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     winamdebare monografia eZRvneba feinmanis funqcionaluri (kontinualuri) 
integralis formalizms. feinmanis funqcionaluri integrali anu rogorc 
xSirad uwodeben mas, wirebze integrali, Tanamedrove fizikaSi erT-erTi 
umniSvnelovanesi kategoriaa. misi saSualebiT Caketili formiT iwereba 
sxvadasxva korelaciuri da grinis funqciebi. mas farTod gamoiyeneben kvantur 
meqanikaSi, statistikur fizikaSi, kondensirebuli garemos fizikaSi, 
gansakuTrebuli gamoyeneba meTodma hpova elementarul nawilakTa fizikasa da 
velis kvantur TeoriaSi. dReisaTvis es formalizmi aris erTaderTi 
adekvaturi maTematikuri aparati, romlis meSveobiTac xdeba yalibruli 
velebis dakvantva. gansakuTrebiT es exeba e.w. araabelur yalibrul Teoriebs 
da gravitacias.  
   unda iTqvas, rom am wignis gamocema qarTul enaze pirveli cdaa da 
safuZvlad udevs avtoris mier wakiTxuli mravalwliani saleqcio kursebi 
ivane javaxiSvilis saxelobis Tbilisis saxelmwifo universitetis fizikis 
fakultetis magistraturaSi, am meTodis daufleba ubralod aucilebeblia 
Tanamedrove Teoriul fizikaSi momuSave yvela mecnierisaTvis. 
    wigni gankuTvnilia pirvel rigSi fizikis fakultetebis magistraturis 
studentebisaTvis, agreTve doqtorantebisaTvis, romlebic euflebian 
Tanamedrove fundamenturi fizikis Teoriul safuZvlebs. amave dros wigni 
sasargeblo samsaxurs gauwevs zemoTCamoTlil dargebSi momuSave yvela 
mecniersa Tu pedagogs, daexmareba samecniero da saswavlo procesis maRal 
doneze warmarTvaSi. 
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Sesavali 

 

 
 
     kvanturi meqanikis elementarul kursebSi aRwerilia, Tu rogor 
gamoiTvleba sistemis yofaqceva Sredingeris gantolebiT. es aris meore 
rigis diferencialuri gantoleba, romlis amoxsnebi SeiZleba moiZebnos 
saTanado sasazRvro pirobebis gamoyenebiT. magaliTad, Sredingeris 
gantoleba r/1  potencialiT aRwers eleqtronis moZraobas kulonur 
velSi (mag., birTvis). Tu avarCevT sasazRvro pirobebs ise, rom talRuri 
funqcia usasrulobaSi nulisken ecemodes ufro swrafad, vidre r/1 , 
maSin vipoviT wyalbadis atomis bmuli mdgomareobebis saTanado 
amoxsnebs. Tuki sasazRvro pirobebs ise avarCevT, rom talRuri funqcia 
Sor manZilebze ecemodes rogorc r/1 , miviRebT gafantvis amocanis 
Sesabamis amoxsnebs, rac diferencialuri ganivkveTisaTvis  mogvcems 
kargad cnobil rezerfordis formulas.  
    kvantur meqanikaSi funqcionaluri integraliT formulireba sxva 
araferia, Tu ara Sredingeris gantolebis amoxsna. es midgoma savsebiT 
ekvivalenturia tradiciuli Sredingeris midgomisa. amave dros 
davrwmundebiT, rom es midgoma garkveuli SinaarsiT ufro zogadia, 
vidre tradiciuli kvanturi meqanika. amitom aris, rom funqcionaluri 
integrali farTod gamoiyeneba fizikis sxvadasxva sferoSi. 
   yvelaze farTo gamoyeneba meTodma hpova velis kvantur TeoriaSi, 
gansakuTrebiT yalibruli velebis dakvantvis urTules sakiTxebSi. 
feinmanis integrali wirebze (an traeqtoriebze) warmoadgens kvanturi 
meqanikis alternatiul formulirebas talRuri (Sredingeris) meqanikis 
da matriculi (haizenbergis) meqanikis gverdiT.  
   meTodis formulirebasa da ganviTarebaSi ZiriTadi damsaxureba 
miuZRvis me-20 saukunis erT-erT wamyvan fizikos-Teoretikoss, riCard 
fainmans (Richard P.Feynman). ai, ras wers amis Taobaze misi erT-erTi 
maswavlebeli da kvanturi eleqtrodinamikis fuZemdebelTa Soris erT-
erTi mniSvnelovani figura frimen jon daisoni: 
“am ocdaaTiode wlis win dik feinmani momiyva kvanturi meqanikis 
Taviseuli variantis Sesaxeb, romelic emyareboda istoriebis mixedviT 
ajamvas. “eleqtroni akeTebs yvelafers, rac ki moesurveba,_meubneba 
igi._is moZraobs nebismieri mimarTulebiT, nebismieri siCqariT win an 
ukan droSi, rogorc mas unda. Sen ki jamav saTanado amplitudebs, da es 
gaZlevs talRur funqcias”. me mas vuTxari: “Sen SeSlili xar-meTqi”. 
magram is ar iyo SeSlili. 
     am mcireodeni Sesavlis Semdeg gadavideT fenmanis formulirebaze, 
winaswar davurToT ra daisonTan (profesorTan) diskusiis SesaZlo 
scenari. 
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_   kvanturi meqanikis formulireba wiriT integralebze 
/feinmanis integrali wirebze/ 

 

    warmovidginoT,rom profesori uxsnis studentebs ori xvrelis 
kargad cnobil eqsperiments. S  wyarodan sawyis  0t  momentSi 

gamosxivebuli nawilaki gadis erT-erT xvrelTaganSi, 1A  an 2A , 

romlebic gakeTebulia tixarSi da aRiricxeba Tt   momentSi deteqtoris 
mier, romelic moTavsebulia O  wertilSi. (nax.1) 
 

 
 
                                           naxazi 1 
 
   kvanturi meqanikis fundamenturi postulatis Tanaxmad nawilakis 
aRricxvis albaTobis amplituda tolia im amplitudebis jamisa, rom 

nawilaki O  wertilSi moxvdeba 1A  xvrelis gavlis Sedegad  S  wyarodan 

gavrcelebis Semdeg da moxvdeba imave wertilSi 2A  xvrelis gavliT.  
    warmovidginoT agreTve, rom auditoriaSi zis Wkviani studenti, 
vTqvaT, feinmani, romelic svams aseT kiTxvas: “ki, magram, profesoro, ra 
moxdeba Tu gavukeTebT mesame xvrelsac?” profesori pasuxobs: naTelia, 
rom deteqtirebis amplituda axla iqneba jami ukve sami amplitudisa – 
wina ors unda davumatoT me-3 xvreliT gavlis Sedegad  
O  wertilSi moxvedris amplituda.  
   Pprofesori ukve mzadaa gaagrZelos Txroba, magram feinmani kvlav 
awyvetinebs: “Tuki axla gavukeTebT meoTxe da mexuTe xvrelebs?”. 
profesori pasuxobs, “keTili axalgazrdav, vfiqrob TqvenTvis da mTeli 
klasisTvis naTeli unda iyos, rom Cven unda avjamoT yvela xvrelebis 
mixedviT”.  
     CvenTvis naTelia, rom profesori marTals ambobs. Tu S  wyarodan 

iA -ur xvrelSi gavliT OwertilSi moxvedris amplitudebs aRvniSnavT  

ase :   OASA i  , maSin imis amplituda, rom nawilaks davafiqsirebT 

O  wertilSi, moicema Semdegnairad 
 

                      
i

i OASAOA                                           

(1) 
  magram feinmani ar cxreba, “ra moxdeba, Tu davdgamT kidev erT tixars, 
romelSic ramdenime xvrelic iqneba?” (nax.2).  
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naxazi 2 
 
 
 
 
 

                                       
 

Nnaxazi 2 
 

profesori: “gana ver xvdebi, rom unda aiRo S  wyarodan iA  xvrelis 

gavliT pirvel tixarSi gasvlis amplituda, Semdeg me-2 tixaris jB  

xvrelSi gasvlis amplituda, Semdeg O  deteqtoramde misvlis amplituda 
da ajamo yvela i  da j -is mixedviT?” 
   feinmani agrZelebs kiTxvebs: “ra moxdeba, Tu davayeneb me-3 tixars? ra 
moxdeba, Tu TiToeul tixarSi gavukeTeb usasrulo raodenobis 
naxvretebs, anu faqtiurad tixari aRar meqneba?” profesori amSvidebs, 
“modiT erTad vimsjeloT”.  
   Cven vxedavT, rom feinmani swored Tvlida, rom Tu Cven tixarSi 
gavukeTebT usasrulo raodenobis naxvretebs, es niSnavs, rom tixari 
aRara gvaqvs im adgilze. ra gamodis aqedan? wyarosa da deteqtors 
Soris  tixari saerTod rom ar gvqondes anu es sivrce rom iyos 
carieli, wyarodan deteqtoramde nawilakis gavrcelebis amplituda aris 
jami amplitudebisa, rom nawilakma gaiaros TiToeuli xvreli yvela 
(ararsebul) tixarSi. sxva sityvebiT, Cven unda avjamoT yvela 
amplitudebis mixedviT, romlebic Seesabameba nawilakis gavrcelebis 
amplitudas wyarodan deteqtoramde yvela SesaZlo wirebis gaswvriv  
(nax.3) 

 
 
 
                                     naxazi 3 
 
 
 
cxadia,rom gveqneba: 
 

(A nawilaki vrceldeba S wyarodan O  wertilamde T droSi) = 

= 
)(

(
paths

A nawilaki vrceldeba calkeuli wiris gaswvriv)                        (2) 
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axla unda vifiqroT, Tu rogor gavaformoT es ajamva mkacrad 
maTematikurad. feinmanma airCia niutonisa da laibnicis gza (nax. 4):  

 
                                       

naxazi 4 
 
 
 wiris aproqsimacia movaxdinoT wrfivi segmentebiT, da Semdeg, 
segmentebi mivaswrafoT nulisaken. advilad davrwmundebiT, rom es 
zustad eTanadeba sivrcis Sevsebas erTmaneTTan usasrulod axlo myofi 
tixarebiT, romlebSic gakeTebulia usasru;od bevri xvreli. 
   yvelaferi kargi, magram rogor avagoT calkeul wirze gavrcelebis 
amplitudebi? SegviZlia gamoviyenoT kvantur meqanikaSi kargad cnobili 
unitarobis Tviseba: Tu viciT amplituda TiToeul individualur 
segmentze, maSin Cven gadavamravlebT maT, raTa vipovoT sruli 
amplituda.  

 kvantur meqanikaSi 1q  wertilidan  2q wertilSi T  droSi gavrcelebis 

amplituda ganisazRvreba unitaruli operatoriT   iHTexp , sadac 

H aris sistemis hamiltoniani. ufro zustad, aRvniSnoT q simboloTi 

mdgomareoba, romelSic nawilaki imyofeba q wertilSi, maSin CvenTvis 

saintereso amplituda aris  IF qiHTq  exp . aq viyenebT dirakis bra- da 

ket- aRniSvnebs.  
 Turme mTeli wiriTi formalizmi SeiZleba Caiweros maTematikurad 
zemoT moyvanili  
matriculi elementis meSveobiT, feinmanis tixarebis da usasrulo 
raodenobis xvrelebis gareSe. istoriulad wiriTi integralis 
formalizmi feinmanamde aRmoCenili iyo dirakis mier, romelmac gakvriT 
miuTiTa Tavis kvanturi meqanikis saxelmZRvaneloSi.  
 
    feinmanis  wiriTi integralis frmulireba aRmoCnda metad mZlavri 
meTodi kvantur meqanikaSi, statistikur meqanikaSi da velis kvantur 
TeoriaSi. is farTod gamoiyeneba nawilakTa fizikis, myari sxeulebis 
fizikis, polimerTa fizikis, stoqasturi procesebisa Tu kvanturi 
gravitaciis amocanebSi.  
    amitom, gadaWarbebuli ar iqneba iTqvas, rom funqcionaluri 
integrali Tanamedrove Teoriul fizikaSi asrulebs iseTsave rols, 
rasac asrulebda ukanasknel saukuneebSi diferencialuri gantolebebi. 
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Tavi I.Kkvanturi meqanikis  ZiriTadi Tanafardobani 

 

 

 

    rogorc SesavalSi iyo aRniSnuli feinmanis funqcionalur 
integrals (xSirad mas kontinualur integralsac uwodeben, iseve, 
rogorc integrals wirebze an traeqtoriebze) aqvs sakmaod farTo 
gamoyeneba Tanamedrove fizikis TiTqmis yvela sferoSi. ra Tqma unda, 
yvelaze pirveli da martivi gamoyeneba mas aqvs kvantur meqanikaSi. ufro 
metic, es meTodi warmoadgens kvanturi meqanikis alternatiul 
formulirebas. amitom, bunebrivia Tu am meTodis gacnobas daviwyebT 
kvanturi meqanikiT.  
    pirvel rigSi mogviwevs kvanturi meqanikis ZiriTadi principebis 
gaxseneba da arsebuli warmodgenebis gadaxedva.  
 

 

 
I-1.     kvanturi meqanikis mokle mimoxilva 

 
 
 
    kvanturi meqanikis Cveulebrivi midgoma iyenebs klasikuri meqanikis 
hamiltoniseul formulirebas da dakvirvebad sidideebs uTanadebs 
arakomutirebad operatorebs. am SemTxvevaSi dinamika moicema droze 
damokidebuli Sredingeris gantolebiT  
 

 
 tH

t

t
i 







                              (I-1.1) 

sadac H  aRniSnavs sistemis hamiltonis operators, xolo  t  aris 

sistemis mdgomareobis veqtori. 
    Tu amocanas vixilavT koordinatul warmodgenaSi (magaliTad, 
erTganzomilebiani moZraobisaTvis), nawilakis talRuri funqcia  

                             txtx  ,                              (I-1.2) 

akmayofilebs Sredingeris gantolebas 

                 

 
   

   
2 2

2

,
,

,
2

x t
i H x x t

t

V x x t
m x







 



 
   

 

                     (I-1.3) 

zemoT x  aris koordinatuli warmodgenis sabaziso veqtori.  tx,  

gansazRvravs sistemis evolucias drois mixedviT. 
    Sredingeris gantolebis amoxsnis garda mTavari mizani mdgomareobs 
imaSi, rom ganisazRvros sistemis droSi evoluciis operatori, romelic 
generirebs sistemis translaciebs drois mixedviT. cnobilia, rom drois 

mixedviT evoluciis operatori kvantur-meqanikur sistemas adrindeli 2t  
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momentidan gadaiyvans momaval (Semdgom) 1t  momentSi Semdegi 

TanafardobiT 

                            2211 , tttUt                              (I-1.4) 

   naTelia, rom roca hamiltoniani droze damoukidebelia, (I-1.1) 

gantolebis formaluri amoxsniT miviRebT, rom roca ,21 tt   
 

                         








 Htt
i

ttU 2121 exp,


 

an, ufro sruli saxiT 

                           








 Htt
i

ttttU 212121 exp,


                (I-1.5) 

    aSkaraa, rom droSi evoluciis operatori sxva araferia, Tu ara 
droze damokidebuli Sredingeris gantolebis grinis funqcia da 
akmayofilebs gantolebas  

                2121

1

, ttittUH
t

i 












                               (I-1.6) 

raSic iolad davrwmundebiT, Tu (I-1.5)-s mivuyenebT frCxilebSi 
moTavsebul operators.  
    am operatoris gansazRvra ekvivalenturia misi matriculi 
elementebis povnisa mocemul bazisSi. ase, magaliTad, koordinatul 
bazisSi, sadac  

                            xxxX ˆ , 

SegviZlia davweroT 

                22112211 ,;,, xtxtUxttUx                                 (I-1.7) 

     Tu gvecodineba es funqcia mTlianad, maSin talRuri funqciis 
droSi ganviTarebas CavwerT ase  

                       222211211 ,,;,, txxtxtUdxtx                       (I-1.8) 

rac hiugensis principis realizacias warmoadgens.  
    cxadia, unda moviTxovoT, rom erTdroul zRvarSi 

                            212111 ,;, xxxtxtU                           (I-1.9) 
 
    Cvens mier zemoT ganxiluli midgoma, rodesac kvanturi 

mdgomareobebi  t  damokidebulia droze, maSin roca operatorebi 

droze damoukidebelnia, aris Sredingeris warmodgena. 
    rogorc cnobilia, sistemis  aRwera SeiZleba e.w. haizenbergis 
suraTSic, romelSic kvanturi mdgomareobebi damoukidebelia droze, 
xolo operatorebi droze damokidebulia cxadad. (I-1.5)-is Tanaxmad, 
haizenbergis suraTSi SegviZlia CavTvaloT 

