21)
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where H is the Hamiltonian, and I; > 0 are the principal momenta of inertia. Since x; form

so(3) algebra, the system has a Casimir function

C=>al: {Clx),z}=0 (2.2)

Its fixation leads to the Hamiltonian system with two-dimensional non-degenerated phase
space, i.e. one-dimensional system. Hence, Euler top is a priori integrable.

Being introduced centuries ago, Euler top has been studied as completely as the one-
dimensional oscillator both at classical and quantum-mechanical levels. So, none of the open
questions is to be studied there, except various aspects of its perturbations and generalizations.

Recently A.Galajinsky noticed the absence of the relevant supersymmetric extensions of
Euler top [63]. He suggested its N' = 1 supersymmetrization via extension of the degenerated
Poisson brackets (2.1) by three real Grassmann coordinates, stating that in general the resulting
system lacks integrability. It seems to us that many questions asked in that paper come from the
improper supersymmetrization procedure formulated in terms of degenerated phase space. As a
consequence, it yields overcompleted number of fermionic variables which do not have impact on
the actual properties of the system. Moreover, the invention of three Grassmann variables could
yield the problems with the physical interpretation of the quantized version of system (though
quantum aspects were not touched in that paper). Furthermore, the N' > 2 supersymmetric
extensions of the Euler top, which at the quantum level create qualitative corrections to the
initial spectrum (e.g. degeneracy of the energy levels etc), were not considered there at all.

In this chapter we propose to supersymmetrize the Euler top formulated in terms of nonde-
generated phase space. First, fixing the value of the Casimir (2.2), we formulate the Hamilto-
nian system (2.1) in terms of two-dimensional nondegenerated phase space given by the complex
projective plane CP', i.e. as a one-dimensional mechanical system. Since any two-dimensional
manifold can be provided with the Kéahler structure, the initial system can be quantized by the
well-developed technique of geometric quantization on Kéhler manifold (see, e.g. [64]).

Then we present the procedure of N' = 2k supersymmerization of the systems with generic
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two-dimensional nondegenerated phase space which results in 4 priory integrable supersym-
metric extension of the initial system. Suggested procedure provides us with the family of the
supersymmetric systems parameterized by the N /2 angle-like arbitrary functions. Similar func-
tional freedom was noticed earlier in the one-dimensional N" = 2 supersymmetric mechanics [42]
and in the two-dimensional N/ = 4 supersymmetric ones [65]. In proposed supersymmetriza-
tion scheme the fermionic variables are splitted from the bosonic ones, in contrast with N' = 2
supersymmetrization procedure of the systems with generic Kahler phase space suggested in
[66]. They form, with respect to the Poisson brackets, the Clifford algebra. Thus, guantization
of the supersymmetric system is straightforward: we should perform geometric quantization of
the initial bosonic system and then replace the fermionic variables by the respective gamma-

matrices.

The chapter is organized as follows.

In Section 2.2 we review the description of Euler top on the phase space given by the complex
projective plane CP'.

In Section 2.3 we present the N/ = 2k supersymmetization procedure for the system with
generic one-(complex)dimensional Kéhler spaces.

In Section 2.4 we summarize obtained results and discuss the possible extensions of the

proposed scheme to the Lagrange and Kowalewski tops.

2.2 EULER TOP

For the description of the Euler top (2.1) in terms of the non-degenerated phase space, let

us introduce instead of x;, the coordinates j, z, Z
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j = z = ml + 2 (2.3)
J— T3
Clearly, j is the complete angular momentum.
In these coordinates the Poisson brackets read
B2} = -5 (14227 {2} ={z2} =0, (2.4)
J

while the momentum generators look as follows

3
= (2.5)

=1
2+ Z 2(Z—2) 2Z—1
1 1 J1+227 T2 2 ]1_'_22 X3 3 ]1_'_22

(2.6)

However, the point x3 = j cannot be described in these terms.To improve this lack we
should introduce, instead of z, another coordinates z, Z
. 1 — T2 = ] =

%= T {3,2} = —2—j(1 + 27)2 (2.7)

Out of the points x3 = +j these coordinates are related with each other as follows

3= % , (2.8)

The Poisson brackets (2.4) and (2.7) transform to each other under this transformation.
Thus, fixing j to be constant we arrive at the two-dimensional phase space covered by two
charts (parameterized by the single complex coordinate z or Z ) and equipped with the one-
(complex)dimensional K&hler structure - the complex projective plane CP! with the Fubini-

Study metrics

_ _ . dzdz
g(z,2)dzdz = 2]m, (2.9)
which corresponds to the Kahler potential
K(z,z) = 2jlog(1 + 22). (2.10)
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The generators (2.6) become Killing potentials of CP!, and define the Hamiltonian holo-

morphic vector fields,

{hy, }=11-2%0, +cec,
{hy, }=—(1+2%0. +cc,

{hs, } =220, + c.c., (2.11)

In these terms the Hamiltonian of Euler top reads

3 2 2 —2 = -2

x; 20(2% 4+ 2%) + 2azZ
H = T 42 - 2.12
ZZI o~ )T 2(lte22 20y (2.12)

where
2 1 1 1 1

=— = - — b:=— — —. 2.13
“TL L L L T, (2.13)

Now, let us rewrite the Euler top in canonical coordinates. For this purpose we notice that

CP' is just the two-dimensional sphere S? formulated in the projective coordinates
0.
z = cot 5¢ e (2.14)
where 6, ¢ are the spherical coordinates. In these terms the Poisson bracket (2.4) reads
{p,jcosf} =1 (2.15)

Hence, the function p := jcos# defines the canonical momentum conjugated to ¢. In terms
of these canonical coordinates the angular momentum generators (and Killing potentials) (2.6)

read
1+ 1wy = jsinfe” =/ j2 — p%e¥, 13 = jcosl = p, (2.16)

while the Hamiltonian of the Euler top takes the form

1 2 (2
H = Z(a + bcos 2¢p)p” + jz (]— — (a+bcos 2€0)> : (2.17)
3

Without loss of generality we assume
I3 <, <I (2.18)
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and perform canonical transformation (p, ) — (P, Q), where

: (2.19)

p_ /a—i—bcosngp7
2
2 dy 2
= = F(p,k): P} =1 2.20
o=\ [ 5 SoF(eR): QP =1 (220)

: .2
mSln @Y

where F (¢, k) is an elliptic integral of the first kind, with & = 1/2b/(a + b) being its modulus,

and ¢ is the so-called Jacobi amplitude (which defines the Jacobi elliptic functions) [67],
o =F"'(Fk)=amp (F k). (2.21)

Respectively

sin ¢ = sin(amp(F, k)) = sn(F, k) (2.22)

is the Jacobi sine amplitude of the elliptic functions.

In this terms the Hamiltonian of Euler top reads

1 2b a+b 2% ;2
H = -P?+ *—sn’ \/ \/ — 2.2
o TS ( > YVars) T o (2.23)

In the particular case of the symmetric top ([; = I := I) it reduces to the one-dimensional

free particle Hamiltonian
1/1 1 2
H:—(———)p2+—j . (2.24)

So, the Euler top is the one-dimensional Hamiltonian system with CP' phase space and with
the Hamiltonian given by the quadratic functions of its Killing potentials. In the canonical

coordinates it results in the one-dimensional nonlinear oscillator.
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2.3 SUPERSYMMETRY

In the previous section we formulated the Euler top in terms of one-(complex)dimensional
phase space given by complex projective plane. Being one-dimensional system, the Euler top
allows many ways of supersymmetrization, including supersymmetrization in canonical coor-
dinates. However, we are interested in the supersymmetrization compatible with the Kahler
geometry describing the phase space of the Euler top.

One of the ways to supersymmetrize the Euler top is to use the approach suggested in [66]
which is based on the extension of the Kahler phase space to the super-Kahler one defined by
the potential

K(z,2,0,,0") = K(2,2) + F(ig(2, 2)0,0%), (2.25)

where F'(x) is the real function with F’(0) # 0, with K(z, z), g(z, Z) given by (2.10) and (2.9),
while the fermionic variables 6, are associated with dz, in complete similarity with the superfield
approach.

Another particular way of supersymmetrization is to extend the complex projective plane

to the complex projective super-plane given by the Kahler potential
K(2,7,04,0%) = 2jlog(1 + 2z + 6,6%). (2.26)

Such approach has been taken in [9], where it was applied to the Lobachevsky plane (i.e.
non-compact version of complex projective plane) for the construction of N-extended one-
dimensional superconformal mechanics. Later on, this approach was generalized to the higher-
dimensional systems in [19].

Below we suggest different, less geometric approach, which is applicable not only for the

Euler top, but for any one-dimensional system. We will consider the systems with generic
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two-(real)dimensional phase space. Such phase spaces can be always equipped with the one-

(complex)dimensional Kéhel structure, so that the Poisson brackets will be given by the relation

O (2.27)

For the construction of A-supersymmetric extensions of these systems ( with even N ) we

extend this phase space by the canonical complex Grassmann variables ¢, a =1, ..., %f

{ta, 9°} =107, (2.28)

where (1) := ¢® and F1.F, = FoF,.

With these Poisson brackets at hands we can construct the A/ supersymmetric extensions of
two-dimensional systems defined by the Poisson brackets (2.27) and by any positive Hamiltonian
H(z,z) >0,

{Qa,ab} = 10°H H := H(z,z)+ fermions. (2.29)
In accordance with the generalization of Liouville theorem to the supermanifolds [68](see also
[42]) these supersymmetric extensions will be apriory integrable, since we will get the system

with (2| )r-dimensional phase space with one bosonic constant of motion H and N fermionic

. —b . . .
constants of motion (), ) commuting with the bosonic integral H.

N =2 SUPERSYMMETRY

For the construction of A" = 2 supersymmetric extension of the system with Hamiltonian
H(z,z) > 0 we choose, following [42], the appropriate Ansatz for supercharges and arrive
the family of A/ = 2 supersymmetric extensions of the Hamiltonian H, parameterized by the

arbitrary real function ®(z, 2)

Q=VHe®, Q=vVHe'™ = H=H-+{® H}. (2.30)
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Specifying the Poisson brackets and Hamiltonian we will get the respective supersymmetric
extension of the Euler top.

Direct extension of construction to the AV > 4 supersymmetric mechanics fixes the function
® and leads to the trivial family of the supersymmetric Hamiltonians. Namely, choosing @), =
VHe®1),, we get that the superalgebra (2.29) is fulfilled when {H, ®} = 0. Hence, the resulting

supersymmetric Hamiltonian is trivial: it coincides with the initial bosonic Hamiltonian.

