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Introduction

The consideration and construction of higher spin gauge field theories has always been
considered an important task during the last forty years (See [1]-[8] and ref. there).
The complications and difficulties which accompany any serious attempt to solve the
essential problems in this area always attracted interest but activity intensified after
discovering the important role Higher Spin Fields plays in AdS/CFT correspondence.
Particular attention caused the holographic duality between the O(/N) sigma model in
three dimensional space and HSF gauge theory living in the four dimensional space with
negative constant curvature [9]. This case of holography is singled out by the existence
of two conformal points of the boundary theory and the possibility to describe them by
the same higher spin gauge theory with the help of spontaneously breaking of higher
spin gauge symmetry and mass generation by a corresponding Higgs mechanism. All
these complicated physical tasks necessitate quantum loop calculations for higher spin
field theory [10]-[15] in Anti de Sitter space and therefore information about manifest,
off-shell and Lagrangian formulation of possible interactions for higher spin field in
AdS. Then the successful results on the quantum level can be controlled by compar-
ison with the boundary O(N) model results checking the AdS/CFT correspondence
conjecture on the loop level [10], [11], [13]. This theory is interesting also becouse
here we do nt need supersymmetry to establish and check AdS/CFT correspondence
which means that in this case complicated tasks lead to development of quantum field
theory in AdS space. In this manuscript we try to formulate 16 starting lectures about
geometry of AdS space, construction and investigation of the balk to balk and bulk
to boundary propagators for higher spin gauge theories and construction of the some
trilinear interaction vertices for higher spin gauge fields and scalar fields in AdS space.
The main goal of this lecture course to focus PhD (and graduate) students on the

problem of real one loop calculations in area of higher spin and scalar fields in the



space with constant negative curvature.
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1 Geometry of AdSp

In real Minkowski space Rp_1 2 with a metric
D-1
(z,y) = 2%+ 2Py” = Y 2yt (1.1)
k=1
in Cartesian coordinates, we can specify a manifold as an AdSp space by requiring
AdSp ={r € Rp_12: (v,2) = 2% = L*} (1.2)

If not specified otherwise, we set L = 1. The coordinates x used in (2.1),(2.2) will be
denoted ”embedding space Cartesian coordinates” (e.s.C.c.).

The orthogonal group SO(D —1,2) of Rp_1 2 and its identity component SOy (D —
1,2) act transitively on AdSp which is connected. A global coordinate system can be

defined by the diffeomorphism

Si xRp13(t,7) — (V1+22)sint, @, V1 + 22 cost) (1.3)
r = {$1,£L‘2, ...:L‘D_l} €eRp_ (14)

The universal covering space Adsg) is obtained by extending S; to R;
Sl = R1/27TZ (15)

An often used coordinate system are the Poincare coordinates v and y in the domain

P14 2P >0

)
o = % uef{0,1,2,..D -2} (1.6)
- 1 B u2 + y2 D—2
P = 5y =00 =) W) (1.7)
u k=1
14 u? — 2
D _ 1.8
T 92 (1.8)
In these coordinates the metric is
D—2
ds?axds = u{(dy’)? — du® — Z(dyk)z} (1.9)
k=1



The ”chordal distance” squared measured in the embedding space is
"2 1 N2 /
d(z,z") zﬁ(x—x) =1—(z,2")=1-¢ (1.10)

In later applications to field theory we shall use ”Euclidean AdS spaces”. These

are obtained by complexification of AdSp to AdSlc)ompl
AdSE™ = {w = ye + izim € CVF': Re(w?) = 2, — 27, = 1} (1.11)
In this complex space we restrict z,. and x;,, to

AdS,(:,E) = {w =2y +izim : 2%, = 0,28 =0 for all kexcept k =0} (1.12)

re — 2 im

and call this space the Euclidean space AdSE. This manifold is a two-sheeted hyper-
boloid and we consider only the upper half 2 > 1. The Poincare coordinates for this

space are

z=(20,2) = (u,y',y", .y" %3, (1.13)
22 + d7
R (1.14)
Z
0

This measure is wrapped Euclidean.
Because the metric of AdS* has a particularly simple form in Poincare coordinates,

these are well suited for many calculations. From

ds® = g, (2)d2"dz" (1.15)
we obtain
LD

=775 1.16
Vv (20)P (1.16)
[V, VIV =R,V — R, VY (1.17)
Ruu)\p = _L_Q[gu)\<z)5£ - gu)\(z)éﬁ] (118)

D—1
Bun(2) = =—7579(2) (1.19)



The last property characterizes AdS as an Einsteinian space. Finally its constant
curvature is expressed by
D(D —1)

R(z) = ———F5— (1.20)

From the last equation follows also that the AdS spaces are maximally symmetric.
This has important consequences lateron.

The causal structure of AdSp is crucial for the application of physical concepts,
such as the motion of classical point particles ("observers”) or classical and quantum
fields. Due to the transitive action of the isometry group SOy(D — 1,2) we can select
the point

ep = {0,0,..0,1} (1.21)
given in e.s.C.c. Two points z;(z1), 22(22) have the chordal distance squared (2.10)

d(z1,22) = %(ml — 19)? (1.22)

This distance squared permits us to study the finite causal properties.

The tangent hyperplane at an arbitrary reference point x € AdS is defined by

{r+y:(z,y)=0} (1.23)

(this means that all vectors y of the tangential hyperplane are orthogonal to the "ra-

dius” x). In this hyperplane we distinguish the light cone vectors satsfying

(y,y) =0 (1.24)

This set of vectors is identical with the intersection of the hyperplane with the manifold

of AdSp. The timelike vectors are defined by

(y,y) >0 (1.25)

and the spacelike vectors by

(y,y) <0 (1.26)



At the reference point ep (1.21) the tangential hyperplane is a D — 1 dimensional

Minkowski space with vectors
{v°,9.0},y"” =0 (1.27)

The double cone of timelike vectors can be decomposed in a future light cone 3° > 0
(positive timelike) and a past lightcone y° < 0 (negative timelike).

By means of the chordal distance (1.10),(1.22) we can characterize the relative posi-
tion of pairs of points on AdSp as spacelike if d(z1, 22)* < 0, as timelike if d(zy, 29)? > 0,
and lightlike if d(zy, 29)? = 0. With the reference point z; = ep (2.21) these three sets

are respectively decribed by

Fulep) = {z€Rp_1a: P > 1} (1.28)
Tyep) = {r€Rp_1o:2” <1} (1.29)
T.ep) = {x€Rp_1p:2” =1} (1.30)

where I'. coincides with the set of lightlike vectors on the tangential hyperplane at ep.

The set I'y can be further decomposed in

Tyep) = |J Tulen) (1.31)

ke{+,—ex}
and each subset is defined by
Ii(ep) = {r€Rp12:—1<2” <+1,2" >0} (1.32)
I (ep) = {r€Rp1o:—-1<2” <+1,2°<0} (1.33)
Fex<€D) = {JT S RD_LQ : $D < —1} (134)

I'L(ep) are the positive (negative) timelike sets. The last set I, is denoted ”exotic”

and obtained from I';(ep) by the inversion

T — —x. (1.35)



2 Geodesics, trajectories, and one-parameter sub-
groups

A geodesic is the conical section of AdSp with a two-plane in Rp_ 2 containing the
origin. Since such two-planes can be characterized by one-parameter subgroups of
SOo(D — 1,2) both concepts are closely related. Planar trajectories are obtained by
affine two-planes intersecting AdSp which are translated off the origin by a fixed vector.
This vector can be chosen orthogonal to the two-plane.

Consider two points x1, x5 on a geodesic . Then the corresponding one-parameter
subgroup (1P subgroup) mapping x; onto x5 defines an angle ¢ seen from the origin of
Rp_15. This angle appears also in the chordal distance d(xy,x2) either as a trigono-
metric or as a hyperbolic angle. A typical example is the two-plane spanned by eg, ep.

Then in e.s.C.c. the matrices of the 1P-subgroup are

cosp 0 ... 0 —singp
0o 1 ... 0 0
Q=
0O 0 ... 1 0
simp 0 ... 0 cosyp

Moreover the chordal distance is expressed by

d(l’l, ZL’2>2 = (ZL‘l,ZEQ) —1 (21)
(z1,32) = cos(p(x1) — ¢(2)) (2:2)
In e.s.C.c. ¢ is extended to the whole real axis yielding the covering space Ang) and

the vector ey is mapped on the time axis by application of all €2.

Another example of interest is the case of a two-plane spanned by ey, e;. The



corresponding 1P-subgroup is in e.s.C.c. represented by matrices

coshn sinhnp ... 0 0
sinhn coshn ... 0 O
YT —
0 0 ... 10
0 0 .. 01

and the chordal distance for two points 1, x5 on such geodesic is
d($1,$2)2 = (ZEl, 132) —1 (23)
(w1,22) = cosh(n(z1) — n(z2)) (2.4)

Any trajectory is denoted timelike respectively spacelike if the tangent vector at
each point is timelike or spacelike. In the case of geodesics it suffices to know the
behaviour at one point, since the corresponding 1P-subgroup translates this property
to all other points. The same is then true for planar trajectories since the orthogonal
vector v is left invariant under the 1P-subgroup.

We consider the case of the two-plane through ey, ep. Then a planar trajectory is

given by
r = v+ (2.5)
T = R{sing,0...,cosp} (2.6)
Since
(v,2) =0 (2.7)
for all ¢, we have
(v+ )P =0 +32=1 (2.8)
v =1-R*<0 (2.9)

as R > 1 necessarily. The whole class of such plane trajectories is elliptic because of

(2.6) and timelike because the tangent vector at ¢ = 0 is timelike.

10



Next we consider the two-plane through ey, e;. From the ansatz

T o= v+d (2.10)
Z = R{coshn,sinhn,0...} Ris arbitrary real) (2.11)
follows that
D-1
v?=1-R*=(")2-) (W)?<1 (2.12)
k=2

These are spacelike hyperbolic planar trajectories since the tangent vector at n = 0 is

spacelike. However, the choice
T = R{sinhn, coshn,0...} (2.13)
implies timelike hyperbolic planar trajectories with
v =1+R*>1 (2.14)

Thus the property of being spacelike or timelike is encoded in the value of v?.
The timelike planar trajectories are of physical interest since they can be looked
upon as trajectories of a pointlike observer. We can identify the angle variable ¢ or 7

with the eigentime ¢ of the observer after the normalization
t = Rp(Rn) (2.15)

We want to prove now that the pointlike observers are uniformly accelerated (the square
of the acceleration is constant).

As in special relativity we differentiate the trajectory x(t) with respect to the eigen-

time ¢
u(t) = %x(t) (2.16)
w(t) = %x(t) (2.17)

11



Then the following identities hold

(x(t),u(t)) = 0 (2.18)
(z(t),w(t) = -1 (2.19)
(u(t),u(?)) = 1 (2.20)
(u(t), w(t)) = 0 (2.21)

By definition z(¢) lies in the affine two-plane
z(t) € v+ 11 (2.22)
and has a component in IT denoted Z(t)
z(t) = v+ 2(t) (2.23)

u(t) lies in II and the tangential hyperplane at AdSp through x(¢). The acceleration

can be projected on this hyperplane by subtraction of x(t)
w(t) = w(t) — x(t) (2.24)

so that

(x(t), w(t)) =0 (2.25)

which proves that «@(¢) lies in the tangential hyperplane, too. It is the physical accel-
eration.

Now wu(t) lies in the two-plane II and
(u(t), 2(t)) = (u(t),w(t)) =0 (2.26)
On the other hand Z(¢) and w(t) are neither zero
(z(t),w(t)) = -1 (2.27)
It follows that in the two-plane II they are collinear

w(t) = A(t)a(t) (2.28)



with
(2.29)
This implies finally that

(w(t), w(t)) = (w(t),w(t)) —1=At)*(1—v*) - 1= —— (2.30)

Thus the acceleration is uniform indeed.

We define the acceleration by

a={—(a(t),0(t))}? (2.31)

and obtain for both timelike planar trajectories

a= 2U | in the hyperbolic case (2.32)
v

. 0?2 L

a = T in the elliptic case (2.33)
v

Following a fixed planar timelike trajectory z(t) in a quantum field ¥ (z(t)), the
generator of the trajectory is a certain element of the Lie algebra s(D — 1,2) of the
isometry. It is a kind of a Hamiltonian which by physical arguments has a spectrum
bounded from below. This implies that 1(z(¢)) after insertion into a Green’s function
can be continued analytically in the group parameter, which is the eigentime of the

observer on the trajectory. The result is a strip of analyticity in the complex ¢-plane
{t: —o0 <Rt < 400, 0<S3t<f} (2.34)

with cut singularities along both boundaries and a [-periodic repetition. This analyt-

icity is a K M .S property implying that the observer perceives a temperature T’

1

T=8"1'=_——
b 2R

(2.35)

Here R is the radius of the circle (2.6) or hyperbola (2.13) which can be expressed by

the acceleration a in either case as

T=— a? — 1 2.36
—VI@E—1] (2:36)

This is the AdS ” Unruh effect”.

13



3 The Cauchy problem and the antipodal map

In classical field theory on Minkowski space retarded Green functions permit to de-
termine field configurations at a time ¢y from sources at an earlier time t;. A related
problem is to continue a given field configuration at t; to later times t5 by means of
Green functions. This is made possible by the structure of the field equations which for
integral spin are second order in the time and by the topology of the underlying space-
time. The space-time must allow us to define submanifolds ¢ = const on which a set
of initial values for the fields can be given that are complete. This means that these
initial values are consistent with respect to the field equations and determine future
field configurations uniquely. Necessary and sufficient is that the space is globally hy-
perbolic and this property excludes the possibility that energy, momentum or charges
enter or leave the space at spatial infinity.

In the present context it is of interest that anti-de Sitter space is not globally
hyperbolic in contrast to Minkowski space, rendering it a toy model for studying the
Cauchy initial value problem. In fact we will learn that for classical fields of integer
spin and AdS-dimension the Cauchy problem has a solution and is connected with the
existence of an ”antipodal map”. Of course our discussion is based on the universal
covering space AdS(® so that closed timelike trajectories are excluded.

The idea behind this solution is to consider AdSp space as a "box” embedded in
a larger globally hyperbolic space, namely Einstein’s static universe (Esup). We are
in fact interested only in the even dimension D = 4. In AdS spaces of even dimension
the Green’s functions of massless fields (mass is not uniquely defined on AdS spaces,
sometimes conformal masses are distinguished from straight masses) have support only
on the light cone, we call this "Huygens phenomenon” (the Huygens phenomenon is
typical for conformally massless fields). For intuitive understanding the AdS and Esu

spaces, we refer to the illustrations.

14



The AdSy space allows a global coordinate frame (if we neglect polar singularities)

which separates the Laplace-Beltrami operator and is given in terms of e.s.C.c. by

0 COST
T =

Cos p

sin 7
ot =

cos p
r' = tanpcosd
2 = tanpsin@cos ¢
3 = tanpsin@sin ¢

where
0<p<m/2, 0<O<7, 0<¢<2rm
The free scalar conformally massless field obeys the equation
(O —1/6R))¢ =0
where
R=D(D —1)|p=y =12
The Laplace-Beltrami operator is

0 = cos? pa—zw—cot2 plcos? pg(tam2 pgw)—i-
oT? dp dp

sin 6 06

2(s.in 0%1/})4—

(3.1)
(3.2)
(3.3)
(3.4)

(3.5)

(3.6)

1 0

mww] (3.9)

The space Esuy has the structure R x S® where the spherical factor comes from

D (@) =1

k=1

(3.10)

in e.s.C.c., whereas 9° is the time coordinate. Again we introduce polar coordinates on

the sphere in terms of the e.s.C.c.

x =T
z* = cosp

r' = sinpcosé

r? = sinpsinfcos ¢
> = sinpsinfsing

15

(3.11)
(3.12)
(3.13)
(3.14)

(3.15)



The metric is then
(ds®)? = dr? — dp* — sin® p(df® + sin® 0d¢?) (3.16)

yielding the Laplace-Beltrami operator for the field ¥*

0? 1 .0 0
of - 9 B _ Y2 Y B
oT? Sin2p[8p(sm papw )+
0 0 1 02
— (sin §—=—pF ——F 1
* sin 6 00 (sin a@w )+ sin? @ 0¢? ] (3.17)
The free scalar conformally massless field equation comes out as
(OF —1/6RP)F = (OF + 1P =0 (3.18)
where we used
RF = —(D —1)(D —2)|p=y = —6 (3.19)

Solutions ¥ of the scalar equation (3.89) at a fixed time 7 form a Hilbert space

HE with the scalar product

<P GE / (FEOE — P, IF)d0 (3.20)

T=const

where d€) denotes the uniform measure on S3. This product is independent of 7. A

basis in this space can be easily found as
YE = N exp(—iwt)(sin p)'CLL_ (cos p)Y™(0, ¢) (3.21)

where

wilmeZ, w—1>1>|m| (3.22)

and C’Ltll_l are Gegenbauer polynomials whereas Y, are spherical harmonics.
Classical massless particles move along trajectories that are periodic in 7 with

period 27. One can say even more. If such trajectory goes through
20 2t 2?2t a2t = 1,,0,0 (3.23)

16



it also passes through

24—t —a? -t s —pm— 0,047 (3.24)

Such pairs of points are called "antipodal”. A time translation
T—=T+T (3.25)

followed by an inversion in the space components of Rz, is denoted an ”antipodal
map”.

Next we map AdS, into Esus by identifying the polar coordinates but restricting p

to the interval < 0,7/2). Moreover we apply a conformal map relating the metrics by
gfy = w2.g;u/7 W = COos p (326)

Since both massless equations are conformally massless, they go into each other under
this injection if we set

PP =w ™l (3.27)

If we give Cauchy data on the manifold
Y = Esuy|,—o (3.28)

the part X, namely 0 < p < 7/2, is covered by AdS, under the injection whereas the
part 3y, namely 7/2 < p < 7, is left over. The point p = 7/2 can be neglected if we
apply the Hilbert space norm to the initial values.