                   
S

tH
i

tH
i

SH
tetett    00           (I-1.10) 

   am suraTSi operatori iRebs Tavis Tavze droze srul 
damokidebulebas. magaliTad, koordinatis operatorebi asea erTmaneTTan 
dakavSirebuli am or warmodgenaSi 

                      
tH

i
tH

i

H XeetX 


 ,                                 (I-1.11) 
(asevea nebismieri sxva operatoric), xolo am operatorebis sakuTari 
mdgomareobebi akmayofileben Tanafardobas 
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HHH txxtxtX ,,                                 (I-1.12) 

rasac advilad davakavSirebT Sredingeris bazisTan 

                      xetx
tH

i

H

,                                     (I-1.13) 

   naTelia axla, rom roca 21 tt  , 

        
 

   22112211

21212211

,;,,

,,
2121

xtxtUxttUx

xexxeextxtx
Htt

i
Ht

i
Ht

i

HH








                (I-1.14) 

     amrigad, droSi evoluciis operatoris matriculi elementebi sxva 
araferia, Tu ara drois mixedviT mowesrigebuli gadasvlis amplitudebi 
koordinatuli bazisis mdgomareobebs Soris haizenbergis warmodgenaSi.  
     bunebrivia, rom orive warmodgena erTmaneTis ekvivalenturia 
sistemis aRweris TvalsazrisiT. marTlac, koordinatis operatorisaTvis 
miRebuli Tanafardoba (I-1.11) zogadia da gamoxatavs am or warmodgenaSi 

kavSirs nebismieri operatorebisaTvis. amitom, Tu gamovTvliT raime Ô  
operatoris saSualo mniSvnelobas, miiReba zemoT naTqvami 
ekvivalenturoba. marTlac, 

                  ,ˆˆˆ 
tH

i
tH

i

eOetOttO 


                        (I-1.15) 

rac gamoxatavs   
tH

i
tH

i

eOetO  ˆˆ


  haizenbergis operatoris saSualos 
tolobas Sredingeris warmodgenis operatoris saSualosTan.  
    amave dros haizenbergis operatori emorCileba droze damokidebul 
haizebergis Semdeg gantolebas (miiReba ubralo gawarmoebiT)               
   

                    
 

    tOtH
t

tO
i ˆ,

ˆ





                                 (I-1.16) 

 
          
    da bolos, arsebobs kidev Sualeduri, e.w. urTierTqmedebis anu 
dirakis warmodgena.  
    misi aRwerisaTvis sruli hamiltoniani warmovadginoT Tavisufali 

0H  hamiltonianisa da urTierTqmedebis IH  hamiltonianis jamis saxiT: 

IHHH  0 , xolo mdgomareobis veqtori veZeboT Semdegi formiT  

                           tet
tH

i


 0
 .                        (I-1.17) 

 
CavsvaT (I-1.17) Sredingeris srul gantolebaSi 

                  
 

   tHH
t

t
i I 







0  

miiReba 

           
 

   teHH
t

t
eiteH

tH
i

I

tH
i

tH
i







 000

00
  , 

saidanac gvaqvs Semdegi gantoleba  

           
 

 teHe
t

t
i

tH
i

I

tH
i




  00
  

Tu SemoviyvanT dirakis warmodgenis operatorebs ase 
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00 ˆˆ

tH
i

tH
i

I eOetO 


 , 

aRmovaCenT, rom am warmodgenis talRuri funqcia  t  akmayofilebs 

Sredingeris gantolebas urTierTqmedebis hamiltonianiT marjvena 
mxareSi 

                 
 

   ttH
t

t
i I 




                             (I-1.18) 

aSkaraa, rom am warmodgenaSic fizikur operatorebs aqvT igive saSualo 
mniSvnelobebi. marTlac 

                   ttOtteOettO I

tH
i

tH
i




ˆˆˆ 00
                  (I-1.19) 

garda amisa, naTelia, rom am operatorebisaTvis moZraobis gantolebac 
Taviseburia  

              
 

  tOH
t

tO
i I

I ˆ,
ˆ

0



                                    (I-1.20) 

anu urTierTqmedebis warmodgenis operatorebi akmayofileben moZraobis 
Tavisufal gantolebas. amitomaa, rom es warmodgena mosaxerxebeli 
aRmoCnda gafantvis matricis TeoriaSi SeSfoTebis Teoriis sistematuri 
meTodebis gasaviTareblad. yvela SemTxvevaSi, kvanturi meqanikis mTavari 
mizani mdgomareobs drois evoluciis operatoris matriculi 
elementebis agebaSi, romelic haizenbergis warmodgenaSi gamovxateT 
koordinatul sabaziso mdgomareobebSi matriculi elementebiT. 
 
literatura I TavisaTvis: 

1. i.S. vaSakiZe, v.i. mamasaxlisovi, g.a. WilaSvili. “kvanturi meqanika”, 
Tb. 1978.  

 
amocanebi: 

  
 

1. gamoTvaleT gausis integrali     
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4.  gamoTvaleT 
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 jxax

dxe
2

2

1

 

 

4. warmovidginoT, rom A  aris namdvili simetriuli matrica elementebiT ijA , 

xolo x  aris veqtori komponentebiT  Njixi ,...,3,2,1,  . gamoTvaleT  

         

             




 iijiji xJxAx

N edxdxdx 2

1

21 ...  

 

                

I-2    wirze integralebi da kvanturi meqanika 
     
_ sabaziso mdgomareobebi 
     gavixsenoT kidev ramdenime debuleba kvanturi meqanikidan.   
     ganvixiloT koordinatis operatori, romelic akmayofilebs 
sakuTari mniSvnelobebis gantolebas: 
                      

                    xxxX ˆ                    (I-2.1) 
es sakuTari mdgomareobebi gansazRvraven orTonormirebul baziss. 
saxeldobr, isini akmayofileben pirobebs: 

                            
 

 



1xxdx

xxxx 
                     (I-2.2) 

analogiurad impulsis operatori sakuTar warmodgenaSi gvaZlevs 
Tanafardobebs 

                  

 





1

ˆ

ppdp

pppp

pppP

                                (I-2.3) 

koordinatuli da impulsuri bazisebis Sinagani (skalaruli) namravli 
iZleva gadasvlis matricul elements am or warmodgenas Soris: 

                     


 pxexp
px

i



2

1
                   (I-2.4) 

es Tanafardobebi gansazRvravs furie-gardaqmnas, saxeldobr, bazisebis 
sisrulisa da orTonormirebis gamoyenebiT nebismieri funqciis furie 
gardaqmna SeiZleba ase ganvmartoT: 

                kfdkepfedpfppxdpfxxf ikx
px

i
~

2

1

2

1





 

         
 xfdxepfkf ikx

2

1~
                                (I_2.5) 

am formulebiT martivad gadaviyvanT funqcias mocemuli sivrcidan mis 
SeuRlebul anu dualur sivrceSi.  
 
     Cven zemoT vnaxeT, rom haizenbergis mdgomareobebi martivad 
ukavSirdeboda Sredingeris mdgomareobebs. koordinatul bazisSi, 
magaliTad, gvaqvs:  
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                     xetx
tH

i
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aqedan gamomdinareobs, rom  

              xxxxxeextxtx
tH

i
tH

i

HH




,,           (I-2.6) 

da    

                     1,, txtxdx
HH

                           (I-2.7) 

xazi gavusvaT im garemoebas, rom orTonormireba haizenbergis 
mdgomareobebisaTvis ZalaSia mxolod drois erTidaigive 
momentebisaTvis.  
     
 
_ operatorTa mowesrigeba 
  kvantur meqanikaze gadasvla hamiltonis formalizmSi xdeba 
operatorebze gadasvliT 

                   pxHpxH ˆ,ˆ,                                (I-2.8) 
magram es wesi ar akonkretebs Tu rogor unda moveqceT arakomutirebadi 
operatorebis, mag., x  da p  namravls. klasikur fizikaSi viciT, rom  
                            pxxp  , 
amitom aq maT mimdevrobas sxvadasxva wevrebSi araviTari mniSvneloba ar 
aqvs. kvantur meqanikaSi ki operatorTa mimdevroba arsebiTia da 
apriorulad ar aris naTeli ra eTanadeba xp  namravls kvantur 
meqanikaSi. es aris operatorTa mowesrigebis problema. samwuxarod ar 
arsebobs calsaxad gansazRvruli recepti, romelic gvetyvoda ra rigiT 
unda davsvaT operatorebi kvantur meqanikaze gadasvlisas. amave dros 
arsebobs sxvadasxva wesebi, romlebic gamoiyeneba aseT SemTxvevebSi. ase, 
magaliTad, normaluri mowesrigeba: 
    am wesis Tanaxmad koordinatisa da impulsis namravlSi impulsi unda 
idges koordinatis win, anu 

                       pxxp
ON


..

 

                       
..ON

pxpx   

                       
..

22
ON

pxxp   

                       
..

2
ON

pxxpx    da a.S.                    (I-2.9) 
 
   garda normaluri mowesrigebisa, yvelaze xSirad gamoiyeneba e.w. 
veilis mowesrigeba. am SemTxvevaSi xdeba namravlis simetrizacia yvela 
SesaZlo kombinaciebis mixedviT erTnairi woniT, e.i.  
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                     (I-2.10) 

da a.S.  
   normaluri mowesrigebisas advilad davrwmundebiT, rom nebismieri 
kvanturi hamiltoniani H  aris:  

        
 

  


 pxHe
dp

xHppxdpxHx
xxp

i

ONON ,
2

.... 


     (I-2.11) 

sadac gamoyenebulia impulsis operatoris bazisis sisrule da 
ganmartebebi.  
    veilis mowesrigebis detalebSi gasarkvevad ganvixiloT gaSla: 

       



Nmn

OWmnmnN
px

mn

N
px

..

!!

!
                          (I-2.12) 

amrigad, Tu niutonis binomis formulas gamoviyenebT im daSvebiT, rom x  
da p  operatorebi ar komutireben erTmaneTTan, niutonis binomi 

bunebrivad generirebs veilis mowesrigebis namravlebs mn px  formiT.  
 
amocana:  daamtkiceT (I-2.12) formula.  
 

   cxadia, rom   px  exp  eqsponentis gaSlisas generirdeba 
binomialuri xarisxebi da amrigad am eqsponentis matriculi elementebis  
ganxilviT SeviswavliT veilis wesiT mowesrigebuli hamiltonianis 
matricul elementebs.  

    imis gamo, rom   ,, constipx    gamoviyenoT beiker-hausdorf-kembpelis 
formula 

          
 BABA

BA eee
,

2

1


        
 

amocana: daamtkiceT bhk Teorema: Tu       0,,,,  BABBAA , maSin adgili aqvs 

Tanafardobas (bhk formulas):      BABABA 








 exp,
2

1
expexpexp   

   

  CvenTvis sainteresoa Semdegi namravlis ganxilva: 
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               (I-2.13) 

am Tanafardobis gamoyenebiT advilad vaCvenebT, rom  
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22

ˆ
expˆexp
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ˆ
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ˆ
expˆˆexp



 

aq kvlav sisrule da wina Tanafardobebia gamoyenebuli. SevniSnoT, rom 
bolo toloba Cveulebriv ricxvebze – sakuTar mniSvnelobebze 
gadasvliT miiReba. amitom bolos mxolod sakuTari mniSvnelobebi dgas 
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– operatorebisagan mTlianad gavTavisufliT. am formulis Tanaxmad 
veilis wesiT mowesrigebuli hamiltonianis matriculi elementisaTvis 
unda gvqondes:  

       
 

 






 




p
xx

He
dp

xHx
xxp

i

OW ,
22

.. 


                          (I-2.14) 

amrigad, vxedavT, rom veilis wesiT mowesrigebuli hamiltonianis 
matriculi elementebi miiyvanebian kargad cnobil saSualedo wertilis 
miweraze. axla yvelaferi mzadaa gadasvlis amplitudis matriculi 
elementis gamosaTvlelad.  
                   
   _ gadasvlis albaTobis gamoTvla:  
 
    gavixsenoT, rom haizenbergis suraTSi gvaqvs  

                
HiiffHiiff txtxxtxtU ,,,;,           if tt    

    drois intervali sawyis da saboloo momentebs Soris davyoT N  
tol segmentad usasrulod mcire sigrZiT  . saxeldobr,  

                         
N

tt if 
                                   (I-2.15) 

   amrigad, simartivisTvis vaxdenT drois intervalis diskretizebas da 
bolos gadavalT zRvarze 0   da  N , ise, rom (I-2.15) darCes 
ZalaSi. davnomroT Sualeduri momentebic, vTqvaT, ase: 

            1,...,2,1,  Nnntt in                         (I-2.16) 

da SemovitanoT koordinatuli bazisis sruli sistema Sualeduri drois  
momentebiT. miviRebT 
 

    


121
,0

...lim,,,;, N
NHiiffHiiff dxdxdxtxtxxtxtU

                    (I-2.17) 

  
HiiHHNNNNHHNNffH

txtxtxtxtxtx ,,....,,,, 11221111   

 
   am Tanafardobis Cawerisas Cven vgulisxmobdiT droSi mowesrigebas 

marcxnidan marjvnisken:   iNf ttttt   121 .... . SevniSnoT agreTve, rom 

Tumca aq gvaqvs  N  Sinagani namravli, tardeba mxolod 1N  Sualeduri 
integracia, radgan amdenia dayofis wertili mTeli drois intervalis 
N  nawilad dayofisas.  
   calkeul Sinagan namravls aqvs saxe: 
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           (I-2.18) 

sadac gamoviyeneT saSualedo wertilis miwera veilis mowesrigebis 
Sesabamisad.  
   CavsvaT es formula gadasvlis amplitudaSi, vipoviT 
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       (I-2.19) 
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   am formulis, iseve rogorc wina formulis Cawerisas CaTvlilia, rom 

                 ixx 0         da      fN xx   

       es aris feinmanis  wirze integralis winaswari forma, romelic 
gansazRvrulia fazur sivrceSi. arsebiTia SevniSnoT kidev erTxel, rom 
koordinatebis mixedviT integraciebis raodenoba erTiT gansxvavdeba 
impulsebiT integraciebis raodenobisagan. 
     SevniSnoT, rom 0  uwyvet zRvarSi wina gantolebis fazuri 
faqtori ase SeiZleba gadavweroT: 
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,                            (I-2.20) 

amrigad, gamodis, rom es fazuri faqtori proporciulia qmedebisa 
Sereuli cvladebiT anu koordinatiT da impulsiT.  
   wirze integralis feinmaniseuli formis misaRebad es unda 
gadaiweros mxolod konfiguraciul sivrceSi anu unda Catardes 
integraciebi impulsebiT. amas ver gavakeTebT, sanam ar davakonkretebT 
hamiltonians. hamiltonianis tradiciuli saxe kvantur meqanikaSi Seicavs 
kvadratul formas impulsis mixedviT. amitom avirCioT 

                        xV
m

p
pxH 

2
,

2

                            (I-2.21) 

e.i. am hamiltonianSi koordinatebi da impulsebi gancalebulia da 
amitom, impulsebiT integracia Catardeba trivialurad. gvaqvs: 
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impulsis mixedviT integralebi aq aris gausis tipisa da maTi aReba 
advilad SegviZlia. SevniSnoT, rom  
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Tu amas gamoviyenebT wina formulaSi, e.i. aviRebT impulsur 
integralebs, miiReba: 
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2

                                (I-2.22) 

sadac A  aris sistemis dinamikaze damoukidebeli konstanta da  xS  
aris sistemis qmedeba.  
      (I-2.22) aris feinmanis kontinualuri integrali gadasvlis 
amplitudisaTvis kvantur meqanikaSi.  
      misi Sinaarsis gasarkvevad jer SevecadoT gaverkveT integralis 
zomis (Dx ) SinaarsSi. am integraciis saboloo wertilebi aris 
fiqsirebuli da mxolod Sualeduri wertilebiT xdeba integracia 
mTel sivrceSi. koordinatuli wertilebis nebismieri sivrciTi 
konfiguracia iZleva traeqtorias sawyis da saboloo wertilebs 
Soris. amitom yvela aseTi konfiguraciiT integracia (rac swored 
aris Sualeduri wertilebiT integracia, romelic unda Catardes) 
ekvivalenturia jamisa yvela wiriT, romelic sawyis da saboloo 
wertilebs aerTebs.  