N =4 SUPERSYMMETRY

For the construction of nontrivial N/ = 4 supersymmetric system we choose the following

Ansatz for supercharges

N/2 -
Qa = fl(za 5)% + fZ(Za 2)¢a Z wb¢b7
"
Q" = [i(z, 20" — fa(z,2)0" > "y, (2.31)
b=1
with
filz,2) == VHe1 =2, (2.32)
f2 = R(z,z)e(®17%2), (2.33)
R =R, (2.34)
Dy(2,2) = Du(z, 2). (2.35)

Then, we require that the supercharges (2.3) form the N' = 4 Poincaré superalgebra (2.29),

which results in the following conditions on the functions involved
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Z{flafl}:f1f2+f1f2 g {\/ﬁaq)l}:RCOS(I)Qv (2.36)

with the Hamiltonian H acquiring the form

N/2 N/2

H=fifi+ {flaf_l} Zwﬁ“ + % ({fhfz} + {fmfl}) ZWE“

N/2 2

= H+{H, & }9,0" + A(VH, &) Zwaw : (2.37)

with

AWVH 1) = 5 ({fi. o} +{f2. 1))
— (VA) - VL0

cos? O,

+ {{VH, &}, 0} VH + {{VH, &1}, VH | tan 5. (2.38)

Thus, we get the A/ = 4 supersymmetric mechanics parametrized by two arbitrary functions
(I)l,2 .
We can use the Ansatz (2.3) for the construction of N' > 4 supersymmetric systems as well.

However, in that case we get the additional constraints on the functions fi, fa,

N =6 : {fi, fo} +{fo. i} = 2fofo (2.39)
A B} {fa iy = 20fafo {f2. fo} = 0. (2.40)

These constraints, obviously, restrict the functional freedom existing in N' = 4 systems.

In the N = 6 case this constraint leads to the following restriction

AWVH,®,) + (@) =0, (2.41)

cos O,

with A given by (2.38). Hence, the system has single functional degree of freedom parameterized

by ®;, as in the N/ = 2 case.
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The requirement of N' = 8 supersymmetry further fixes the value of ®,
{{\/ﬁ,q)l},@l —(I)Q} = {@1,@2}{\/?, <I>1}tan<I>2. (242)

As a result, we get the N/ = 8 Hamiltonian with no functional freedom.
The evident way to construct the N' > 4 systems with wide functional freedom is to extend

the supercharges Ansatz by higher 5- and 7- fermionic terms .

2.4 N =6,8 SUPERSYMMETRIC MECHANICS

In the previous section we have shown that the supercharges with cubic fermionic terms allow
to construct N = 4 supersymmetric mechanics with two functional degrees of freedom, N' = 6
supersymmetric mechanics with single functional degree of freedom, and A/ = 8 supersymmetric
mechanics without any functional freedom.

One can guess that the supercharges with fifth-order fermionic term could lead to the N’ = 6
supersymmetric mechanics with three functional degrees of freedom and to N = 8 supersym-
metric mechanics with two functional degrees of freedom. Furthermore, one can expect that
the supercharges with seventh-order fermionic terms could lead to the A/ = 8 supersymmetric
mechanics with four functional degrees of freedom and so on. Let us show that it is indeed the
case.

In order to construct the N' = 6 supersymmetric systems with three functional degrees of

freedom we consider the following Ansatz for the supercharges

N/2 N/2
Qo = (2,200 + oz 2000 [ D et | + fa(z, 2000 | D _wnd’ |
b=1 b=1
N2 N2 2
Q" = f 2+ falz, 200" | D0’ | + falz2da [ D | (2.43)
b=1 b=1
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with a,b=1,2,3.
Then, requiring that these functions form A = 6 Poincaré superalgebra (2.29), we get the

following restrictions to the functions f,

fife+ fufa — Z{flafl} =0,
2fsfr+2fafo+2f1fs — o {f1, fo} + o {f1, f2} =0, (2.44)

The respective Hamiltonian then reads

N/2

H = %f1f1 + %(f1f2 + fif2) ;%w“

1 N/2
+§(f3f1+f1f3+f2f2) ;waw
N/2 3
(it Fafo) | D0 (245
2 2J3 3J2 e a .
Representing f, in the form
fi=VHe®, fy= Ry 172 fy = Ryet(®17P27), (2.46)

and re-writing in these terms the conditions (2.4), we conclude that the functions @, &y, O3
remains unfixed. Therefore, we arrive at the family of A/ = 6 supersymmetric mechanics pa-

rameterized by three arbitrary real functions.

In order to construct the NV = 8 supersymmetric systems with four functional degrees of

freedom we introduce the following generalization of the Ansatz (2.3),
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N/2

Qa = f1<z> 5)% + f2(27 5)% Z%?ﬁb

b=1

N2 2 N2 3
+ f3(z, 2)0 (Zwbw”) + fulz,2) (Z¢bwb) :

N/2

Q" = fi(z, 20" + falz, 2)0 Zwbwb

N2 y N2 3
+ f3(2,2) (Z w%’) + falz,2) (Z mwb) : (2.47)

with a,b=1,2,3,4.
Then, requiring that these functions form N = 8 Poincaré superalgebra (2.29), we get the

following restrictions on the functions f,

fifo+ fifo—2{fi, i} =0, (2.48)
2fsfi+2fafo+2f1fs — o {f1, o} + 1 {f1, f2} =0, (2.49)
3fafi +3fsfo+3fafs + 3fifa— o {f1, fs} +o{ /1. fs} —o{fo. o} = 0. (2.50)

The respective Hamiltonian then reads

1 N/2
Hzéflfl f1f2+f1f2 (Z@%Wl)
1 N/2
t+ 5 (fsfi+ fifs+ fofo) (Z %W)
a=1

N2 3
(fufo + [ifa+ fofs + f3f2) (ZW/}“)

l\D|H

N2 4
+ %({ﬁ b+ {fas fah + {fs o} A+ { s 11} (Z %Qﬁa) (2.51)
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Let us notice that the restriction (3.33) for A/ = 8 system coincides with the restrictions
(2.4) for N' = 6 case. While the additional constraint (??) contains extra complex function

fa(z, Z). Hence, representing f, in the form

fi = VHe®, (2.52)
fo = Rope"17%2), (2.53)
fs = Rye! (P17 P27 %3), (2.54)
fi = Rye!(®17%2-%a=%) (2.55)
we conclude that the functions ®,..., ®; remain unfixed. Therefore, the N' = 8 supersym-

metric Hamiltonian (2.51) depends on four arbitrary real functions.
So, specifying the formulae given in the Third and Fourth Sections to the particular case of
Euler top given in the Section 2 by (2.9) we will get its integrable N' = 2, 4,6, 8 supersymmetric

extensions.

From the consideration above it is easy to deduce that for the construction of N' =
10,12, ... 2k superextensions of initial Hamiltonian we should choose the following ansatzes
for the supercharges

N2 N2 !

Qa = f1(275)%+2f1+1(2,5)% Z@bb&b )
=1 b=1

l

N/2 N/2
@a = f_l(Z,Z)Z/_}a—i-ZﬁJrl(Z,Z)"(Ea Zwbd_}b ) (256)
=1 b=1

with a,b =1,..., N /2k. Then, requiring that they form Poincaré superalgebra (2.29) we will
get the family of A/ = 2k supersymmetric Hamiltonians parameterized by k arbitrary real

functions.
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2.5 CONCLUSION

In this chapter, we have shown, firstly, that the Euler top can be represented as a one-
dimensional system with a Kéhler phase space CP*.

Then, we suggest a generic procedure for NV = 2k supersymmetrization of a generic one-
dimensional system. Hence, we have provided an entire family of supersymmetric extensions
of the Euler top as well.

Further possible developments, namely potential applications to Kowalevski and Lagrange

tops, are discussed in the last chapter.
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Chapter 3

Non-compact Complex Projective
Space as a Phase Space of

Superintegrable Systems

3.1 INTRODUCTION

The so called "non-compact complex projective space”, denoted here as @N, is a non-
compact analogue of complex projective space. The reason to study particularly non-compact
space is due yo the fact that it naturally leads us to formulation of standard conformal me-
chanics, and its deformations us an example of integrable and superintegrable systems. Bellow
is adopted the Hamiltonian reduction approach while constructing projective spaces. Both,
compact (CPY) and non-compact ((EI/PN) cases are considered in parallel, with the upper sign
presenting the compact case, the lower one non-compact. N-dimensional complex projective
space CP", compact and non-compact, can be obtained by the reduction from Euclidean com-

plex space CN¥*! and pseudo-Euclidean complex space C!*V respectively. The metric and Kéhler
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potentials of C¥*! and C'V are given by

ds* = gidu‘dw’ = du’di® + dudu® = du’du’ £ duda, (3.1)

where the indices like 4, j, k, ... are running from 0 to N and ones like a,b,c, ... from 1 to N. g;;

is the Riemann metric, given by

gi; = 0;5, for compact case
= : (3.2)
gi; = %5, for non-compact case

where 0;; is Kronecker symbol and v = diag(1l,—1,...,—1). Kéhler structures giving these

metrics and associated Poisson brackets are

K(u,q) = u'a® £ u'a®, w= —ggdu’ Ndw?,  {u', @'} = 19", (3.3)

where K is the Kéhler potential and w is an antisymmetric 2-form. ¢% is the inverse metric in
these trivial cases coincides with metric.