On the other hand the Cauchy data on X reappear after a time shift of 7 on the
interval p €< 0,7/2). Denote the time shifted manifold >, by 53,. Complete sets of
initial values can therefore be obtained for AdSy, by taking initial values on ¥; and 3.
The support of these initial values is invariant under the antipodal map. It is therefore
suggestive to consider initial values that are even respectively odd under the antipodal
map. This is best done with the help of the basis. We give this basis after application

of the conformal map (3.98).

17



The even antipodal parity elements are

G = Ny exp(—iwr) cos p(sin p)'CLEL | (cos p) Y™ (0, ¢)

where

wiﬁlﬁo as p—>Z

cos p 2

The eigenvalue w can be expressed by
w=Il+2n+2, neN
The odd antipodal parity elements are analogously

U, = N exp(—iwr) cos plsin p)' G4 (cos p) YA (60, 9)

wlm

where

0, 1 _
1/)&%)%0 as p—>g

3_p(cosp

The eigenvalue w can now be expressed by

w=I[l+2n+1, neN

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

The Hilbert space of initial values decomposes correspondingly into a direct orthogonal

sum

HE =HD e HO)

(3.35)

To each antipodal parity class the Cauchy problem is well defined. The initial

values have to be square integrable with respect to the right measure (the AdS; and

Esuy measures are related by the conformal injection). An analogous construction can

be carried over to massive scalar equations if the mass belongs to a discrete spectrum

corresponding to integer AdS dimesnions.

We shall return to the antipodal map when we discuss two-point functions in the

next Sections.

18



4 Two-point functions, The basic assumptions

As we shall see later, quantum field theory on AdS spaces and conformal field theory
on Minkowski or Euclidean spaces are closely related. Such conformal field theories
on Minkowski spaces are in practice often defined by a series of axioms known as
”"Wightman axioms” [18]. So we use them also for AdS field theories. Wightman

functions for all n € Ny

Wiz, 29, ..., x,) =< 0]p1(x1), p2(x2), . .., pn(z,))|0 > (4.1)

are tempered distributions acting on test function spaces which are C**° on the em-
bedding space Rp_;2 and strongly decreasing at the boundary of AdSp. They are
invariant with respect to the isometry group So(D — 1,2). The vacuum state [0 >
generates a Hilbert space H that carries a unitary representation Uy, g € SOy(D —1,2)

which leaves the vacuum invariant

U0 > = 0> (4.2)

Uy en(@)Uy = (TPgp)(x) (4.3)

where the possible action T, on a field operator ¢y, its covariance, corresponds to a
representation of the isometry group and is discussed below.
Let (T,)! be the adjoint equal the inverse representation of T, and fi(z) a test

function so that
| (@) entas = (i) (1.4)
AdS

where on the Lh.s. the sesquilinear form (fi(z)", ¢r(z)) goes into (fx(g~2)t, ¢(g7'2))

under action respectively of T, and dz is invariant
dr = d(g ') (4.5)

Then
[(fs )P >0 (4.6)

19



implies the positivity of the distribution kernel
Wi (21, 42) =< Ol(x1)", 0(y2)[0 > (4.7)
Correspondingly the vacuum expectation value of
N
Z / drydey . . de, fO (21, 20 .. 20) o1 (@1)@a(22) . .. 0n (@) (4.8)
n=0
and its adjoint leads to a positivity constraint on the set of Wightman functions
Wom(@1, %o . Tpy Y1, Y2 - . Ym) With n4+m < N (4.9)

In this formulation we make also use of the hermiticity

< 0|lp1(z1), p2(22) . .. on(zn)|0 > =< O]gpn(zn)T, gpn_l(:vn_l)T o gpl(asl)w() > (4.10)

We emphasize that the positivity of W5 restricts the possible use of representations for
the covariance.

Any timelike planar trajectory is generated by a Lie algebra element which can be
viewed upon as a Hamiltonian. Its spectrum must be positive for physical reasons. This
special property implies that Wightman distributions are boundary values of analytic
functions in "tuboid domains”. This is formulated as a spectral axiom.

We would also like to derive uniqueness of the vacuum state from a cluster prop-
erty. However, the fall off of the Wightman functions at infinity is always powerlike.
Nevertheless a sufficient cluster decomposition theorem can be formulated. If all these
axioms are fulfilled for the Wightman functions W,,, then the Hilbert space and field
operators generating it cyclically from the vacuum can be reconstructed by the Gelfand-
Naimark-Segal theorem.

We have already earlier (Section 3) mentioned the AdS-version of the Unruh the-
orem. It can also be shown that a version of Osterwalder-Schrader theorem exists,
which admits the Wick rotation technique and the transition between a Minkowskian

quantum field theory and an Euclidean stochastic theory.

20



Let us now turn to a detailed study of the covariance axiom. We prefer to deal
with covariance in the Euclidean framework. The de Sitter space was introduced by
eqs.(1.11)-(1.20). The isometry is G = SOy(D,1). We impose an Iwasawa decomposi-
tion on G

G =NAK (4.11)

where K is the maximal compact subgroup SO(D). The coset space G/K is the de
Sitter space. N is the group of D — 1 Euclidean translations and A is the abelian group

of dilations. In matrix form

61] —Zi Zi
i.=| 2 1-12 12 |eN
zj —33 1432
0ij 0 0
a = 0 coshy sinhpy | €A

0 sinhn coshn

kij k@D 0
k=1 kp; kpp 0 | €K
0 0 1

where the labels 7,7 run over 1,2...D — 1 and zy = expn.

Given g € SOy(D, 1) its (D+1)st column fixes the point z € dSp uniquely. Namely

2

9iD+1 = J]Z':Z—, 16{1,2,D—1} (412)
0
Z+722-1
gp,p+1 = Ip = OT (4.13)
0
2+ +1
gD+1,D+1 = Tp41 = OT (4.14)
0

These equations yield the e.s.C.c. x in terms of Poincare’s coordinates zy, 27 known from

egs. (2.6)- (2.8). Also the quadric of dSp inside Rp ; is easily checked. We concentrate

21



only on the connected hyperboloid shell in the half space xp,; > 0. In this half space

1
ZED+1—£L'D:—>0 (415)
20

so that only this shell is covered by the Poincare coordinates. Spatial infinity is reached
at zg — 0.
Let o denote an arbitrary irreducible representation of K acting on a vector space

U,. Then the representation space
Cy={p € C°(Ry x Rup,U,)} (4.16)

carries the representation induced from K

(Tg &)(20, 2) = D7 (k)o(0, Z') (4.17)
The Iwasawa decomposition is used to calculate 2’
g Y,a=nud k™, fu iy €N, adeAd kekK (4.18)

and D7 (k) is the representation matrix of .

The representation 7 is in general reducible, it reduces into elementary represen-
tations. On the other hand not all elementary representations can be obtained from
the reduction of these T°. In fact massless scalar conformal free fields belong to such
representations. At the end of this chapter we will give a review over all elementary
representations and those which are known not to arise from the induction with respect
to K. V. K. Dobrev [38] has proposed to apply the Casimir operators of SOy(D, 1) to
reduce T7. This amounts to submit the functions ¢ to field equations. In section 5 we
shall derive two-point functions where the projection on an irreducible component of

77 is already included in the construction.
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5 Scalar two-point functions

If all n-point functions W,, can be reduced to sums of products of two-point functions by
the combinatorics applied also in Wick’s theorem, we say that our fields are generalized
free fields. Such two-point functions can be reduced to sums or integrals over free field
two-point functions which we call Kallen-Lehmann representations.

One can derive two-point functions from field equations with boundary conditions
imposed. This is practical if the field equations are simple as in the case of scalar
fields. If this is not so, methods of representation theory can also be applied. In the
case of conformal field theory and field theories on AdS spaces these methods are very
restrictive and lead to explicit results soon. In these cases two-point functions are
intertwining integral operators between elementary representations. This comes about
as follows.

If p(x) transforms as an elementary representation y = [A, ], where A is the
conformal dimension and p an irreducible representation of SO(d), then any non-

vanishing two-point function
W2($1,£L‘2> =<< O|(,01(£L’1)902((L‘2)|0 > (51)

is invariant by the axioms. Let the first factor be covariant as x; and the second as 5.

Consider then a pair of test functions which have the dual covariance xi 4, X2,4. Then

/ davdzsfu(21) falw) Wa(r, 2) (5.2)

is invariant. But this means that

/d$2f2($2)w2($1,$2) (5.3)

is covariant as x; and W; is an intertwining kernel from the representation y2 4 to xi.
For scalar fields the method of field equations is standard and most comfortable.

We start from the Klein-Gordon equation
Op +m*p =0 (5.4)
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From now on we use the shorthands

pet (5.5)
v = R (56)
Ar=ptv (5.7)
AL+ A =2 (5.8)
Then (5.4) possesses two solutions
Waler?) = ws(C) (59)
Q) = 22 g:;ﬂ;” R 108 (5.10)

where Q is a Legendre function of the second kind ([19], equ, 8.771.2). Another way

of presentation is

T(A)

_ A A+1
C 208D (A — p+ 1)

27 2

w,(€) (RF( A —p+1;(7%) (5.11)

Positivity of the scalar two-point function in conformal field theory (unitarity of

the corresponding elementary representation) necessitates that
A>p—1. (5.12)

However, from eq. (5.11) we see that the lower limit is excluded, and we have on AdS

the stronger inequality

A>p—1 (5.13)

Thus here we found the first case that an elementary representation is not realized on
AdS space. It is not necessary that m? is positive, but the ”Breitenlohner-Freedman”
bound

m® 4+ p? >0 (5.14)
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is necessary to make the dimension real (and the representation in Minkowski space
unitary). If this bound is fulfilled then (5.13) is automatically fulfilled for A, . On the

other hand A_ satisfies the bound (5.13) if
0<v<l (5.15)

which amounts to

—pr<m? < —pt+1 (5.16)

The solutions that fulfill the constraints of positivity of the two-point function (3.31)
and the reality of the dimension (5.14), (5.16) finally are all square integrable.
We can then return to the Cauchy initial value problem which as we saw possesses

a solution if A is an integer. Let
Ay =M, A =d-M (5.17)

and

v=|M—pu (5.18)

For the regular solutions based on A, infinitely many integer M are possible
M € 4]+ No (5.19)
whereas for the irregular solutions based on A_ there is one solution possible with
0<(M—pu?P<1 (5.20)

For these M we obtain even respectively odd antipodal parity solutions. The antipodal

mapping can be applied to ¢
C(z,2") = ((z,—2") = —((z,2") (5.21)

so that even or odd parity corresponds to even respectively odd A.
By (5.9), (5.10) we have obtained analytic functions for the two-point function. The

function w, (¢) is analytic on the universal covering of the (-plane cut along the interval
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< —1,41 > for irrational A. For rational A this infinite covering reduces to a finite one
which is a single sheet if A is integer. On the interval < —1,+1 >  w,(() is defined
as the boundary value from above or below. The pair x,x’ is timelike separated.
The difference of the boundary values gives the commutator function (Pauli-Jordan
function).

It is remarkable that this commutator function is the same for the regular as for

the irregular solution. This follows from the formula

sin v —d=l o 41/2
wo =, = SEEETAITANC - )R PRO 62
where the Legendre function of the first kind P_" jll/;((' ) is analytic in a circle |[¢| < 1

([19], eq. 8.771)

i/ €XD —i %
PO = T

1+¢
1=¢

1—
VPE(—v v+ 1;1 — TC) (5.23)

and can be made uniform by cutting the ¢ plane from —oo to —1 and from +1 to +oc.

At infinity both functions w4, (¢) differ by their asymptotic behaviour.
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6 The boundary limit

In the limit 2z — 0 the AdS space tends to its boundary manifold which is a Minkowski
space Ry_11 (dS tends correspondingly to R4). The universal covering space of the
Minkowski space closed by an infinite light cone carries the elementary representations
of the universal covering group of the conformal group G = SOy(d,2). We want to
derive these representations by induction from appropriate subgroups of GG. These ele-
mentary representations supply us with all representations of interest for quantum field
theory, since a theorem of Langlands-Knapp-Zukerman asserts that every irreducible
admissable representation of a real connected semisimple Lie group G with finite cen-
ter is equivalent to a subrepresentation of an elementary representation of G. On the
other hand elementary representations are generically irreducible except in singular
cases that describe e.g. gauge fields and conserved currents which may be reducible
indecomposable.

The elementary representations can be constructed from induction of a certain coset

(Bruhat) decomposition of G, namely
G =NMAN (6.1)

where (from now on for the Minkowskian case) M = SO(d) is the maximal compact
subgroup, N is the subgroup of special conformal transformations, and A is the abelian
subgroup of dilations. N are the translations which are identified with Minkowski space
Ra-11

N = G/MAN (6.2)

This coset space is globally not defined, but the exceptional set, which amounts to the
infinite light cone, is of measure zero. Since the elements of the C'™ space have a fixed
asymptotic behaviour at infinity, the exceptional set does not carry any additional

degree of freedom.
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Let V, be the finite dimensional carrier space of the representation p of M. Then
Cy ={f € C*Ry,V,)} (6.3)

carries the elementary representation TX of G
(T f)(z) = |a|~2D"(m) f(2) (6.4)

with
g My = fpmranT (g € G Ry, iy € NmeMaeAne N) (6.5)
This representation is characterized by the label x = [A, p].

The corresponding two-point function of conformal field theory is an intertwining

operator kernel

G\ (x1,25) = Golor—2) (6.6)
Gulw) = RAsD" (@) (6.7)
with
) 00
r@)=| 0o 10
0 01
and
() = (2% - 5Zj> (6.8)

7y is a normalization constant, 7(z) is an inversion times a reflection along x.

This intertwiner G, maps the representation x on the dual representation [d— A, p]
where p14 is the mirror image representation of ;1. Then G, has the property G, : C,, —
C, with

TGy = GTTxX forallg (6.9)

@) = [ e —a)s) (6.10)
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The representations y, x4 are generically irreducible and then inverse to each other, so

that by adjusting vy, Yy,
GGy, =1=Gy,Gy (6.11)

It has been Dobrev’s idea [38] to use this concept to construct an intertwiner be-
tween an elementary representation on the boundary of AdS and an elementary sub-

representation on the bulk of AdS. We start from an ansatz L : C, — C, so that
(E50)(2) = lim ool *TT7(z0, ) (6.12)

where II7 is the standard projection operator from the representation space U, of K

to the representation space V,, of M
7. D° (k) = D*(m(k))II7,D° (k,) (6.13)

Here the matrix k& appears decomposed

k=m(k)k, (ke SO(d+1), m(k)e SO(d), m(k)e M) (6.14)
where
m(k) 0 0
m(k) = 0 10
0 0 1
ke, O
k, = eK
0 1
~ 51 inxg - 2122
kz _ J 1+z 1+z

where z € R, and

ka1,
g, = ——drli 6.15
I+ kgt1,d41 ( )
1—
- 1= Farran (6.16)
1+ kgg1,a41
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and 1+ kgy1,4+1 # 0 has been presumed.

Reducing the representation o on the subgroup SO(d) the representation p should
appear at least once and the projection operator IIf chooses any one. For practical
reasons ¢ should be chosen "minimal”. The case that p equals symmetric traceless
tensors of rank [ is of greatest interest for us. In this case we choose o also as symmetric
traceless tensors of the same rank. The general case has, however, also a simple solution.

Let u be the set of labels

on = [ll, lg .. .l[d/g]] (6.17)

where [; may be negative only if d is even, and moreover
|l1‘ <[ <. < l[d/g] (6.18)

To embed this representation into the representation o of SO(d + 1)

o=}, .. E%]] (6.19)
it is necessary that if d is odd
1G] <l <. <l < l[%] (6.20)
and if d is even
L <L <<l <. <l < ZE%} (6.21)
In the latter case [d/2] = [4] of course.

Dobrev has proven that L7 is an intertwiner indeed
LIT] =TyXLY forall geG (6.22)

and the operator II7 acts in a truncated fashion: For z = Z in the limit zp — 0 the
factor D7 (k=) is integrated into the function .

Next we follow Dobrev [38] in constructing an inverse intertwiner f/; . Cy — C,

T9LT = LT (6.23)
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in the form of an integral kernel (now in Euclidean form)

(LS f) (20, %) = A K (2, 2 ) f(x)d (6.24)

With a normalization constant N; the solution is

K;(Z()?Z; 0) - NJ( 2

d—A "o = o
N m) D7 (p(z20, 2))IT, (6.25)

with

by — 25, 40

plz0,2) = G T e S0(d+ 1)
_2 202j 25 —Z2

2, 52 2412
zy+Z2 25+Z2

The normalization constant N7 can be fixed by the requirement that

L7LS =1 on C, (6.26)

X

From Dobrev’s work we obtain for the scalar case

o_ I(d=A)

= T A (6.27)

which is not defined for A = d + k,k € Z>o when d is odd. For even d it vanishes for

A€ {p,p+1,...d—1}. For the tensorial case he gets with p = d/2, i = &+

. o DA = 2) 1
N? = NOm g(mk +u—A) (6.28)
where
my = |l + k=14 p— [u]] (6.29)

In order to construct a two-point function on the bulk of AdS one could think that
the product i;L;’( could be an appropriate operator. However, the right factor is not
defined yet as an integral operator (see (6.12)) and we have to transform it into such

shape. Let us consider tentatively (the maesure is Lebesgue times wrapping factor)

/ 20 PdP 2K (20, 2)p(2) (6.30)
20>0

for any ¢ € C.,. It is crucial now how ©(z) depends on zy at zy — 0. If it is a proper

test function which at the boundary of AdS goes faster to zero than any power, there
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is no problem with the definition of the integral (6.30). If it has a power behaviour

2874 in dual correspondence to o = [A,...] in K, then a logarithmic divergence arises

at zo = 0. In this case we have to regularize the integral by 2 — z~¢ and extract

the residue of the pole in €

reseO/dDz5(zo)K§(z;a:)g5(Z) (6.31)
where
5(2) = lim ()2 (2) (6.32)

and we are apparently back to the limit intertwiner (6.12). Therefore we conclude that
bulk-to-bulk two-point functions applicable to test functions falling off rapidly at the

boundary of AdS can be found from the convolution of two intertwiners
/dIK;(Z; r)K7(2's x) (6.33)

which we will study in the next sections. Such fall off was postulated for the test

functions applicable to Wightman functions as distributions.
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7 The algebra of two-point functions

A tensor field of rank [ at a point z € AdS(dS) corresponds to a representation of
the group SO(d) realized by tensor products of vectors of the tangential hyperplane
at z. The symmetry is labelled by integers Iy, ls,...l[p 2 as explained in the preceding
section. Two-point functions (or propagators which differ only by the way the boundary
value is taken on the ( interval < —1,+41 >) are bitensors, i.e. tensors at either point
z,2'. Thanks to the maximal symmetry of AdS(dS) a basis for the bitensors can be
constructed by four basic bitensors, which are all deduced from the derivatives of the
chordal distance variable ¢ or the metric tensor.