 

 
 

naxazi 5 
 
    amitom feinmanis wirze integrali ubralod gveubneba, rom sawyis 
da saboloo mdgomareobebs Soris gadasvlis amplituda aris jami 
yvela wirze, romelic am wertilebs aerTebs, woniTi faqtoriT 

 







xS

i


exp . kvanturi meqanikis kursidan cnobilia, rom Tu procesi 

SeiZleba moxdes bevri sxvadasxva gziT, maSin gadasvlis amplituda 
aris TiToeuli SesaZlo gziT gadasvlebis individualuri 
amplitudebis jami. amitom sxvadasxva gzebiT jams movelodiT. aq 

moulodneli da mniSvnelovania woniTi faqtori  







xS

i


exp . swored es 

faqtori aqvs postulirebuli p. diraks Tavis wignSi. feinmanis 
midgomaSi es faqtori gamoiyvaneba.  
    aRsaniSnavia, rom Tumca saboloo Sedegi miviReT specialuri 
tipis hamiltonianebisaTvis, miRebuli gamosaxuleba ZalaSia 
sazogadod. iseTi hamiltonianebisTvisac, romlebic ar arian 
kvadratuli impulsis mixedviT, oRond unda gamoviCinoT sifrTxile 
integraciis zomis ganmartebisas. 



 21 

I-3.     klasikuri zRvari 
 
 
rogorc qvemoT vnaxeT 
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SevniSnoT, rom wirebze, romelTaTvisac  

                  1 nn xx  

pirveli wevri eqsponentaSi iqneba sakmaod didi, im mizeziT, rom   aris 
usasrulod mcire. amitom aseT wevrebs eqnebaT Zalian didi fazebi da 
amis gamo, woniTi faqtori SeiZleba advilad gaxdes dadebiTi an 

uaryofiTi. sxva sityvebiT, yvela aseTi kx -sTvis iarsebebs mezobeli mx , 

mcired gansxvavebuli, romelsac eqneba Semkveci efeqti. amitom yvela 
aseTi wvlilebi erTmaneTs gaabaTilebs wiriT integralSi.  
   gamodis, rom yuradReba mxolod im wirebze unda gavamaxviloT, 
romlebic erTmaneTisagan mcired gansxvavebul koordinatebs Seicaven. 
Cveni amocana aq iqneba gavarkvioT, Tu rogor xdeba, rom yvela 
wirebidan, romlebsac wvlili SeaqvT gadasvlis amplitudaSi, arsebobs 
marto erTi wiri, romelic gamoiyofa klasikur zRvarSi,  0 . 

SevniSnoT, rom faqtori  xS
i


exp   aris faza, romelic mravldeba did 

ricxvze, roca 0 . 
    maTematikurad naTelia, rom wiriT integralSi dominirebadi wvlili 
warmoiqmneba wirebidan, romlebic uaxloesia fazuri faqtorisaTvis 
eqstremumis mimniWebeli wirisa. sxva sityvebiT, gadasvlis amplitudaSi 
arsebiT wvlils Seitanen marto is traeqtoriebi, romlebic klasikur 
zRvarSi axlosaa eqstremalurTan 

                      
 
 

0
tx

xS




 

e.i. esaa traqtoria, romelzec xdeba klasikuri moZraoba.  
 
 
 
 
 
 
 

 
naxazi 6 

 
    sxva sityvebiT, magaliTad, ganvixiloT wiri 3, romelic sakmaod 
Sorsaa klasikuri traeqtoriidan. maSin, raki    mcirea, am traeqtoriis 
gaswvriv faza iqneba sakmaod didi. yoveli aseTi wirisaTvis moiZebneba 
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axlomdebare wiri, vTqvaT 2, romelzec qmedeba mcired gansxvavebulia, 

magram mravldeba did ricxvze 1 da warmoiqmneba kvlav didi faza. 
yvela aseTi fazebis jami saSualod nulis tolia.  
amitom Tu avirCevT wirs, romelic usasrulod axlosaa klasikur 
wirTan, romelzec faza xdeba stacionaruli, qmedeba TiTqmis ar 
Seicvleba. yvela aseTi wiri Seikribeba koherentulad da mogvcems 
dominant wvlils zRvarSi, roca .0  

   amrigad, amitomaa, rom klasikur zRvarSi gamoiyofa klasikuri 
traeqtoria. imitom ki ara, rom is iZleva yvelaze met wvlils, aramed 
imitom, rom masTan usasrulod axlo mdebare wirebi ikribebian 
koherentulad.  
     klasikuri wiri isea mowyobili, rom qmedeba  S   ar icvleba 
klasikuri traeqtoriis maxloblad pirvel rigSi, e.i. /S  faza mudmivi 
rCeba klasikuri wiris usasrulod mcire maxloblobaSi. am maxloblo- 
bis gareT faza swrafad icvleba, amitom saTanado amplitudebi destruq- 
ciul interferencias ganicdian. radgan mTavari wvlili propagatorSi 
modis klasikuri wiris maxlobel usasrulod mcire zolidan, tipiur 
klasikur amocanaSi zoli aris Zalian “viwro”, magram kvantur meqanikaSi 
zoli Zalian “ganieria”. saTanadod klasikuri wiri kargavs Tavis 
mniSvnelobas kvantur meqanikur situaciaSi. 
 
    
 

I-4. ekvivalenturoba Sredingeris gantolebasTan 
 
 
   axla vnaxoT Sredingeris gantolebis adgili feinmanis wiriTi 
integralis formalizmSi. saxeldobr, apriorulad ar aris naTeli, 
aRvadgenT Tu ara droze damokidebul Sredingeris gantolebas am 
formalizmSi.  
   gavixsenoT, rom Sredingeris gantoleba aris diferencialuri 
gantoleba. is aRwers talRuri funqciis usasrulod mcire cvlilebebs. 
amitom unda SeviswavloT wirebze integralis infinitezimaluri forma.  
   wiriTi integralis zemoT moyvanili cxadi gamosaxulebidan 
usasrulod mcire  -saTvis vpoulobT 
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               (I-4.1) 

 aq SenarCunebulia simciris mixedviT pirveli rigi, 1 .   
 viciT, rom gadasvlis amplituda aris propagatori Semdegi SinaarsiT: 

              




 0,,0;,, xxxUx   

CavsvaT aq U , miiReba  
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                (I-4.2) 

SemovitanoT axali cvladi  
                             xx                           (I-4.3) 
SegviZlia davweroT 
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               (I-4.4) 

    naTelia, rom raki   aris infinitezimaluri, Tu   iqneboda didi, 

eqsponentaSi pirvel wevrs eqneboda swrafi oscilaciebi da aseTi wevri 
nulad gasaSualovdeboda kontinualur integralSi momdevno nabijebis 
gadadgmisas. amitom mTavari wvlili integralSi mova Semdegi aridan:  
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                                (I-4.5) 

am dros pirvel eqsponentSi cvlileba aris erTis rigisa. amitom 
SegviZlia teiloris mwkrivad gavSaloT integralqveSa gamosaxuleba da 

raki infinitezimaluri yofaqceva gvainteresebs, SevinarCunoT wevrebi  

 - rigamde: 
    

   

           

           



















































































23
2

2

2/1

3
2

22

2/1

2

2/1

,0,
2

0,0,0,
2

)0,
2

0,0,(1
2

0,
2

1
2

,

2

2

2




































OxxxxV
i

xed
i

m

OxxxOxV
i

ed
i

m

xxV
i

ed
i

m
x

im

im

im













 

  aq darCenili calkeuli integralebi gausis tipisaa da maTi gamoTvla 
advilad SegviZlia. saxeldobr:  
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am integralebis aRebisas vsargeblobT pirveli integralis gawarmoebiT 
parametris mixedviT, agreTve im fundamenturi TvisebiT, rom kenti 
funqciidan simetriul sazRvrebSi integrali nulis tolia. amave dros 
gamoyenebulia Semdegi saxis regularizacia (es aucilebelia, radgan 
integralqveS gvaqvs oscilirebadi sidideebi):  
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        (I-4.7) 

am integraciebis gaTvaliswineba wina formulaSi mogvcems:  
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zRvarSi  0  vRebulobT droze damokidebul Sredingeris 
gantolebas: 
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                         (I-4.8) 

amrigad, wirze integraluri warmodgena Seicavs Sredingeris gantolebas 
da infinitezimalurad misi ekvivalenturia. 
   unda aRiniSnos, rom feinmanis midgoma arc ise mosaxerxebelia 
praqtikuli miznebisaTvis. magram konceptualuri SinaarsiT is metad 
mniSvnelovania. rogorc vnaxeT, kontinualur integralSi pasuxi 
Cawerilia klasikuri fizikisaTvis damaxasiaTebeli sidideebiT _ 
traeqtoria, lagranJiani, qmedeba da a.S. amitom daismis bunebrivi kiTxva: 
sad aris Camaluli kvanturi meqanika? pasuxi SemdegSia: kvanturi meqanika 
niSnavs usasrulo (uwyvet) ajamvas yvela traeqtoriebis mixedviT, e.i. aq 
monawileobs yvela SesaZlo traeqtoria da ara marto erTi (klasikuri) 
traeqtoria. praqtikulad traeqtoriebis ganuzRvreloba, rac 
damaxasiaTebelia kvanturi meqanikisaTvis, wiriTi integralis 
formulirebaSi mTavar rols asrulebs. 
    meTodis dadebiTi mxare imaSi mdgomareobs, rom SenarCunebulia 
klasikuri meqanikisaTvis damaxasiaTebeli cnebebi, rac ufro naTels da 
gamWvirvales xdis amocanebis formulirebas da lagranJisa da 
hamiltonis meTodebis sruli gamoyenebis saSualebas iZleva.  
    axla gaverkeT kidev erT problemaSi: rogor unda moviqceT, roca 
hamiltoniani ar aris gancalebadi formisa, (I-2.21)? am dros gadasvlis 
amplitudis (I-2.20) gamosaxuleba gamoiyeneba e.w. efeqturi qmedebis 
asagebad, romelic ar emTxveva qmedebis Cveulebriv gamosaxulebas.  
   magaliTisaTvis ganvixiloT Semdegi arawrfivi lagranJiani  

                         qfqL 2

2

1
                              (I-4.9) 

sadac  qf aris q -s arasingularuli funqcia. es lagranJiani aRwers 
sistemebis kerZo klass, roca potenciali damokidebulia siCqareze. 
kanonikurad SeuRlebuli impulsi ase gamoiTvleba  
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ganmartebis Tanaxmad gadasvlis amplituda tolia 
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impulsiT integracia iseve Catardeba. miviRebT: 
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ukanaskneli mamravli SeiZleba ase warmovadginoT: 
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              (I-4.11) 

sadac gamoyenebulia Semdegi zRvruli gadasvlebi 
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sabolood (I-4.10) gamosaxuleba ase gadaiwereba: 
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sadac 

                







 qqdtLqf
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qqLdtS effeff

 ,ln0
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,                   (I-4.14) 

es Sedegi pirvelad miiRes lim da iangma;  
Lee T.D. and Yang C.N. Phys. Rev., 128, 885 (1962). 
     rodesac gamoTvlebi tardeba am qmedebiT (an lagranJianiT), 
warmoiqmneba usasrulo wevrebi, romlebic Sekvecaven (I-4.13)-Si cxadad 

simboluri saxiT amoweril  0  wevrs. roca atareben gamoTvlebs, 

SeiZleba davubrundeT ukan (I-4.13) gamosaxulebas cxadi saxiT N  

zRvarze gadasvlamde, CavataroT nq -integraciebi da Semdeg gadavideT 

zRvarze .N  
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  Tavi II.     wirze integralebis gamoTvlis umartivesi magaliTebi 

 
 
     SevniSnoT, rom wirze integrali aris funqcionaluri integrali. 
saxeldobr, integralqveSa gamosaxuleba, romelic fazur faqtors 
warmoadgens, aris traeqtoriebis funqcionali sawyis da saboloo 
wertilebs Soris. radgan sazogadod SeuZlebelia aseTi sidideebis 
mixedviT apelireba, unda Seswavlil iqnas calkeuli martivi sistemebi. 
   ganvixiloT zogierTi tipiuri magaliTi: 
 
 
 

II-1.   Tavisufali nawilaki 
 

 
    Tavisufali nawilaki aris umartivesi kvantur-meqanikuri sistema. mis 
lagranJians aqvs saxe 
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2xm
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                                (II-1.1) 

    amitom, ganmartebis Tanaxmad unda gamoiTvalos Semdegi gadasvlis 
amplituda:  
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SemovitanoT cvladi 
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maSin wina gamosaxuleba ase gadaiwereba: 
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  (II-1.3) 

es ki aris gausis integrali, romlis gamoTvla SegviZlia sxvadasxva 
gziT. Cven gamoviyenoT umartivesi induqciis meTodi. jer SevniSnoT, rom  
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                          (II-1.4) 

vxedavT, rom integraciam amoagdo Sualeduri cvladi da kvlav gausiani 
datova.  
 
 
    axla davamtkicoT Semdegi formula (Л.Райдер. Квантовая теория 

поля.стр.214): 
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                                                                   (II-1.5)                                                                         

     mtkiceba midis induqciis meTodiT: davuSvebT, rom es formula 
samarTliania raime n -isaTvis da unda davamtkicoT, rom ZalaSi rCeba, 
roca gadavdivarT )1( n -ze.  
    gvaqvs 
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      aq ki SegviZlia vimoqmedoT ise, rogorc  (II-1.4)-Si. Semogvaqvs 

cvladi .1 axy n    maSin kvadratul frCxilSi moTavsebuli gamosaxuleba 

miiRebs saxes: 
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axla CavsvaT 
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  maSin miviRebT Semdegi saxis integrals  
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,  

rac Tanxvdeba (II-1.5)-s, roca iq Secvlilia 1 nn . rac Seexeba kerZo 

SemTxvevas 1n , am drosac samarTliania es formula, rac Cans (II-1.4)-dan.  
amrigad, (II-1.5) Tanafardoba damtkicebulia.  
    amitom Tavisufali nawilakis propagatori gamodis  
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sadac  
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es imitom, rom Tavisufali nawilakis siCqare mudmivia. raki 
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gadasvlis amplitudis am cxadi saxidan gamomdinareobs, rom 
propagatori akmayofilebs Tavisufali nawilakis Sredingeris droiT 
gantolebas  
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   xSirad gamoTvlis sxva meTodebic gamoiyeneba. qvemoT aRvwerT erT-
erT yvelaze gavrcelebul midgomas sailustraciod, romelic 
gansakuTrebiT efeqturia kvadratuli lagranJianebis SemTxvevaSi.  
   warmovadginoT nebismieri wiri ase 

                      tyxxtx cl                                    (II-1.9)  

anu rogorc klasikuri wiri da misgan gadaxra. klasikuri wiri eiler-
lagranJis gantolebas akmayofilebs. gadaxras ki unda moeTxovos 
Semdegi sasazRvro pirobis Sesruleba  

                           0 fi tyty                               (II-1.10) 

    CavsvaT es warmodgena sawyis lagranJianSi (II-1.1) da gavSaloT 
lagranJiani ase  
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  radgan lagranJiani mxolod meore xarisxisaa, es gaSla aris zusti, 
amitom qmedebas ase CavwerT: 
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   meore wevrSi  gamoviyenoT Tanafardoba  
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bolo wevri moZraobis gantolebis gamo proporciulia nawilakis 
aCqarebisa da amitom, nulis tolia. am TanafardobaSi pirveli wevric 
nulis tolia (I-1.10) sasazRvro pirobis gamo. amitomac pirveli 
warmoebuli saerTod amovardeba da dagvrCeba  
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sadac     

                    
f
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t

t

clcl xLS  

  amrigad, propagatorisaTvis miiReba Cvens mier adre gamoyvanili 
gamosaxuleba.  
   es meTodi gansakuTrebiT efeqturia zogadi kvadratuli formis 
SemTxvevaSi:  

                tfxtextdxtcxxtbxtaL   22                       (II-1.12) 
kvlav ganvixiloT (II-1.9) warmodgena. lagranJiani gavSaloT teiloris 
mwkrivad:  
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eiler-lagranJis gantolebis gamoyenebiT aRmoCndeba, rom pirveli 
warmoebulebis Semcveli wevrebi ganuldeba da dagvrCeba 

             

f

i

t

t

cl ytcyytbytadtSS 22                                  (II-1.14) 

amitom propagatori ase Caiwereba  
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                         (II-1.15)  

raki 21 , xx  ar Cndeba wiriT integralSi, amitom es ukanasneli SeiZleba 

damokidebuli iyos marto fi tt , -ze anu  
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II-2         harmoniuli oscilatori 
 

 
   oscilatoris amocana yvelaze mniSvnelovani amocanaa kontinualuri 
integralis formalizmSi. rogorc cnobilia, Sredingeris gantoleba 
wrfivi harmoniuli oscilatorisaTvis amoixsneba zustad. sainteresoa, 
rom kontinualuri integralis gamoTvla am SemTxvevisaTvis xdeba 
agreTve zustad, rac savsebiT mosalodneli iyo, radgan amocana Seicavs 
mxolod kvadratul damokidebulebas da amitom gausis integralebze 
dadis.  
    amocanas CamovayalibebT zogadad: ganvixiloT oscilatori, romelic 
urTierTqmedebs gareSe wyarosTan da aRiwereba lagranJianiT  