The isometry algebras of CN*! and CV are u(N + 1) = u(1) x su(N + 1) and u(1.N) =
u(1) x su(1.N) respectively. The u(1) generator(s), which form the center of the respective
algebra, are given by J = «°u’ & u%u®. To obtain the compact and non-compact complex
projective spaces from the compact and non-compact Euclidean complex spaces by Hamiltonian
reduction one needs to do following. To reduce the system by the action of generator .J, first we
have to choose 2N real (N complex) functions commuting with J. Then, we have to calculate

their Poisson brackets and fix the u(1) generator and hence the level surface by

J =g, (3.4)

where ¢ is chosen to be a positive constant for further convenience. The role of such functions,
~ N
which constitute the coordinates of the newly reduced CPY and CP , can be as follows (for

both, compact and non-compact case):
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a u” =a u”
z = E, (Z = 5) . (35)

So in this way we arrive at the most known examples of nontrivial Kahler manifolds, namely,
the N-dimensional complex projective space CP" and its non-compact analog @/PN. They can
be equipped with the su(N + 1)-invariant (for the compact case) and the su(N.1) invariant
(for the non-compact case) Kéhler metrics, known as the Fubini-Study metrics. These metrics
and respective Kéhler potentials are defined by the expressions (again, with the upper sign

~ N
corresponding to CPY, and the lower sign to CP ) !

gdzdz _ g(zdz)(zdz)

’d ad—b:
ab2 02 = T 2 T A £ 222

K = +glog(1l £ 22), (3.6)

as well as the inverse metrics and Poisson brackets given by them

g = (1£22)(3%20 £0%), {22} = L(1 4+ 27)(2°2" + 690). (3.7)
g
Let us notice that the complex projective space CP” is defined by N + 1 charts, while its

~ N
noncompact analog CPP by a single chart. Moreover, in the latter case the range of validity of

the coordinates 2% is

N
|2 < 1, Zz“i“ <1 (3.8)
a=1
The isometries of projective spaces are defined by the Killing potentials
z0zb 3 §ab 2z 22

1422 « I 9T

hap = g (3.9)

These generators form the su(N + 1) algebra for the upper sign, and the su(N.1) for the lower
sign (the generators h,; form u(N) algebra):

{has o} =0,

{ha, hs} = —dihg,

{ha, oz} = £2 (Oachy + Obcha) ,

{hap heat = £1(0qhet — Opehad)- (3.10)

!Through this text we use the notation 2z = Zi\;l 2°2¢, zdZ = Ziv:l 2¢dz° etc.
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3.2 POINCARE AND KLEIN MODELS OF THE

LOBACHEVSKY PLANE

~1

The one-dimensional noncompact complex projective space CP is the Lobachevsky plane
(upper sheet of two-sheet hyperboloid) proper. Its Fubini-Study metrics results in the su(1.1) =
so(1.2)-invariant Kéhler metric parameterized by the unit disc of two-dimensional plane, which

is known as Poincaré model [57]

gdzdz

ds? = I
S Fpp=TL

= K= —glog(l—zz), 2| < 1. (3.11)

In this particular case the Killing potentials read

1+ 22 2z 2z

h=¢g—" h, = h_ = 3.12
Nz 91 N2z (3.12)
{hy,h_} = —dh, {hye,h} = F2hy. (3.13)
Performing the transformation
1 —ww
= 3.14
© 1+ ( )

we arrive at the so-called Klein model parameterized by lower two-dimensional half-plane [57]

gdwdw

5" = tlw — o)’

K = —glogli(w — w)], Im w < 0. (3.15)

We could have obtained this one dimensional manifold (Eﬁ”l directly by reduction of pseudo-
Euclidean space (which the Lobachevsky plane in this case), if only we took the Klein model

of it, namely taking the metric

(3.16)

instead of diagonal one. This corresponds to the transformation (3.14).
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The Poisson brackets corresponding to this structure are defined by the relation

fw o} = —(w—w), (3.17)
while the Killing potentials read
v+ 1 1 1 0 1-— 1 —w
b= g%, h, - g( +2w)( :l—zw)’ ho— (1 —aw)( - 1) (3.18)
1w — W) 1w — w) 1w — W)

Instead of these generators it is more convenient to use their linear combinations

ww 1 W+ W
Ho=g—2Y  Ky=g—— Dy=g2"Y 3.19
0 gl(’lU—U_))’ 0 gz(w—u_))’ 0 gz(w—u?)’ ( )
(Ko, Ho} = Do, {Do, Ho} = 2Hy, {Ko, Do} = 2Ko. (3.20)

Here the index 0 indicates that we are dealing with one dimensional case.

Introducing the canonical phase space variables (p, z) [9]
w==—1= : {x,p}=1, (3.21)

we can represent the Killing potentials in the standard form of the generators of one-dimenisional
conformal mechanics [38]

2 2 2

P g T
Hy=%+-—, Ky=—, Dy=pz 3.22
PT g g 0Ty Tk (3.22)

In the next Section we will extend this mapping to the higher-dimensional noncompact complex

projective space.

3.3 NONCOMPACT COMPLEX PROJECTIVE SPACE:

KLEIN MODEL

Let us construct N-dimensional analog of the Klein model from the Fubini-Study structure

~ N
of noncompact complex projective space CIP given by the expressions (3.6) with a lower sign.
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For this purpose we perform the transformation

T

N l—w z

(07
Z = Z =
’ 14w’

1+ ww

(3.23)

which yields the following expressions for the Kéahler structure and potential (here and further

instead of Z* we use the former notation z%)

ds? — gldw + 12%dz%][dw — 12° dzP)) gdzdz"
B [1(w — w) — 2727]? W(w —w) — 2757
K=—glog(w—w)—2"2], af,y=1...N-1,

with the following range of validity of the coordinates w, 2

N-1
Im w < 0, Zza2“<—21mw.

a=1

The respective Poisson brackets are defined by the relations
{w,w} = —A(w —w), {w,z%} =Az% {za,75} = 145°,

where

The Killing potentials of the Kéhler structure (3.25) are defined by the expressions

Iy = wwA+ 1,
b 121 —w)
oNT ST A
" 79%P + 26,5(1 + w) (1 — )
af = ) ;
Iy — (14 ww)(1 +ww)
2 ;
b — \/520‘(12— )

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

These potentials form su(N.1) algebra, which in the given notation reads the same as in

(3.10) with a lower sign and a = N,a. Below we will refer to this representation as the

N-dimensional Klein model.
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For our purposes, instead of Killing potentials (3.29) it is more convenient to use the fol-

lowing ones

wWWw 1 w4 W 2% z 708
H = H,=~", Hyj;= .
OéN A b A ﬁ A

(3.30)

Certainly, these functions are not independent, for there are many obvious relations between

them, e.g.
N-1 —
]- HO(N Na HOLHB
H = — H B — tc. . 1
242 He 0T K T 331
In these terms the su(1.N) algebra relations read
{H,K} =—-D, {HD}=-2H, {K, D}=2K, (3.32)
{H,Hy} = —H,5, {H, H,5}={H H,}=0, (3.33)
{K,Hox} = Hay {K,Ho}={K,Hyz} =0, (3.34)
{DvHa} = _Ha7 {Du HaN} = HaNa {Da Hoz,é} = 07 (335)
{HavHﬂ} = {HanH,BN} = {HOMH,BN} = 07 (336)
{HQ,HB} = —ZK(SQB‘, {Ha]\_HHNB} = —ZH(sag, (3.37)
{Haﬁa H’yg} - Z(Hagé'yg - H’yB(SaS)? (338)
1
{Ha, HNB} = Haﬁ_ + 5 (g + Z H,ﬁ — ZD) 56!5’ (339)
Y
{HO” Hﬂf?} = —ZHﬂaa@, {HOzNJ Hﬂ»—y} == —ZHBNéa?y (340)

So, the generators H, K, D define the conformal algebra su(1.1) = so(1.2), and the genera-

tors H,j5 define the algebra u(N —1).

It is seen that

e the Hamiltonian H has two sets of constants of motion H,y and H,j (see (3.33)), therefore

it defines superintegrable system;

e the Hamiltonian K has two sets of constants of motion as well, H, and H,; (see(3.34)).

Thus, it defines the superintegrable system as well;
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e the triples (H,H,y,H,3) and (K, H,, H,5) transform into each other within discrete
transformation

o HJHa77Hof — Ka_HaaHa7 )
) =D--D,  Ha, Hog) = 2 (3.41)
w
(K,Hy, H,5) — (H,H,y,H,p3)

(w,2%) = (=

S

Adding to the Hamiltonian H the appropriate function of K, we get the superintegrable

oscillator- and Coulomb-like systems.

3.3.1 OSCILLATOR-LIKE HAMILTONIAN

We define the oscillator-like Hamiltonian by the expression (cf.(3.22))
Hpee = H + w’K (3.42)

and introduce the following generators

{HOSC7 Aa} = _ZWAOM
Ao =H,y +wH,, B,=H,y—wH, : (3.43)

{Hose; Ba} = wB,.

These generators and their complex conjugates form the following algebra

N-1

{An, Ag} = —z(Hosc —w(g+ Z HW))(SQE + 2wH 3, (3.44)
y=1
) N-1

{Ba: Bs} = —1(Hose + w(g + Y Hys)) 005 — 2wH,p, (3.45)
y=1

{A., Bs} = —10,5 (HOSC — 20w K + ’LwD), (3.46)

with their Poisson brackets with H,; reading

{Aa, Hgy} = —10a5A5,  {Ba, Hps} = —1da5Bg, (3.47)
{Aa, Hon} = —10ap Ay, {Ba, Hpy} = —10a5B,, (3.48)
{[_{OSC, H,z} =0. (3.49)
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Then we immediately deduce that the Hamiltonian (3.42) besides H,3, has the additional

constants of motion which provide the system by the maximal superintegrability property

M5 = A, B

= H,yHyy +w’HoHg + w(HoHgy — HonHp)

_Oé_ﬁ
Z7z
= — (W' %),

(3.50)
with
{Hosca Ma,@} = 0. (351)

For sure, these constants of motion are functionally dependent, so that among them one can
choose the N — 1 integrals which guarantee superintegrability of the system, e.g. M, = M,
only, like in [32]. The generators (3.50) and the u(N — 1) generators H,; form the following

symmetry algebra

{H,5. M5} =165, Mas + 1055 M0, {Mup, M5} =0, (3.52)

3.3.2 COULOMB-LIKE HAMILTONIAN

We define the Coulomb-like Hamiltonian with the additional constants of motion which

provide the system by the maximal superinetgrability property as follows (cf. (3.22))

i H,
HCoul =H — el Ra = Ha]\_/ + vy — ) (353)
V2K (9+ 25:11 Hy5) V2K
with
{HCoula Ra} = {HC’oula HaB} = 0. (354)

47



The whole symmetry algebra is as follows

2 207 -
vy vy H,p
{ROU RB} = _Zéaﬁ (HCoul - — > + — N (355)
209+ 200 Hos)? 209+ 205 Hos)?
{Ha67 R’Y} = Zd’yBRaa (356)
{Ra, Rg} = 0. (3.57)

To clarify the origin of these models it is convenient to transit to the canonical coordinates.