For an arbitrary tensor we introduce vectors from T'AdS, namely {ay, as,...a;} at
z and {c1,co,... ¢} at 2’. We contract these tangential vectors with the tensors in an
invariant fashion and submit them to the symmetrization required for the tensor. Since
we shall discuss symmetric tensors only, it is sufficient for us to use a single vector a

at z and another ¢ at z/. We define the invariants

I = (ad;)(cOy)C (7.1)
I, = (a0))¢ (7.2)
lo = (cO2)¢ (7.3)
Iy = Inl, (7.4)

In order to extract traces the following invariants are indispensable

Iy = al% + Il (7.5)

I, = dic; (7.6)
where all scalar products are invariant, e.g.

d
a? = Z gij(21)a'a’ (7.7)

i.j=0
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A symmetric traceless tensor field has a two-point function of the form

VOIF] = Y BT o ()

1;€ENp

where the sum extends only over
l1—|—12—|—2<l3+l4) :l

Instead we can also use the form

I
VO[F) = Z L7FISFL(C) + trace terms
k=0

(7.9)

(7.10)

The trace terms containing I3 and I, can be reconstructed from the functions Fj by

imposing
o 0
— —9YF =0,V [F] =0
50 VI i3

Tracelessness with respect to ¢ follows then automatically.

The derivatives

0 0
L Ta—Ty = 2—1
aa‘u al aau al C
0 0
L1, = (I
aCL“ 1(9@# al C c2
0 0 o 9
—aau Il —aa/lu Il = G + IcQ

and other ones containing I3, I e.g

0 0

_ 2 2 1y.2
%IGIMIB = 2la(I5+ (¢C—1)c3)
) ,
%Ia1£[4 = 2[a102
0 0
—— = 2(LI? 2]
90 9ay (Il + Ceyls)
) ,
% 187% 4 = 2[102

yield

0,V [F] = 92T F) + G0V (Try F)
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(7.13)

(7.14)

(7.15)
(7.16)
(7.17)

(7.18)
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Both TriF' and TroF are linear combinations of the functions {F}}, and vanishing of

the trace amounts to

TriF = 0 (7.20)

TroF = 0 (7.21)
Most often used are the nontrace terms of T'r F
(TriF) = (1=k)(I—k—=1)Fp+2(k+1)(I—k—1)¢ Fryp 1+ (k+2) (k+1) (3 —1) Fryo (7.22)

The general formulae for Try F' and T'ro F' can be found in next sections. Solving the two
constraints (7.20),(7.21) is a linear problem involving an overcomplete but consistent
system of equations. A general formula for the result is not known.

Symmetric not necessarily traceless bitensors W [F] form an algebra if summation

is introduced in the trivial way by
N
U[F) =) ov"[F] (7.23)
1=0

In this algebra we have the operations of multiplication, bigradient

(G#VL/J(CVVQJ,)\I/[F} (724)
and bidivergence
(1) (s, W] (7.25)
da, " \oe, P '

We can understand the tensor rank [ as the ”grade” in this algebra so that the bigradient

raises the grade and the bidivergence lowers the grade by one.
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8 Tensor field propagators
As explained in previous sections we want to study the kernel

AY, = / dr < ab), KO (2 7) >i0.0< ¢, KO (7)) >000, A=d—A)  (8.1)
For a symmetric traceless tensor representation we have

Al

(22 + (Z(i 7)2)A [< a,p(z — ¥)b >' —trace terms]  (8.2)
z5 -2

< al, KX)(z;:c)l;g >= Ny

We make use of the fact that in Poincare coordinates the metric is wrapped Euclidean
with wrapping factor z;2 (see (1.14)). We discard the last column in p (after (6.25))
as commanded by the projection operator II# and using the Euclidean scalar product

<,>weget ((z—7)2 =22+ (Z7—7)?

~—

L (=12,
A, = aj—2<a,z—x>(z_f); (8.3)
C; = cj—2<c,z—a:><z_f); (8.4)

Making (8.2) traceless in b we have
Ab
|Alb]

Al

2’(u—;l)z(‘A’|b|) Cr(

) (8.5)

But this expression is traceless in A as well. Therefore after the contraction of the two
kernels we must obtain tracelessness in A and C or

AC
Al

[!
2'(p — 1),

(JANC) Cr( ) (8.6)

and this has to be integrated over

ZA—Z (z/)Afl
/dx — 0 — ... (8.7)
(25 + (F=2))* (%) + (7 — 1)*)2
To do this integral we go to a special coordinate system where 2=z = 0:
£ = z2—7="{z,-7} (8.8)
n = 2 —7={z,-7} (8.9)
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We integrate first over the angle 2 of Z. To achieve this we expand

A2 = an(@0)? + a1 (@F) + oo (8.10)
C? = By(cT)? + B1(ET) + Bo (8.11)
AC = ~11(@%) (%) + 10(@Z) + 01 (ET) + Y00 (8.12)

introduce the shorthands

? o= (8.13)
& = g+ (8.14)
o= 2+ (8.15)
and get
r2
oy = 4(a020)2§+&'2 (8.16)
r2
a; = 4((1020)(1—25—2) (817)
4 r?

The coefficients (,, are analogous with & replaced by n and a by c¢. The coefficients ~,,,

are

Yoo = 4aocoz0%) 5 +ac (8.19)
&n?

Yor = 2%(1 — 2:) (8.20)

Yo = 20:]20 (1—- 252) (8.21)

1= _2€§(f6n2 (8.22)

We introduce (8.10) - (8.12) into the Gegenbauer polynomial
(AC’)Z 2k AQC’2 Omn (1°)(@X)" (CZ)™ (8.23)
Integration over €) gives zero whenever m + n is odd

/ dQ(a@z)" (@)™ = J(u) % fz”rwm Fom (8.24)
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where n + m is equal to 2v and J(u) is the area of the unit sphere S;_;

2
J(p) = 8.25
=10 (3.25)
and the coefficients f,,,, depend only on @, ¢
n+m,_ v _o\n=k m=k
fom = (TS (e @) (@) 20 (8.26)
n e 20 3
There remains the integral over r
ZS\_ZZ(I)A_Z Z/ d?“?”d+n+m_10'nm (T2)(§2)_)\(772>_A (827)
nm 0
It has been found by computer (for all [ < 8) that
! .2
2 (%) = 3 BY (0, 20) () (8.28)
nm s=0

The remaining integral

/ d,mad+2sfl(52)*A*S(n2)*A*s — 1/2(Z§))‘S(262)A+‘u/ dtt,qusfl(1_'_t>fAfs(1+pt)f)\fs
0 0

(8.29)

is Gaussian hypergeometric (B is the beta function)
1/2(25) "B+ s, A = p) F(A + 5, 1+ 55 A — 415 p) + {A > A} (8.30)

where p is
z
p= (22 (8.31)
By a quadratic transformation we can introduce ¢

g4z 14p

= = .32
¢ 2202}, 2,/p (8.32)
and obtain (up to a normalization)
l (1) ()
(2020) " Y Bil(20, 20)[155° M s (€) + 7787 A ()] (8.33)
port (A)s (A)s

where we made use of a type of Legendre function of the second kind

as o A+s Ads+1 -
Aas(Q) = (20727 F( A=+ 1077 (8.34)

2 2
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The coefficients Bg) are in fact polynomials in ¢ of degree s. We were able to show

that only the combinations

= l+k )o(k + 1),

5+k5'

Ic (2C>SAA,s+k<C)7 ke {07 17 s l} (835>

s=0
Then the regular part of (8.33) can be brought into the final form
l TITT2TT3TT
A(A),,u = KJZ(M’ Z Z erlfQ)rgm L 1LQQLE}?)LZL4 (836)
k=0 T1T2T3T4
The irregular part containing A, 5(¢) is discarded. We used a tensor basis {L;} which

is related with the {I;} by

Li = —L—-C1-)1L (8.37)
Ly = (1= (8.38)
Ly = —(1-¢¥)"'I; (8.39)
Ly = I (8.40)

It remains to determine the coefficients R&i’ffgm(u). These are rational functions

of p with integer coefficients. They satisfy

Ripoo = 1 (8.41)

= 0 (8.42)

Rr1r2r3r4
if ri+ro+2(rg+ry) #lorl —k—r; ¢ 2Ng, moreover

(—1)/2(—k=r)+rs p(Lk) > () (8.43)

Tirerars
Al

(1,0)
_ 44
Rl_gk,o,o,k 22kk!(l — 2k)!(2 — U — l);€ (8 )

Closed explicit expressions other than (8.44) are unknown.
We close this section with the remark that irreducibility of these propagators is
guaranteed by the projection on one elementary representation. Then the result is also

unique. However, in the singular cases where the elementary representation is itself
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not irreducible, that is for conserved currents or gauge fields, usually one exploits the
singular structure of analytic normalization factors to analyze these cases. This has

not been done yet. In any case we mention the normalization here

i —A+1 4 () _ o N\TO, A—1
i (2020)" 2 A lao=eo=0 = 12NN () 37—
>z A > A
B(p, p — A){(ac—2 (a2 (;)_)(;; 7)) ) — trace terms} (8.45)

In section 12 we consider direct way of construction of the bulk-to-bulk propagator for
Higher Spin Gauge field using singular solution of the equation of mouton in different

gauges.
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9 Currents coupled to (conformal)
higher spin fields in AdS

In any known model the AdS/CFT correspondence is an unproven hypothesis still.
If such model is derived from string theory as the standard case of AdS5 supergravity
and SY My(N'=4), supersymmetry permits geometric arguments based on representa-
tion theory that support AdS/CFT correspondence and these arguments look quite
convincing indeed.

But in models of the type of higher spin gauge fields (HS(d+1)) there is no super-
symmetry a priori and the correspondence can be proved only by dynamical calculations
both in AdS;.1 and C'F'T; cases. Since in these models perturbative expansions with
small coupling constants are mapped on each other, such calculations are technically
feasible and the holographic mapping is order by order.We shall start such calculation
for HS(4) and the 3-dimensional conformal O(N) sigma model now.

We concentrate on three-point function of two scalar and one higher spin field

AdSy | CF1T;

Scalar | o(z) | a(x)

HSF | hO(2) | TO(x)

where a(z) is the “auxiliary” or “Lagrange multiplier” field and 7 () an almost
conserved current, which is a traceless symmetric tensor. In the sigma model case the
coupling constant is O(\/Lﬁ) In the higher spin field theory the coupling constant for

ooh® interaction is gy, so that we expect

ge=CY (9.1)

3
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We determine C'® first in an ad hoc wave function normalization such that

(a(z) a(0))err = (27) 7" (9.2)
(o) oeaas = (20 7| 230D, ¢ (9
¢ = (292 + zgz)z?—;g(fl — Z)? = %d 7 (9.4)

so that (9.2) is obtained from (9.3) by a “simple” boundary limit

lim lim (2028) ™ (o(21) 0(22)) aas = (@(Z) alB))orr 95)

The higher spin fields are assumed to be normalized in the same fashion. At the end
we renormalize the higher spin field such that C¥) is replaced by one.
We shall treat two versions of the minimal O(N) sigma model. In the “free” case

we have as a scalar field
ap(r) = —==ai(x) ds(x) , (9.6)

where ¢;(z),i = 1,2,... N is the O(N) vector and space-time scalar field normalized

so that
(@) ds(@))err = (%) "0y F=p—1 (9.7)
and (9.2) follows from (9.7) and (9.6) with

Br=2p—-1)=d-2. (9.8)

In the “interacting” sigma model we have an interaction

21/? / dz 61 (x) éi(x) o) (9.9)

and the interaction constant z is expanded

[e’¢) Z,,
z=) - (9.10)
k=1

(1%

The “free” theory is unstable and by renormalization flow approaches the stable “in-

teracting” theory. The conformal scalar field o(z) on AdSy; is massive (tachyonic due
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to conformal coupling with the AdS metric) and has two boundary values from the two

roots of the dimension formula

(NI

A=pt (¥ +m?)?, (9.11)

where for d = 3

2 —2 in tlrlle frée case' ' (9.12)
—2+ 0O(5) in the interacting case
so that
=1 from (9.8)
A(d=3) = 9.13
( ) {6 =2+0(x) from (9.9) . (9:13)

We assume that the interaction of a spin ¢ gauge field h¥) and two scalar fields o (z)

is local and mediated by a current W)

[ G T (¥ 00} (9.14)

U® and A9 are symmetric tensors of rank ¢. If we postulate that the covariant
divergence of W) is a trace term, the interaction is gauge invariant. Namely a gauge

transformation of h(¥), being of the form (classical)
WO = b0 4 YA (9.15)

where A=Y is a symmetric traceless tensor and VAY1 is symmetrized, leads to the

zero gauge variation of (9.14)
Tr {VIOADY =0. (9.16)

This consideration is in agreement with the so called ”Fronsdal” theory [24] of
higher spin with double-traceless gauge fields and currents. Truncation of this higher
spin theory to the conformal higher spin theory can be observed if we consider the
corresponding double-traceless current and gauge field as a sum of two traceless objects,
namely

U0 = JO 1 @y-2) (9.17)
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where J® and =2 are now the traceless tensors, ¢'® is the D = d+1 dimensional AdS
metric and symmetrization is assumed. Following [27] we call 1)~ the compensator
field. It is easy to see that ¥~2 plays the role of the traceless trace of the double-
traceless current ¥(®) and has to decouple in the conformal limit of higher spin theory.
In other words we will assume that at the d dimensional boundary M, = 0AdSp ,
U’ behaves as a conformal tensor field. Now we will consider the general structure of
conformal higher spin currents in the AdSp space constructed from the conformally

coupled scalar field o(z) with the corresponding on-shell condition

Oo(z) =V -Vo(z) = %0(2) . (9.18)

The tachyonic mass here (we use in this section the mainly minus signature of the

AdS metric ') arises as a result of conformal coupling of the conformal scalar o(z) with

the AdS curvature S = [ d”z/=g3 (g“”(?ua@,,a - 48)__1)1%02). For the investigation

of the conservation and tracelessness conditions for general spin £ symmetric conformal

current J;(f;)m.--w we contract it with the ¢-fold tensor product of a vector a* and make

'We will use AdS conformal flat metric, curvature and covariant derivatives comutation rules of

the type (similar to Euclidian Ads matric (1.15)-(1.20) )

ds? = g d=tdz" = (j;mwdz“dz”, Moz = —1,v/=g = (ZO)%H ,

Vi, VIV =R, VY — R,VE (9.19)
R, = —ﬁ (1205 — nuadl) = —% (91780 — gurdl)

R =~z =~ g+ R=—20 0.
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the ansatz including a first curvature correction in contrast to the free flat case [26]

5 (-1 -
5 2 By (aV) V0 (2) (aV) T Vo (2) (9.20)
o 2 G @9 o2 (@9 ol + Ol + O(7:).

where A, = Ay_,, B, = By_,,C, = Cy_, and Ay = 1. Now we try to define the set of

unknown constants A,, B, and C), using the current conservation condition

0
V- 0,09 (z;0) = V”%J(Z)(z; a) =0 (9.21)

and the tracelessness condition connected with the conformal nature of our scalar field

a(2)

0,79 (2; a) aaf;au JO(z:a) = 0. (9.22)
Using the following basic relations

V.. (aV)]o =L <’; - D (a, (aV)' o —a® (aV)’ 2 V,0) | (9.23)
V., (aV)] V,o =2 Q; L_21> (a,, (aV)’ ' Vo —a® (aV)' ?V,V,0)

+% (g (aV)’ 0 — a, (aVP"'V,0)) | (9.24)
% (aV) o =p (V) ' V,o

o= ézip —2) (a, (V)" 20— a2 (V) > V,0) | (9.25)
v. % (aV) o = % EpD(D _9)

+p(p—1) (D + gp — g)} (aV)p_1 o+ O(%) , (9.26)
0, V)0 = 5 | o= DD(D -2

Fgplo = Do =D +20 5] (@9Y e+ 0 021

we can derive recursion relations for A,, B, and C), coming from conservation condition
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(9.21)

pAy+ (¢l —p+1)Ay_1 +2B,+2B, 1 =0, (9.28)

33(p)Ap+1 + 32(p7 év D)Ap + 82<€ - D + 1a 67 D)Ap—l

+s3(0 —p+1)Ap_2+2C, +2C,_1 =0, (9.29)
1 1 1 7
so(p, €, D) = ZPD(D —2)+plp—-1)(D+ 55 + P 5), (9.30)
1
s3(p) = g(p +1p(p—1) . (9.31)

The relation (9.28) relates A, and B, recursively as in the flat case [26]. The next rela-
tion (9.29) arises from the - correction and relates recursively C), and A, coefficients
from our ansatz (9.20). From the other side the tracelessness condition (9.22) gives us

two further relations between these coeflicients

p(¢ —p)
~ -9 32
P (D+2e—4)" (9.32)
—1
Cp = m [St(p + 1,8, D)Aerl + 8,5(6 —p+ 1,67 D)Apfl] , (933)

5(p.£,D) = 1p(p — 1)D(D = 2) + plp — )(p—2)(E+2D =5) . (9.34)

Again the relation (9.32) is the same as in the flat case and leads the Eq. (9.28) to the

recursion

Ap = —81<p, E,D)Ap_h (935)
((—p+1)(20—2p+D—2)
¢, D . 9.36

From this we can obtain the same solution for the A, coefficients [26] as in the flat case

() (i273)

Ap = (1) —mp (9.37)
( D2 )
For the important case D = 4 this formula simplifies to
N2
A, = (—1)p< ) . (9.38)
p

It means that if our ansatz (9.20) and our consideration for the 75 correction are right,

the recursion relation for the A, coefficients obtained by substituting the C,, coefficients
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in (9.29) by those of the 75 tracelessness condition (9.33) must be consistent with (9.35).