                 JxxmxmL  222

2

1

2

1
                             (II-2.1) 

Cven SegviZlia vigulisxmoT droze damokidebuli wyaro  tJ , rogorc 
gareSe eleqtruli veli,  Tu oscilatori eleqtrulad damuxtulia. 
Tavisufali harmoniuli oscilatori aqedan miiReba wyaros gamorTviT 

  0tJ . ufro metic, viciT, rom Tu wyaro droze damoukidebeli iqneba, 
maSin amocana kvlav amoixsneba zustad, radgan lagranJianis gardaqmniT 
mivaRwevT amas. marTlac:  
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      (II-2.2) 

sadac SemovitaneT axali koordinata 
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sxva sityvebiT rom vTqvaT, am SemTxvevaSi oscilatoris klasikuri 
wonasworobis mdebareoba wanacvlebulia mudmivi sididiT. sistema iqceva 
rogorc zambara, romelic Tavisuflad aris Setivtivebuli erTgvarovan 
gravitaciis velSi. amrigad, (II-2.1) lagranJianiT aRwerili sistema 
saintereso yofila sxvadasxva kerZo magaliTebis ganxilvisaTvis 
sxvadasxva zRvrul SemTxvevebSi.  
   am lagranJianidan gamomdinareobs eiler-lagranJis gantolebebi 
klasikuri traeqtoriebisaTvis. maT aqvT saxe  
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                            (II-2.4) 

gadasvlis amplitudaa 

            
 xS
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iiff eDxAxtxtU ,;,                                  (II-2.5) 

raki qmedeba mxolod kvadratul formas Seicavs  tx  dinamikuri cvladis 
mimarT, amplitudis gamosaTvlelad mas warmovadgenT rogorc klasikur 
wirs da misgan gadaxras  

                            tytxtx cl                                (II-2.6) 

amis Semdeg naTelia, rom  
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 ty  cvladi warmoadgens kvantur fluqtuaciebs klasikuri wiris 
maxloblad, saxeldobr, is zomavs traeqtoriis gadaxras klasikuri 
traeqtoriidan. radgan traeqtoriis bolo wertilebi dafiqsirebulia, 
fluqtuaciebi daakmayofileben Semdeg sasazRvro pirobebs  

                         0 fi tyty                               (II-2.8) 

naTelia, rom yvela wirze ajamva ekvivalenturia ajamvisa yvela SesaZlo 
fluqtuaciebis mixedviT, romlebic am SezRudvas emorCilebian. amitom 
gadasvlis amplitudas ase gadavwerT  
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             (II-2.9) 

es aris integrali, romelSic eqsponenta kvadratulia cvladis mixedviT 
da SeiZleba aRebul iqnas sxvadasxva gziT.  
 
 
 
 
 
_  furie-gardaqmnis meTodi 
 
sxvadasxva meTodebs Soris yvelaze gamWvirvaled gamoiyureba furie-
gardaqmnis meTodi, romelic dawvrilebiT aris aRwerili feinmanisa da 
hibsis wignSi (Р.Фейнман, А. Хибс, Квантовая механика и интегралы по 

траекториям. Мир, Москва,1968)  
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  pirvel rigSi SevniSnoT, rom gadasvlis amplitudis integralqveSa 
eqsponenta droze cxadad ar aris damokidebuli. amitom CavataroT 
cvladis Secvla  

                      ittt   

am dros amplituda ase gadaiwereba  
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                    (II-2.10) 

sadac gamovyaviT drois intervali    .if ttT   xolo sasazRvro piroba 

ase gamoiyureba 

                         00  Tyy  
amis Sesabamisad fluqtuaciebi traeqtoriis nebismier wertilSi 
warmovadginoT furies mwkrivad  
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amrigad wirisaTvis viyenebT aproqsimacias “furie-wirebiT”. Tu Cven 

gaSlis koeficientebs na  ise SevarCevT, rom  
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    maSin furie-wirebi, cxadia, gaivlian dayofis imave Sualedur werti- 

lebze  tx, -sibrtyeSi. axla SegviZlia CavataroT saWiro gamoTvlebi. vpo- 
ulobT: 
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        (II-2.12) 

sadac gamoviyeneT kosinusis orTogonalurobis Tvisebebi. analogiurad 
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                   (II-2.13) 

raki furie-wirebze gadavediT, naTelia, rom integracia yoveli kvanturi 

fluqtuaciiT ekvivalenturia integraciisa gaSlis na  koeficientebis 

yvela SesaZlo mniSvnelobiT. naTelia agreTve, rom gvaqvs zustad 

imdenive 1N  damoukidebeli furie-koeficienti na . amitom gadasvlis 

amplitudisaTvis SegviZlia davweroT 
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           (II-2.14) 

    aq vgulisxmobT, rom gardaqmnis iakobianidan warmoqmnili yvela 
SesaZlo faqtori SeiZleba CairTos  A  koeficientSi, romelsac 
SemdgomSi ganvsazRvravT.  
    vxedavT, rom am SemTxvevaSi gadasvlis amplituda aris erTmaneTisgan 
gancalkevebuli integralebis namravli, amasTan TiToeul maTgans aqvs 
gausiani forma, romelic advilad gamoiTvleba. marTlac  
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               (II-2.15) 

CavsvaT axla es calkeuli integralebisaTvis gadasvlis amplitudis (II-
2.14) gamosaxulebaSi, miviRebT 
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                   (II-2.16) 

axla gamoviyenoT cnobili igiveoba (ix. maTematikuri cnobarebi) 
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                       (II-2.18) 

A    mudmivis gansazRvra SeiZleba martivad: sakmarisia SevniSnoT, rom 
roca 0 , harmoniuli oscilatori dadis Tavisufali nawilakis amo- 
canaze, romlisTvisac ukve napovni gvaqvs gadasvlis amplituda, 
romelsac aqvs saxe (II-1.6): 
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amrigad, ganvsazRvreT gadasvlis amplitudis saboloo saxe harmoniuli 
oscilatorisaTvis  
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           (II-2.20) 

absoluturad naTelia, rom es gamosaxuleba dadis Tavisufali 
nawilakis gadasvlis amplitudaze zRvarSi, roca 0 .          

 
                                    
     _klasikuri qmedebis gamoTvla 
 
gadasvlis amplitudis sruli gansazRvrisaTvis gvWirdeba klasikuri 
qmedebis gamoTvla. amis gakeTeba arc ise Znelia. qvemoT es iqneba 
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gadmocemuli sakmaod zogad konteqstSi, raTa dafiqsirdes gamoTvlis 
erT-erTi efeqturi meTodi.  
      gavixsenoT, rom mocemuli sistemisaTvis eiler-lagranJis 
gantolebas aqvs saxe 

                 02  Jxmxm clcl        

sxva sityvebiT, klasikuri traeqtoria aris Semdegi gantolebis amoxsna 
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d
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                            (II-2.21) 

  am gantolebis amonaxsni Caiwereba erTgvarovani gantolebis zogadi 
amonaxsnis da araerTgvarovani gantolebis kerZo amonaxsnis saxiT:  

                         txtxtx IHcl  ,                            (II-2.22) 

sadac erTgvarovani amonaxsnia  

                      titi

H BeAetx                               (II-2.23) 

xolo A  da B aris nebismieri koeficientebi.  
  kerZo amonaxsnis mosaZebnad gamoviyenoT grinis funqciis meTodi. am 
gantolebis grinis funqcia ganimarteba gantolebiT  

                    ttttG
dt
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                        (II-2.24) 

naTelia, rom Tu cnobili iqneba grinis funqcia,  ttG  , araerTgvaro- 
vani amonaxsni ase Caiwereba 
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                         (II-2.25) 

TviTon grinis funqcia advilad aigeba Semdegi furie-gardaqmnis 
gamoyenebiT 
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amave dros  
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CavsvaT axla es yvelaferi (II-2.25) gantolebaSi. miiReba  
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Sesabamisad, grinis funqciaa 
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                                 (II-2.28) 

pirvelive SexedviT naTelia, rom integralqveSa gamosaxulebas aqvs 
polusebi wertilebSi:  .k  amitom es integrali unda ganimartos 
kompleqsur sibrtyeSi gagZelebiT da naSTTa Teoriis gamoyenebiT. 
amisaTvis aucilebelia avirCioT konturi kompleqsur k -sibrtyeSi. 
Cveulebrivad, klasikur meqanikaSi ainteresebT dagvianebuli da 
winmswrebi grinis funqciebi. magram kvantur velis TeoriaSi 
fundamenturi mniSvneloba eniWeba feinmanis grinis funqcias, romelsac 
Seesabameba naxazze mocemuli konturi.  
 
 
 



 34 

 

 

 
 

naxazi 7 
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sadac SemovitaneT 
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sxva sityvebiT, grinis funqcias (II-2.29) gantolebaSi SegviZlia SevxedoT, 
rogorc Semdegi diferencialuri gantolebis amonaxsns  
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dt

d
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     sisrulisaTvis SevniSnoT, rom dagvianebuli da winmswrebi grinis 
funqciebi am enaze Seesabameba Semdeg arCevas 
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rasac Seesabameba konturebis aseTi konfiguracia  
 
 
 
 

naxazi 8 
 
 
 
 
 
 

 
naxazi 8 
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    feinmanis grinis funqciis SemTxvevaSi konturi unda CavketoT qveda 
naxevarsibrtyeSi, roca  0 tt . maSin miiReba 
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meore mxriv, roca 0 tt , konturs CavketavT zeda naxevarsibrtyeSi. 
vpoulobT  

            
 

   









  ikik

e
dkttG

ttik

2

1
lim

0
 

                   
 

 tti
tti

e
i

e
i







 





 2

1

2
2

2

1
                  (II-2.33) 

amrigad, feinmanis grinis funqcias aqvs saxe 
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               (II-2.34) 

am grinis funqciis agebis Semdeg araerTgvarovan amonaxsns CavwerT  
Semdegnairad 
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amitom  
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davadoT sasazRvro pirobebi 

                    ffcliicl xtxxtx  ,                        (II-2.36) 

da amovxsnaT nebismieri mudmivebi sawyisi da saboloo koordinatebis 
meSveobiT: 
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am TanafardobaTa gaTvaliswinebiT klasikuri traeqtoriisaTvis 
vRebulobT 
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axla ukve SegviZlia klasikuri qmedebis miReba lagranJianis SedgeniT 
da integraciiT drois mixedviT. miiReba  
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amiT mTavrdeba droze damokidebul gareSe wyarosTan urTierTqmedi 
harmoniuli oscilatoris gadasvlis amplitudis gamoTvla. 
 
 
_ harmoniuli oscilatoris speqtris gamoTvla 
  
zemoT miRebuli formulidan SegviZlia ganvixiloT mniSvnlovani kerZo 
SemTxvevebi. SeviswavloT, magaliTad, Tavisufali harmoniuli 
oscilatori. am dros unda aviRoT 0J  da dagvrCeba 
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                    (II-2.38) 

bunebrivia, rom Sedegi simetriulia fi   gadasmis mimarT. Tu 

SevaerTebT adre gamoTvlils (II-2.20) da axla miRebuls erTad, 
davaskvniT, rom oscilatorisaTvis gadasvlis amplituda yofila: 
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        (II-2.39) 

speqtris gamosaTvlelad gadasvlis amplituda CavweroT sisrulis 
pirobis gamoyenebiT Semdegnairad: 
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axla gamoviyenoT Tanafardobebi trigonometriidan: 
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am Tanafardobebis gaTvaliswinebiT gadasvlis amplitudis wina 
gamosaxuleba ase gadavweroT: 
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                          (II-2.41) 

Tu axla am gamosaxulebaSi marjvena mxares gavSliT  Tie   funqciis 

xarisxebis mwkrivad, raki am mwkrivis pirveli koeficienti aq aris 2/Tie  , 

amitom gaSlis nebismier wevrs eqneba saxe TinTi ee   2/ , sadac ,...3,2,1n  es 
ki niSnavs, rom energiis doneebi ganisazRvreba formuliT 

                       2/1 nEn                               (II-2.42) 

amrigad, miviReT doneebis cnobili formula. magram talRuri 
funqciebic rom miviRoT, aucilebelia movaxdinoT mwkrivad gaSla 
bolomde. meTodis sailustraciod ganvixiloT, magaliTad,  2n  
amoxsna. amisaTvis (II-2.41) gamosaxulebis marjvena mxare unda gavSaloT 
am rigis wevrebamde. gvaqvs:  
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          (II-2.43) 

axla gamovyoT umciresi rigis wevris koeficienti  
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Semdegi rigis wevri iqneba: 
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Semdegi wevria  
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                          (II-2.47) 

rac mravldeba faqtorze  
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da radgan (II-2.47)-is frCxilebSi moTavsebuli gamosaxuleba faqtoriz- 
deba ase:   
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amitom vRebulobT Semdegi saxis talRur funqcias: 
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                               (II-2.49) 

da a.S. aigeba danarCeni funqciebic, romlebic, iseve rogorc zemoT 
moyvanili, daemTxveva harmoniuli oscilatoris cnobil amonaxsnebs.  
am funqciebis agebis zogadi recepti aRwerilia wignSi: Р.Фейнман.А.Хиббс 

Квантовая механика и интегралы по траекториям. стр.230. 
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   Tavi  III.          samganzomilebiani SemTxveva 

 

 
      zemoT jerjerobiT yvelgan vifarglebodiT erTganzomilebiani 
ganxilviT, roca gvqonda marto erTi sivrculi koordinata. aSkaraa, rom 
fizikurad ufro sainteresoa mravalganzomilebiani (samganzomilebiani) 
amocanebis ganxilva. sagulisxmoa, rom zogadi Tanafardobebis miReba, 
rogorc qvemoT davinaxavT, ar xvdeba raime principul SezRudvebs. aseve 
advilad gadavalT radialuri amocanebis Camoyalibebaze, roca saWiro 
iqneba centraluri simetriis potencialebis ganxilva.  
 
      III-1. feinmanis wirebze integrali 3-ganzomilebaSi.  
 
     propagatori ganmartebuli gvaqvs Cveulebrivad, rogorc gadasvlis 
amplituda: 
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           (III-1.1) 

sadac a  aris nebismieri ermituli operatoris sakuTari veqtorebi, 

Tumca umjobesia CavTvaloT hamiltonianis sakuTar veqtorebad; am 
SemTxvevaSi eqsponentaSi hamiltoniani SegviZlia SevcvaloT misi 
sakuTari mniSvnelobebiT da orTonormirebis pirobis gamoyenebiT 
miviRebT: 
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,;,                    (III_1.2) 

cxadia, rom yvelafris gameoreba SegviZlia sivrculi x

 veqtoris 

drosac. amitom  moveliT, rom gveqneba feinmanis wiriTi integrali- 
saTvis Semdegi warmodgena  
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,exp;,              (III-1.3) 

sadac integracia tardeba yvela SesaZlo traeqtoriebze 3-ganzomilebaSi 

an, rogorc ityvian, istoriebis mixedviT, romelic iwyeba  0rri


  

wertilSi da mTavrdeba  Trrf


  wertilSi.  

     integralqveS ki  dgas klasikuri qmedeba  
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    wirebze feinmanis integrali ganimarteba tradiciuli gziT 
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            (III-1.5) 

mkiTxveli SeniSnavda, rom Cven odnav SevcvaleT adre gamoyenebuli 
aRniSvnebi, ramac gaugebroba ar unda gamoiwvios. ZiriTadi cvlilebebi 
ganpirobebulia 3_ganzomilebaze gadasvliT.  
    (III-1.5) formulaSi  
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T
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            (III-1.6) 
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xolo NA  aris normirebis faqtori N -ur rigSi. 

     drois romelime calkeul intervalSi qmedeba tolia  
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             (III-1.7) 

     xSirad xdeba xolme, rom amocanas aqvs sferuli simetria da saWiro 
xdeba kuTxeebze damokidebulebis gancalkeveba (iseve, rogorc iqcevian 
xolme Sredingeris gantolebaSi). bunebrivia, SevecadoT kuTxeebze damo- 
kidebulebis gamoyofas funqcionalur integralSic.  
   es keTdeba sakmaod martivad da, ase vTqvaT, pirdapiri gziT. SemoaqvT 
sferuli koordinatebi 
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maSin or wertils Soris manZilis kvadratisaTvis gveqneba 
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amis gaTvaliswinebiT parcialuri qmedebani (III-1.7) ase gadaiwereba: 
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       (III-1.8) 

     gamoviyenoT leJandres polinomebad gaSlis formula  
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                 (III-1.9) 

maSin integralqveS qmedebis Semcveli wevri ase warmoidgineba 
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sadac 
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       (III-1.11) 

integraciisa da namravlebis gadasmis Semdeg (III-1.10) formulis marjvena 
mxare ase gadaiwereba  
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am Sedegis Casma (III-1.5)-Si gvaZlevs 
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axla kuTxuri integralebis aReba martivad xerxdeba. amisaTvis 
leJandres polinomebi unda gavSaloT sferul harmonikebad 
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orTogonalobis pirobis gamoyenebiT, romelsac aqvs saxe 
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amis gamo TiToeuli kvanturi ricxvisaTvis l  radialuri da kuTxuri 
wvlilebi propagatorSi caldebian; amitom 
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sadac lK aris  l - talRis Sesabamisi radialuri propagatori  
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               (III-1.12) 

normirebis mamravli isea arCeuli, rom sruli propagatori erTze iyos 
normirebuli: 
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yvelaferi amis gaTvaliswinebiT miiReba radialuri kontinualuri 
integralis Semdegi cxadi saxiT warmodgena  
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     (III-1.13) 
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aSkaraa, rom TviTon radialuri guli daakmayofilebs Sredingeris 
radialuri gantolebis Sesabamisi grinis funqciis gantolebas: 
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      (III-1.14) 

sawyisi pirobiT 
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dawvrilebiTi informaciis mopoveba radialur gantolebebze gadasvlis 
Sesaxeb dainteresebul mkiTxvels SeuZlia naSromSi D.Peak and A.Inomata, 

“Summation over Feynman Histories in Polar Coordinates”. Journal of Mathematical 

Physics, Volume 10,number 8, pp.1422-1428 (1969).    
 