3.4 CANONICAL COORDINATES

For the introduction of the canonical coordinates we transit from the complex coordinates

to the real ones

w=x+y, 2%=q.e"", (3.58)
where
N-1
y<0, >0, @a€[0,21), ¢ =) q)<-2. (3.59)
a=1

Then we write down the symplectic Kahler one-form and identify it with the canonical one

_gdw +dw —(27dz” — 2°dz")
2 1w —w) — 2727

A= = ppdx + Tadp,. (3.60)

This yields the following expressions for the canonical coordinates and momenta,

1 q; T T+ g
Pe =095 —7F— Ta = —4g < o = - Y=

: , 3.61
2y +¢? 2y + ¢* Pa 2D, (3:61)

where

Ti= ) Ta. (3.62)

Thus, the complex coordinates are expressed via canonical ones as follows

w:x%—zﬂ—i_g, 2% = 1/—Eew". (3.63)
2px Pz




For the complete analogy with one-dimensional case [9] we perform further canonical transfor-

mation (x,p,) — (p,/r, —r?/2) and re-write the above expression in a more convenient form

w="Lr T —Z g’ 2% = @ew“, (3.64)
r r r
with
r>0, 7w >0, ¢, €[0,2m). (3.65)
and
Pkl et (3.66)

9 r?
In these terms the generators of conformal algebra (3.32) take the form of conformal me-

chanics with separated "radial” and ”angular” parts (cf. [36]),

2 2
P z r
H=—+—=, K=—, D=p, .

where the angular part of Hamiltonian is given by the expression

1[Nl 2
I=; (; To + g) . (3.68)

The rest generators of su(1.N) algebra read

Pr T+g\ _
H N 2 o - g Z 1P ]
o s (2 G ) e e, (3.69)
H, =7, /%e—%, (3.70)
H,5 = Waﬂﬁe_z(‘p‘*_@ﬁ), (3.71)

with the basic Poisson brackets {r,p} = 1 and {¢q, 7o} = 1.

In these coordinates the oscillator- and Coulomb-like Hamiltonians (3.42),(3.53) take the

form,
2 2,.2 2
p; I wor p; I v
osc — 3 oul — & — T T, 3.72
H 5 + G + Hcou 5 + NS ( )

with Z given by (3.68).
The generic conformal mechanics with the angular part Z,.,, (7, ¢) can be defined via su(1.V)

generators by the expression

Tyen(Ha/VEK, H3/VEK) = (305 Hos + 9)
2K '

Hyep = H + (3.73)
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However, we are mostly interested in the study of integrable and superintegrable systems. Thus,

we have to restrict ourselves by the particular cases of angular Hamiltonians.

3.4.1 SUPERINTEGRABLE SYSTEMS

In accordance with Liouville theorem, the integrability of the system with 2/N-dimensional
phase space means the existence N functionally independent involutive integrals I}, = H, ..., Fiy :

{F., Fy} = 0. This yields the existence of the so-called action-angle variables (I,(F'), ®,):

H=H), {l,®}=0m {l,L}={®,®}=0, (3.74)

®, €[0,27), ab=1,...,N. (3.75)

The system becomes maximally superintegrable when the Hamiltonian is expressed via action

variables as follows

N
H=H (Z na]a> . ne€N (3.76)
a=1

where n, are integers (or rational numbers). Indeed, in that case the system possesses the
additional (non-involutive) integrals I,, = cos(n,®, — n,®,), among them N — 1 integrals are
functionally independent.

Now, let us suppose that 7,, @, are related with the action-angle variables (I, ®,) of some

(N — 1)-dimensional angular mechanics by the relations

P,
Ta = Naly, ©o = —, where n, € N. (3.77)
n

(e}

Upon this identification the angular Hamiltonian (3.68) takes a form
1 /Nl 2
=3 (; Nala —i—g) . with n, € N, (3.78)
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This is precisely the class of angular Hamiltonians which provides the superintegrable gen-
eralizations of the conformal mechanics, and of the oscillator and Coulomb systems on the
N-dimensional Euclidian spaces [56]!

Though the relations (3.32)-(3.40) hold upon this identification, the generators H,, H, x5, H,j3
become locally defined, ¢, € [0,27/m,), so they fail to be constants of motion. However,

taking their relevant powers we get the globally defined generators which form the nonlinear

algebra
H, = (Hy)"™ = dy(I)r"ee "%, (3.79)
o = (Hox)"™ = don (D) <pr 2 LA g) e (3:0)
Ho = (Hog)"™" = dgg(I)e (P mbo), (3.81)
where
do(I) = (”Cj‘*)nm, (3.82)
d(I) = (”‘;I“)MM, (3.83)
dog(1) = (nanglydg) "2, (3.84)
Thus, we get
{H, H,3} ={H Hoy} =0, {K,Hy}={K Hy}=0, (3.85)

where H, K are defined by (3.67) and (3.78). For sure, the functions (3.84), being dependent
on action variables only, do not affect the commutativity of the additional integrals with the

Hamiltonian.

In a similar way we construct the constant of motion of the oscillator- and Coulomb-like

systems given by (3.42),(3.78) and (3.53),(3.78), respectively.
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For the oscillator-like system (3.42) the integrals take the form

Maﬁ = (AaBﬁ)nan/a

N—1 2 nang
1 —i(n -n Z -1 1 +9
- §dO¢B(-[)e ( B(Pa aq)ﬁ) (Zpr + = it ) - w2r2 ’ (386)
with A,, Bs given by (3.43), (3.77).
For the Coulomb-like system (3.53) the integrals take the form
éa = (Ro)"™
ni
1 (ZN:_I n~ I, + g)

= do(I)e™® | p, + &l S S . (3.87)

N—1
Z'y:l nyly +g r
There are a few interesting simple systems whose angular parts are given by (3.78) with

g # 0, among them are,

e “charge-monopole” system (and respective systems with oscillator/Coulomb potentials),

3 pz 52
= = 4+ — 3.88
H —~ 2 + 2r2’ (3.88)
5abcxC

{pa,2®Y =6, {pa,pp} =5 o {z% 2%} = 0. (3.89)

Its angular part is defined by the (two-dimensional) spherical Landau problem, with the
following Hamiltonian (see, e.g.[58], where one can find the expressions for action-angle

variables for the angular part)

1 2
I=5(h+h+lsl), haeloo), (3.90)
with s being the monopole number.
e Smorodinsky-Winternitz system

N 2 2 2.2

v, g Wk
How = > (% + 2= ). 3.91
sw=)_ (5 + 2 2 (3.91)

a=1
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The angular Hamiltonian of this system is given by the expression (3.78) with (see, e.g.

[59])

N-—1
ko =2w, 9= |gal (3.92)
a=1

For sure, this system could be viewed as a trivial case of rational Calogero model, which

also belongs to the class of systems above.

e Rational Calogero model associated with Coxeter root system [60] R C RY,
a, = o a7 _\9 as x = a .
Cal 1 9 L 2a - 1)? Da; Tp b
a= a€R ¢

where g, > 0 is a Weyl-invariant multiplicity function on the set of roots [61].

The spectrum of the angular part of quantum rational Calogero model was found in [62].
Taking its classical limit, one can get the expression of the angular (part of) generalized
rational Calogero model in terms of action variables [56]. It given by (3.78), with n, being

the degrees of the basic homogeneous Weyl-invariant polynomials, and g = Za€R+ Ja-

Let us notice that in the angular Hamiltonian (3.68) the nonzero constant g # 0 appears,
and the range of validity of the action variables is fixed to be I, € [0,00). As a result,
the standard oscillator and Coulomb systems cannot be included in the proposed description,
since for these systems we should choose g = 0,1, € [0,00). The first condition leads to the
vanishing of Kéhler structure and Poisson brackets, while the absorbtion of constant g by the
action variables immediately yields the change of the range of validity of the action variables.
However, a minor complication allows to involve in our picture the generic superintegrable
conformal mechanics, oscillator and Coulomb systems as well.

Using the expressions of the constants of motion presented in [32], we can immediately write

down the constants of motions of those systems written in terms of Killing potentials.
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e Conformal mechanics

N-1
H:H_9(9+227:1 H.5)
4K ’
gz" H,
vi=H_ x — =H_ 5 —
HaN aN+Z 9 aN+292K7

{HvHozN} = {H, HQB} = 0.

e Oscillator-like system

N—
g(.g + 2 Z’y:ll H’Y;Y)
4K 7

{Hosca HaB} = {Hosm AQB,B} = Oa

Hosc - Hosc -

where

H, H,
A, =H, 5 +19— +wH,, B,=H,y+19— —wH,

2K 2K
e Coulomb-like system
Coul — 411Coul AK )
{HC’oulv Ra} - 07
where
H, 1 v
Ro=Ro+ 19— —== +

The transition to the action-angle variables (3.77) is obvious.

(3.94)
(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

(3.102)

Hence, we have shown how to describe the superintegrable deformations of oscillator and

~ N
Coulomb systems in terms of noncompact complex projective spaces CP .
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3.5 CONCLUSION

In this chapter, we propose the description of superintegrable models with dynamical so(1, 2)
symmetry, as well as the generic superintegrable deformations of oscillator and Coulomb sys-
tems, in terms of higher-dimensional Klein model (serving as the non-compact analog of complex
projective space), considered as the phase space. We provide the expressions for the constants
of motion of these systems using Killing potentials that define the su(N, 1) isometries of the
Kahler structure.

Besides elegant geometric interpretation of (super)integrability of those models, this may

be very useful when applying geometric quantization methods.
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Chapter 4

su(1.N|M)-Superconformal Mechanics

and Deformations

4.1 INTRODUCTION

In this chapter we consider the systems with su(1, N|M)-symmetric (N|M)c-dimensional
Kahler phase space and relate their symmetries with the isometry generators of the super-
Kéhler structure. We construct this space reducing the (N + 1|M)c-dimensional complex
pseudo-Euclidian space by the U(1)-group action and then identify the reduced phase space
with noncompact analog of complex projective superspace constructed in [26]. We parameterize
this space by the complex bosonic variable w, Im w < 0, by the N —1 complex bosonic variables
z® € [0,00), arg z € [0;27), and by M complex fermionic coordinates n“. Thus, it can be
considered as the N-dimensional extension of the Klein model of Lobachevsky plane. This
allows us to connect the complex coordinate w with the radial coordinate and momentum of
the conformal-mechanical system spanned by su(1,1) subalgebra, and separate the su(1,1)

generators interpreting them as Hamiltonian, conformal boosts and dilatation operators. The
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rest bosonic generators z* parameterize then the angular part of integrable conformal mechanics
with Euclidian configuration spaces. Relating the angular coordinates and momenta with the
action-angle variables of the angular part of the integrable conformal mechanics, we describe
all symmetries of the generic superintegrable conformal-mechanical systems in terms of the
powers of the su(1, N) isometry generators. An important aspect of proposed approach is that
in proposed canonical coordinates all fermionic degrees of freedom appear only in the angular
part of the Hamiltonian.