Indeed using (9.33) and (9.35) we can rewrite the relation (9.29) in the form

(9.29) = A,s¢(p, 0, D)+ Ap_1s;( —p+1,¢,D) =0 (9.39)
_ . St(p> év D)
Sf(p7€7D)_|:82(p7éaD) D+2€—4
St(p + 17 ga D)
sip-+1.6.0) (sat) — 90T (9.40)
_ (l+D—=3)20+D—2)p(D +2p—4)
B 4(D +20—4) '
It is easy to see that the relation (9.39) coincides with (9.35) because
¢, D
siwbD) (9.41)

sf(l—p+1,¢,D)
So we obtain a result that the structure of the conformal higher spin currents con-
structed from the conformal coupled scalar field in the fixed AdS background remains
the same as in the free flat space case. We prove that our ansatz with % correc-
tion connected with the difference between the traces in flat and AdS case does not
violate the conservation condition (recursion relation (9.35)) for the coefficients A, if
they obey the tracelessness condition (9.33) for the currents. It means that the trace-
less conserved higher spin current constructed from conformal scalar field in AdS can
be obtained from the flat space expression replacing usual derivatives with covariant
ones and adding corresponding curvature corrections to the expression for the traces.
For completeness we present in the Appendix an explicit derivation of the conformal
conserved current in the case ¢ = 4, D = 4 in all orders of %
This phenomenon we can explain now in the following way: The conformal group for
D- dimensional flat(with SO(D — 1, 1) isometry) and AdS space (with SO(D — 1,2)
isometry) is the same -SO(D,2) 2. So we can say that the conformal primaries or
the traceless conserved currents are the same due to the ﬁ corrections. But these

originate from the curvature corrections to the flat space equation of motion and non-

2Note that this is about conformal group of AdS space-not boundary
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commutativeness of the covariant derivatives. Then because all currents are traceless
we get the cancellation of all ﬁ accompanying terms coming from these two sources
of deformation of the flat case relations in the conservation condition (9.21).

Now we will fix the coefficients A, from the CF'T' consideration. We assume that on
the boundary dAdS,, 1, ¥ behaves as a conformal tensor field (the trace is decoupled).

Moreover this conformal tensor must be local bilinear in a(x) of rank ¢ and of dimension
1

264+0+0(=) . (9.42)

N

For this purpose we evaluate the 3-point function

¢
1 p t=p

() alw2)3 3 Ayla-0)Palzs) a- ) Pales)err, (9.43)

where (a-0) = a'd;, i =1,2,3.
From the propagator (9.2) for a(z) we obtain for (9.43)

¢ 2 .2\ B
Ti3T _
2> A BBy BB (0 2y ) ) (9.41)
=0 T13T23
+ trace terms ,

I'(z+n)
I(z) -

where we define the Pochhammer symbols (z), =

As a 3-point function of a conformal tensor is unique up to normalization

C (xi,,xg?,)_ﬁ {{a-&)"+ trace terms}, (9.45)
g="32 -2 (9.46)
aty T3

it follows
_c=ne())
= B B

This expression, for § = 1, is in agreement with the previous one (9.38) obtained from

(9.47)

AdSy consideration, if we will normalize in (9.45) C = 2°¢\.
For g = 2 we have to change the constraints imposed on our currents. For that we

turn from conformal higher spins to Fronsdal’s [24] formulation where gauge fields and
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currents are double traceless only

o 1
0= [ davanon g, 049
(&)ap _ (£)ap _
hofﬂ#smw =0, \Ijaﬁ%mﬂe =0, <9'49>
¢ o 1 ¢ traceless .
00h) iy = O €t Copnoge =00 [V ] =0 (9.50)

and the conservation condition looks a little bit different from the usual one due to the
double-tracelessness of the gauge field and current. Then we can realize the double-
traceless current U9 using two traceless (but not conserved) currents J, ©~2) with
the same dimension ¢+ 23 + O(%) on the boundary [27]. It means that the expansions

for these fields start from the following series

l

JO(2:0) = %Z;Af; (V) 6(2) (aV) 6(2) + ... (9.51)
/-1

0 (z1a) = %ZBﬁ?(W)E—l—pvm(z) @V VG(2) ... (9.52)

The Fronsdal field ¥© we can present then as

2

O (s ) — 7O (. a
U (zia)=J (z,a)—|—2(D+%_4)

Triv®(z;a) = 0,09 (z;a) = 0 (2;0) (9.54)

0“2 (z:a), (9.53)

The conservation condition (9.50) in this representation is

0 a’ 0
I \I,(Z) . _ T 2 \Il(e) . .
Via VB9 = s o= LY et ) (9.55)
or
%) (aV)0=2)(z; a) a?VH-2.00=2) (2 a)
© @) (. o Jat
Ve GO+ S Ty T Dr -0 D2 — 1) (9.56)

From this we can read off a restriction on the coefficients in (9.51) and (9.52)
p(D+2p— DA+ (C—p+1)(D+20—2p—2)Al | + B>+ B 7=0. (957)
For D = 4 we get

2p° AL +2(0 —p+1)°Al_ + B+ BT =0 (9.58)
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Then after using (9.47) for § = 2 we obtain

Cte! (—=1)P(f —2p+1)
-2 -2
B e S G T D= P —p 2 (5:59)

The solution of this equation fulfilling the boundary conditions

Bi?=B"7=0 (9.60)
is
cle! - (6 —2k+1)
=2 _ ¥ "/ 1\p
By (b (k= Dk + D= )~k +2)! (9:61)

The latter sum can be proceeded using Pascal’s formula for binomials. The result is

% st o) o2

So we show that in contrast to the § = 1 case where the interaction includes the

very elegant

traceless conformal higher spin currents, the 5 = 2 boundary condition necessitates
the interaction with the double trace higher spin currents. The connection between
these two types of interaction can be described adding local Weyl (in the spin two case)
and generalized ”Weyl” invariants realizing the conformal coupling of the scalar with
the higher spin fields.

Now as Exercise We will construct directly the traceless fourth rank tensor con-

structed from four dimensional on-shell scalar field o(z*) in the following way

raceless 3 1
T;tu)\pl = T/J,y)\p - g (gM(VT)\p) + T,u(ug)\p)) + Egu(yg)\p)T s (963)
T, = T8, . T=T9 .

The conservation law which we will check below is

raceless 3 1
VT = Vi Ty = 2 (VT + V' Tuwgr) + 75962V T =0 . (9.64)

Finally we list here the most important on-shell relations (some of them are due to
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Do(z) = 50(2)) we will use

0,9,)0(:) = 75V,0(2) (9.65)
[V Vi) 0(2) = 250,06 V30(2) ~ 230V Vao(e) . (9:66)
Vi (z) = Vi Vo + #gu(pvﬂa(z) — %g)\pV”O’(Z) , (9.67)
VAV () = ;Tgvamo(z) S ae(2). (9.68)
(Vi Vi) V90(2) = 13Vny0(2) — 15003V (2) (9.69)
g’\pV?Mp)a(z) = ﬁvpa(z) , (9.70)

GV hn0() = 2psVimo(2) ~ 5170(2) (9.71)

Now we can construct directly the conserved spin 4 traceless current. First of all

we note that from four derivatives we can construct only three bilinear combinations

Tos, = oVuV,VaV,0o, (9.72)
T, = VuoVuVaV,o (9.73)
T, = VuV,oViV,o. (9.74)

For constructing the conserved (on-shell) combination of the traceless parts of these

tensors we need first of all the on-shell value of their first and second traces

20 ) 4 8

T£p4 3l2 o(z )V(W)J(z) — @02(2) . T = ﬁa2(z) , (9.75)
H 2 13 1 1,3 4 m

TAp = —V oV Vuo + e —5VaoV,o — 6L2g,\pavua, T = EV oV,o, (9.76)
2 2 ) 4

Ty = SVaVIoV, V0 + @avﬁma, %2 = v2 MoV w0 + g ST o’ . (9.77)

Then introducing the following third rank symmetric tensor bilinear terms

A = V,V'0V3, Vo, a=VoV3,0, (9.78)
B = gV, (V*0oVi,0), b=guV, (V'V,0) (9.79)
C = V“aV?V,\p)VMU, c= O’V?V)\p)d, d =gV, (¢?) (9.80)
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and using (9.63)-(9.71), we obtain the following on-shell relations

1 1 23 9 1 19
A

MTQ,Qtraceless — - _B _ b — — d 81
\V4 - 5 3 —|—4L2a VE 4L20 it (9.81)
9 3 1 51 11 1 13
VuTl,ZStraceless -~ A_—"8B —_C _ b — d 9.82
2% 64 " 2B T 0 Tt P ot gty (082
3 7 25 47
0,4traceless __
ViTune — =Cogpa—qpPt g~ md (9:83)

Now we can see that the following unique combination of (9.72)-(9.74) is conserved

Ts:4,traceless o T2,2traceless . § 1,3traceless i 0,4traceless (9 84)
HVAp T T urAp Q- HrAP 18 KA ’ )

vp,Ts:4,traceless -0 (9 85)
MVAP - . .

The expression (9.84) for the current is again in agreement with the flat space case
general formula after a replacement of ordinary derivatives by covariant ones (compare

the coefficients in (9.84) with the solution (9.38) and overall factor ).
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10 Spin two and four currents interaction with gauge
field

The action for the conformally coupled scalar field in D dimensions in external
gravity is

5= % / LRare [Gwvuwm _ %R(GW | (10.1)

In this section we restore the linearized form of this action in fixed AdS background
using a gauging procedure both for the gauge and Weyl symmetry on the linearized
level. We do this derivation just for methodical reasons because the final nonlinear
answer is known (10.1). But we would like to extend this consideration to the higher
spin case and try to elaborate a linearized construction which works in the case ¢ = 4
where the final answer is unknown.

We start from the massive free scalar action in the fixed AdS external metric

51(0) = 5 [ 4°2/=9 [V,096 4 A0?). (102)

For getting an interaction with linearized gravity using the gauging procedure we have

to variate Sy with respect to 81¢ = #(2)V ¢

518y = / AP2/=gV e [V,6V,0 — S (VagVos +26?) | (103)

and solving (we assume that ¢* and h*” have the same infinitesimal order) the equation

0L So(¢) + 0281 (g, hP) =0, °hY) =2V ,e,), (10.4)

e'pv

we immediately find the following cubic interaction linear in the gauge field

Si(6, h®) = % / dP 2/ —gh@m [—vuqsqus n gzﬂ (V,0V" e + /\(;52)] . (105)

Note that here we used many times partial integration which means that we admit
that all fields or at least parameters of symmetry are zero on the boundary, otherwise

we would have to check all symmetries taking into account some boundary terms and
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their variations also. It is clear that for constructing the local interaction on the bulk
we can use partial integrations without watching the boundary effects.

So we see that gauge invariance

0:0(2) = e"(2)V,ud(2),  62h)(2) = 2V (e (2) (10.6)

e uv

in this linear approach does not fix the free parameter \ and the corresponding spin

two Noether current (energy-momentum tensor)
U (6,N) = =V,0V,6 + L2 (V,69%6 + 167 (10.7)

is conserved but not traceless. But we can fix this problem having noted that there is

one more gauge invariant combination of two derivatives and one h,,, field

D—1
r@(hP(z)) =V, V,h@m — V2 pPr — Thf)“, SLr@(h@) = 0. (10.8)

It is of course the linearized Ricci scalar-but at this moment it is important for us that

there is only one gauge invariant combination of h,(f,,)(z) , two scalars ¢(z) and two

derivatives
/ d”z\/gr® ()%, (10.9)
which we can add to our linearized action with one more free parameter. So finally

we can write the most general gauge invariant action in this approximation of the first

order in the gauge field

SO0 M) = 5 [ ey=g 9,070+ 2]
+ % / 422 /=gh " [~V ,09,6 + W (V67" + 26|

D—1
+ ¢ / dPz/—=g [vuvyh@)W — V2h{Pr — iE hf)“] $%.(10.10)

Then we search for the additional local symmetry permitting to remove the trace of

the gauge field h,, and therefore leading to the traceless conformal spin two current.
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The natural choice here is of course Weyl invariance and we will define local Weyl

transformation in linear approximation in the following way

050(2) = Aa(2)e(2),  Soh)(2) = 20(2) g, (10.11)

where A is the conformal weight (one more additional free parameter to fit) of the
scalar field. The important point here is that when we impose on the gauge invariant

action (10.10) conformal (Weyl) invariance (10.11) we obtain the condition

0
do(z)

+ [A —1+ g} oV, oV o + {2@“(1 - D) - %} Viogp? =0 (10.13)

SEIN €, ¢, hP) = lAA AQD %} o¢? (10.12)

with the unique solution for all free constants

D 1D -2 D(D —2)

So finally we come to the gauge and conformal invariant action

S, hy) = So(d) + SY (6, ) + 517 (¢, BP) (10.15)
where
D(D -2
So(¢) = %/dDZ\/_{ WV o + %¢ ] : (10.16)

D(ST;QW)}]@.N)

D-1
—h@)“} ¢*,  (10.18)

L2 K

SV (¢, n?) = = / dPz\/—gh® [ u¢vy¢+g“” (vuqsv“m

1D

(2)

d”z\/=g {v v

which is of course the linearized action (10.1) and can be obtained from that after
expansion near to the AdSp background G, (2) = g + h(Q)( ) in the first order on
L.

Now we turn to the spin four case.

We start from action (10.16) to apply Noether’s method for the following trans-

formation of the scalar field with a traceless third rank symmetric tensor parameter

§lp ="V, V,Vap , €, =0 (10.19)

ap
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First of all we have to calculate §;5,. For brevity we introduce the notation (and in a

similar way for any other tensor)
=V M, @ =V, Vet (10.20)
Then after variation of (10.16) we obtain

3
61S0(¢) = / dz*y/—g {—V<“e“””wva¢vm¢ + §~nyva¢vxva¢

5V (V6Va0) + 7 BD(D +2) — 8] €2V,690 (10.21)
_ , D(D —
o e 22,20

We see that we can introduce an interaction with the spin four gauge field hE:tj)aﬁ in
the minimal way if we will deform the transformation law for the spin two field. The

solution for the equation
550(6) + 89 [S¥ (6, ) + 57 (6, h4)] =0 (10.22)
is

4 1
¥ (6,h®) = / da' /=g [RO" 0V, V,6Va V56 — 3DV, V56V, V70

apy 3D(D + 2) -8 auy
+ h{N (V,6V,0) — e ww] . (10.23)
Sopmvel — ggnered) sl — oV Y,V .6, (10.24)
SOpWeany — gy 502w — g (key), (10.25)

So we obtain the following gauged action with linearized interaction with both spin

two and spin four gauge fields and linearized usual Weyl invariance

SGI(qb’ h(Q), h(4)) _ SWI(QS, h(z)) i Sip<4> (gb, h(4)) (10.26)
§5Op@mrra 4v(u€l~\a)7 SOR@Dmr — ox7(hgr) oy (hgy) 20, (10.27)

D
§'¢p ="V ,b + ¢V, V, Vo + (1 — §)a¢ (10.28)

where S" (¢, h?) can be read from (10.15)-(10.18) and we note that on this linearized

level usual Weyl transformation does not affect the spin four part of the action but the
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spin four gauge transformation deforms the gauge transformation for spin two gauge
field.

Now we turn to the construction of the conformal invariant coupling of the scalar
field with the spin four gauge field in a similar way as in the case of spin two. For this
we note first that here we can construct also the gauge invariant combination of two

derivatives and h(Y#8  This is the following traceless symmetric second rank tensor

3(D + 1)
LQ

SlrWaeb —qo  yWa—y (10.30)

«

T(4)aﬁ _ Vﬂvyh(@uuaﬂ o v2hfl4),ua5 _ V(avyhgl)ﬁ)l“’ _ hL4)045H7(10'29>

This is the analogue of the Ricci scalar in the spin four case and we can construct using

this tensor two additional gauge invariant combinations of the same order.