 
 
 



 42 

Tavi IV.  cvladTa gardaqmna funqcionalur integralSi 

 
 

   fizikaSi xSirad gvxvdeba amocanebi, romlebic SeiZleba davZlioT 
gacilebiT ukeTesad cvladebis saTanado Secvlis Semdeg. velis 
TeoriaSic cvladTa gardaqmna asrulebs mniSvnelovan rols. qvemoT Cven 
ganvixilavT cvladTa gardaqmnis zogad meTodebs, romlebsac eqnebaT 
praqtikuli gamoyeneba funqcionalur integralSic, rac esoden 
aucilebelia sxvadasxva amoxsnadi amocanebis ganxilvisas.  
 
 
IV-1.  wertilovani kanonikuri gardaqmnebi operatorul formalizmSi 
 
 
   daviwyoT hamiltonianis standartuli formiT sazogadod 
mravalganzomilebian evklidur sivrceSi. koordinatul warmodgenaSi 
Sredingeris gantoleba moicema ase (erTeulovani masisTvis): 

         qEqqV
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1ˆ                             (IV-1.1) 

ganvixiloT wertilovani kanonikuri gardaqmna, romelic moicema ase 
(rogorc cnobilia kanonikuri gardaqmnebis Teoriidan, nebismieri 
wertilovani gardaqmna aris kanonikuri. ix. mag.,Aa.xelaSvili, “klasikuri 
Teoriuli meqanika”, Tsu, 2005): 

                      )(qfQq aaa                              (IV-1.2) 

amave dros davuSvebT Sebrunebuli gardaqmnis arsebobasac 

                 qFq aa                                           (IV-1.3) 
Sredingeris gantoleba axla unda gadaiweros axal cvladebSi. 
gawarmoebis wesebiT advilad CavatarebT saWiro gardaqmnebs  
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ganvsazRvroT  
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c c
c

b

c

a

c

b

c

a
ab

q

f

q

f

q

Q

q

Q
Q                               (IV-1.6) 

amis gaTvaliswinebiT Sredingeris gantoleba ase gadaiwereba  
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1ˆ        (IV-1.7) 

sadac SemovitaneT aRniSvnebi 
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P
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1

                               (IV-1.8) 

cvladebis Secvlis Semdeg miRebuli hamiltoniani, sazogadod, ermituli 
ar iqneba, Tuki Cven SevinarCunebT Cveulebriv ermitul SeuRlebas: 
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              aa

aa QQPP    

es xdeba imitom, rom H aris ermituli  sawyis q - sivrceSi. magram 

cvladTa Secvlis Semdeg Q -sivrceSi talRuri funqcia unda ganimartos 
gardaqmnis iakobianidan kvadratuli fesvis Semcveli mamravliT: 

                         QQdQQFQFdQQJqqdq 212121       (IV-1.9) 

sadac 

                   QFQJQ 2/1                                 (IV-1.10) 
axal sivrceSi hamiltoniani moiZebneba msgavsebis gardaqmniT 

                 2/12/1  HJJH eff ,                                 (IV-1.11) 

romelic unda iyos ermituli.  
     praqtikulad xSirad iakobianis gamoTvla aris xolme ufro rTuli, 
vidre zemoT Semoyvanili sidideebisa   da   . amitom, sasurvelia Tu 

effH -s gamovxatavT am sidideebiT. jer SevniSnoT, rom  

                        QJQJQJ    
amitom,  

         QiCPJPJ aaa  2/12/1 ,                                    (IV-1.12) 

sadac 
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             (IV-1.14) 

moviTxovoT axla am hamiltonianis ermituloba. gvaqvs 
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saidanac vpoulobT damatebiT SezRudvas 
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aba C 02 ,                                (IV-1.15) 

es aris gantoleba aC -s gansazRvrisaTvis. indeqsSi mZimis niSani, rogorc 

sayovelTaod miRebulia, aRniSnavs gawarmoebas. am SezRudvis gaTvalis- 
winebiT ermituli efeqturi hamiltoniani ase gamoiyureba  

            
ab
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aeff QVCCPPH
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1
                         (IV-1.16) 

     es aris ZiriTadi Sedegi, romelsac SemdgomSi gamoviyenebT cvladTa 
Secvlis dros funqcionalur integralSi. 
    
 
 
 
 
 
     IV-2.  veilis mowesrigeba funqcionalur integralSi 
 
 
funqcionalur integralSi aRwerili formalizmis gamoyenebisaTvis 
gavixsenoT, rom unda gamoviyenoT operatorTa mowesrigeba veilis wesiT. 
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es wesi gulisxmobs operatorTa simetrizacias dakvantvamde da Semdeg 
Sualeduri wertilis miweras koordinatisaTvis. amitom, rom CavweroT 
feinmanis wirebze integrali axlad Semoyvanili efeqturi hamiltoni- 
anisaTvis, pirvel rigSi unda movaxdinoT veilis mowesrigeba. advilad 
aRmovaCenT, rom  
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sadac  
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                               (IV-2.3) 

es aris damatebiTi wevri, romelic ar warmoiqmneba klasikur wertilo- 
van gardaqmnebSi. igi Seesabameba wminda kvantur efeqtebs da Tu Cven 
SevinarCunebdiT plankis   mudmivas zemoT Catarebul gamoTvlebSi, 

davinaxavdiT, rom V  proporciulia 2 -isa. amis Semdeg wirze feinma- 
nis integrali SegviZlia CavweroT ase: 
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xolo 
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an HnQnQnPA 1                           (IV-2.5) 

da  
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ban nQVnQVnQnPnPH
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1
                 (IV-2.6) 

sadac koordinata aRebulia Sualedur wertilSi 

                1
2

1
 nQnQnQ                                    (IV-2.7) 

     zemoT moyvanil formulaSi M  aRniSnavs sivrcis ganzomilebas. 
ase Caiwereba kontinualuri integrali fazur sivrceSi. konfiguraciul 
sivrceSi gadasawerad unda Catardes integracia impulsebiT. am integra- 
ciebis Catareba SesaZlebelia gansaxilav SemTxvevaSi, radgan saqme gvaqvs 
gausis tipis integralebTan. maTi aRebis dros warmoiqmneba axali 
iakobianebi, romlebic kidev damatebiT wvlilebs mogvcemen. yvelaferi es 
gamoiTvleba pirdapiri gziT da sakmaod martivad. misi saboloo saxe 
aseTia: 
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            (IV-2.8) 

sadac 
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                                                                   (IV-2.9) 
  esaa diskretuli warmodgena funqcionaluri integralisa. rac Seexeba 
mokle formalur Caweras, SegviZlia ase aRvniSnoT: 
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det....                  (IV-2.10) 

yuradReba mivaqcioT gardaqmnis iakobianis (determinantis) gamoCenas 
kontinualuri integraciis zomaSi.  
    wertilovani kanonikuri gardaqmnebis kerZo magaliTia gadasvla 
dekartes koordinatebidan mrudwirul koordinatebze. raki 
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metrika axal sistemaSi moicema ase: 
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abab gg   ,1                             (IV-2.11) 

amitom  
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aa                       (IV-2.12) 

     cxadi gamoTvlebiT SeiZleba vaCvenoT, rom  
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1
                                (IV-2.13) 

sadac   aris meore gvaris kristofelis simbolo 
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IV-3.    kanonikuri gardaqmnebi kontinualur integralSi 
 
 
  zemoT SeviswavleT wertilovani kanonikuri gardaqmnebi operatorul 
formalizmSi, saxeldobr, cvladTa Secvla hamiltonianis standartul 
formaSi. Semdeg miRebuli efeqturi hamiltonianisaTvis CavwereT 
kontinualuri integrali. axla SevecadoT cvladTa gardaqmnis Catarebas 
uSualod kontinualur integralSi.  
    amasTan ganvixilavT M  cvladis zogad SemTxvevas.  
    gavixsenoT, rom feinmanis guli aris gadasvlis amplituda raime 

sawyisi konfiguraciidan  M

iiii qqqq ,...,,
21

  drois it momentSi sxva konfigu- 

raciaze fq  drois ft  momentisaTvis. is moicema TanafardobiT: 
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sadac 
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                        (IV-3.2) 

CavataroT cvladebis Secvla Qq  :       nQFnqa   
axali integraciis zoma moicema ase: 
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2/1                                (IV-3.3) 

lagranJiani miiRebs saxes  
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                    (IV-3.4) 

axla es gamosaxuleba unda gavSaloT  nQ  Sualeduri wertilis 
maxloblad. kinetikur energiaSi wamyvani wevri iqneba  
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                         (IV-3.5) 

sadac 

                1 nQnQnQ aaa                                  (IV_3.6) 
ismis kiTxva: (IV-3.4) formulis gaSlaSi simciris mixedviT romeli rigis 
wevrebi unda SevinarCunoT? amisaTvis jer unda SevafasoT Q . radgan 

wirze integrali aris gausianiT Sefaseba, amitom unda gamovTvaloT 
2)( Q -is saSualo mniSvneloba (IV-3.5)-is Sesabamisi qmedebiT: 
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exp                (IV-3.7) 

radgan 0  rigis yvela wevri nL -dan iZleva qmedebaSi wvlils, Cven unda 

SevinarCunoT Q -s meoTxe xarisxis rigis wevrebi (IV-3.4)-Si. pirdapiri 

gamoTvliT vpoulobT 
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   axla gavSaloT iakobiani: raki srul iakobians aqvs saxe 
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am namravlis gasaSlelad gamoviyenoT Tanafardoba 
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vipoviT  
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     (IV-3.10) 

CavsvaT es yvelaferi sawyis gamosaxulebaSi (IV-3.1) da saTanadod 
davalagoT faqtorebi, miviRebT Semdeg gamosaxulebas efeqturi 
iakobianisaTvis  
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           (IV-3.11) 

aq ukanaskneli wevri modis me-4 rigis wevrebidan. axla Q -ebi 
SevcvaloT gasaSualoebuli mniSvnelobiT. am proceduris dasabuTeba 

SegviZlia ase: SevaCeroT Cveni yuradReba integraciebze sidideebiT  nQ  

da  1nQ . SevcvliT cvlads  nQ -dan   nQ -ze. Semdeg CavatarebT am 
ukanaskneliT integracias, rac gasaSualoebis tolfasia. aq iqneba 

wvlili gamowveuli  1nQ -iT da  1 nQ -iT, radgan isini damokidebu- 

lia agreTve  nQ -sa da  1nQ -ze. magram SeiZleba Cveneba, rom es 

wvlili mcirea   rigiT da SegviZlia ugulvebelvyoT. gasaSualoebisa- 
Tvis gamoviyenebT Semdeg Tanafardobebs: 

       
   bcadbdaccdabdcba
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             (IV-3.12) 

amas gamoviyenebT wina formulaSi da movaxdenT eqsponenciacias 
qmedebaSi. vipoviT 
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   (IV-3.13) 

wirze integralis saboloo forma igivuria (IV-2.8) gamosaxulebisa, 

garda faqtorebisa    if QgQg 4/14/1  ,romlebic arian iakobianebi Q -sa 

da q -s Soris, rac Seesabameba cvladTa gardaqmnisas talRuri funqciis 

gardaqmnas 2/1gJ   iakobianiT. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 48 

Tavi V.  radialuri kontinualuri integralis sivrce-droiTi 

gardaqmna 

            

 
zemoT samganzomilebiani kvanturi sistemebi sferulad simetriuli 
potencialebisaTvis daviyvaneT efeqturi erTganzomilebiani sistemebis 
Seswavlaze, rac gamoixateba erTganzomilebiani radialuri wiriTi 
integralebis gamoTvlaSi. magram,samwuxarod pirdapiri gzebi aseTi 
aragausiani integralebis gamosaTvlelad jer ar aris damuSavebuli, 
amitom saWiroa gardaqmnebis meTodebis gafarToveba. Cveulebrivad 
Sredingeris gantolebiT muSaobis dros gvixdeba saintegracio 
cvladebis gardaqmnis xelovnuri gzebis Zieba, amitom, bunebrivia, aqac 
unda gamoviyenoT cvladTa gardaqmnis ufro mZlavri meTodebi. 
    wirze integralis yuradRebiT ganxilva, roca gamoiyeneba drois 
meseris dayofis procesi, gveubneba, rom arawrfivi gadaqmnebis dros 
operatorTa namravlis mowesrigebis stoqastur bunebas mivyavarT droze 
damokidebuli gardaqmnebis ganxilvis aucileblobasTan. arawrfivi 
garadaqmnebis dros traeqtoriebi ise icvleba, rom maTi texiliT 
aproqsimaciisaTvis drois intervalebis axali danawevreba unda SeirCes. 
qvemoT swored aseTi xasiaTis gardaqmnebi iqneba demonstrirebuli.  
 

V-1. sivrce-droiTi gardaqmnebi cxadi saxiT 
 
 
    wina paragrafebidan gavixsenoT radialuri formulebi:  
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           (V-1.1) 

aq, rogorc Cveulebrivad, radialuri kontinualuri integrali 

ganmartebulia drois meserze meseris mudmiviT  
N

T
 ,  xolo  

                1,,0,,  kkkfikkk rrrTrrrkttrr   

lK  guli nuldeba, roca 0T , igi simetriulia fi rr ,  gadasmis mimarT da 

akmayofilebs radialur grinis funqciis gantolebas (II-1.14), iqve 
mocemuli saTanado sasazRvro pirobiT.  
   axla ganvixilavT kombinirebul gardaqmnas Rrt  , , sadac 

Semogvyavs axali “wirze damokidebuli dro”   trt;   da axali 

radialuri cvladi ,  RR  , romelic ganisazRvreba gantolebebiT  

        
 

 Rgr
rf

dt
d  ,       da              0;0 ir  

sadac gf ,  arian Sesabamisi dadebiTad gansazRvruli funqciebi. 
davuSvebT agreTve, rom SezRudvas 

                   

f
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0

                                   (V-1.2) 
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yvela dasaSveb wirebze aqvs calsaxa amoxsna, 0f . cxadia, raki T  

dafiqsirebulia,   “dro” damokidebuli iqneba wirze. (V-1.2) SezRudva 
rom gaviTvaliswinoT, wiriT integralSi (V-1.1) CavsvaT es SezRudva 
(igivuri erTiani)Semdegi igiveobiT (fadeev-popovis meTodi)  
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                 (V-1.3) 

rasac SevitanT (V-1.1) integralqveS.  
     droebiT daviviwyoT wirze integralis stoqasturi buneba. maSin 
pirdapiri Casmebis Semdeg miviRebT:  
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(V-1.4) 
win dgas gardaqmnis iakobianis Sesabamisi normirebis mamravli. imisaTvis, 
rom gardaqmnis Semdegac miviRoT axali kvanturi sistema unda Semovita- 
noT garkveuli SezRudvebi, saxeldobr: 
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             (V-1.5) 

amis Semdeg naTeli xdeba, rom gardaqmnili guli  WRRK iffl ,;  SegviZlia 

mivakuTvnoT axal kvantur sistemas orbitaluri momentiT l  (rac asea 

ganmartebuli    11  lalll ) da axali potencialiT  

                     ERgVRgfRW                               (V-1.6)  

mocemuli  rV  potencialisaTvis SesaZlebeli unda iyos iseTi f  da g  
funqciebis povna (romlebic amave dros (V-1.5) SezRudvebs akmayofileben), 

rom axali  RW  potencialiT (V_1.4) integrali aiRebodes cxadad.  
 