Furthermore, we construct the superanalogs of the maximally superintegrable generaliza-
tions of the Euclidian oscillator/Coulomb systems considered in [17] as follows: we preserve the
form of Hamiltonian expressed via generators of su(1, 1) subalgebra but extend the phase space
@TP’N to phase superspace @TP’MM . As a result, we find that these superextensions reserves all
symmetries of the initial bosonic Hamiltonians and get maximal set of functionally-independent
fermionic integrals,i.e. they remains superintegrable in the sence of super-Liuvville theorem.
We also find, that the constructed oscillator-like systems (in contrast with Coulomb-like ones)

possess deformed N = 2M Poincaré supersymmetry, and express all the symmetries of these

superintegrable systems via su(1l, N) isometry generators as well.
The chapter is organized as follows.

In Section 4.2 we present the basic facts on Kéahler supermanifolds and construct, by
—~ N|M
the Hamiltonian reduction, the non-compact complex projective superspace CP | in the
parametrization similar to those of Klein model for Lobachevsky space.

|M .
and extract from it the su(1, N|M)-

In Section 4.3 we analyze the symmetry algebra of (CTP’N
superconformal systems.

In Section 4.4 we introduce the canonical coordinates which naturally split radial and angu-
lar parts of the Hamiltonian and relate the angular part with the systems formulating in terms

of action-angle variables. In the Section 4.5 we construct superintegrable supergeneralizations

of oscillator- and Coulomb-like systems.
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4.2 NONCOMPACT COMPLEX PROJECTIVE SUPER-

SPACE

The (even) (N|M)-dimensional Kéhler supermanifold is defined as a complex symplectic su-

permanifold whose symplectic structure is given by the expression
Q=o(=1)P1es g cazt ndZ!, dQ =0, (4.1)

with Z! denoting N complex bosonic coordinates and M complex fermionic ones, while p; :=
p(Z!) be Grassmanian parity of coordinates, i.e. it is equal to zero for bosonic coordinate and
to one for the fermionic one.

The “metrics components” g;7 can then be locally represented in the form

L AR
o~ 0 7

917 = ﬁﬁf{(z ), (4.2)
where 0XF) /9 Z1 denotes left(right) derivatives.
The Poisson brackets associated with this Kahler structure looks as follows
(ot =1 (She 0 - copm S L 28, (43)
where
9" gk =% g"7 = (—1prg’ (4.4)

As in the pure bosonic case, the isometries of Kahler manifolds are given by the holomorphic

Hamiltonian vector fields,

V,=1{h,(2,2), }= VI(Z)% + VI(Z)%, (4.5)

where h,(Z, Z) are real functions called Killing potentials (see, e.g. [10, 26] for the details).

o8



Our goal is to study the systems on the Kéhler phase space with su(1, N|M) isometry
superalgebra. For the construction of such phase space it is convenient, at first, to present
the linear realization of u(N.1|M) superconformal algebra on the complex pseudo-Euclidian

CNUM equipped with the canonical Kihler structure (and thus, by the canonical

superspace
supersymplectic structure)and then reduced it by the action of U(1) generator.

It is instructive to present this reduction in details. Let us equip, at first, the (N + 1|M)-

dimensional complex superspace with the canonical symplectic structure

N M
Qo =1 Y Yo" Adv® + ) dn™* Adip?, (4.6)

a,b=0 A=1

with v, 7% being bosonic variables, and n?, 74 being fermionic ones, and with the matrix 7,

chosen in the form

Yab = —1 3 a,b:N,O,l,...,N—l. (47)

—1

With this supersymplectic structure we can associate the Poisson brackets given by the relations

{v", 0"} = =i, (7P} = (7% 0"} =68,y =L (4.8)

Equivalently,
00Ny =1, oV, 0% =1, {v*, 8%} =07, (4.9)
{n*. 0"} = (0} = o7, (4.10)

Here we introduced the indices o, 5 =1,..., N — 1.
On this superspace we can define the linear Hamiltonian action of u(N.1|M) = wu(1) x

su(N.1|M) superalgebra

{h’aBJ th} =1 (haﬂ’yéb - th’Yad) ) (411)
{042,95,} = had® — Rapr™,  {Oua, hyc} = —1047™, (4.12)
{Rap, Rop} =1 (Rapd™ = Repd®) . {Oaa Rep) = —10cad”™, (4.13)
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where
hop = v*0°, Oz = 70, Rag = uwi'nP. (4.14)
The u(1) generator defining the center of w(N.1|M) is given by the expression

J = 3,500 + 7 0 {J byt = {J, 03} = {J,Ra5} = 0. (4.15)

Hence, reducing the system by the action of this generator we will get the "non-compact”

M
| (i.e. the supergeneralization of noncompact projective space

projective super-space @DN
@TP’N), which is (2N |2M)-(real)dimensional space.

For performing the reduction by the action of generator (4.15) we have to choose, at first,
the 2N real (N complex) bosonic and 2M real (N complex) fermionic functions commuting

with J, and . Then, we have to calculate their Poisson brackets and restrict the latter to the

level surface

J=g. (4.16)

As a result we will get the Poisson brackets on the reduced (2N |2M)-(real) dimensional space,
with that U(1)-invariant functions playing the role of the latter’s coordinates.

The required functions could be easily found,
UN v A
w = M= =" w, J}={J}=1{"J}=0, and cc. (4.17)

0’ v0

Calculating their Poisson brackets and having in mind the expression following from (4.16),

] N-1 M
== (z(w —w) — Z 272 4 909_C> : (4.18)

1
00

A=

we get the reduced Poisson brackets defined by the following non-zero relations (and their

complex conjugates)

{w, 0} = —A(w — w), (4.19)
{2, 7%} = 146°7, (4.20)
{64,067} = A6*P, (4.21)
{w,z*} = Az°, (4.22)
{w, 0} = AG*. (4.23)
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In what follows we will call this space

These Poisson brackets are associated with the supersymplectic structure

7 1 B 229 Y A -
1z - 9005 2%2° P A
+Edz /\dw+<A + AQ)dZ N dz° — yE dz% A df

A NA o _ NAnB
9 00 ndiw 4 A p gz — (2951‘”3 i )d@A/\déB}.

A? A? A A?

It is defined by the Kéahler potential

K = —glog(s(w — w) — 22 4 1076%).

43

(4.12),(4.13) to the level surface (4.16). It is defined by the following Killing potentials

ww
H = UNT)N|J:g = 7,
3 1
K =%, = T
w + w
D = (UNUO + UOUN)‘J:g = )
A
Z%
Ha = @aUN|J:g = 7,
Ea
Ka = @a’l)oljzg Z,
sa .8
o 2%z
hog == 00" | j=g = i
_ 04w
Qa = nAUN’J:g = 7,
HA
. =A0 _
Sq =10 =g = e
A éAZa
Oua = UAU |J:g = T’
- 649"
Ryp = ”7A773|J:g =1 A

can choose, instead of non-diagonal matrix (4.7), the diagonal one, ~,; = diag(1, —1,..
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D N
noncompact projective superspace CP

(4.24)

(4.25)

The

isometry algebra of this space is su(N, 1|M), which can be easily obtained by the restriction of

(4.26)

(4.27)

(4.28)

(4.29)

Constructed super-Kahler structure can be viewed as a higher dimensional analog of the Klein
model of Lobachevsky space, where the latter is parameterized by the lower half-plane. One
., —1).

In that case the reduced Kahler structure will have the Fubini-Study-like form (see Section VI).



In the next Section we will analize the isometry algebra defined by these generators in details.
Presented choice (4.7) is motivated by the by its convenience for the analizing superconformal
mechanics. Indeed, in thet case the generators (4.26) defines conformal subalgebra su(1.1)
and are separated wrom the rest su(lV,1) generators. Thus they can be interpreted as the
Hamiltonian of conformal mechanics, the generator of conformal boosts and the generator of
dilatation.

In the next section we will analize in details these superconformal mechanics and their dy-

namical super algebra the isometry algebra defined by the generators (4.26),(4.27),(4.28),(4.29).

4.3 su(l, N|]M) SUPERCONFORMAL ALGEBRA

The generators (Killing potentials) (4.26),(4.27),(4.28),(4.29) form su(1, N|M) superalgebra
given by (4.12),(4.13) with 7,; defined in (4.7). Its explicit expression with separated su(1,1)
subalgebra is represented below. For the convenience it is divided into three sectors: ”bosonic”,

”fermionic” and ”mixed” ones.
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BOSONIC SECTOR: su(1,N) x u(M)

The bosonic sector is direct product of the su(1l, N) algebra defined by the generators
(4.26),(4.27), and the u(M) algebra defined by the R-symmetry generators (4.29). Explicitly,

the su(1.N) algebra is given by the relations

{H, K} =-D, {HD}=-2H, {K,D}=2K, (4.30)
(H K.} =—H,, {H H)}={Hhyg}=0, (4.31)
{K,H.} = Ko, {K, K.} ={K, h,5} =0, (4.32)
(D, K.} = —Ka, {D,Hy}=H,, {D,hy}=0, (4.33)
[Kas K5} = {Hoo Hyy = {Ko, Hy} =0, (4:34)
(Ko, K} = —1K0,5, {Ha Hs} = —1Hd,s (4.35)
{haps Pyst = 1(has0y5 — Pygdas), (4.36)
{Ka, hgy} = —1Kpdas, {Ha, hgy} = —1Hplas, (4.37)
{K..Hg} = hoz + % (I —1D) bz, (4.38)
where
N-—1 M
I'=g+Y hys+Y Rec (4.39)
=1 Cc=1

The R-symmetry generators form u(M) algebra and commute with all generators of su(1, N):
{RAngCD} = Z<RAD5C'B - RCB(SAD)7 {RABa (Ha KvDyKonHonhoaB)} =0. (440)

It is clear that the generators H, D, K form conformal algebra su(1,1), the generators h,,; form
the algebra u(N —1), and all together - the su(1,1) x (N —1) algebra. Notice, that the generator

I in (4.39) defines the Casimir of conformal algebra su(1,1):

1 1
T:= 512 = 5D2 —2HK. (4.41)

Hence, choosing H to the role of Hamiltonian, we get that H,, h,z, R4p define its constant
of motion. Similarly, choosing to the role of Hamiltonian the generator K, we get that it has

constants of motion Ky, h,z, R4p-
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"FERMIONIC” SECTOR

The Poisson brackets between fermionic generators (4.28) are as follows

{SAagB} = Kdp, {QAa@B} = Hoyp,
{S4,Qp} = —1Ryp + % (I —1D)dap,
{O4a,Op3} = Rapdps + hpadap,

{S4,0a} = Kadup, {Qa,0pa} = Hadap,

{SA’ SB} = {QAa QB} = {@A&7@BB} = {SAv QB} = {SA> @B&} = {QAv @B@} =0.