517 (€060 0.00) =& [ P2/ =gr 69,0 + & [ ey g9,V
(10.31)
Then we can define the generalized ”Weyl” transformation for the scalar and spin four

gauge field with the second rank symmetric traceless parameter y**(z)
(5£h(4)“”“’8(z) = 12" (2)g*?, oy p(2) = Ax“?(2)VoV30(2), (10.32)

where we introduced the ”conformal” weight A for the scalar field. Computing the
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following x variations

si5e) + 8357 (o) = [ { (8- pveruio A7)
—(A+ ? + 33XV, V0V sV e + %vwﬁvawﬁqﬁ
1 ~ D(D —2) -
e e (10.33)
C(A, D) = (A—-1)(D-1)+ %D(D 94 (D+ 4)(% S0, (10.34)

551 (9,h%) = & / [2Dv<“>zﬁ>\1vf;(¢, PO (b - 2)ivaovs
2
—2(D + 3)V**’V ¢V b —ﬁ(D +3)(3D + 4)Xaﬂva¢vﬁ¢} V—gdPz
D*(D —2 12(D D+2 -
[ BB DA D] [ o, i
—&4(D + 1) / dP 2 /—gV?x¢? (10.35)

we see again that for obtaining a ”Weyl” invariant interaction we have to deform the

gauge and usual Weyl transformation of the spin two gauge field h,(fl,)

Oh® =2(1 — A — 2D&)VEY) + 26 X9, (10.36)

x'pv

Then solving the symmetry condition

5150(@) + 8% (ST (0, h2) + 577 (6, h) + SY (6, h9) + 57" (6, h9) ) =0

(10.37)
we obtain again a unique solution for all three free parameters

~ 3
A=-3— §D, (10.38)

1 D
- = 10.39
51 8D + 37 ( )

1 D(D—-2

§o=— ( ) (10.40)

64(D+1)(D+3)

Thus we constructed the linearized action for a scalar field interacting with the spin
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two and four field in a conformally invariant way

S, h® WD) = SWI (¢, h®) + ST (6, hD) 4 577 (¢, B, (10.41)
0l = "V, + ¢V, V,Vrd + Acp + Ax"™'V V6, (10.42)
SR = oy ke) L oy e 1 o(1 — A — 2DV YY) + 209, + 261X 9, (10.43)

SOpDmvad — g7 (nerre) 4 19, (w gaB), (10.44)

This interaction has an additional local symmetry permitting to gauge away the
trace of spin two and four gauge fields. So we can say that this is a linearized interaction

for conformal higher spin theory of the type discussed in [27],[28].
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11 De Donder gauge and Goldstone mode

We will use Euclidian AdS;,; (the same as in (1.15)-(1.20)) with conformal flat metric,

curvature and covariant derivatives satisfying

v L2 v Ld+1
ds® = g, (2)dz"dz" = Wtsuydz“dz . V9= (2081
[V;M vl’] V)\p = R/u/)\avop - R,u,ucrpv)\a )
1 1
RMV)\p = _W (6/,1)\55 - 61/)\55) = _ﬁ (g,u)\(z)(sze - gl/)\(z)(sz) )
d d d(d+1)
R = — (20)25MV = _ﬁglw(z) , =-— 72

As before in spin ¢ case, for shortening the notation and calculation, we contract all
rank ¢ symmetric tensors with the /-fold tensor product of a vector a*. In this notation
Fronsdal’s equation of motion [24] for the double traceless spin ¢ field is (from now on

we put L = 1)

}"(h(g)(z;a)) _ Dh(é)(z;a) _ (aV)V“%h(@ + %(aV)2Dah(€)(23 a)

— (2 +£(d - 5) —2(d — 2)) Y — a®’0,h " (z;a) =0, (11.1)

0,0,h® =0 (11.2)

82
S (V) =d'V,, =g (z)aa”. (113)

D - v#vu 7D¢I - g#l’

The basic property of this equation is higher spin gauge invariance with the traceless

parameter ¢~ (z; a),
h9(z;a) = (aV)e V(z;a), DO V(z;a) =0, 6F(h9(z;a)) =0. (11.4)

The equation (11.1) can be simplified by gauge fixing. It is easy to see that in the so
called de Donder gauge

DI () = v % h — %wV)Dah“) =0, (11.5)

Fronsdal’s equation simplifies to
FPROYy =an® — (¢ +¢(d - 5) — 2(d — 2)) Y —a®0,h"? =0.  (11.6)
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It was shown (see for example [34]) that in the de Donder gauge the residual gauge
symmetry leads to the tracelessness of the on-shell fields. So we can define our massless
physical spin £ modes as traceless and transverse symmetric tensor fields satisfying the

equation (11.6)

O+ h9 = Ay(A, — d)RY, (11.7)
Dah“)::vwégﬁh“):(L (11.8)
Ap=(+d—2. (11.9)

Note that equation (11.7) for £ = 0 coincides with the equation for the massless con-
formal coupled scalar only for d = 3.

In a similar way we can describe the massive higher spin modes using the same set of
constraints on the general symmetric tensor field ¢\ (z, a) [35] but with the independent
conformal weight A (dimension) of the corresponding massive (in means of AdS field)
representation of the SO(d + 1,1) isometry group. This general representation with
two independent quantum numbers [A, ¢] under the maximal compact subgroup goes,
after imposing a shortening condition A = A, =/ + d — 2, to the massless higher spin

case (11.7)-(11.9) with the following decomposition [11, 29, 30]

im [Af=[+d—20®[+d—1,0-1]. (11.10)

A—l+d—2

The additional massive representation [¢ +d — 1,¢ — 1] is the Goldstone field. Reading
this decomposition from the opposite side, we can interpret it as swallowing of the
massive spin £ — 1 Goldstone field by the massless spin / field with generation of a mass
for the latter one [13]. For better understanding of this phenomenon we need a more
careful investigation of the gauge invariant equation (11.1) in more general gauges.
First of all note that the gauge parameter e~ is a traceless rank ¢ — 1 tensor
and therefore in any off-shell consideration (quantization, propagator and perturbation

theory) we can use only gauge conditions with the same number of degrees of freedom.
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The de-Donder gauge (11.5) is just such a type of the gauge due to the tracelessness of
the DU (h). Nevertheless for on-shell states we can impose more restrictive gauges.

Here we consider a one-parameter family of gauge fixing conditions

g0y = g d_po _ L

S a(aV)Dah“) =0 (11.11)

This gauge condition coincides with the traceless de Donder gauge if o = 2 (4, yfl) =

0,DYY = 0). Then we can write our double traceless field h\)(z;a) as a sum of the

two traceless spin £ and ¢ — 2 fields 1) (z;a) and 0¢~2)(z; a)

2
hO(zia) = p© + L 9D (2 q) (11.12)
2060
Dah(g) = 9(872) , Daw(g) = Da0(672) = 07 (1113>
ag=d+20—3. (11.14)

In this parametrization Fronsdal’s equation of motion with the gauge condition (11.11)

can be written in the form of the following system of equations for the two independent

traceless fields ¢ and (2

0 a? 0 ap —

n Oy L Y g 9 gu-2) _ Q0 (-2)
Vst 5a v P o (aV)92), (11.15)

—2 _ alag—1)
O4Lne® 22 2p(t-2) _ 220 T -2 | _ AN, — D) ®© (11.16
B+ 097+ ——1(aV) L —, (B¢ = d)y'” ,(11.16)
(O+¢—2)9¢? = {AQ(A(; wH%} p=2), (11.17)
Ap=d+0—-2 | Ng=d+0—1. (11.18)

Now we are ready to discuss different gauge conditions. First of all we see that the
de Donder gauge (« = 2) leads to the complete separation of the equations of motion
for ¢y and =2 fields. On the other hand the gauge condition (11.15) becomes just
traceless for & = 2 and keeps on to connect the divergence of 1¥) and the traceless

part of the gradient of §(—2)

0 g — 2
m O (s g) — 20— 2~ (E=1)(,. 11.1
Visa (2;0) e G (za), (11.19)
2
G (z50) = (@V)0CD (530) - — L gD (sa). (11.20)

oap— 2 Oat
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Here G~V corresponds to the Goldstone representation. Indeed using the equations
of motion (11.16) and (11.17) with o = 2 one can derive that the G“~Y field obeys the

following on-shell equation
(O+0—-1)G"V(za) = Ag(Ag — d) GV (2;a) (11.21)

corresponding to the Goldstone representation [Ay = ¢ +d — 1, ¢ — 1] arising in (11.10).
This mode can be gauged away on the classical level together with the trace #¢=2) but
only on-shell. Therefore on the quantum level this mode can arise in loop diagrams
and will play the crucial role in the mechanism of mass generation for the higher spin
gauge fields [13].

Now we return to (11.15)-(11.18) and consider the next interesting gauge a =
d + 2¢ — 3. This is a generalization for the higher spin case of the so-called ”"Landau”
gauge considered in [44] for the case of the graviton in AdSgy,. But the difference
between the higher spin and graviton (¢ = 2) cases is essential. For the graviton we

can apply this "Landau” gauge

1
V“hw, - mayhz (1122)

off-shell also because the trace is scalar here and this gauge fixes the same number of
degrees of freedom as the de Donder gauge. For ¢ > 2, « # 2 it is easy to see that
condition (11.15) after taking the trace forces the trace components 0(~2) of our double

traceless field A to be transverse

0

I (=2) _
Vo 0, (11.23)
0 _
vyl = az&oa(aV)H(é_Q). (11.24)

Moreover in the ”Landau” gauge (a = ag) the 1Y) component is also transverse but
it’s equation of motion is not diagonal like in the de Donder gauge. On the other hand

the equation of motion for the field 8¢~2 is simplified and we have for this field the
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realization of the representation [Ag = ¢+ d — 1,0 — 2]
(O+—2)0%2 = Ag(Ag — d)f=?, (11.25)

So we see that only in the de Donder gauge we have a diagonal equation of motion for
the physical ©/() components but this component is not transversal due to the presence
of the [ +d — 1,¢ — 1] Goldstone mode G*~1). This gauge is most suitable for the
quantization and construction of the bulk-to-bulk propagator and for the investigation
of the AdS,/CFT; correspondence in the case of the critical conformal O(N) boundary

sigma model.
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12 Bulk to Bulk Propagators

Propagators in de Donder’s gauge

On AdS space which is a constant curvature space the geodesic distance 7 enters all
invariant expressions of the relative distance of two points. The standard variable
¢ = coshn can be expressed by Poincaré coordinates as

(20)? + (29 + (51 — )% 14 (21 — 22)"(21 — 22)" Oy
0 — .

0 0.0
22729 22729

((21,22) = (12.1)

The propagators are bitensorial quantities which are presented in the algebraic basis

of homogeneous functions of Iy, I5, I3, I,

Li(a,¢) == (ady)(cdr)C(z1, 22), (12.2)
Iy(a,¢) == (ady)C (21, 2) (cda)C (21, 22), (12.3)
Li(a,c) == alli, + 17, (12.4)
I = adic3, (12.5)
Lo = (ad)C(21,22) Jac = (c02)((21, 22), (12.6)
(ad)) = a“a%u (cdy) = cﬂa%“ (12.7)
at = gu(z)a'a”, ¢ = gu(z)d'c”. (12.8)

of degree /¢, the spin of the field. All important formulas for this ”advanced technology”
of working with higher spin field theory in AdS space one can find in Appendix A. We
are interested only in that part of the propagator expansion which neglects traces. So it
is a map from a space of £+1 functions { F(¢ )}i;:o to a space of bitensors parameterized

by I; and Iy only, namely
¢

VOR] = Y RO, (12.9)
k=0
@O+ 0O)TOE] = AyA —d)TO[F] + 02, A). (12.10)

In the variable ( the analytic properties of QFT n-point functions are conveniently

described. In particular the two-point functions or propagators are analytic in the (
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plane with singularities at ( = £1 and at ( = oo, which in most cases are logarithmic
branch points. Analyticity is therefore meant in general on infinite covering planes.
All AdS field theories are symmetric under the exchange ¢ against —(.

Another variable used often is u = ( — 1, the “chordal distance”, more precisely one
half the square of the chordal distance. The series expansions for two-point functions
in u converge in a radius 2, whereas the series expansions in powers of (~! converge
for | ¢ |> 1. These analytic properties remind us of Legendre functions. Indeed if
propagator functions can be identified as Gaussian hypergeometric functions, these
are Legendre functions and the ”quadratic transformations” can be applied. Using
formulas from Appendix A we can show that in de Donder’s gauge the propagator
satisfy the following set of differential equations for the functions Fj(() following from

equation (12.10)

(= 1D)F + (d+ 1+ 4k)CF + XpFr +2¢(k + 1) Fpyy +2(0 — k+ 1)F)_, = 0(12.11)
Xp=k(d+20—k)+21— (L —2)({ +d—2). (12.12)

The ”dimension” of the higher spin field A, = ¢ + d — 2 has been inserted. Moreover
we use F 1 = F;;; = 0. The dimension of the AdS space is d + 1, we interpolate
analytically in d if this is technically required. Our issue is to solve these equations
by expansion in powers of (7! or u. This leads to matrix recursion equations which
necessitate some linear algebra operations.

As an ansatz for the series expansion of F({) at ( = co we use

Fi(¢) = ca’“i%c?n. (12.13)
n=0
Denote £ = a4+ 2n. Then a two term recursion of the form
Con Co,n—1
D, CT” —C,_ Cl”.” , (12.14)
Ctn Con—1
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results with the two matrices

Cn1 = diag{(§ = 1)(§ —2),6(6 —1),... (E+ L= 1)(E+(—2)}, (12.15)

and the entries of the matrix D,

(Dp)ise1 = —200—k+1)(E+k—1), (12.16)
(Do) = € —E(d+2k) —4k* +20(k+1) — (1 =2)({ +d —2), (12.17)

(Do)kpsr = 2(k+1)% (12.18)

The determinant of Dy is a polynomial of degree 2(¢ + 1) of the variable o with roots

which we identify with the "roots” of the differential equation system. For arbitrary /¢

we have
detDy = [(a + 0 —2)(a+2 -l —d)][(a+{—2)(a— L —d)]
-2
< [[le* = (d+4+2n)a—((€=2)d+ ((+n)* = (n+2)Bn+4)].  (12.19)

Each square bracket represents one eigenvalue of Dy and contributes two roots. The
quadratic factors lead in almost all cases to two irrational roots that are neither degen-
erate among themselves nor with the other roots, but there are exceptions which have
two integer roots e.g. for d =3 : (¢,n) € {(4,1),(6,4),(9,2),(9,5), (11,8),(15,8)...}.
Two roots are said to be degenerate, if their difference is an integer. For the case of
expansions in powers of ¢? as in (12.13), this integer must be even. In such case the
solution with the bigger root enters the other one with a log( factor.

The following roots are of particular (physical) importance

a, = (+d—2, (12.20)
a, = l+d. (12.21)
We call the first root oy, "principal” because it has the value of the dimension A of

the field which enters the field equation in the form A(A — d). The second root is a
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”companion” of it, since they appear for all £ as such pair (see (12.19)). It is degenerate
with the principal root and the solution of it enters the principal solution with a log(
factor on the next to leading power in the expansion. The bigger ones of the two roots
in the exceptional cases quoted above are also bigger than the principal root ¢+ 1 (for
the same /) but their distance to it are odd numbers except for the case (¢,n) = (15,8),
where the distance to £+ 1 is sixteen and the log( term appears at a very high power.

For the principal root the equation for the eigenvector of D

A

i

Do) | | =0, (12.22)

o

can be solved for each ¢. We find

o = (—1)’“(}?), (12.23)

which is easy to prove by using the general expression for the rows of the matrix D,,
as given in (12.16) - (12.18). The consequence of this result is that the leading term of
VO [Fy(ap)] at ¢ = oo is the well known expression (~2(I; — (~'15)*. Already at next
order in (=2 log-terms appear.

For the companion root «, the eigenvector for Dy can be derived by a little bit more

o) = (—1)F ((/i) +(d+20—2) (i:i)) (12.24)

The actual construction of a solution for the pair of roots starts with the bigger one,

algebra for any /¢

«,. Its solution takes the form

00 ¢
Fi(Grae) =472 ¢y T(a)racly (12.25)
n=0 s=0
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where we used

H,(o,) = Dy(ae)  Choi(a)
= Hy(ae+2(n—1)), (12.26)

IL(o.) = T3 Hy(ae +2r). (12.27)

and the left arrow denotes ordering of the product with increasing r from right to left.
In this context we note that if a nonsingular matrix S(a) would exist, so that H; could
be diagonalized by

Hi(a) = S a+2)Aa)S(a), (12.28)

then F((; ) would be a generalized hypergeometric function.
Having constructed the solution for the companion root we turn to the principal

root. We recognize that D,,(,) can be spectrally decomposed in the following fashion

Duxi = Aixs, (12.29)
DIy = iy, (12.30)
D, = Zl:&xi@@w?, (12.31)
bix; = :52-0 (12.32)
Denote further
pl =T Cp_y. (12.33)

All these quantities can be determined as functions of &, and it is easily verified that
(12.28) is not fulfilled.

One of the eigenvalues of D;(a,) vanishes, we denote it Ay, so that D;(a,) cannot
be inverted. We perform a deformation of our differential equation system replacing
a, only in Ay and in the prefactor (77 by «, + €. All other eigenvalues and the
eigenvectors remain unchanged. Then we continue the whole procedure known from

the companion root, all H, will remain singularity free. At the end we subtract a
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certain multiple v of (e7* + p)WO[F,(a.)] so that the limit ¢ — 0 can be performed
and the log-terms appearing are —ylog(WW[F}(a.)]. The additional parameter u is
in principle arbitrary showing that the principal solution containing a log factor is a
coset with respect to adding the companion solution. This parameter can, however,
be normalized in a standard fashion by requiring that the (I 4+ 1)-tupel of coefficients
czc;f) where at level n the log term appears first, is orthogonal to the eigenvector g
belonging to the deformed eigenvalue. We close this discussion with the remark that

on the boundary of AdS space i.e. ( = oo any linear combination
TO[F(ap)] + ATO[Fy(ae)] (12.34)

is indistinguishable from the pure principal solution. Thus the boundary constraint
fixes only the whole coset and not any representative of it.
In order to render the expansions of Fj around ¢ = 1(u = 0) a visually different

expression, we shall denote them ®;. The expansions are
Op(u) = u® Z ag u". (12.35)
n=0

Again we obtain matrix recursion relations

ag.n ag,n—1 ag,n—2
Al e M ] T 20 (12.36)
Q¢ n Q¢ n—1 Qg n—2
We define
{=a+n, (12.37)
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and obtain the matrices

(A)er = €26 +d+4k —1), (12.38)

(A ki1 = 26(0—k+1), (12.39)
(Bu-)ix = (€ —=1)(E+d+ 4k — 1)+ Xy, label3.6 (12.40)
(Bo—1)kgs1 = 2(k+1)* = (E)pptr- (12.41)

Here we used the shorthand (see (12.12))
XeN) =k@A+20—k+1)+20— (L —2)(2A+( — 1), (12.42)

and d = 2\ + 1 has been introduced. Therefore A, is of lower triangular shape with

eigenvalues £(2¢ + d + 4k — 1). The root system is therefore
e [+ 1 times the root zero;
e the / 4+ 1 roots «,,, = —\ — 2m, 0<m<U/.

Both sets are degenerate among themselves, and if d is odd, the second set is
degenerate with respect to the first one. The first set produces regular solutions,
the second set produces poles if d is odd, which it is in the case of present interest.
Nevertheless we will regard d as a free real parameter in order to handle the degeneracy
with the regular cases. The solution for g in combination with any regular solution has
the appropriate singular behaviour at u = 0 needed for a propagator, namely applying
Fronsdal’s differential operator the correct delta function is created.