   SeniSvna: (V-1.5) pirobebTan dakavSirebiT: rogorc etyoba, meTodis 
avtorebma (I.H.Duru, H.Kleinert, Phys. Lett., 84B (1979) 185) mxedvelobidan gauSves 
is faqti, rom es Tanafardobebi ukve zRudaven gardaqmnebs xarisxovani 
funqciebiT. marTlac, (V-1.5)-dan gvaqvs  
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  avtorebic gamoiyeneben xarisxovan gardaqmnas, oRond xarisxis 
maCvenebeli ar ukavSirdeba moyvanil koeficients.  
 
ganvixiloT martivi Casma: 

          
 ,, RRgrArf                           (V-1.7) 

(V-1.5) rom davakmayofiloT, aviRebT  
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  AaA                       (V-1.8) 

axali potenciali ase gamoiyureba  
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                           (V-1.9) 

   am ganmartebebis Semdeg Cven unda davafiqsiroT saTanado meseruli 
versia, romelic saSualebas mogvcems CavataroT gardaqmna wirze 
integralis meserul ganmartebaSi. axal meserze cvladebs Tu ase 

ganvmartavT,      ,, kkkk RRRgr   maSin gamodis, rom axali meseruli 

“mudmiva” k   damokidebuli iqneba dayofis wertilebze anu k -ze. 

cvladebis gardaqmnis Sesabamisi diskretuli versia, romelic feinmanis 
gulis simetrias ar Secvlis, moicema ase:  
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1 kkkkk RRARgfRgf                    (V-1.10) 

es gvaZlevs integracis zomis gardaqmnis Semdeg formulas wirebis 
sivrceSi:  
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e.i.   

                      

 DRrrAtDr if

2/2/1                            (V-1.11) 

gamomdinare aqedan, normirebis mamravli aseTia 
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axla ukve gasakeTebelia meseruli saxiT Cawerili qmedebis gardaqmna. 
rogorc wina paragrafebSi gavarkvieT, kinetikuri energiis wevrebSi 
gaSlebi unda CavataroT simciris mixedviT meoTxe rigamde, anu  
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     (V-1.12) 

brounis moZraobis maTematikuri formulirebisas itom stoqasturi 
integralebis ganmartebis gamoyenebiT (ix., mag., H.P. Mc Kean, ‘Stochastic 

Integrals” ,Acad.Press, New York, 1960)  daadgina, rom (V-1.12) gamosaxuleba  
ekvivalenturia gamosaxulebisa (eqsponentaSi): 
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SeniSvna: SegviZlia davadginoT ras gulisxmobs es ekvivalentoba, Tu 
gavixsenebT Semdeg gausian integrals  
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aRvniSnoT  1  da es integrali orjer gavawarmooT  -s mixedviT da 

SevadaroT itos Sedegs. miiReba Semdegi ekvivalenturoba 224 3  . 
 
amitom es damatebiTi wevri radialur qmedebaSi iTvaliswinebs Seswo- 
rebas centrgamzid wevrSi, romelic iZleva Sesworebas efeqtur kuTxur 
momentSi    

                   4/2411
2

  AllLL  

saidanac vipoviT 
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   Tu am Sesworebas gaviTvaliswinebT, davinaxavT, rom miiReba wirze 

integraliT warmodgena, sadac radialuri gulia  


WRRK iffL ,; , xolo 

Semavali sidideebi moicemian (V-1.9) da (V-1.13) gantolebebiT. gardaqmnili  
integralisaTvis wirze vpoulobT  
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Tu droze-damoukidebel radialur guls lk  ganvmartavT ase 
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advilad davadgenT gardaqmnis formulas 
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   es aris am paragrafis mTavari Sedegi. igi gveubneba, rom feinmanis 
guli mocemuli potencialiT V  da fiqsirebuli kuTxuri momentiT l  

ukavSirdeba feinmanis guls axali potencialiT W  da efeqturi 

kuTxuri momentiT L . 

     Tu mocemuli V potencialisaTvis movZebniT gardaqmnas, romlis- 
Tvisac (V-1.15)-is marjvena mxare SeiZleba gamoiTvalos rogorc energiis 
funqcia, sawyisi sistemis energiis doneebi da talRuri funqciebi 
moiZebneba gulis speqtraluri warmodgenis meSveobiT  
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                            (V-1.16)  

energiis sibrtyeSi polusisa da naSTis gansazRvriT.  
      ganvmartoT radialuri grinis funqcia TanafardobiT 
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maSin wina (V-1.15) gardaqmnis formula SegviZlia gadavweroT Semdegi 
kompaqturi saxiT 
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   V-2. miRebuli Sedegebis zogierTi gamoyeneba 
         
   zemoT miRebuli formulebi pirvel rigSi SevamowmoT TviTSeTanxmebu- 

lobaze. umartivesi magaliTia Tavisufali nawilaki, rodesac   ,0rV  

2
,1

2kE  . vpoulobT Tavisufali nawilakis gulisTvis Tanafardobas: 

                  if

OSC

lififl rrGrrrrEk ,2,; 2/12

4/10

                    (V-2.1) 

   marjvena mxareSi gaCnda harmoniuli oscilatoris grinis funqcia 
ik2  wamosaxviTi sixSiriT. marTlac, axali potenciali (V-1.9) 

formulis gamo aris oscilatoruli, 2/4 222

1 RERW  . harmoniuli 
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oscilatorisaTvis namdvili  sixSireebis dros wirze integracia 
Catardeba martivad da miiReba  
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         (V-2.2) 

   Tu CavatarebT aq saWiro analizur gagrZelebas da Sedegs 
gamoviyenebT (V-1.15)-Si, beselis funqciebis Tvisebebis gaTvaliswinebiT 
mivalT Semdegze  
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 esaa radialuri guli. Tu parcialur talRebad gaSlis Tanafardobebs 
gavixsenebT, advilad davadgenT, rom Tavisufali nawilakis propagatori 
yofila  
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 ,                   (V-2.4) 

rac emTxveva adre Cvens mier adre gamoTvlil Sedegs.  
 
 
 
_ganvixiloT axla kulonuri potenciali  
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aviRoT gardaqmna 1 . maSin   2

1 44 RrrArf   anu 2Rg  . aq Cven 
forsirebulad viyenebT (V-1.7-8) Tanafardobebs. gvaqvs agreTve  
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amas mivyavarT srul faqtorizaciamde bmis konstantisa 
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                 (V-2.7) 

raki harmoniuli oscilatoris amoxsna viciT, es ukanaskneli formulebi 
xsnian kulonis amocanas. marTlac, CavweroT speqtraluri formula am 
gantolebis orive mxarisaTvis  
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(V-2.8) formulaSi orive mxaris polusuri struqturis Sedareba uaryo- 
fiTi sruli energiis dros (anu am dros orive mxareSi naSTebis 
gamoTvliT) iZleva balmeris cnobil formulas wyalbadis atomisaTvis  

                         
2

4

2n

e
EE n   

 
 
 
  komentarebi gamoTvlebis Casatareblad 
 
mivaqcioT yuradReba erT garemoebas. zemoT aRwerili meTodi 
praqtikulad mxolod xarisxovani yofaqcevis potencialebze gamodgeba 
efeqturad. magram fizikaSi xSirad gvxvdeba potencialebi, romlebic ar 
arian wminda xarisxovani. aseT SemTxvevaSi ufro efeqturi meTodic 
arsebobs. erT-erT wina paragrafSi Cven ganvixileT operatorTa 
gardaqmnis Teoria da misi Sesabamisi veilis mowesrigeba. vnaxeT, rom 
iqac warmoiqmneboda saSualedo wertilTan gaSlebis dros usasrulod 
mcire sidideebis balansis dasacavad kinetikuri energiis wevrSi me-4 
rigamde gaSlis aucilebloba. Tu amas gavixsenebT da gamoviyenebT 
bolos aRweril meTodSi, SegviZlia zogierTi koreqtivi SevitanoT 
gamoTvlebSi da meTodi ganvazogadoT ise, rom gamodgebodes ukve 
nebismieri potencialebisaTvis.  
    SevaCeroT yuradReba gardaqmnis im etapze, roca Semodis praqtiku- 
lad nebismieri funqciiT gardaqmna da axali kvanturi sistemis aRwera, 
saxeldobr, formulebi (V-1.5) da (V-1.6). ukve am etapze SegviZlia miviRoT 
samuSao formulad Semdegi gamosaxuleba (mkiTxveli advilad mixvdeba 
saTanado adgils ZiriTad teqstSi):  
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         (V-2.9) 

sadac  
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                                   (V-2.10) 

 
    amrigad, axal cvladebSi saqme gvaqvs kvantur sistemasTan, romelSic 

a) urTierTqmedebis potencialuri energiaa   VW 1 , 

b) xolo axali momenti moiZebneba pirobidan    allll 1111   

   V -s struqturidan ganzomilebebis mosazrebiT Cans, rom unda 

gvqondes 
2

1
~

R
V . amitom es wevric gaerTiandeba centrgamSor wevrTan 

da wvlils Seitans efeqtur momentSi. 
   advili saCvenebelia, rom ukve cnobili magaliTisaTvis am meTodiT 
igive Sedegi miiReba. marTlac, kulonuri potencialisaTvis viRebT 
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raki moveliT diskretul speqtrs, roca 0E , amitom 082  E . 
garda amisa,  

                
22 8

3
0

3

8

1

RR
V 








 ,      4

2





g

g
a  

amrigad, centrgamSor wevrad gvaqvs 
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rac iZleva Sedegs  
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amitomac efeqturi momentia 
                      2/12  lL  
 da furie-saxeebisaTvis miiReba ukve cnobili gamosaxuleba (V-2.7).  
     ekvivalenturobasTan erTad es meTodi ufro gamosadegia, 
magaliTad, xarisxovanze ufro zogadi potencilebisaTvis. 
sailustraciod  ganvixiloT magaliTi: 
 
    _ morsis potenciali )0( ls -mdgomareobaSi, roca Sredingeris 
gantolebac cxadad amoixsneba:  
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miviReT kvlav sivrculi oscilatori, romlisTvisac 
2

2 8



D
 , xolo 

efeqturi momenti moiZebneba gantolebidan: 
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Casmis Semdeg miviRebT: 
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rac oscilatoris doneebis formulis gamoyenebis da speqtraluri 
warmodgeniT sargeblobis Semdeg mogvcems Sedegs: 
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esaa jer gantoleba E -s mimarT, radgan   Seicavs E -s 
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E
  

amrigad, amocana dadis transcendentul gantolebaze, romlis amoxsna 
ricxobrivad SeiZleba kompiuterze nebismieri saWiro sizustiT. 
 
 
 
 
amocanebi:  
     zemoaRniSnuli meTodebiT amoxseniT speqtris amocana Semdegi 
potencialebisaTvis    )0( ls  -  mdgomareobaSi:  
 

a) eqsponencialuri ormo  

              0,,    AAerV r  

          gamoiyeneba deitronis  pn,  amocanaSi.  
 
b) wrfivad zrdadi potenciali  
              .0,  ggrrV  

             gamoiyeneba kvark-antikvarkis bmuli mdgomareobebis      
       (konfainmentis) amocanaSi.  

g)   maie-lenard-jonsis potenciali 
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    gamoiyeneba molekuluri speqtrebis amocanebSi 
 
d)    ganzogadebuli kulonuri potenciali (nebismieri orbitaluri     
     momentiT)  
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      gamoiyeneba wyalbadisebri atomebis da molekulebis amocanaSi. 
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Tavi VI.  kontinualuri integralis gamoyeneba statistikur 

fizikaSi 

 

         
     VI-1.   ganawilebis funqciis warmodgena 

     ganvixiloT statistikuri meqanikis kanonikuri ansambli. n  da nE  

iyos hamiltonis H  operatoris sakuTari mdgomareoba da saTanado 

sakuTari mniSvneloba. maSin imis albaToba, rom sistemas vipoviT n  

mdgomareobaSi nE  energiiT, moicema ase:  
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              (VI-1.1)   

    amitom mdgomareobaTa simkvrivis operatori iqneba  
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sadac ganawilebis funqciaa 
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xolo Tavisufali energia  
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axla ganvixiloT simkvrivis operatori, rogorc  -s funqcia  
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SemdgomSi am indeqss CamovuSvebT da energetikul warmodgenaSi davwerT 
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amitom konfiguraciul sivrceSi vpoulobT 
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SevniSnoT, rom Casma  t
i


  gvabrunebs ukan Sredingeris gantole- 

bisken. es analogia gvaZlevs SesaZleblobas am diferencialuri 
gantolebis amonaxsni ase CavweroT: 
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                  (VI-1.4) 

magaliTad, harmoniuli oscilatorisaTvis 2/
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,                        (VI-1.5) 

romlis amonaxsnia 
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  (VI-1.6) 

Tavisufali nawilakisaTvis (VI-1.4) Sedegi gamomdinareobs wirze 
integralis gamoTvlidan )( U  
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                      (VI-1.7) 

nawilakisaTvis V  potencialSi analogiurad gamomdinareobs, rom  

        
 

  
 

 

 






















xUx

xx

U

uxV
uxm

duuDxUxx
0 0

2

2

1
exp;,




               (VI-1.8) 

agreTve sainteresoa Spuris warmodgena 
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                         (VI-1.9) 

ganawilebis funqciis am saxis integraluri warmodgena xSirad 
gamoiyeneba statistikur meqanikaSi.  
 
 
 
 
       
  VI-2.   wirze integralebis gamoTvla statistikur meqanikaSi 
 
rogorc ukve viciT, zustad gamoiTvleba funqcionaluri integralebi, 
romlebic eqsponentaSi kvadratul formebs Seicaven. am integralebs 
aqvT gamoyeneba statfizikaSi.  
   adre ganxiluli cvladis wanacvlebis meTodiT aseTi formebidan 
integralebi gvaZleven saWiro fizikur sidideebs.  
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   ganvixiloT, magaliTad, gamosaxuleba  
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sadac     21,0 xUxxx  . es gamosaxuleba aris simkvrivis matricis 
nawili, rogorc Cans wina paragrafidan. gavSaloT TiToeuli traeqtoria 

wrfivi traeqtoriis maxloblad  ux, -sibrtyeSi: 
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sadac    aris siCqare (mudmivi)  
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radgan     ,00  yUy  Cveni saZiebeli integrali wirze ixliCeba or 

mamravlad, romelTagan erTi damokidebulia kidura wertilebze da U -
ze, xolo meore damokidebulia marto U -ze. Tu SemovitanT aRniSvnas 
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simkvrivisaTvis vpoulobT  
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SegviZlia miviRoT gantoleba  UF -sTvis, Tu gamoviyenebT warmodgenas 

                   1221 ;,;,;, uyxuxxxduuyx  . 

amocana: miiReT gantoleba da aCveneT, rom misi uzogadesi uwyveti 
amonaxsni Semdegi saxisaa  
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exp
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 , 

sadac    - nebismieri ricxvia. 
     
      fizikuri TvalsazrisiT am mudmivis mniSvneloba araarsebiTia, 
radgan potencialis aTvlis done, rac am sidideze axdens gavlenas, 
arafers ar cvlis amocanis fizikur SinaarsSi.  

 TviT funqcia  UF  saerTod ar aris saWiro, radgan nebismieri 
fizikuri sididis saSualo mniSvneloba ganimarteba SefardebiT  

                          
 
 


Sp
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da am SefardebaSi  UF  funqcia ikveceba. 
    aseve SegviZlia gamovTvaloT wirebze integrali harmoniuli 
oscilatoris amocanaSi. aqac integralqveSa gamosaxulebis gaSliT 
klasikuri traeqtoriis maxloblad pasuxs ori faqtoris namravlze 
daviyvanT: 
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amocana: daamtkiceT es Tanafardobani. 
   