(4.42)
(4.43)
(4.44)
(4.45)

(4.46)

Hence, the functions @ 4 play the role of supercharges for the Hamiltonian H, and the functions

Sa define the supercharges of the Hamiltonian K playing the role of generator of conformal

boosts.
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"MIXED” SECTOR

The mixed sector is given by the relations

{H,Qa} ={H,045} =0, {H,Sa}=—Qua, (4.47)
{K,54} ={K,013} =0, {K,Qa} =S5, (4.48)
{D,Sa} = —=Sa, {D,Qa} =Qa, {D,04a} =0 (4.49)
{Qa, Ko} = —Ouq, (4.50)
{Qa, Ho} = {Qa, Ho} = {Qa, Ko} = {Qa, hoz} =0, (4.51)
{Sa, Ho} = ©ua, (4.52)
(S, Ko} = {Sa, Ko} = {Sa, Ha} = {Sa, hs} = 0, (4.53)
{Oaa, K} =15408a, {Oaa, Hp} =1Qu0sa, {Oaa, hay} = 1045034, (4.54)
{Oua, Ho} = {©4a, K} =0, (4.55)
{Sa, Rpe} = —1SBoac, {Qa,Rpcy = —1Qpoac, {Oaa Rpc} = —1Opadac- (4.56)

Looking to the all Poisson bracket relations together we conclude that

e The bosonic functions H,, h,s , and the fermionic functions Q 4, © 44 commute with the

Hamitonian H and thus, provide it by the superintegrability property !

e The bosonic functions K, h,z and the fermionic functions S4,0 44 commute with the

generator K. Hence, the Hamiltonian K defines the superintegrable system as well.

e The triples (H, H,,Q4,) and (K, K,, S4,) transform into each other under the discrete

transformation

Y

=%

(w, 2%, 64) = (= % ) = (4.57)

Y

SH

n accord with superanalog of Liuville theorem [68] the system on (2IN.M) phase superspace is integrable
iff it possess N commuting bosonic integrals (with nonvanishing and functionally independent bosonic parts)

and M fermionic ones
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(H7 Hom QA?) - (Ka _Kaa _SA)a
D — —D, : (4.58)
(K7KQ7SA) — (H7HC|{7QA7)
e The functions h,z, © 45 are invariant under discrete transformation (4.58).Moreover, they
appear to be constants of motion both for H and K. Hence, they remain to be constants
of motion for any Hamiltonian being the functions of H, K. In particular, adding to the

Hamiltonian H the appropriate function of K, we get the superintegrable oscillator- and

Coulomb-like systems with dynamical superconformal symmetry .

e The superalgebra su(1, N|M) admits 5-graded decomposition
su(1L, NIM) =F_2®f-1Dfo @ fi1 © fro (4.59)
with
[fi,§;] C fix; fori,je{-2,-1,0,1,2}, (4.60)
where f; = 0 for |i| > 2 is understood. The subset fy includes the generators

D, h.z,0 4a, OAa, R, 5, the subsets f_, and f, contain only generators H and K, respec-

tively, while the subsets f_; and f; contain the generators H,, H, Qi Qsand K, K, Sa,S4.

Let us conclude this section by the following remark. It is easy to see, that the generator
(4.39) commutes the generators H, D, K, S4,Q4, R,5. Hence, these generators form supercon-
formal algebra su(1.1|M) with central charge v/2Z (4.41) (being the casimir of su(1,1|M)) as
well)

{H,K}=-D, {H,D}=-2H, {K,D}=2K, (4.61)
{54, S8} = Koup, {Qa,Qp} = Hoap,

{S4,Qp} = —1Rup + % <\/ﬁ - ZD) 0AB:

{H, 54} = —Qa, {K,Qa} =054 {H Qa}={K, Sa}=0, (4.62)
{D,Sa} ==54, {D,Qa} = Qa,

{Rap. Rept = (Rapdop — Repdap),  {Sa, Rpet = —1Spdac, (4.63)

{Qa, Rpct = —1Qpdac. (4.64)
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In the next section we will express presented su(1, N|M) generators in appropriate canonical
coordinates and in this way we will relate presented formulae with the superextensions of

conventional conformal mechanics.

4.4 CANONICAL COORDINATES AND ACTION-ANGL

VARIABLES

For the introduction of the canonical coordinates we transit from the complex coordinates
to the real ones for bosonic variables and make a change of fermionic ones such that the new
fermionic variables will have canonical Poisson brackets. For this purpose we represent bosonic
variables w, z¢ as follows,

w=u1z+wy, 22°=qe’, (4.65)

where
N-1
y<0, >0, @a€[0,21), ¢ =) ¢’ <2y (4.66)
a=1
Then we write down the symplectic/Kéhler one-form and identify it with the canonical one

Ao 9dw+do— 1(2%dz* — 29dz*) + 04dOA + 04doA

2 1(w — W) — 2727 +1090¢
1 1
= peda + Tadpa + XX+ ox (4.67)

After some calculations and canonical transformation (p,, ) — (—%/2,Pr/r), one can obtain

Pl V% QAZQXA’

w="ots, 2= . (4.68)
with

(o} =1, {¢s 7} =0as X X%} =048, (4.69)

. >0, ¢©*€10,27), r>0. (4.70)
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Hence, 7,p,, 0%, Ta, X4, X define canonical coordinates. They expresses via initial ones as

follows
w+w 2 2
o Y 471
p 5 T 7 i (4.71)
Ty = ZZ . pa = arg(z?), (4.72)
64 04
A_ . oyt=— ’ 4.73
X 7 X 7 (4.73)
where
N—1 M _
B 1w —w) — 2727 4+ 10°0¢ 2
I=g+) m+y ix™x*, A= ( ) p =5 (4.74)
a=1 A=1

In these canonical coordinates the isometry generators read

2 2 2

=t K=—, D=np,r, 4.75
2 Ty 2’ pr? (4.75)

H Ta —upa 1 Mo —1pa —upa—pp)
a=y/5¢ pr—1 ) K,=r e hag = \/TaTge , (4.76)

—A /5T —A
X 27 X —A

=== |p —2 ., Sa="=r, Ous= Tae'¥, 4.77
Qa 5 (p . ) A= Aa =X (4.77)
R = 1 \5. (4.78)

Interpreting r as a radial coordinate, and p, as radial momentum, we get the superconformal

mechanics with angular Hamiltonian given by

I + () 3 3
T:= 220 with L= gt YT (00 =y vyt (4.79)
a=1 A=1

So, the fermionic part of superconformal Hamiltonian is encoded in its angular part.

The explicit dependence of Hamiltonian H and of its supercharges ()4 and on fermions is

as follows
Lixx) , () X’ L ()

H = H, = - P = : 4.80
o+ r2 + 02 QA \/5 p ? r G r ( )

while the dependence of bosonic integrals H, on fermions is given by the expression

Ka(xx)

H,=H’— , 4.81
¢ 2K (4.81)
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where

2 2
2 h 0 MTa Iy 0 770
Hy="4+—, Hy=\/—=e"(p—1—) : H . H’} =0. 4.82
0 2 27”2’ @ 26 (p Z?” { « } ( )

So, proposed superconformal Hamiltonian H inherits all symmetries of initial Hamiltonian Hy

(given by HY, h,j5).

Looking at the functional dependence of the angular Hamiltonian Z from the angular vari-
ables %, m, one can expect that the set of conformal mechanics admitting proposed su(1, N|M)
superconformal extensions seems very restricted. However, it is not a case, since we it is not
necessary to interpret ¢ as a coordinate of the configuration space, and 7, as its canonically
conjugated momentum. Instead, since 7, define a constant of motion of the bosonic Hamilto-
nian Hy (and of the respective angular Hamiltonian Zy, = HoK /2 — D?), we can interpret it as
the action variable /,, and consider p* as a respective angle variable ®,, .

Furthermore, suppose that m,,p, are related with the action-angle variables (1, ®,) of

some (/N — 1)-dimensional angular mechanics by the relations

o,
Ta = Nala, Yo =—, where n, € N. (4.83)

(e

Upon this identification the bosonic part of the angular Hamiltonian (4.79) takes a form

N-1 2
~ 1
Ty = 5 <g+;na]a) , with n, € N, &, € [0,27), (4.84)

but the bosonic generators H,, Sy, h,j3, become locally defined, ¢, € [0,27/m,), and fail to
be constants of motion. To get the globally defined bosonic generators we have to take their

relevant powers,

Hoz = (Ha)naa Koé = (Kﬂl)na7 haﬂ_ = (haB)nanﬂ' (485)

as well as replace the fermionic generator © 45 by the following one
(:jA& = (Ha)na_l@A@. (486)

As aresult, the dynamical (super)symmetry algebra becomes nonlinear deformation of su(1, N|M)
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The angular Hamiltonian (4.84) define belong to the class the superintegrable general-
izations of the conformal mechanics, and of the oscillator- and Coulomb-like systems on the
N-dimensional Euclidian spaces [56]. As a particular cases, these set of systems includes the
”charge-monopole” system, Smorodinsky-Winternitz system, as well as the rational Calogero

models associated with Coxeter root system 2

. Thus, proposed systems can be considered as
their 2M superconformal extensions.
Since the generators @, S, R45 remain unchanged upon above identification( as well as

the expression of the angular Hamiltonian (4.39) via generators H, K, D), we conclude that

listed generators form superconformal algebra su(1,1|N) with central charge (4.64).

Finally, notice that in (4.84) the nonzero constant g # 0 appears, and the range of validity of
the action variables is fixed to be I, € [0,00). As a result, standard free particle and conformal
mechanics cannot be included in the proposed description, since for these systems we should
choose g = 0,1, € [0,00). To exclude this constant we should replace the initial generators by

the following ones

Koz L SA
T, Ha = Ha—{—lgﬁ, QA = QA—ZQ%. (487)

This deformation will further “non-linearize” the dynamical supersymmetry algebra su(1, N|M).

4.5 OSCILLATOR- AND COULOMB-LIKE SYSTEMS

In the previous section we mentioned that the angular Hamiltonian (4.84) defines the su-

perintegrable deformations of N-dimensional oscillator and Coulomb system [56], while in [17]

2To our best knowledge, the rational Calogero models are not yet constructed explicitly. However, we have
at hand the spectra of quantum Calogero model and of its angular part [62]. Taking the (semi)classical limit of

the spectrum of the angular Calogero model we can conclude that it is,indeed, of the form (4.84), see, e.g.[56]
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the exhamples of such systems on noncompact projective space @N playing the role of phase
space were constructed. So, one can expect that on the phase superspace @NlM one can
construct the super-counterparts of that systems, which presumably, possess (deformed) 2M-
supersymmetric Poincaré supersymmetry. Below we examine this question and show that our

claim is corrects in some particular cases.