Any solution is obtained by requiring

Q0,0

a1,0

Ay = 0. (12.43)

Qg0
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This requirement is solved for the regular solutions <I>,(:) (u) (for which Ag = 0 and the

solution is trivial) by

r

ayy = O, (12.44)

For any such solution r» we obtain next

aiﬁ = —(A7'Bo)kr
= _(Afl)k,r(Bo)rr — (Afl)k:,rq(Bo)rq,r, (12.45)
where we insert
(A)py = d+4r—+1, (12.46)
(A)ppy = 2(0—7+1), (12.47)
(Bo)rr = X, (12.48)
(Bo)y—1, = 217 (12.49)
and obtain
k k
Ak = CF [T €=s+1) [JJd+4s+ D))" (for &> r)(12.50)
(A7 Drr = (d+4r f{)ﬂl, - (12.51)
(A7YDr = 0 for k<. (12.52)

There is no sign of any singularity caused by the degeneracy. Finally we get
al(;:i - _Xr(Al_l)k,r - 2TQ(A1_1)k,r—17 (1253)

which vanishes for r > k + 1.

We turn now to the nonanalytic solutions ®y(u, vy, ) with roots a,,, = —A —2m and
concentrate on the case m = 0 because this is the perturbative Green function for the
Fronsdal differential operator. At the beginning we assume A ¢ Z in order to avoid the

degeneracy with the regular solutions. In this case we have
(A)kr = —4M\k, (12.54)
(Ao)kk—1 = —2A{l—k+1), (12.55)
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and the equation

S (Ao =0 (12.56)
is solved by T
k
o) = <—%) <£) (12.57)
Next we treat the A; matrix
(A)kr = 2(1=XN)Ng, Np=2k+1, (12.58)
(A))kr—1 = 2(1=N{l —k+1), (12.59)
(ATD%r = 20 =N)] B, for k>r and zero else, (12.60)
k
Brr = (—Ok=r[]] N7 (12.61)
The By matrix is
(Bo)kr = —AA+4k+1)+ Xy = Zp(N), (12.62)
(Bo)kasr = 2(k+1)2% (12.63)

The matrix F is still not needed for n = 1.

We define the matrix

(Hi)kr = —(A7 Bo)iy = 200 = D] {Brr (Bo)rs + Brr—1(Bo)r—1.}, (12.64)

and obtain for the coefficients c,(ff)

a) = %(Hl)k,r <—%) (f) (12.65)

r=0

All these coefficients inherit a pole in A at the value 1.

This pole does not appear in one eigenvalue only as in the ( = oo case. This is due
to the fact that for A = 1 there exist /41 degenerate regular solutions and therefore the
pole appears in all £ + 1 eigenvalues simultaneously. It is straightforward to calculate

the residues of all matrix elements of H; and to derive the expressions

Pk = §T€S(H1)k,r (—%) (f) (12.66)
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Then we subtract from this solution at n = 1 the regular solution

)4
=173 e (w)], (12.67)

obtaining in the limit the log term of W) [®(u, ap)]

—logu [Y_ p @0 (u)]. (12.68)

r=0

We mention that the leading term of WO [®y (u, ag)] is

1
uw (I, — 5]2)4 (12.69)

The situation with the Green function type solution is the same as with the solution
which is constrained by the AdS boundary condition: The UV constraint is satisfied
by a coset, namely any linear combination of regular solutions can be added to the
solution W) [®(ap)]. In turn this may also be used to normalize the solutions ®;(ay).
We can namely require that on the level n = 1 on which logu appears first, all the

coefficients c,(ff) are made to vanish by appropriate subtraction of regular solutions.

Propagators in Feynman’s gauge

In this section we consider the higher spin gauge propagators analyzed in the previous
section and in [12], [36], [37] in an approach developed originally for the spin ¢ =
0,1,2 in [43], [39], [44] only, but now generalized for all ¢ with a slight modification
of arguments. Namely we consider our propagator working directly in the space of

conserved currents

RO (z;a) = /\/§d422K(Z)(z1,a; 2, ¢) % JO (22, ¢), (12.70)

where

KO (21, a; 20, ¢) = WO Fy(u(z1; 22))] + traces. (12.71)

74



Taking into account the conservation properties of the current J*)(zy,c) we can for-

mulate the ansatz following from (12.10)
(O 4+ 0 — Ay(Ap — YO [Fr(u(z1;22))] = —I80441(21; 22) + traces

+ (Vo) (L PV Ay (u(z1;22))]) - (12.72)

This means that applying the gauge fixed equation of motion at the first argument of
the bilocal propagator we get zero (or more precisely a delta function in the coincident
points) due to a gauge transformation at the second argument.

Here we should make some comments on the delta function in curved AdS space.

Our notation in (12.72) means

0 z — &
5(d+1)(21; 22) = %7 /5(d+1)(z1 - ZQ)dd+1zl =L (12-73)

In the polar coordinate system defined in Appendix A the invariant measure (for d = 3)

is

VId'z = u(u + 2)dudQs. (12.74)
Therefore we can define
1) — Zpole (1)

udW (u) = —6(u).

This u- dependence of the measure leads to the idea that short distance singularities

1

in D = d+ 1 = 4 dimensional AdS space should start from -5 not from 1

w”

Then using the gradient map (A.34), (A.35) we can derive
(cVa) (I PV [Ag(w)]) = WA, (w) + (B + DAL(w)], Ar=0 (12.76)
Combining this with the Laplacian map (A.31)-(A.33) and (12.70) we obtain the fol-
lowing set of ¢ + 1 equations for z; # 2o (unlike the case (12.11) we do not insert the
value of Ay here)
w(u+2)F + (d+1+4k)(u+ DE +2(0 —k+ 1D EF_, +2(u+1)(k+ 1)*Fpyy
+H[20+ k(d+ 20— k)| Fr — Ap(Ap — d)Fy, = Njp_; + (B + 1)Ay. (12.77)
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To analyze this system we write the k = 0,1 and ¢ — 1, ¢ cases explicitly

wlu+2)F) + (d+ 1) (u+ 1)F) — Ap(Ap — d)Fy + 2(u + 1) Fy + 20F, = A{12.78)

O(F}, F|, Fy, Fy) + 20Fy = Ay + 27, (12.79)

O(F) \,F}_1, Fo1, Fy, F]_y) = N)_y + £A,_(12.80)
u(u+2)F) + (d+ 14 40)(u + 1) E) 4[> + 0(d 4 2) — Ap(Ay — d)] F,
and we see that this system for 2¢ 4+ 1 functions is separable. One solution is obtained
if we put
F, =0, k=12, .1 (12.82)

A, = 0, k=1,2,...0—1, (12.83)
and submit Fy(u) to the Gaussian hypergeometric equation
w(u+2)Fy (u) + (d+ 1)(u+ 1) Fy(u) — Ag(Ay — d) Fy(u) =0, (12.84)

supplemented with a noncontradictory solution for the remaining gauge parameter
Ao(u)

Ao(u) = 20Fy (). (12.85)

So we prove that with an appropriate choice of the gauge freedom we can obtain

the propagator in Feynman’s gauge in the form
KU (21, a; 2, ¢) = I'Fy(u) + traces, (12.86)

where Fy(u) is the solution of the equation for the scalar field with dimension A, (12.84)
[43]. The solution of this equation is well known and can be written in two different

forms [44, 45]. The first form is (( = u + 1)

1
JAVEWAVIES d 1 ) (12.87)

_ Ay r—A .
Fo(¢) = C(L,d)27 ¢ Fy (7, T,Az 5 + 1; ?
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This form is suitable for an investigation of the infrared behaviour. We see immediately

that near the boundary limit we have
Fo(¢) ~ (¥ azs = Y, if (= o0, (12.88)

which is just wanted for AdS/CFT correspondence. Indeed comparing A, and Ay in

(11.16)-(11.18) we see that the propagator of the nonphysical mode 6 falls off in the

boundary limit faster than the propagator for the physical mode 1, as it should be.
But for us the second form of this expression obtained after a quadratic transforma-

tion of the hypergeometric function listed in the Appendix B (B.18) is more interesting

2\ A d 1 9
Fo(u) = C(&d) (a) o F (Ag, Ay — 5 + 5,2Ag —d+1; —E> . (12.89)

The normalization constant C'(¢, d) is chosen to obtain the ¢ function on the right hand

side of (12.72)

T(AOT(Ar—§+ 3) 0 —1)!
(d+1)

“hd= (47)“5 T (24, — d+1)’d:3 T 16220 - 1)

(12.90)

To investigate the ultraviolet limit of (12.89) we have to use the second formula

(B.19) of Appendix B and take carefully the limit d — 3 to obtain

2\ 2 d 1 2 (20—1)! [ 2
(E) 2F1(AZ7AZ__+_,2A[_d+1;—a)|dﬁ3:m{m

§ 2 On [T +log 2] (-5)" 12.91
'n:(] n'n+1 b 0g2}< 2) ’ (12.91)

where the rational number Y, is expressed by the v functions

Tin=9vl+n+1)+9p(l—n—1)—¢(n+1) —Y(n+2). (12.92)

So we see now that in the ultraviolet limit we get

11
Fo(u)|g=3 = R + O(1,u,logu,ulogu,...). (12.93)

This main singular term in the propagator of the scalar field with dimension A, does

not depend on the field dimension and behaves always like =-. For example we have
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the same singularity in the propagator of the conformally coupled scalar in AdS, (see

[14])
Su(z1, )] = # (% £ - i 2) | (12.94)
(B +2)8[u(z1, 22)] = —6ay(21; 22). (12.95)

So we observe some universality in the UV behaviour of higher spin propagators in

Feynman’s gauge:

¢ 1
18724y

For any spin € the propagator starts from [
Comparing with (12.69) we deduce that in de Donder gauge we have the same

picture because
e [1(a,c;u) — ate, ifu—0.
o Ir(a,cu) = I3(a,c;u) > 0ifu— 0.
o Ii(a,c;u) = a*c®ifu—0.

So finally we can formulate the following statement:

The higher spin propagator in Feynman’s gauge is simplest and most convenient
for the calculation of any Feynman diagram. Just we have to couple it with conserved
currents to make sure that we preserve gauge invariance. The UV-behaviour of the

propagator is uniwversal and described by (12.93).
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13 Bulk-to-boundary limit

Now we can take the boundary limit and obtain the spin ¢ bulk-to-boundary propaga-
tor from the bulk-to-bulk propagator directly. For this purpose we mention that the

boundary of AdS space is approached in the limit
Y =0, (13.1)
which is connected with the limit ( — oo due to

lim 22929¢ (21, 22) = (29)* + (21 — 22)%. (13.2)

z2—>0
Then following the explanation of the previous section we see that at the boundary

only the main term (12.69) survives and we get

l
lim (29)2 [1—112 Fy(¢) = 22C (D) < [R(a,& 2 — %)]"(13.3
ﬁz}%( ) ( < ) Q=20 R '(13.3)

(a,2z1) < 2y — 25, >

CIEENEREA (134)

d d
(a,z) = Za“zu, <G Z>= Zcizi (13.5)

and the Jacobian tensor
Zu2y

(z,2)

We see that the limit (13.3) really produces Dobrev’s [38] boundary-to-bulk propagator

Ry (2) = 00 — 2 (13.6)

without trace terms.

Actually we need only this leading term because all other trace terms depend on
the gauge condition (11.5) applied to the bulk dependent side of the right hand side of
(13.3). On the other hand we can fix the trace terms by requiring the tensor fields to
approach a certain tensor type on the boundary. In the case of irreducible d dimensional

CFT currents we have to claim tracelessness with respect to the indices contracted with
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82
DEG%;S/CFT(% G z) = 9707 (G%)(a, ¢; z) + trace terms) = 0, (13.7)
¢, = (29)2 N
Gy (a, ¢ 2) = BB [R(a,c;2)]". (13.8)

Here we omit the normalization factor 24C and put for simplicity 73 = 0 and 2! = 2#
(we can always restore the right dependence on the boundary coordinate z3 using
translation invariance in the flat boundary space).

Then considering the boundary limit of the I3 and I, dependent terms we can easily

render the propagator (13.7) traceless on the boundary by the projection®
(a,a) — [R%(a; 2)]?

2(ap — 1)(29)?
+0(a") + O(c"). (13.9)

GEAQZS/CFT(% Cz) = G(@)(% ¢ z) — DQG,(? (a,c z)

The complete polynomial expression for Gfi)is e rr(a, G z) is presented in the Appendix

B, Eqn. (B.10). But here we consider only the first order trace term

(=)
A

0.G9(a,&2) = 0(0 1)

m

o) < ¢é> [R(a,&2)]"?, (13.10)

2(a, 2)

(2,2)

The important point of this consideration is the following: The expression (13.9) is

R%a;2) = a“RZ(Z) =a’ -2

ag=d+20—3. (13.11)

automatically traceless on the AdS side.

K —
0.G s cpr(a:&2) = 0, (13.12)

due to the relations
SR (2)R)(z) =1 , "R} (2)R,(Tz) =0 (13.13)

This is natural because the original bulk-to-bulk basis {I;(a,c; ¢ )}?:1 was symmetric

with respect to the a <+ ¢ exchange . Then we see that this projection in agreement

3In this section we used the exact expression for Christoffel symbols

darda”

L) = (5())\6;1,1/ - 25&5;})) and the AdS trace rule O, = (2°)26* &
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with de Donder gauge condition (11.5) (for traceless case) leads to the transverse-
traceless bulk-to-boundary propagator (13.9) for all higher spin fields on AdS side. For
proving this we have to calculate several relations in first order of (a,a) and < ¢,¢ >

(see details in Appendix B)

v 9w ()t S N0=2 PO
\Y %Gm (a,¢z)=L({—1) B < ¢,¢>[R(a,c2)] "R (a;2), (13.14)
(ZO)d—l
a"V,0,G9(a,&z2) = 0(( - 1) s < ¢,é> [R(a,&2)]"? R%(a; z)(ap — 1013.15)
0 [R%(a; 2))? .
VDG 0, ) = (13.16)

Putting all together we obtain

a —
Vﬂ%G%;S/CFT(a7 ¢ z) = 0. (13.17)

So we see that the Goldstone mode (non transverseness of the propagator) can not be
visible after trace projection on the boundary side corresponding to the case of the
traceless currents in the large N limit of the O(N) sigma model.

The next interesting question which we can ask is the transversal property of the
bulk-to-boundary propagator on the boundary side. The answer is negative. The
divergence on the boundary side of the traceless bulk-to-boundary propagator is not
zero and equals a gauge term (gradient) with respect to the bulk gauge invariance.

Using the formulas from Appendix B one can check that

% ' %GE‘QS/CFT<G7 57 Z) = a‘uvuA(gil)(a? 57 Z)a (13'18>
(g — 1)l +d—1)=2((—-1) (29

at—1 (z,2)Ret1

A (g, 7 2) = 20 [R(a,& 2)]"". (13.19)

We see that the boundary trace projection generates the bulk gauge term on the bound-
ary side and is equivalent to the residual on-shell gauge fixing preserving the bulk side
de Donder off-shell gauge (this property of the bulk-to-boundary propagator was men-

tioned in fr[34] and in [44] for the vector field case).
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Finalizing our consideration we can define now the CF'T propagator from (13.9) by

a® = 0 and the limit z° — 0. Due to the vanishing of R°(a;z) in this limit we get

0 o o . _d (0 -
G(C}WT(G»G 7) = Zl(}r_{lo(zo)Z dGE42lS/CFT<aac§ z)
<da,a> Lo .
= G%)(EL, ¢, %) — LDJG%)(CZ, ¢ 2)+0(< d,da>?) (13.20)
2(0&0 — 1)

(13.21)

Thus the limit (13.20) defines the correct C'F'T two point function for traceless con-
served? currents.

So we prove that the boundary limit of our bulk-to-bulk propagator in the de Donder
gauge is in agreement with the bulk-to-boundary propagator obtained from the AdS

isometry group representation theory.

“Note that the gradient of the gauge term also vanishes on the boundary because

a'V AV (a, 8 2) ~ RO(a; 2).
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14 Exercises on spin one field couplings with the
higher spin gauge fields

We start this section constructing the well known interaction of the electromagnetic
field A, in flat D dimensional space-time with the linearized spin two field. Hereby we
illustrate how Noether’s procedure regulates the relation between gauge symmetries of

different spin fields. The standard free Lagrangian of the electromagnetic field is

1 1 1

Lo=—-F,F" = —20,A,0"A" + —(0A)?, (14.1)
1 2 2

Fo = 0,4, — 0,A,, 0A=0,A" (14.2)

To construct the interaction we propose a possible form for the action of the spin two

linearized gauge symmetry
ORI (1) = 20WeV) () = O (x) + "M (), (14.3)

on the spin one gauge field A,(x). Then Noether’s procedure fixes this coupling (1-
1-2 interaction) of the electromagnetic field with linearized gravity correcting when
necessary the proposed transformation.

We start from the following general ansatz for a gauge variation of A, with respect

to a spin 2 gauge transformation with vector parameter
(5;14# = —¢P0,A, + Ce0,A,. (14.4)

Then we apply this variation (14.4) to (14.1) and after some algebra neglecting total
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derivatives we obtain °

1 1
5Ly = OVEADA — eBu A A + Sew(9A) + COVD, A A,

— 200%0,A(,0,) A" + %6(1)8#141,3”14“ — %5(1)(&4)2

4 (C = 1)(0A)D""D, A,. (14.6)

Then we have to compensate (or integrate) this variation using the gauge variation of
the spin 2 field (14.3) and its trace 5?h£2)“ = 2¢(;) . We see immediately that the last
line in (14.6) is irrelevant but can be dropped by choice of the free constant C' = 1.

With this choice we have instead of (14.4)
6LA, = —€"0,A, +€”0,A, = " F,, (14.7)

so that our spin two transformation now is manifestly gauge invariant with respect to

the spin one gauge invariance
62A, = 0,0, (14.8)

and our spin one gauge invariant free action (14.1) keeps this property also after spin

two gauge variation. Namely (14.6) now can be written as

1
o Ly = 0¥ F,,F,P — 1E Fuw . (14.9)

This variation can be compensated introducing the following 2-1-1 interaction

1
L1(Au, b)) = h®mu?) (14.10)

2 e

5From now on we will never make a difference between a variation of the Lagrangians or the actions
discarding all total derivative terms and admitting partial integration if necessary. For compactness

we introduce also shortened notations for divergences of the tensorial symmetry parameters

efbly)'” = Ve, 6?2) =V, Vae (14.5)
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where

1
\IJEEV) = —Fu, B+ Zgquponaa (14.11)

is the well known energy-momentum tensor for the electromagnetic field.