 
 
V-3.   variaciuli principi wirebze integralisaTvis 
 
   rogorc statfizikis kursidan aris cnobili, Tavisufali 
energiisaTvis adgili aqvs Semdeg utolobas:  

                  
000 HHFF                                (VI-3.1) 

an 

                  00
TSHF                                    (VI-3.2) 

romelic Cawerilia ori hamiltonianisaTvis H  da 0H . rogor SegviZlia 

saTanado Tanafardobebis Cawera wirebze integralis gamoyenebiT? 
   statistikuri jamisaTvis gvaqvs  
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                              (VI-3.3) 

    vTqvaT S -is nacvlad vixilavT sxva funqcionals 0S  (ar avurioT 

entropiaSi)., romelTanac, iTvleba, rom gamoTvlebis Catareba ufro  
advilia. maSin (VI-3.3) SegviZlia ase gadavweroT 
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 00                                    (V-3.5) 

(V-3.4) gamosaxulebis mricxvelSi mdgom mamravls aqvs saSualos saxe 

  0exp SS  -dan 0S
e
 woniT garkveuli  ux  traeqtoriisaTvis. amitom es 

gamosaxuleba SegviZlia ase gadavweroT: 
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davuSvaT, rom S  da 0S  arian namdvili sidideebi da gamoviyenoT 

utoloba  

                       
ff ee
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am utolobas aqvs martivi geometriuli interpretacia (ix. naxazi 9). 
 

 
naxazi 9 
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 mrudi fe  yovelTvis Zevs f
e
 mrudis maRla. da es utoloba ar aris 

imaze damokidebuli, Tu ra kanoniT aris ganawilebuli f  sidide. 
mivuyenoT (VI-3.7) wina (VI-3.6) Tanafardobas, vRebulobT:  
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sadac  

           
 










Dxe

DxeSS
SS

S

S

0

0

0

0                                  (VI-3.9) 

rogorc wesi, (VI-3.9) gamosaxulebis gamoTvla ufro advilia, vidre (VI-
3.4)- sa. amrigad, miviReT Semdegi Teorema  
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amocana: vTqvaT, 
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                             (VI-3.11) 

aCveneT, rom  
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VVSS 


 

   amrigad, (VI-3.10) Tanafardoba Seicavs (VI-3.1,2) Tanafardobebs, rogorc 
kerZo SemTxvevas.  
 
 
 
 
 
 

VII. mawarmoebeli funqcionali 

 

 
       rogorc qvemoT davinaxavT, funqcionaluri meTodebi mniSvnelovan 
rols asruleben grinis funqciebis, wveroebis, gafantvis amplitudebis 
da a.S. sxva fizikuri sidideebis gamoTvlebisaTvis. es ukanasknelni, 
rogorc viciT, gamoisaxebian feinmanis funqcionaluri integralebis 
meSveobiTac. amitom maTi Seswavla da meTodebis damuSaveba erT-erTi 
mTavari amocanaa Teoriis agebisas. sainteresoa da bunebrivi, rom am 
gzaze Segvxvdeba gadasalaxi mravali maTematikuri xasiaTis sirTule, 
romelTagan mniSvnelovani nawili qvemoT iqneba gadmocemuli. pirvel 
rigSi aucilebelia sxvadasxva grinis (anu korelaciuri) funqciebis 
maTematikurad koreqtuli ganmartebebi da, ra Tqma unda, maTi fizikuri 
interpretacia. daviwyoT erT-erTi principuli sakiTxiT – evkliduri 
sidideebis SemoyvaniT.        
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VII-1.   evkliduri mobruneba 
 
 
       Cven adre vnaxeT, rom bevr SemTxvevaSi saqme gvaqvs standartul 
gausian integralebTan (romlebSic eqsponentis maCvenebeli aris 
kvadratuli). saxeldobr,  
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sadac A  aris ermituli matrica. SegviZlia davrwmundeT, rom es Sedegi 
ZalaSi rCeba Tu am matricas SevcvliT ermituli operatoriT. sxva sit- 
yvebiT, SegveZleba davweroT  
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sadac  tO  aris ermituli operatori da N  aris araarsebiTi normirebis 
mudmivi.  
    am formulis dasabuTebisaTvis daviwioT cota ukan harmoniuli 
oscilatoris amocanisken da gavixsenoT, rom gvainteresebda integrali  
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                     (VII-1.1) 

sasazRvro pirobiT      0 fi tt  . am integralis mniSvneloba adre 

gamovTvaleT da igi tolia sididisa 
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n ttT
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es integrali gamovTvaleT drois intervalis diskretizaciiT miRebuli 
matricis determinantis gamoTvliT. axla gamovTvaloT operatoris 
determinanti cxadad da SevadaroT Zvel Sedegs.  
   pirveli problema, rasac aq vxvdebiT, aris is, rom xarisxis maCvenebe- 
li oscilirebs da integrali unda ganvmartoT regularulad. cxadia 
SegviZlia gamoviyenoT Cveulebrivi oscilatoruli gausiani integralis 
ganmarteba. saxeldobr,  
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    (VII-1.2) 

es uzrunvelyofs integralqveSa gamosaxulebis swor dacemas da migvi- 
yvans feinmanis grinis funqciebTan. sxva sityvebiT, wirebze integrali 
bunebrivad Seicavs mizezobriv sasazRvro pirobebs.  
    arsebobs alternatiuli, magram ekvivalenturi gza wirze integralis 
ganmartebisa, rac mdgomareobs yvela integralis analizur gagrZelebaSi 
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warmosaxviTi droisken kompleqsur t  sibrtyeSi. cxadad es ase gamoiyu- 
reba  
                ., realitt                     (VII-1.3) 

 
    

naxazi 10 
 

 
aseTi gagrZelebiT Cveni integrali (VII-1.1) tolia  
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aq cvladis SecvlasTan dakavSirebuli iakobianis Sesworeba Setanilia 
axal mudmivSi.  
   miRebuli gamosaxulebis marjvena mxare aris ukve kargad gansazR- 
vruli sidide, radgan integralqveSa gamosaxuleba eqsponencialurad 
ecema (analizurad gagrZelebul operators aqvs dadebiTad gansazR- 
vruli speqtri). axla integrals gamovTvliT da analizurad gamova- 
grZelebT ukan realuri droisaken CasmiT 
                         realtit,   

Cven gvainteresebs determinanti, romelic unda gamoiTvalos funqciaTa 

sivrceSi, romlebic dasmul sasazRvro pirobebs akmayofileben,   0, fi . 

amitomac unda amovxsnaT gantoleba sakuTar mniSvnelobebze  
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romlis normirebuli amonaxsnebi advilad moiZebneba da aris  
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Sesabamisi sakuTari mniSvnelobebia  
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amitom vaskvniT, rom saZiebeli operatoris determinanti aris  



 63 

             
 

 




































 




























1 1

22

1

2

2

2

1det
n n

if

ifn

n
n

n

d

d











 

          
 

 
if

if
B










sinh
                                        (VII-1.7) 

ukan analizurad gamogrZelebis Semdeg vpoulobT  
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    es gamosaxuleba, cxadia dakavSirebulia wirze adre ganxilul 
integralTan. amitom, vaskvniT, rom  
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       (VII-1.9) 

  SemdgomSi am Sedegs ganvazogadebT velis Teoriaze, Tavisuflebis 
xarisxTa usasrulo raodenobis SemTxvevaSi.  
    
   
 
 

VII-2.  korelaciuri funqciebi 
 
 
    ganvixiloT haizenbergis warmodgenis operatorebis droSi mowesri- 

gebuli namravlis matriculi elementi       .,, 21 HiiHHffH
txtXtXTtx . 

aviRoT mimdevroba .21 tt   maSin sruli krebulis gamoyenebiT vwerT: 
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SevniSnoT, rom yoveli Sinagani namravli am gamosaxulebaSi aris gadas- 
vlis amplituda da amitom, Caiwereba wiriTi integralis meSveobiT. 
namravlebis kombinirebiT vwerT:  
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exp,, 2121            (VII-2.1) 

analogiurad, roca 12 tt  , gvaqvs 
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HiiHHffH 
exp,, 2112            (VII-2.2) 

aq Cven gamoviyeneT is faqti, rom integralqveS    21 , txtx  arian klasikuri 
sidideebi da erTmaneTTan komutireben. am ori tolobidan gamomdinare- 
obs, rom  

               







 xS

i
txtDxxNtxtXtXTtx

HiiHHffH 
exp,, 2121           (VII-2.3) 

   sinamdvileSi, nebismieri raodenobis operatorebis droSi mowesri- 
gebuli namravli gvaZlevs korelaciur funqciebs wirebze integralis 
saxiT: 
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                   (VII-2.4) 

wirze integralis mimzidveloba imaSia, rom marjvena mxareSi gvaqvs 
marto klasikuri sidideebi da ara operatorebi.  
    gamoyenebebSi saWiro xdeba gadasvlis amplitudebis daTvla raime 
fizikur mdgomareobebs Soris da ara mxolod or koordinatul 
mdgomareobebs Soris. saxeldobr, dagvainteresebs vicodeT sistemis 

sawyisi fizikuri mdgomareobidan i  drois it  momentSi saboloo f  

mdgomareobaSi drois ft  momentSi gadasvlis albaToba. esaa is, rasac 

iTxovs S - matricis matriculi elementebis codna. 
   ganmartebis Tanaxmad, gadasvlis amplituda moicema ase: 
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aq gamoynebulia Cveulebrivi kvantur-meqanikuri ganmarteba  

                    txtx
HH

,,    

aseve SegviZlia CavweroT droSi mowesrigebuli nebismieri korelaciuri 
funqcia  
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     (VII-2.6) 

gamoTvlebSi xSirad gvainteresebs saSualo mniSvnelobebi. swori 
normirebisTvis ase weren  
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     (VII-2.7) 

amis Semdeg haizenbergis suraTis indeqss CamovuSvebT.  
   axla SevniSnoT, rom SegviZlia korelaciuri funqciebis generireba 
martivi gziT Tuki gareSe wyarosac gamoviyenebT. ganvmartoT modifi- 
cirebuli qmedeba aseTnairad 
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sistemis dinamikas gansazRvravs qmedeba    0,xSxS  . ganvmartoT aseve 
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naTelia, rom  



 65 

               iiJii  
0

 

amave dros, roca if ttt  1 , vpoulobT 
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   (VII-2.10) 

aqedan gamomdinareobs, rom  

                
 

  iHi

J

Jii
tX

i

tJ





1

01 




 

analogiurad, roca if tttt  21,  

     
   

     ii

J

Jii
tXtXT

i

tJtJ





21

2

0
21

2














 

sazogadod, martivad mtkicdeba, rom  
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Sesabamisad,  
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                      (VII-2.12) 

amis gamo 
Jii  -s xSirad droSi mowesrigebuli korelaciuri 

funqciebis mawarmoebel funqcionalsac uwodeben.  
 
 
 
 

VII-3.  vakuumuri funqcionali 
 
 
velis kvantur TeoriaSi saintereso sididea vakuumidan vakuumSi 
gadasvlis amplituda gareSe wyaros arsebobisas. mis sapovnelad 
gavixsenoT gadasvlis amplituda koordinatul sivrceSi: 
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      (VII-3.1) 

axla aviRoT zRvari 

                    fi tt ,  

sxva sityvebiT, gvinda gamovTvaloT amplituda imis albaTobisa, rom 
sistema sawyisi mdgomareobidan (usasrulo warsuli) gadava saboloo 
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mdgomareobaSi (usasrulo momavali) gareSe wyaros TandaswrebiT. am 
zRvars gamovTvliT adiabaturi hipoteziT: 

                           0tJ ,           roca  t  

da aviRebT zRvars, roca  .  
   SegviZlia davweroT  

       



















JxxxLdt
i

DxNtxtx
Jiiff

t
t

f

i




,exp,,lim                   (VII-3.2) 

alternatiulad, (VI-3.1)-dan  
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             (VII-3.3) 

Semdeg davuSvaT, rom ZiriTadi mdgomareobis energia normirebulia 
nulze, ase rom  
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sruli krebulis gaTvaliswinebiT gadasvlis amplitudisaTvis vipoviT 
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t  zRvrebSi eqsponentebi oscilireben nulisken yvela mdgomareobi- 
saTvis ZiriTadis garda. amis danaxva sxvanairadac SegviZlia warmosax- 
viTi droisken analizuri gagrZelebiT. miiReba  
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amrigad 
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                   (VII-3.5) 

marcxena mxare damoukidebelia kidura wertilebze da, amitom, marjvena 
mxarec damoukidebeli unda iyos. garda amisa, marjvena mxares aqvs wirze 
integralis struqtura. amitom (VII-3.5) SegviZlia asedac davweroT 
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sadac           



 67 

                 




 JxxxLdtJxS ,,  

SevniSnoT, rom Tu ganvmartavT  
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maSin gveqneba  
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                   (VII-3.8) 

e.i.  JZ  awarmoebs droSi mowesrigebul korelaciur funqciebs anu 
grinis funqciebs vakuumSi. Tu gvecodineba vakuumuri grinis funqciebi, 
avagebT gafantvis S -matricas. velis kvantur TeoriaSi es funqciebi 

asruleben centralur rols.  JZ -s saTanadod ewodeba vakuumuri 
funqcionali an vakuumuri grinis funqciebis mawarmoebeli funqcionali.  
     kvantur meqanikaSi vxvdebiT sxvadasxva statistikur gadaxrebs 
saSualo mniSvnelobidan. es SeiZleba miviRoT wirze integralis 
formalizmSi Semdegnairad: ganvmartoT 

                     







 JW

i
JZ


exp   

an 

                   JZiJW ln                                  (VII-3.9) 
radgan kvantur meqanikaSi gadasvlis amplitudisaTvis wirze integrali 

proporculia eqsponentisa klasikuri qmedebidan, am mizeziT  JW -s 

efeqtur qmedebas uwodeben. ganmartebiT 
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Semdeg  
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                            (VII-3.11) 

esaa saSualo mniSvnelobis meore rigis warmoebuli. analogiurad 
vipoviT 
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SegviZlia ganvagrZoT da miviRoT ufro rTuli formebi. vxedavT, rom 

 JW  generirebs sxvadasxva statistikur gadaxrebs da maT momentebs. 
velis kvantur TeoriaSi es aris e.w. bmuli vakuumuri grinis funqciebis 
mawarmoebeli funqcionali.  
 
     magaliTisaTvis ganvixiloT CvenTvis kargad cnobili harmoniuli 
oscilatori.  
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axla ukve pirdapir vipoviT  
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                      (VII-3.13) 

Sesabamisad harmoniuli oscilatorisaTvis gvaqvs 
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                    (VII-3.14) 

    sxva sityvebiT rom vTqvaT, am magaliTSi orwertilovani droSi 
mowesrigebuli vakuumuri korelaciuri funqcia gvaZlevs feinmanis 
grinis funqcias, anu orwertilovani vakuumuri bmuli grinis funqcia 
sxva araferia, Tu ara feinmanis propagatori. 
 
 
             

VII-4.  evkliduri grinis funqciebi 
 

 

 arafizikuri sasazRvro pirobebis gamo,  itit fi ,  zemoT aRweri-  

li grinis funqciebi unda gavigoT, rogorc “evkliduri” grinis funqcie- 
bi, romlebic ganimarteba Semdegnairad: 

             n
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n iiGiS   ,...,,..., 11                           (VII-4.1) 

   maSin misTvis mawarmoebeli funqcionali SeiZleba SemovitanoT ase: 
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amave dros  
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  arafizikur zRvrebs azri aqvT “evklidur sivrceSi”, garda amisa, 
funqcionaluri integrali am sivrceSi kargad aris ganmartebuli, Tu 

 xV  potenciali SemosazRvrulia qvemodan. es imitomaa SesaZlebeli, rom 
rogorc zemoTac iyo aRniSnuli, Tu potencialis aTvlas nulidan 
daviwyebT, maSin  
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                                (VI-4.3) 

am dros eqsponencialuri mamravli (VII-4.2) formulaSi ganapirobebs 
funqcionaluri integralis krebadobas. SevniSnoT, rom (VII-4.3) piroba 
yovelTvis sruldeba fizikurad stabiluri sistemebisaTvis.  
   amrigad, funqcionaluri integralebi kargadaa ganmartebuli mxolod 
evklidur sivrceSi (sivrceSi warmosaxviTi droiT). realur sivrceSi 
fizikuri sidideebis gamoTvlisaTvis unda movaxdinoT analizuri 
gagrZeleba. 
 