4.5.1 OSCILLATOR-LIKE SYSTEMS

—~— N|M
We define the supersymmetric oscillator-like system with the phase space CP | (equipped
with the Poisson brackets (4.23)) by the Hamiltonian
H,.. = H + WK, (4.88)

where the generators H, K are given by (4.26). In canonical coordinates (4.73)it reads

2 N-1 M AL AN2 2,.2
., T+ 11 wr
i, ];n (9+ 2D a1 T2ZA—1 XX > (4.89)

This system possesses the u(/V) symmetry given by the generators h,z defined in (4.27)(among
them N —1 constants of motion 7, are functionally independent), the U (M) R-symmetry given

by the generators R,z (4.29) as well as N — 1 hidden symmetries given by the generators

zo 8

Mag = (Ha + lWKa)(HB - sz[g) = 12

(w? +w?) © {Hyse, Mag} =0, (4.90)

The generators (4.90) and the su(/N) generators h,; form the following symmetry algebra

{Pag, My} =1 (Masd,5 + Myadss) (4.91)

{Mup, M5} =0, (4.92)

{M057M“Y5} =

=1 (4w21haghm — MLM”‘S(SM — %5a5 — MLM”‘*(SM — M@;) . (4.93)
hay % has hss
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with I given by (4.39) and summation over repeated indices is not assumed.

Besides, this system has a fermionic constants of motion © 45 defined in (4.28).Hence, it is
superintegrable system in the sense of super-Liuville theorem, i.e. it has 2N — 1 bosonic and
2M fermionic, functionally independent, constants of motion [68]. Further generalization to

the systems with angular Hamiltonian (4.84) is straightforward.

Let us show, that for the even M = 2k this system possess the deformed N = 2k Poincaré
supersymmetry, in the sense of papers written by E.Ivanov and S.Sidorov [44]. For this purpose

we choose the following Ansatz for supercharges
Q4 =Qa+wCapSs, (4.94)
with the constant matrix C4p obeying the conditions
Cap+ Cpa =0, CusChp = —0ap (4.95)

For sure, the condition (4.95) assumes that M is an even number, M = 2k.

Calculating Poisson brackets of the functions (4.94) we get

{QA, QB} = Hosc5AB, {QA, QB} = —MQAB, {QA, QB} = ZWg_ABa (4-96)
where
Gap = CacRpe + CpcRac,  Gap = Gap = CacRep + CpoReg, (4.97)
and
Gap = CacCprGpe. (4.98)

Then we get that the algebra of generators Qa, Hose, R is closed indeed:
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{QA7 Hosc} — WCAB QB; {gA37 Hosc} - 07 (499)

{Qa,Gpc} = UCapQc + Cac9Op), (4.100)
{94,G5c} = —1(CpQpdac + CopQplag). (4.101)
{GaB,Gcp} = (CapGpe + CacGsp + CppGac + CpcGap), (4.102)
{Gap,Gcp} = u(Cpndac + Condap)Gns + uCpndpe + Condpp)na; (4.103)

and surely,
{Ou, Hope + % EB: Gup) = 0. (4.104)

Hence, for the M = 2k the above oscillator-like system (4.88) possesses deformed N = 4k
supersymmetry. In the particular case M = 2 the choose of the matrix Csp is unique(up to
unessential phase factor): Cyp := e€"c4p. In that case the above relations define the superal-
gebra su(1|2)-deformation of A" = 4 Poincaré supersymmetric mechanics studied in details in
S.Sidorov [44, 45]. For the k > 2 the choice of matrices C'4p is not unique, and we get the

family of deformed N = 4k Poincaré supersymmetric mechanics.

Let us present other deformed N = 2M Poincaré supersymmetryc systems whose bosonic
part is different from those of (4.88) but nevertheless, has the oscillator potential.
For this purpose we choose another Ansatz for supercharges (in contrast with previous case

M is not restricted to be even number)
Q4= Qa+wSa. (4.105)

These supercharges generates the su(1|M) superalgebra, and thus generalizes the systems con-
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sidered in [44, 45] to arbitrary M,

{Oa, 53} = HoscOup — WRE, (4.106)
{Q4, 95} =0, (4.107)
{RYREY =uRL6E —RET) (4.108)
{Q4,RE} =1 (% Qadpo + éB5Ac) , (4.109)
{Qu, Hosc} = szMM_ L5, (4.110)
where
Hose := Hpge — w(I + %ZRCC), RE .= R,5 - %552}%0 (4.111)
C C

with I defined by (4.39). Hence, the Hamiltonian get the additional bosonic term proportional

to the casimir of conformal group. In canonical coordinates (4.73) it reads

2 T 2,.2 1
Hose = % 5 w; —w <\/21+ M(y(x)) . (4.112)

This Hamiltonian, seemingly, describes the oscillator-like systems specified by the presence of
external magnetic field.
. S NIM . . .
So, choosing CPP as a phase superspace, we can easily construct superintegrable oscillator-

like systems which possess deformed N' = 2M Poincar/’e supesymmetry.
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4.5.2 COULOMB-LIKE SYSTEMS

~ N|M
Now, let us construct on the phase space CIP | with the Poisson bracket relations (4.23),

the Coulomb-like system given by the Hamiltonian

y
Hepw = H + ——, 4.113
Coul NeTs (4.113)

where the generators H, K are defined by (4.26).

The bosonic constants of motion of this system are given by the u(N — 1) symmetry gen-

erators h,s , and by the NV — 1 additional constants of motion

K
Re = Ho+ 09—+ {Hopus Re} = {Heou, hus} = 0, 4114
ok {Hcou, Ra} = {Hoou, hag} ( )

where H,, K,,n,5 are defined by (4.27). These generators form the algebra

2 2 _

=y ) vy 17" hog
{Ra, Bz} = =104 (HCoul - ﬁ> + 57 (4.115)
{hap, By} =105 ., (4.116)
{R., R3} = 0. (4.117)

Besides, proposed system has 20 fermionic constants of motion given by © 44, and u(M)
R-symmetry given by R,5. Hence, it is superintegrable in the sense of super-Liuville theo-
rem [68]. So, we constructed the maximally superintegrable Coulomb problem with dynamical

SU(1, N|M) superconformal symmetry which inherits all symmetries of initial bosonic system.

One can expect, that in analogy with oscillator-like system, our Coulomb-like system would
possess (deformed) N = 2M-super-Poincaré symmetry for M = 2k and v > 1. However, it is
not a case.

Indeed, let us choose the following Ansatz for supercharges

S
OQu=Qa+ \/ZCABW, (4.118)
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with the constant matrix C'4p obeying the conditions (4.95), M = 2k and v > 0.

Calculating their Poisson brackets we find

3
{Q4,95} = Hooudap + 5 5 (2\}/(;/4 (S4CppSp + SeCapSp) , (4.119)
{Q4,QB} = (22\}/;/4 (CepRE + CacRE), (4.120)
{Q4,R5} = —1Qpdac, (4.121)

where R4 is defined in (4.111).
Further calculating the Poisson brackets of Q4 with the generators appearing in the r.h.s.

of the above expressions we get that the superalgebra is not closed. For example,

T

(2K

37

{Qa, Hoout = TREE

_ 3 _
Sy 4 = Cyp (QB - ESBD) . (4.122)

Hence, proposed supercharges do not yield closed deformation of N = 2M-super-Poincaré al-

gebra.

Let us choose another Ansatz for supercharges (as above we assume that v > 0)

OQu=Qa+11/2 62 3/4, (4.123)
which yields

oo

{04, On} = Heoudap + TPTREL Y RE, (4.124)
{Q4,RG} =1 <%@A(536 - @BdA@) : (4.125)
{04,905} = {04, 05} =0, (4.126)
where
Heou = Hoou — % (I - ﬁ ;RCC> , (4.127)

with I and R4 are defined, respectively, in (4.79) and (4.111). In canonical coordinates (4.73)

this Hamiltonian reads

pr T Y \ 2’7 2M —1 _
= — + - — : 4.12



However, one can easily check that proposed supercharges do not yield closed deformation of

Poincaré superalgebra as well, e.g.

c
R ?

_ 3_ 54 o
2R @R)

1 ~ ~
— <MQA630 - QBéAC) +2 24 _RG (4.129)

{QAv 9 (2K)7/4

So, proposed superextensions of Coulomb-like systems, being well-defined from the view-
point of superintegrability, do not possess neither N' = 2M supersymmetry, no its deformation.

The su(1, N|M) superalgebra plays the role of dynamical algebra of that systems.

4.6 FUBINI-STUDY-LIKE KAHLER STRUCTURE

The above considered super-Kahler structure is obviously the higher-dimensional superana-
log of the Klein model of Lobachevsky space. On the other hand, Lobachevsky space has other
common parametrization as well, which is known as Poincaré disc. The higher-dimensional gen-
eralization of Poincaré disc parameterizing the noncompact complex projective space is quite

similar to the Fubini-Study structure for CPY, and is defined by the Kihler potential

N
K=—glog(l—> 2"2). (4.130)
a=1
For the obtaining of the superanalog of this potential from C“V™  one should transit from
the matrix (4.7) to the diagonal matrix v,; = diag(1,—1,...,—1), which can be done by the
transformation
0 N 0_ ,N
U AL SN (4.131)

w2

In these terms the Poisson brackets will again be given by the are given by the relations (4.8),
but with ~,; = diag(1,—1,...,—1).

On the reduced phase space (4.131) corresponds to the transformation

N—l o HA
a2 RV, - 04 — V2

_ . 4.132
N1’ A AR | ( )
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Doing so we will get the Fubini-Studi-like Ké&hler potential
K = —glog(1 — 2°2° +10°6°), (4.133)

which defines the following Kahler structure

_ za b NA .a
=" [(géfhrz c >dz“/\d2b+w =404 A dz°

g\ A A2 A2
sapA _ NAnB _
_Zig dz" A do* — (gifl‘B + %) do* A dQB] , (4.134)

where we have used a similar notation as in (4.18)

B 1 — 2¢z¢ + 1996

A (4.135)
g
The respective Poissoon brackets read:
ab _ azbh _ apnA B AB ApnB
R A - N e

Now let us repeat the same procedure of introduction of canonical coordinates, but now
taking the symplectic/Khler one form associated with the Kéhler potential (4.133), i.e. the
one that define ”Fubini-Study”-like metric. Then, as before, one needs to identify it with
the canonical one, and this canonical coordinates will play the role of ”Cartesian” coordinates

instead of the ”spherical” ones discussed above.