Thus we solved Noether’s equation

0 Lo(AL) + %L1 (A, h2) =0 (14.12)

o "y

in this approximation completely, defining a first order transformation and interaction
term at the same time. Finally note that the corrected Noether’s procedure spin two
transformation of the spin one field (14.7) can be written as a combination of the usual
reparametrization for the contravariant vector A,(x) (non invariant with respect to
(14.8)) and spin one gauge transformation with the special field dependent choice of

the parameter o(x) = e”(x)A,(z)
6LA, =e'F,, = —e"0,A, — 0,e" A, + 0, (e’ (x) A, (z)), (14.13)

A symmetry algebra of these transformations can be understood from the commutator

(67, 021 Ay () = 8. Ap() + Oy (€0 Fya(2)) (14.14)
[0, €] = P9, — PO, (14.15)

So we see that the algebra of transformations (14.13) close on the field dependent gauge
transformation (14.8) with parameter o(z) = e’n*F,\(z).
Now we turn to the first nontrivial case of the vector field interaction with a spin

four gauge field with the following zero order spin four gauge variation
SOpHPAT — 4HePA), 5Shpp”’ = 26?{‘). (14.16)

where we have a symmetric and traceless gauge parameter €*** to construct a gauge
variation for A,. In this case we first present final result and then explain details of

the derivation.
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The solution of the corresponding Noether’s equation

8L Lo(A,) + 2L (A, k) Y Yy =0, (14.17)

o Ppr s v p

after field redefinitions is the linearized Lagrangian for the coupling of the electromag-

netic field to the spin four and spin two fields

La(A,, R p@mas)y _ i R % L@ (2) (14.18)

pro Qv

where the current \Il,(f,,) is the same energy-momentum tensor (14.10) and

1 1
) s = Ol OpE), — §g(uua/\FaaaaF5)/\ a §g(uvaaFapaﬁ)F0p' (14.19)

pro

The whole action

Lo(A,) + Li(A,, WOrv pDiveby (14.20)

is invariant with respect to the spin one gauge transformations and the following higher

spin transformations

1
51Au = ep)‘aﬁp(‘?)\FW + §8PEMA08/\FW7 (14.21)
50h(4)uyaﬂ _ 4a(u€uaﬁ)7 58}1##6!5 — 26?@, (1422)
50h(2)/,w — 28(”61(/2)), 60h£2)ﬂ — 26(3). (1423)

Therefore we have to prove that like the previously investigated scalar—higher spin
coupling case [33], the interaction with the spin four gauge field leads to the additional
interaction with the lower even spin two field. To do that according to the previous

lesson we start from a spin one gauge invariant ansatz for the spin four transformation

of A, field
6LA, = 270,00 F . (14.24)
Thus we have now the following variation of £

1
F F™) = (3LA)0,F" = —0,(¢°7 0,00 F, ) ™. (14.25)

0. Lo = 561(—1
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After some algebra, again neglecting total derivatives and using the Bianchi identity

for £,
OuF) + 0,F\, + O\F,, =0, (14.26)
and taking into account the important relation

— e O, F, OrFy, = —OW O, F, Y O\ Fry, + 6(1 00" Fun0'F o

1 1
—ia”ePMaAF,,,,a“Fup 6(1 0OMF,,0" Fyp, (14.27)

we arrive at the following form of the variation convenient for our analysis

1 1
0Ly = =W, F, Or\Fyy, + *Ua” Fun0" Fuo + 7 €0 ONFuw0s
1
— (e )0, P — —e(l)G“F,Ma” Vo — —ap "A"&F LOMF,,
v o 1 v
+ 0%e) Fu,F, — e Fuw . (14.28)

Returning to the gauge variation of the spin four field (14.16) we notice that all terms
in the first line of (14.28) and the first two terms in the second line can be integrated
to the interaction terms. The last term in the second line is proportional to the free
field equations but is not integrable, so we can cancel this term only by changing the

initial variation of A, (14.24). The modified form of (14.24) is

6LA, = 270,00 F ., + %Gpeu,\gaAF”. (14.29)
Therefore
L, = 1h<4ﬂﬂ*”a F, O\F, 1h<4 N D Fy — SR, 8,
1 1 A 8 o pA vo = gt A Og
+ w;h; )P B )8, FH - ghg‘”waﬂFMaVFw
— %h(Q)“”FM(,FV"+éhf)pFWFW. (14.30)

But the two terms in the second line are proportional to the equation of motion for

the initial Lagrangian (14.1), hence they are not physical and can be removed by the
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following field redefinition

1 1
A, — A, — aA(§haaA”FW) - 5" 7" (14.31)

apoc

So we can drop the second line of (14.30).

Another novelty in (14.30) in comparison with the previous case is the third line
of (14.28). Comparing with (14.9) we see that we can integrate these two terms intro-
ducing an additional spin two field coupling and compensate the first and third line
introducing the linearized Lagrangian (14.18) for the coupling of the electromagnetic
field to the spin four and spin two fields with the set of higher spin field transformations
(14.21)-(14.23).

Therefore we proved that the interaction with the spin four gauge field leads to the

additional interaction with the lower even spin two field.
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15 Generalization to the 2-2-4 and 2-2-6 interac-
tions

In this section we turn to the spin two field as a lower spin field in the construction of
the higher spin gauge invariant interactions with spin 4 and spin 6 gauge potentials.
And again we want to keep manifest the lower spin two gauge invariance.

So proceeding similarly as in the previous section we start from the free spin two
Pauli-Fierz Lagrangian [17]

1 1
Lo(h)) = §auhg"ga“h<2>aﬂ —aah@)aﬁauhg?’“+auh§3>aaﬁh<2>ﬁ“—éauhgwaﬂh(;)ﬂ, (15.1)

and try to solve the following Noether’s equations, either

51 Lo(hZ) + 02L1 (2, hVP) = 0, (15.2)
or
51Lo(h2) + 00Ly (R, R p@maide) _ (15.3)

Again we present first the final result for the 2-2-4 gauge invariant interaction

9) p(4) y_ 1 (4)aBuv g, (4) (2)
El(hEu/)7 haﬂuu) - Zh . \II(F)aﬁMV(h,LLI/)
1 1
= P T 5T, = GhE T L T, (15.4)
with the following gauge transformations
5ehfl2y) =0, Uroyw — @,QU(MFV’;’)‘”, (15.5)
5Sh(4)”pk’ = 49WePr), 58h£,4)’“” = 26?1). (15.6)

The final result for the 2-2-6 case correspondingly looks like

1 1
El(h(Q), AW, h(ﬁ)) _ _gh(fi)aﬁuw\qugg))aﬁw/\p + Zh(ll)aﬂwqjgi))aﬁw

1 1
- _ éh(6)a6,u1/)\paa1—wﬁ‘u’ Gé&vr)\p,cﬁ + 6héﬁ)auu)\pauruﬁ,mga)\Fpn’oé

1 1 1
Fph T, 0o s+ D Do o, 07 = SREIMT LT, 0 (15.7)
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This formula together with the corrected gauge transformation

4 1
SIhE) = €9,0,0,T s 0 — gapeaw*vaka(,rﬁw + gaﬂa%aﬁﬂ””agrpw, (15.8)

5gh(6)waﬂ0p - 63(u€va60p)(9§)7 5ghL6)uaﬂop — 26?15)0/)' (15.9)
O0RmRAT = 4l ORI = 9eds (15.10)

solves completely Noether’s equation (15.3).
s, here is the spin two gauge invariant symmetrized linearized Riemann curva-

ture

1
Faﬁ,ﬂl/ - E(Rau,ﬁu + Rﬁ,u,au); (1511)

Loy = 0, (15.12)

introduced by de Witt and Freedman for higher spin gauge fields together with the
higher spin generalization of the Christoffel symbols [16]. This symmetrized curvature
is more convenient for the construction of an interaction with symmetric tensors. The
corresponding Ricci tensor (Fronsdal operator for higher spin generalization) and scalar

can be defined in the usual manner using traces

Fuw =T, = OhZ) — 20,0°hy, + 0,0,h{D°, (15.13)
F = F! =2(0n2" — 9,0,hPH). (15.14)

In terms of these objects the Bianchi identities can be written as

N o = 9Ll yras + Ol B)r s (15.15)

OnFap = 0T jxap + OaFpr, (15.16)
1

P Fay = 3On e (15.17)

So to prove (15.4)-(15.6) we introduce the following starting ansatz for the spin four

transformation of the spin two field

S = e 9,T s s (15.18)

e'uv
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Then a variation of (15.1) with respect to (15.4) is

5£ 14 1 v a
5L Lo(h(2) = 5—(20)5§h,(,,23 = —(F" = 54" F)eP 0,0 ng 0 (15.19)
ny

To integrate it and solve the equation (15.2) we submit to the following strategy:

1) First we perform a partial integration and use the Bianchi identity (15.16) to lift
the variation to a curvature square term.

2) Then we make a partial integration again and rearrange indices using (15.12)
and (15.15) to extract an integrable part.

3) Symmetrizing expressions in this way we classify terms as
e integrable

e integrable and subjected to field redefinition (proportional to the free field equa-

tion of motion)

e non integrable but reducible by deformation of the initial ansatz for the gauge

transformation (again proportional to the free field equation of motion)

Then if no other terms remain we can construct our interaction together with the
corrected first order transformation. Following this strategy after some fight with

formulas we win the battle obtaining the following expression

« v (4) (4)
0LLo(hE)) = —ole )(‘P(r)aﬁ,w — VP s
0Ly 0Ly
T ap—or + 07" Tap —0r, (15.20)
CORS 55}‘&2,5)’ Bo.u 5]1&2@)
where
g —p T 2 sl 7T 15.21
MyaBpr — ~ (aBb, uv),po gg(aﬁ m V)p,o ) ( 5. )
(4) - 0Ly 5L
\I/(]-')ocﬁuy = f(a,@fuu) - g(aﬁfufy)o = _Wflw) + g(aﬁéh(—mﬂfy)g, (15.22)
0Ly 1
Sh@aB — Yo + ggaﬁ}—- (15.23)
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So we see immediately that in (15.20) only the last term of the second line is not
integrable but proportional to the equation of motion and can be dropped by the
correction (15.5) to the initial gauge transformation (15.18). Other terms of (15.20)
can be integrated to

4 1 aBuv 4 4 1 apy 5'60
ﬁl(h/(i)’ hgéﬂ)lll’) — —p@aBp (q,( ) (h(Q)) _ qjgf))aﬂw) + 5%4) MT o Eh

af
(15.24)

On the other hand taking into account (15.22) and (15.23) we can compensate \I/§4f))

and the last term in (15.24) by the following field redefinition

1 1
_ _h(4)04)\f.'a)\ 4=

4)aro
h ) F)\a,;uz 4! 4

1
2 2) (4)aX
h® — p?) - s W% Fo (15.25)

Thus after field redefinition we arrive at the 2-2-4 gauge invariant interaction (15.4)
with the gauge transformations (15.5), (15.6).

Now in possession of knowledge about the 2-2-4 interaction we start to construct
the most nontrivial interaction in this article between spin 2 and spin 6 gauge fields
(15.7)-(15.10). We would like to check the appearance of the 2-2-4 coupling during the
construction of 2-2-6 which we expect from the analogy with the scalar case considered
in [47, 33] and the 1-1-4 case considered in the previous section.

To proceed we have to solve the following initial Noether’s equation

0LLo(hE)) +62L, (K2, h%), ) =0, (15.26)

pr o YaBApod
with a starting ansatz for the spin 6 first order gauge transformation for the spin 2

field:

51h(2) (Q?) = EQ'BP/\J(x)@aaﬁapr)\g,;w(x)a (1527>

e'uy

and the standard zero order gauge transformation for the spin 6 gauge field

o0pOmvador — goluerabor) (y) (15.28)
O RDHPP — 267077 (15.29)
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First of all we have to transform the variation
1
0LLy(h2)) = —(F™ — §gw]-“)eaﬁp*aaaaﬁapmw, (15.30)

into a form convenient for integration. Following the same strategy as before in the
2-2-4 case, using many times partial integration and Bianchi identities (15.12), (15.15)-

(15.17), we obtain after tedious but straightforward calculations

1 (2)_(5VA)() (aﬂ/w (4)
0 Lo(hyy) = O W R g, — O Y (Do
4 0Ly 0Ly
+—6”ea””A”8A60.F vy —8’)8Aea “””&I MNur oy
3 Bp,p 5h(o¢2/5)> 3 ] P 5h((12,2z
oL
—RU(T, Fo6)—, (15.31)
5hi2
where
(6) _ od K,00
\IJ(F)a,B,uV)\p a(arﬁu, aVF/\P)va"S - g(aﬁaﬂ]‘_‘v a)\rp)“:ms
1
__g(aﬁanruy7aéaar)\p),n6a (1532)
@ o 2 oA
Y yag = Viag, "Tiwoo = §g(aﬁrup s (15.33)

and RLY.(T, F,e) MO) are remaining integrable terms proportional to the equation of
motion. Indeed the symmetric tensor R, (I, F) is expressed through the only inte-

grable combinations of derivatives of the gauge parameter

]- « v
R™(I, F,e) = gﬁ)ma 05" = 50 ety " 0uT J,ﬁﬁ@x [0 c5) ), Fiss]
- 35’A 0] + éea%a OpF + 0\ ey Fug + 3aa )" OFas
5 o v 1 afuv appuv 1 « v
38)\[A/3M0F}+6D (1/5)’11 faﬂ 8)\ (1[’)3/1 aAfaﬁ (M]:)

(15.34)

The second line in (15.31) is not integrable and therefore can be cancelled by the

following deformation of the initial ansatz for the transformation (15.27)

4 1
SThE) = e9,0,0, 05 — 507€" X 0\0e L gy + 5070 € 0T o - (15.35)
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Then substituting into (15.34) 9*e*#) with Lp(6Asomw 8(%%”) with 2p@eBur,
and correspondingly 26(16)“ Y and 2e< 5) with their traces, we can integrate the first and

third line of (15.31) to

1

@) @ pO)) = _ = p©O)asmrog©) (s gy (1)
Li(h= B0, R7) = =R g + h V) asu
oL
+ Ry (D, F, 0 h®) = (15.36)
hﬂ]j
where
1
REZ(D, F, hO h0) = S0, 05T ——a*h@mﬁﬁ(“a " 5+0A[ pOeBomv g ]—",35]

——aA (WO, F] + th)ﬂaﬁwaaaﬁf + Zh<4>aﬁﬂ”faﬁ + aaahg’wwa@ﬁ

5 « v 1 O uy 1 o uy 1 e v
_6(% [hpﬁ PA ﬂ(uaa]:ﬁ)} + Eﬂhéﬁ)p Bu Fup — Ea/\hE)G)p Bu a)\]:aﬁ _ Zhg4)p (H}—a)'
(15.37)
Now we define a field redefinition for h(2*#
Py p@w _ i F O p®), (15.38)

using which we can drop the last term in (15.36).

Thus we arrive at the promised result that the 2-2-6 interaction automatically
includes also the 2-2-4 interaction constructed above, and the corresponding trilin-
ear interaction Lagrangian is (15.7). This formula together with the corrected gauge
transformations (15.8)-(15.10) solves completely Noether’s equation (15.3).

Finally note that these interactions should reproduce the flat space limit of the
Fradkin-Vasiliev type nonlinear interactions [2| constructed in an AdS background.
For some other vertices i.e. 2-s-s and 1-s-s with additional nonabelian symmetry such
construction and connection with Fradkin-Vasiliev formalism can be found in [7], where

authors used BRST-cohomological approach.
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16 2s-s-s interaction Lagrangian

The most elegant and convenient way of handling symmetric tensors such as h,(fl)m__ s (2)
is by contracting it with the s’th tensorial power of a vector a* of the tangential space

at the base point z [12]-[15]

S

W) = ST @A ) (16.)

In this way we obtain a homogeneous polynomial in the vector a* of degree s. In this

formalism the symmetrized gradient, trace and divergence are®

Grad : h®)(z;a) = Gradh®*V(z;a) = (aV)h'¥(z;a), (16.2)
1
Tr: h¥(z;a) = Trht 2 (z;a) = ————0,h"9(2; a), (16.3)
s(s—1)
1
Div : h®)(z;a) = Divh®* Y (z;a) = =(VI.)h) (2 a). (16.4)
S
The gauge variation of a spin s field is
5h) (z;a) = s(aV)e® VD (z;a), (16.5)
with traceless gauge parameter
Oae® V(2;a) = 0, (16.6)
for the double traceless gauge field
02h)(z;a) = 0. (16.7)

We will use the deWit-Freedman curvature and Cristoffel symbols [16]. We contract

them with the degree s tensorial power of one tangential vector a* in the first set of s

6To distinguish easily between "a” and ”z” spaces we introduce for space-time derivatives aiu the

notation V,, and as before we will admit integration everywhere where it is necessary (we work with
a Lagrangian as with an action) and therefore we will neglect all space-time total derivatives when

making a partial integration
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indices and with a similar tensorial power of another tangential vector 0" in its second

set. The deWit-Freedman curvature and n-th Cristoffel symbol are then written as

F(S)(z; b,a) : F(S)(z; b, \a) = F(S)(z; Ab,a) = )\SF(S)(z; b,a), (16.8)
T (z5ba):  T0)(2b,Aa) = XT1) (2 b, a), (16.9)

T (25 Ab, @) = AT (25, a), (16.10)
T (2:b,a) = T (23 b, ). (16.11)

Next we introduce the notation x*,,*; for a contraction in the symmetric spaces of

indices a or b

(16.12)

All required manipulations in the framework of this formalism are discussed in the
Appendix of this paper. Here we will only present Fronsdal’s Lagrangian in terms of

these conventions:

Lo(h®)(a)) = —%h(s)(a) va F(a) + 0,0 (a) #g O, FD(a).  (16.13)

8s(s — 1)

where F*)(z;a) is so called Fronsdal tensor
1
FO(z;a) = Oh9(z;a) — (aV) (VI (z;a) + §(aV)2Dah(5)(z; a) (16.14)

To obtain the equation of motion we vary (16.13) and obtain

2

5Lo(h9(a)) = —(F©(a) — %Da]:(s)(a)) £ 0L (a). (16.15)

Zero order gauge invariance can be checked easily by substitution of (16.5) into this
variation and use of the duality relation (C.5) and identity (C.29) taking into account
tracelessness of the gauge parameter (16.6). Now we turn to the generalization of
Noether’s procedure of the 2-2-4 case to the general s-s-2s interaction construction.

Noether’s equation in this case looks like

SwLo(h® (@) + 6L1(h (a), A (b)) = 0. (16.16)
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And we would like to show that the solution of the latter is (with generalized Bell-

Robinson current [1])

L1(h¥)(a), ) (b)) = —215h(25)(z; b) 4 U (2:), (16.17)
b2

(2s) .1\ _ 1(s) (s) Y ab1(s) (s)

U (2:0) = T (b, a) , T (b, a) Q(S“)aur (b, @) %, T (b,a). (16.18)

To prove this we must propose a first order variation of the spin s field with respect
to a spin 2s gauge transformation. Remembering that Fronsdal’s higher spin gauge
potential is double traceless, we must make sure that the same holds for the variation.

Expanding the general variation in powers of a?
0h)(a) = SR (a) + a*6h "2 (a) + (a)?6h" D (a) + .., (16.19)

we see that the double tracelessness condition O25h(*)(a) = 0 expresses the third and
higher terms of the expansion (16.19) through the first two free parameters 5h§i))(a)
and h*=?(a)”. From the other hand Fronsdal’s tensor is double traceless by definition
and therefore all these O(a?) terms are unimportant because they do not contribute
to (16.15). This leaves us freedom in the choice of §h(*=?)(a). Substituting (16.19) in

(16.15) we discover that the following choice of 6h*=2)(a)

1
(s—2) _ (s)
R (a) = 3D 125-2) Oadhyy(a), (16.20)

reduces our variation (16.15) to

dayLo(h)(a)) = —F)(a) #, 6h{})(a). (16.21)

"For completeness we present here the solution for §h(5=%) (a) following from the double tracelessness

condition

1 s -
6h(5_4)(a) _ _8a1a2 [Dﬁ(shglg (a) + 410,60 2)(a) ,

ar=D+2s—(4+2k), ke{1,2}.
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Then we propose the following spin 2s transformation of the spin s potential

oh) (a) = U(b, a,2,5)e* 7} (2:0) # T (210, ), (16.22)
where
Ub,a,2,s) = (i__l):)! g [(vab) — %Ab(vaa)] , (16.23)
is operator dual to
(bV) — %(aV)Ba]u(b, 0,3,5) = f[[(bV) _ %(aV)Ba], (16.24)

k=2
with respect to the %,; contraction product. Taking into account (C.22) and Bianchi
identities (C.28) we get

1

Sy Lo(hD(a)) = €71 (z;b) %, T (2; b, a) %, [(bV) 2(aV)Ba]Z/{(b, a,3,5)F(z;a)

1
s(s—1)

1
— 62871(2; b) o F(S)(Z; b7 a) *q —(V@b)F(S)(z; b, CL)
S

_ 623—1(2; b) F(S)(Z; b,a) *, [(bV) ((JJV)Ba]DbF(S)<Z§ b,a)

1
2

1
= —(bV)e* (D) %, T (b, a) %o T (b, a) — 7 1(b) 5, VT (b, a) *, ga;jﬂs)(b, a).

Then using a secondary Bianchi identity (C.27) and a primary one (C.6) one can show

that

1
—e271(D) %, V. I)(b, a) %, ~OFT (b, a)
S

1 B . .
—= 28(8 + 1)(25 — 1) (Vab)€28 1(b) *b azr( )(b) a) *a 8{:F( )(b’ a)' (1626)

Putting all together we see that the integrated first order interaction Lagrangian (16.17)
supplemented with transformation (16.22) for h*®)(a) and the standard zero order trans-

formations for h(?%)(a)
603 (2;) = 25(bV)e®* =V (2: 1), (16.27)
600uh ) (2;b) = 45(V0y) e~V (2;b), (16.28)
completely solves Noether’s equation (16.16). Note that here just as in the 2-2-4 case

we did not obtain an interaction with lower spins because all derivatives included in

the ansatz were used for the lifting to the second curvature.
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Appendix A

The Euclidian AdSy.; metric

1
ds® = g, (2)d2"dz" = W(Su,,dz“dz” (A1)

can be realized as an induced metric for the hypersphere defined by the following

embedding procedure in d + 2 dimensional Minkowski space

d
XAXPnap = -X2 + X5+ ) X7 = -1, (A.2)
=1
11 2+370, 22
X — | = 4 20 " £ui=1" A
1(2) =5 (ZO + - ) (A.3)
11 2+3% 2
Xo(z) =5 | — - —==+= A4
o(2) = 3 (ZO - : (A.4)
Xi(z) = 2. (A.5)
<0

Using these embedding rules we can identify the variable ((z,w) as an SO(1,d + 1)

invariant scalar product

XY (whnan =

22011)0

(22011)0 + Z(z — w)i) =(=u+1, (A.6)

and therefore can be realized by cosh of a hyperbolic angle. Indeed we can introduce

another embedding

X_1(n,w,) = coshmn, (A.7)
d
X,(n,w,) =sinhnw, Zwi =1, (A.8)
n=0
ds* = dn* + sinh® n dQ. (A.9)

In these coordinates the chordal distance u between an arbitrary point X4 (n,,) and

the pole of the hypersphere Y4(n = 0,w,) is simply
¢ =—X*Y®Bn,p = coshn. (A.10)
Therefore the invariant measure is expressed as

VIdndQly = (sinhn)dndQy = [u(u + 2)]7 dudQy,. (A.11)
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So we see that the integration measure for d =3 (D = d+ 1 = 4) will cancel one order

n

of u™™ in short distance singularities and we have to count the singularities starting

from u 2

which is "logarithmically divergent” in standard QFT terminology.
In this manuscript we use the following rules and relations for u(z, z’), I14, I2. and

the bitensorial basis {I;}7_,

Ou=(d+1)(u+1), V,0u=guu+l), ¢"oudu=ulu+2), (A.12)

0,0, uNV*u = (u+1)0,u, 0,0,uNV"0u = gy + Opud, u, (A.13)
V0,0, uNV"u = 0,ud,u, V,0,0,u= g0, u, (A.14)
0 0 0 0
%Im%]m = U(U + 2), %Ila—a“]la = (U —+ 1)]28, (A15>
0 0 0 0
%Ila—aull = C; + 1220, %Ila—aujg = (u + 1)]2207 Da]4 = 2(d + 1)03, (A16>
0 0
S 20_%]2 =wu(u+2)I2, Ouls=2(d+ 1)I2 + 2cu(u + 2), (A.17)
0 0
V“%Il = (d+1)Iy, V“%IQ =(d+2)(u+ 1)y, ViLOu = Iy, (A.18)
VH%13 = 4[1[20 -+ 2<d —+ 2)(’11, -+ 1)C§Ila, V“IQ@MU = 2<U, -+ 1)[2, (A19>
a
0 0 0
ﬁflauu = (U + 1)[20, a—a“IQ@Mu = U(U + 2)[20, ﬁllvull = [1120, (AQO)
0 0
— LV, =L ((u+ D)+ L) + 31, = LV, 1) = LI, (A.21)
Oay, day,
0
5y 2Vl = 2w+ 1) Iods, V*LV,I, =ail3,, OIL =1, (A.22)
I
VALV I = LI +ai(u+ )15, OL=(d+2)+2(u+ 1), (A.23)
VALY Iy =I5 +2(u+ 1)Ly + al 13 (u+ 1) + 313, (A.24)
a'V, e =d*(u+1), a'V,lh=1, daV,I =adl,, (A.25)
CL'MVHIQ = CL2<U + 1)[26 + [la[b . (A26>
Using these relations we can derive (F} := 2 F(u))
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e Divergence map

vg‘%qﬂm = LV DivF] + O(c3), (A.27)
(DiveF), = (0 = k)(u+ 1)F, + (k + Du(u + 2)F} 4

+l—k)(l+d+R)Fe+(k+1)({l+d+k+1)(u+1)Fr. (A.28)

e Trace map
O,V [F] = I2.U72[Tr F] + O(c2), (A.29)
(TriF)y=(l—-k)(l—k—=1)F,+2(k+1)({ —k—1)(u+1)Fps

+(k+2)(k+ Du(u + 2) Fyo. (A.30)

e Laplacian map
O, UY[F] = U [Lap,F] + O(a?, c3), (A.31)
(LapeF), = u(u+ 2)Fy + (d+ 1+ 4k)(u + 1) F, + [€ + k(d + 20 — k)] F},
+2(u+1)(k+ 1) Fpq +2(0 — k+ 1) F_, (A.32)

OF(u) = u(u+2)F} 4+ (d+ 1)(u+ 1)F. (A.33)
e Gradient map

(a- V) WIF] = 1,V [Grad,F] + O(a?), (A.34)

At the end we present all important commutation relations working in the space of

symmetric rank n tensors

[(VO,), O] f™ (2, a) = [2(aV)T, — (d + 2n — 2)(V3,)] f™ (2, a); (A.36)

[(V8a), (aV)If " (2, a) = Of " (2,0) + Vi, (aV)]04 f™) (2, a); (A.37)
[V, (aV)]0E ™ (2,a) = [a’T, — n(d +n —1)] f7(z,a); (A.38)
O, (aV)] £ (2, a) = [2a%(V8,) — (d + 2n)(aV)] f™) (2, a); (A.39)
O, [a®f™(2,0)] = 2(d + 2n + 1) f™(2,a) + *T, £ (2, a). (A.40)
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Appendix B

Here we prove the relations (13.14)-(13.17). The more transparent way of working with

the boundary-to-bulk propagator for higher spins is to introduce two additional objects

¢°(z) = : (B.1)

—~

bz 2) = (B.2)

satisfying the following relations

0,00 = T o,z - M0 (83)
0(E) = (A~ 1)¢e), DY) =0 (B4
VD 2) = 2 )] a0, ()a D@ 2), (85)
VA ()0,6(:) = (@, TR0 ) = 0 5.6
VIO )u(E D) = (o) < 65>, 57

0=V, W+ {fé,?)} — g, {:Ls?g))} (B.8)

1
V.0, = g"" (8“53 — qu) O, Ffw =% (535“1, — 6261,0 — 53(5#0) . (B.9)

Then using (B.1)-(B.3) we can rewrite the AdS/CFT bulk-to-boundary propagator

(13.9) in the following complete form

[£/2]

., _ —{ NV
Chsyerr(@.dz) = (@)Y g (e
L 92k (L0,
x [< &> (a"a,(6°(2))? — [a*9,¢°(2)]%)]". (B.10)
After that the proof of the condition
AN 72) =0 B.11
Dar AdS/CFT<a7 G z) = (B.11)

reduces to the differentiation of the right hand side of with the covariant Leibniz rules

and use of the relations (B.4)-(B.6).
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For taking the divergence on the boundary side of (13.9) or (B.10) we need the

following identities for ¥(¢, z) and ¢°(2)

Fe) = gl = . )0 = o~ (B.12)
9 902) = 20%2)i=), a0, d(z) = a0, 2 1 4g0(2)a"0,8°(2), (B.13)
0z ’ koz "(z,2) H ’ )
zﬁw@yw@m@:ﬁwuwwaw@ywm)wa@Z> (B.14)
WO 2) - D) = 20°(2) D (D€ 2)

~2(2 %) ([6°(2)Paay, — [a"0,6°(2)]2) (B.15)

Then performing boundary differentiation of (B.10) and using (B.12)-(B.15) we obtain

Jg 0 . _ H -
e %G%QS/CFT(CL, &z)=a"V,AV(a,cz) +0(<ée>), (B.16)

ap—1)(0+d—1)—2(0—1)

2

A (a, 8 2) = 2 P 00@E ). (B.AT)

At the end of this Appendix we present two useful hypergeometric identities we
learned from the book of H. Bateman and A. Erdelyi “Higher transcendental functions”

V.1, McGraw-Hill Book company Inc. 1953.

AN a a+1 1 2\’
QFl(a,b,Qb;z) = (1—§> 2F1 <§,T,b+§, <2—Z> ) s (BlS)

oFi(a,b,c;2) = ?EZ;EEZC) : Z; (—2) % Fi(a,1—c+a,1—-b+q; Z—l)
+ EEZ;?Ei - Zi (—2) " Fi(a,1—c+b1—a+b;z"). (B.19)

Appendix C

To manipulate reshuffling of different sets of indices we employ two differentials with

respect to a and b, e.g.



Then we see that operators Ay, a?, b* are dual (or adjoint) to B,, d,, O, with respect

to the "star” product of tensors with two sets of symmetrized indices (16.12)

1 1
ﬁAbf(m’l’”)(a, b) *ap g(m’”’l)(a, b) = f(mfl’")(a, b) *ap EBag(m’”’l)(a, b), (C.3)
1
@S @) g @) = FO0) sy s Bag ™ )

(C.4)

In the same fashion gradients and divergences are dual with respect to the full scalar

product in the space (z,a,b)

1
(aV)f(mfl’”)(z; a,b) *qp g(m’")(z; a,b) = —f(mfl’")(z; a,b) *qp —(V@a)g(m’”)(z; a,b).
m

(C.5)

Analogous equations can be formulated for the operators b? or bV.

Now one can prove that [16, 15]:
AT (2;a,b) = B,T® (2;a,b) = 0. (C.6)

These ”primary Bianchi identities” are manifestations of the hidden antisymmetry.

The n-th deWit-Freedman-Cristoffel symbol is

M (sba) =T bata
]' S
=[(bV) - 5<av)Ba]an)_1)(23 b, a), (C.7)
or in another way
s - 1 .
() (z:b,a) = ([ 16V) - E(aV)Ba])h( )(2:a). (C.8)
k=1
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Using the following commutation relations

[Ba, (aV)] = (bV), (C.9)
[BY, (aV)] = kB (bV), (C.10)
[Ba, (aV)*] = k(bV)(aV)*, (C.11)
0,(bV)" = i(i — 1)(bV)" 0, (C.12)
o(bV) o) BL = ij(bV)" ' BIT (V.), (C.13)
0,B] = j(j — 1)B.*0,, (C.14)

and mathematical induction we can prove that

n 1 k
reib.) = Y0 S 0wy A v B (20, (C.15)
k=0 ’

The gauge variation of the n-th Cristoffel symbol is

(=1)" (aV)"HBge(sfl)(Z;a)? (C.16)

n!

5I’Es) (2;0,a) =

n)

putting here n = s we obtain gauge invariance for the curvature

5FE§;(Z; b,a) = 0. (C.17)

Tracelessness of the gauge parameter (16.6) implies that b-traces of all Cristoffel sym-

bols are gauge invariant

—1)"
Db5rgi))(2;b7 a) = (7(1 _)2)!(CLV)”HBSQDCL6(SI)(Z; a) = 0. (C.18)

Thus for the second order gauge invariant field equation we can use the trace of the

second Cristoffel symbol, the so called Fronsdal tensor:

1 s
FO(za) = §DbFE2§(2;b,a)

= 0h9(z;a) — (aV)(VIa) W (2;a) + %(QV)QDah(S)(z; a). (C.19)
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Using equation (C.15) for Cristoffel symbols and after long calculations we obtain the

following expression

~

o,

n

(2:,a)

[\
~

n—

(_klv)k (n—k)(n—k—1)0V)"*2(aV)* BEFP (z;a).  (C.20)

o

=0
We have expressed the b-trace of any FEZ)) through the Fronsdal tensor or the b-trace
of the second Cristoffel symbol, but this is not the whole story. Using mathematical

induction and (C.9)-(C.14) again we can show that

5 (—k}')k (n—k)(n—k—=1)(0V)" " 2aV)" By F¥ (2 a)
= n(n = D([I69) - 1 @V)B)FO (=10, (C.21)

k=3

In particular for the trace of the curvature we can write
0,0 (2;b,a) = s(s — D)U(a, b, 3, 5)F (2;a), (C.22)

where we introduced an operator mapping the Fronsdal tensor on the trace of the

curvature
S

Ula,b,3,5) = [[1(67) - %(aV)Ba]. (C.23)

k=3

Now let us consider this curvature in more detail. First we have the symmetry under
exchange of a and b

&) (z;a,b) = T®(2;b, a). (C.24)
Therefore the operation ”a-trace” can be defined by (C.22) with exchange of a and b at

the end. The mixed trace of the curvature can be expressed through the a or b traces

using ”primary Bianchi identities” (C.6)
(5) 1 (5) 1 (5)
(0u0p)T" (2;b,a) = —§BanF (z;b,a) = —§AbDaF (z;0,a). (C.25)

The next interesting properties of the higher spin curvature and corresponding

Ricci tensors are so called generalized secondary or differential Bianchi identities. We
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can formulate these identities in our notation in the following compressed form (]...]

denotes antisymmetrization )

0o 0

BN vAN N O —0. .2
(?a[“(?b”v)‘] (z;a,0) =0 (C.26)

This relation can be checked directly from representation (C.15). Then contracting

with a* and b” we get a symmetrized form of (C.26)
sV, (2;a,b) = (aV)@ZF(S)(z; a,b) + (bV)@ZF(S)(z; a,b). (C.27)

Now we can contract (C.27) with a 9} and using (C.25) obtain a connection between

the divergence and the trace of the curvature
(s —1)(VO)I'(2;a,b) = [(bV) — %(aV)Ba]DbF(S)(z; a,b). (C.28)
These two identities with a similar identity for the Fronsdal tensor
(VO,)F9(z;a) = %(aV)DGF(S)(z; a), (C.29)

play an important role for the construction of the interaction Lagrangian.
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