A__9 1(20d2® — 2°dz) + 04dO* + 64 doA
2 1 — zeze 410°0C
1 1
= padpa + X X" + XX (4.137)
It leads us to
a Pa 1P, A 2 A
5 = (& a’ 9 = — 5 4138
\/g +p—xx“ P (4.18)

with
P= Pa (4.139)

And vice versa,

N
iS)
I
IS]
b
>
b

=
|
)

Pa o = arg(z?), = , (4.140)

s Y
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where A is defined by (4.135).

These coordinates are related with (4.73) as follows

2
1 V2T
pn =5 | P+ <r - ) : (4.141)

4
2y
pN = arctan ( ) , 4.142
@D+ i
Pao = Ta, XA = XA7 (4143)
where
2
py 21 Pr
=1—-=—-— =—. 4.144
z 2 g YT ( )

Finally, let us draw readers attention to the complete similarity of the bosonic part of
(4.138) with the equations mapping parameterizing compactified Ruijsenaars-Schneider model
with excluded centre of mass to the complex projective (phase) space CPY. This prompt us,
at first, to construct the conformal-invariant analog of that model by replacing the complex
projective space by its noncompact analog @N. Then one can try to construct its su(1, N|M)-

~ N —~ N|M
supeconformal extension by further replacement of CP by CP |

4.7 5>-GRADING AND COSET CONSTRUCTION

The key point of our consideration in the previous Sections was the reduction of the complex
Euclidian superspace C'"VV to the Kihler phase superspace with the non-compact symmetry
superalgebra algebra G = su(1, N|M) containing conformal algebra su(1, 1) as the subalgebra
subgroup of the symmetry algebra G, and admitting 5-graded decompositions with respect to
dilatation generator D.

However, it is a well known fact [46, 47| that every simple Lie algebra F (except for siy)

admits 5-graded decompositions with respect to a suitable generator D € su(1,1) € F,

F=f2@f1@fo®fr1@&fra  with  [fi,f;] Cfiyy fore,je{-2,-1,0,1,2} (4.145)
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(f: = 0 for |i] > 2 understood). Compatibility with the 5-grading requires this real form to be
non-compact. Therefore, (H, D, K) generate an su(1, 1) subalgebra of F. Different real forms

of F and H give rise to different non-compact quaternionic symmetric spaces W [46, 47],

F
W= : (4.146)

H x SU(1,1)

where F, H and SU(1,1) are the (simply-connected) groups generated by F, H and su(1,1),
respectively.

One may enlarge the coset by reducing the stability group [48] from H x SU(1,1) to H x
Bsuy(1,1), where Bgy1,1) denotes the positive Borel subgroup of SU(1,1), whose algebra b, 1,1

is generated by (D, K). In other words, we keep H in the numerator and consider the coset

F
W= . (4.147)

H x Bsya,n

The elements of VW can be parametrized as follows,

g = et (HH2K) qult) Gy ()G (4.148)

where we employed a - notation to suppress the summation over A. The parameter w represents
some freedom in the parametrization of W. realization of the group F by the left multiplications
on the coset W (4.148) will give rize to a proper realization of the symmetry in terms of basic
fields u(t), v(t), while the dynamic equations can be obtained by imposing the proper constraints

on the Cartan forms [48]. Defining the Cartan forms in the standard way,
g 'dg =w_oH +wyD +ws K +w_q1-G_1+w -G+ Zwi hs, (4.149)
one can check that the constraints
w_, =0 (4.150)

firstly are invariant under the whole group F', realized by left multiplication in the coset W
(4.147), and secondly express the Goldstone fields v(t) through the Goldstone fields u(t) and

their time derivatives in a covariant fashion. Thus means, that the fields v(t) acquire meaning
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of the momenta for the fields u(t) after passing to the Hamiltonian formalism.After imposing
the constraints (4.150) we have a realization of the F' transformations on the time ¢ and the d
coordinates ua(t).

Finally, one can impose the additional invariant constraints

w =0, (4.151)

which produces a system of second-order differential equations for the variables u,(t). These
are the equations of motion. Hence, with every simple Lie algebra F one may associate a
system of dynamical equations in d variables which is invariant under some non-compact real

form of the group F.
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4.8 CONCLUSION

In this chapter we suggest the su(1.N|M) superconformal mechanics formulated in terms
of phase superspace given by the noncompact analogue of complex projective superspace. We
parametrized this phase space by the specific coordinates allowing us to interpret it as a higher-
dimensional superanalogue of the Lobachevsky plane parametrized by lower half-plane (Klein
model). Then we introduced the canonical coordinates corresponding to the known separation
of the “radial” and “angular” parts of (super)conformal mechanics. Relating the “angular” co-
ordinates with action-angle variables, we demonstrated that the proposed scheme allows us to
construct the su(1.N|M) supeconformal extensions of wide class of superintegrable systems. We
also proposed the superintegrable oscillator- and Coulomb-like systems with a su(1.N|M) dy-
namical superalgebra and found that oscillatorlike systems admit deformed N = 2M Poincaré

supersymmetry, in contrast with Coulomb-like ones.
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Chapter 5

Discussion

As a summary, in this chapter we bring the main results of the thesis.

In the first chapter we have discussed some basics of Hamiltonian formalism, the geometry
of integrability, specially we have considered the use of the Kahler manifold regarded as a phase
space of Hamiltonian systems. Some examples of maximally integrable systems and maximally
symmetric Kéhler (phase) spaces have been illustrated.

In the second chapter we formulated the Euler top as a system with phase space CP?, i.e.
as one-dimensional system. Then we proposed the procedure of N' = 2k 4 priori integrable
supersymmetrization of a generic one-dimensional systems which provides the family of N/-
supersymmetric extensions depending on A//2 arbitrary real functions. Thus, we gave the
N = 2k supersymmetric extensions of the Euler top as well.

A few more comments on this topic are worth to be mentioned. One may ask whether it is
possible to construct the family of supersymmetric extensions of the Lagrange and Kowalewski
tops (see, e.g.,[69]) which are parameterized by arbitrary functions?

Here we present some preliminary remarks on this issue. The phase spaces of Lagrange and
Kowalewski tops could be identified with cotangent bundle of complex projective plane. This
supermanifold can be equipped with three symplectic (and complex) structures, parameterized
=

by the coordinates u z,m),
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wiy =dr ANdz+drn Ndz (5.1)

wy =1dm A dz —dw A dZ, (5.2)
PK 4\ gop

W3 = Zmdu A du s (53)

K = K(z,2) + F(g~'7n), (5.4)

where K(z,z) and g(z,z) are given by (2.10) and(2.9) respectively, while F'(x) is the real
function obeying condition F”(0) # 0. Within appropriate choice of the function F'(z) these
symplectic structures provide the manifold 7*CP' with hyper-Kéhler structure [70]. Formu-
lating Lagrange and Kowalewski tops in terms of symplectic structures (5.2), we can try to
construct their conventional N = 2,4 supersymmetric extensions, extending these simplectic
structure by fermionic variables associated with dz. However, we are expecting that using
the symplectic structure (5.4) will be more useful for the construction of the supersymmetric
extensions of Lagrange and Kowalewski tops.

In the third chapter we have shown that the superintegrable generalizations of conformal
mechanics, oscillator and Coulomb systems can be naturally described in terms of the non-
compact complex projective space considered as a phase space. This observation yields some
interesting directions for further studies.

For example, performing the transformation to the higher-dimensional Poincare model via
(3.23), we expect to present the considered models in the Ruijsenaars-Schneider-like form and
in this way to find, some superinegrable cases of the Ruijsenaars-Schneider systems, as well as
their supersymmetric/superconformal extensions.

Another one is describing the superintegrable deformations of the free particle on the
spheres/hyperboloids, and the spherical /hyperbolic oscillators, in a similar way. For this pur-
pose we expect to consider the ” k-deformation” of the Kahler structure of the Klein model, in
the spirit of the so-called “k-deformation approach” developed in [53].

As well as, we are going to undertake the construction of spin-extensions for the afore-

mentioned models, opting for the noncompact analogs of complex Grassmannians as phase
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spaces.

In Chapter 4 we suggested to construct the su(1, N|M )-superconformal mechanics formu-
lating them on phase superspace given by the non-compact analog of complex projective super-
space CPYM | The su(1l, N|M) symmetry generators were defined there as a Killing potentials
of CPNM We parameterized this phase space by the specific coordinates allowing to inter-
pret it as a higher-dimensional super-analog of the Lobachevsky plane parameterized by lower
half-plane (Klein model). Then we transited to the canonical coordinates corresponding to the
known separation of the "radial” and ”"angular” parts of (super)conformal mechanics. Relating
the ”angular” coordinates with action-angle variables we demonstrated that proposed scheme
allows to construct the su(1, N|M) supeconformal extensions of wide class of superintegrable
systems. We also proposed the superintegrable oscillator- and Coulomb- like systems with a
su(l, N|M) dynamical superalgebra, and found that oscillator-like systems admit deformed
N = 2M Poincaré supersymmetry, in contrast with Coulomb-like ones.

In fact, proposed scheme demonstrated the effectiveness of the supersymmetrization via
formulation of the initial systems in terms of Kéahler phase space and further generalisation
of the latter ones. In order to relate considered systems with the conventional ones (with
Euclidean configuration spaces) , we restricted ourselves by the non-compact complex projective
superspace. So, we are sure that applying the same approach to the conventional (compact)
complex projective spaces we can find many new integrable systems as well and construct their
unpredictable extended supersymmetric extensions.

Proposed scheme could obviously be extended to the systems on complex Grassmanians
Gry.x(C) (and on their noncompact analogs). In particular, we expect to find, in this way, the
N -supersymmetric extensions of compactified spin-Ruijsenaars-Schneider models. Moreover,
it seems to be straightforward task to apply proposed approach to the systems with generic
U(N)-invariant Kihler phase spaces locally defined by the Kéhler potential (322, 2#2%). We
expect that it can be done in terms of Kahler phase superspace locally defined by the potential

N M
K=K (Z 292 +1 Z 77‘47}’4) . (5.5)
A=1

a=1
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Finally, notice that our configuration is not coherent with the superfield approach to super-
symmetric mechanics, since considered phase superspace is not associated with external algebra

of initial bosonic manifolds.
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