 
 
 

Tavi VIII.  velis kvanturi Teoria 

 

 
VIII-1. ZiriTadi Tanafardobebi 

 
  velis Teorias SevxedoT rogorc kvantur-meqanikur sistemas usasrulo 
raodenobis Tavisuflebis xarisxebiT. kvantur meqanikaSi Semotanil 
obieqtebs SevusabamebT Semdegs: 
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ii xdxddqdp
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      LL            ,,,,,, 33 xHdxLdpqHqqL iiii
  

sadac Semodis velis kanonikurad SeuRlebuli impulsi, lagranJianis da 

hamiltonianis simkvriveebi. mawarmoebeli funqcionali  JW  aris vakuum-
vakuumuri gadasvlis amplituda gareSe wyaros TandaswrebiT. am gziT 
miviRebT kvantur-meqanikuri Tanafardobebis bunebriv ganzogadebas  

                     xxJHxxxdiDDJW  ,exp~ 0

4  

an 

                  xxJxxLxdiDJW  ,exp~ 4  

am nawilSi viyenebT velis kvanturi TeoriisaTvis mosaxerxebel bunebriv 
erTeulebs, 1 c . 
     Semdeg, raki unda ganvixiloT zRvari it  grinis funqciebis 

gamoTvlisaTvis, jer unda gamovTvaloT evkliduri sidide  ,JWE  



 70 

                   xitxxxJxLxdDJWE


,~,~~~~exp~ 4    

bmuli grinis funqciebi gamoiTvleba ase: 
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                     (VIII-1.1) 

amrigad, miukavSirebeli nawilebis asacileblad es mravaljeradi 

warmoebulebi unda gaiyos  JWE -ze. amis metad mniSvnelovani praqtikuli 

gamosavalia is, rom  JW -s J -ze damoukidebeli mamravlebi araarsebiTia 
grinis funqciebis gamoTvlebisaTvis.  

    ganvixiloT sailustracio magaliTi – skalaruli Teoria 4 : 

                   

     

      422

0

0

!42

1

2

1

,









 



I

I

LL

LLL

      

evkliduri mawarmoebeli funqcionalia 
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exp       (VIII-1.2) 

romelic ase gadavweroT: 

            JW
J

xLdJW I 0

4exp 















  


,                                (VIII-1.3) 

sadac  

                 JLdxDJW 00 exp                                  (VIII-1.4) 

aris Tavisufali Teoriis mawarmoebeli funqcionali; (aRniSvnebis gasa- 
martiveblad CamoSvebulia evkliduri sivrcis Sesabamisi aRniSvnebi) 

Tavisufal nawilSi gamosaxuleba  2

2


















  SegviZlia SevcvaloT 

gamosaxulebiT 
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2

2

, radgan maT Soris gansxvaveba aris sruli 

divergencia. amitom gvaqvs: 
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1
exp        (VIII-1.5)  

aq  
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4, 


 yxyxK                           (VIII-1.6) 

radgan yx,  cvladebi SeiZleba ganvixiloT rogorc “uwyveti indeqsebi”, 
miRebuli gamosaxuleba (VIII-1.5) analogiuria usasrulo ganzomilebis 
gausis Semdegi saxis integralisa 
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(VIII-1.5)-is marjvena nawilSi gausis integralebi aiReba da araarsebiTi 
mamravlis sizustiT miiReba Semdegi:  
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  yJyxxyJxddJW ,

2

1
exp 44

0                        (VIII-1.8) 

sadac  yx,  aris  yxK ,  operatoris Sebrunebuli operatori, romelic 
ganimarteba TanafardobiT: 

                     zxzyyxyKd 44 ,,  .  

advili saCvenebelia, rom  
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            (VIII-1.9) 

Tu (VIII-1.3) formulaSi eqsponentas gavSliT SeSfoTebis Teoriis 

mwkrivad IL -is xarisxebis mixedviT, miviRebT vikis ganamwkrivs da bmuli 
funqciebis ganmartebis mixedviT avagebT feinmanis wesebs. (VIII-1.9) 

funqciis analizur gagrZelebas, rac daiyvaneba Secvlaze  xx ~  da 

 k am funqciaSi, mivyavarT kargad cnobil feinmanis propagatorze 

skalaruli velisaTvis: 
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~~               (VIII-1.10) 

   am formulis mniSvnelSi warmosaxviTi danamati miuTiTebs im sasazR- 
vro pirobebis xasiaTze, romlebic unda daedos propagators. is 

Seesabameba lagranJianSi damatebiTi Sesakrebis 2/2i  CarTvas, romelic 
uzrunvelyofs funqcionaluri integralis krebadobas minkovskis 
sivrceSi.  
      
 
 
 
 
    VIII-2.  fermionuli velebis dakvantva funqcionaluri integraliT 
 
 
   fermionebis sistema SeiZleba agreTve daikvantos funqcionaluri 
integraliT, Tuki gadasvlis amplitudas gamovsaxavT uSualod yvela 
SesaZlo msoflio wirebiT, romlebic aerTeben sawyis da saboloo 
mdgomareobebs. mawarmoebel funqcionals am SemTxvevaSi eqneba saxe  

            ,, 4 LxdixpDDW ,                    (VIII-2.1) 

sadac  ,,, arian (klasikuri) fermionuli velebi da wyaroebi, 
Sesabamisad.  Tu jami wirebze boze-sistemebisTvis iyo funqcionaluri 
integrali Cveulebrivi klasikuri funqciebis mixedviT, fermionebis 
SemTxvevaSi (VIII-2.1) integrali unda gamoiTvalos antikomutirebadi c - 
ricxvovani funqciebis mixedviT (“klasikuri” fermionuli velebis 
mixedviT)  

      
              

                    0,,,,

0,,,





xxxxxxxx

xxxxxx




 

sxva sityvebiT, es funqciebi arian grasmanis algebris elementebi.  
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grasmanuli analizi 
grasmanul cvladebs aqvT metad uCveulo Tvisebebi. klasikuri 

grasmanis cvladebi aRvniSnoT ase 

               nii ,...,2,1  

isini akmayofileben antikomutaciis Tvisebebs  

                     njiijji ,....,2,1,0                 (VIII-2.2) 

 
kerZod TiToeulisaTvis es niSnavs  

                     ii 02   fiqsirebulia.                 (VIII-2.3) 

amaze ityvian, rom grasmanis ricxvebi arian nilpotenturi. am Tvisebis 

pirveli Sedegia is, rom Tu gvaqvs erTi grasmanis cvladis funqcia  f , 
maSin mas gaaCnia martivi teiloris gaSla  

                          baf                                    (VIII-2.4) 

   raki i  antikomutirebadi sidideebia, maT mixedviT warmoebulebi unda 

ganimartos garkveuli sifrTxilis dacviT im azriT, rom mniSvneloba 
eqneba gawarmoebis mimarTulebas. 
   pirvel rigSi SevniSnoT, rom grasmanis ricxvebi arian simboloebi _ 
diskretuli obieqtebi. maT x -sgan gansxvavebiT ar SeuZliaT uwyvetad 
cvalon Tavisi mniSvneloba arc erTi SinaarsiT. amitom naTelia, rom 
warmoebulebs ar eqnebaT Cveulebrivi interpretacia usasrulod 
mcireebis terminebSi. magaliTad, gawarmoeba ganimarteba formalurad, 
rogorc  

                         ij

j

i 








,        (kronekeris simbolo)    (VIII-2.5) 

es aris ganmarteba tolobis marcxena mxarisa da ar ganixileba, rogorc 
ori usasrulod mcire nazrdis Sefardeba. amis miuxedavad grasmanis 
cvladebisaTvis SeiZleba diferencialuri aRricxvis ageba, romlis 
wesebi axlosaa Cveulebrivi diferencialuri aRricxvis wesebTan.  
   ase, magaliTad, namravlis warmoebulis ganmartebaa:  
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     (VIII-2.6) 

e.i. Cven jer gadavsvamT p -s, sanam ar aRmoCndeba yvelaze marcxniv, 

xolo Semdeg viyenebT warmoebulis ganmartebas.  
   moyvanili Tanafardobebi ganmartaven gawarmoebas marcxnidan, rome- 
lic unda ganvasxvavoT gawarmoebisagan marjvidan: 
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am gziT Tu vimoqmedebT, SegveZleba davadginoT diferencialuri 
aRricxvis wesebis SeTanxmebuli sistema.  
    SevniSnoT, rom TviT grasmanis cvladebis msgavsad gawarmoebac 
antikomutirebadia 

                     nji
ijji

,...,2,1,,0 


















            (VIII-2.7) 
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anu iqceva ise, rogorc gareSe warmoebuli diferencialur geometriaSi. 
cxadia, rom fiqsirebuli indeqsisaTvis  

                            0

2
















i
, 

anu warmoebulic nilpotenturia. SegviZlia davweroT antikomutaciis 
Tanafardoba warmoebulsa da grasmanis ricxvs Soris: 

              ij

i

jj

i

j

i
































,                        (VIII-2.8) 

 
esaa marcxena warmoebulisaTvis.  
   garkveulobisaTvis, Tu sawinaaRmdego ar iqneba aRniSnuli, yvelgan 
marcxena warmoebuls ganvixilavT. 
 
integracia grasmanis cvladiT.  

daviwyoT kvlav erTi cvladiT  . gvinda ganvsazRvroT obieqti  

                          fdfI  

sadac  fI  aris c -ricxvi. radgan   ar aris uwyveti cvladi, amitom  I  

integralic ar aris  f  mrudis qveS moTvsebuli farTobi. amitom 
araviTari Sinaarsi ar aqvs qveda da zeda sazRvrebis miTiTebas.  

    fI  unda gavigoT rogorc funqcionali, romelic nebismier  f  

grasmanis algebris elements Seusabamebs c - ricxvs,  fI . moiTxoven 
Sesabamisoba iyos iseTi, rom Sesruldes ori mTavari Tviseba, romliTac 
xasiaTdeba Cveulebrivi gansazRvruli integrali usasrulo sazRvrebSi, 

 




xdxf ; saxeldobr, wrfivoba da translaciuri invariantoba. 

sxva sityvebiT, vTxoulobT Semdeg Tvisebebs:  

  (1)          fdfd ,       sadac   grasmanis ricxvia. 

  (2)               gdbfdabgafd , 

sadac ba,  - nebismieri c -ricxvebia.  
   viciT, rom grasmanis cvladis funqcias aqvs martivi saxe 

                     10 fff   

da radgan integrali c -ricxvi unda iyos, ganvmartoT ase: 

                   
  110 fffdfI                            (VIII-2.9) 

es ganmarteba akmayofilebs zemoxsenebul 2 moTxovnas. amave dros 2 
damoukidebeli funqciisaTvis, 1  da  , es ganmarteba daiyvaneba Semdeg 

Tvisebebze:  

           1,01  dd                           (VIII-2.10) 

zemoxsenebuli moTxovnebi, cxadia, kmayofildeba. SevniSnoT, rom aseTi 
ganmartebis SemTxvevaSi grasmanuli integracia emTxveva gawarmoebas: 

                             


 


 ffd                         (VIII-2.11) 

es Tviseba ki emyareba Semdegs: D -iT aRvniSnoT gawarmoeba grasmanis 
cvladiT, xolo I iyos integracia. gvaqvs Semdegi Tvisebebi: 
      0ID       (sruli warmoebulidan integrali unda iyos nuli) 
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      0DI       ( c -ricxvis warmoebuli udris nuls) 
raki grasmanis cvladiT gawarmoeba nilpotenturia, am pirobebis 
dasakmayofileblad , bunebrivia, gavaigivoT 

                      DI   
 
   grasmanuli analizi ase ganvavrcoT: ganvixiloT n  obieqti, romlebic 
emorCilebian antikomutacias:  

                     n ,...,, 21   

ganmartebiT aviRoT 1)( 0 i  

amrigad warmoiqmneba n2  wrfivad damoukidebeli struqturebi: 
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13121

21

,  sul n2                                     (VIII-2.12) 

 

es struqturebi warmoqmnian n2 -ganzomilebian wrfiv sivrces, nG . 

grasmanis i  ricxvebs uwodeben am algebris warmomqmnelebs, radgan am 

algebris nebismieri elementi SeiZleba Caiweros Semdegi saxiT:  
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    (VIII-2.13) 

sadac f -ebi arian Cveulebrivi (komutirebadi) c -ricxvebi. nebismieri ori 

ricxvis gadasmis mimarT  -ebis namravlebis antisimetriulobis gamo, 

moyvanili gaSla ar aris erTaderTi, f -ebs yovelTvis SegviZlia davuma- 
toT ori indeqsis gadasmis mimarT simetriuli wevri.  
    xSirad mosaxerxebelia ganvixiloT “wmindad luwi” da “wmindad 
kenti” qvesimravleebi am algebrisa, romlebic Seicaven mxolod luwi 
(kenti)  raodenobis  -ebis namravlebs   

           ...
432143212121

420  iiiiiiiiiiii

even ffff                         (VIII-2.14) 

         ....
32132111

31  iiiiiiii

odd fff                                   (VIII-2.15) 

naTelia, rom luwi qvesimravle komutirebs nG  algebris yvela 

elementTan, maSin, roca kenti qvesimravlis wevrebi antikomutireben 
erTmaneTTan.  
    es miniaturulad im faqtis gamoxatulebaa, rom fermionTa luwi 
raodenoba warmoqmnis bozons, maSin roca fermionTa kenti raodenoba_ 
fermions.  

magaliTi: 2G , romelic  warmoiqmneba 2 elementiT: 1  da 2 . 
ganvsazRvroT orjeradi integrali: 

                      2121 , fdd  

bunebrivia, unda moviTxovoT agreTve, rom diferencialebic antikomu- 
tireben: 

                       0,, 2121   ddd                           (VIII-2.16) 
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2G  algebra Seicavs 4 damoukidebel funqcias; 

        2121 ,,,1                                           (VIII-2.17) 
amis mixedviT ganvmartoT integralebi:  

     011 2121  dddd  

     012112121  ddddd  

011221     ddd  

       11112212121  ddddd  

es wesebi mTlianad gansazRvraven nebismieri  21,f  funqciidan 

integrals da advilia ganzogadeba nebismier nG -ze.  

    raki nebismieri f -funqcia SeiZleba Caiweros zemoTCamoTvlili 

struqturebis mixedviT gaSlis saxiT, naTelia, rom integralSi: 

                 nn fddd  ,...,,... 2121  

aranulovan wvlils Seitans mxolod ukanaskneli wevri. yvela wina wevri 
Seicavs erT iseT integracias mainc, romelsac ar aRmoaCndeba Sesabamisi 

i  da raki ,01 id  amitom yvela aseTi wevridan integrali nulis 

toli gamova. ukanaskneli wevri integrirdeba 
niii  ...

21
 namravlis miyvaniT 

Semdeg saxeze 11... nn , saTanadod niSnebis gaTvaliswinebiT TiToeuli 

gadasmis dros.  
    amitomac,  

                
P

iiin n
dd 1......

211  ,                           (VIII-2.18) 

sadac  P
1  aris Semdegi gadasmis niSani:   









 1,...,1,

,...,, 21

nn

iii n  

 
 
cvladis wrfivi Secvla grasmanul integralSi. 

vTqvaT gvaqvs nG -is  n ,...,, 21  elementebiT warmoqmnili sivrce da 

gadavdivarT cvladebze  n ,...,, 21 . gadasvla ganmartebuli iyos ase: 

                         
j

jijjiji BB                         (VIII-2.19) 

sadac koeficientebi Cveulebrivi ricxvebia, romlebic qmnian arasingula- 

rul matricas. naTelia, rom krebuli  i  imave safuZvelze SegviZlia 

ganvixiloT, rogorc nG algebris warmomqmnelTa krebuli, e.i. yvela i  

antikomutirebs 

                     0, ji   

    nebismieri funqcia, romelsac adre vwerdiT polinomialis saxiT, 
zustad aseve SegviZlia CavweroT axali cvladebis polinomialad. ukve 

viciT, rom nG -Si erTaderTi n -jeradi integralia: 

                      1...... 111  nnndd                           (VIII-2.20) 

radgan imave uflebiT algebra SegveZlo Semogvetana  n ,...,, 21  bazisis 

gamoyenebiT, gvaqvs agreTve  

                      1...... 111  nnndd                           (VIII-2.21) 

gamoviyenoT axla (VIII-2.19) gardaqmna. maSin cxadia, rom  
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                      1111 ...det...    nnnn B                        (VIII-2.22) 

amitom integraciis pasuxebis erTmaneTTan SeTavsebas SevZlebT marto 
maSin, Tu  

           nn dddBddd  ...det... 21

1

21


                             (VIII-2.23) 

   gavixsenoT, rom Cveulebrivi ricxvebis SemTxvevaSi gardaqmnis 
determinanti aRmoCndeboda mricxvelSi. gardaqmnis am determinants anu 
iakobians Cveulebrivi ricxvebis SemTxvevaSi, grasmanis cvladebis 
SemTxvevaSi xSirad uwodeben berezinians,   sabWoTa maTematikosis f.a. 
berezinis sapativcemulod, romelmac mniSvnelovani wvlili Seitana 
grasmanuli analizis ganviTarebaSi 
 
 
 
 
ganvixiloT ramdenime mniSvnelovani integrali: 
 

1. integrali eqsponentidan   

                       21212121 1exp dddd         (VIII-2.24) 

2. amisi ganzogadeba integralze biwrfivi formidan eqsponentaSi 
sakmaod martivad wydeba. marTlac, ganvixiloT n2 erToblioba 
msaxvlebisa:  

                   nn  ,...,;,..., 11  

aq Tavze xaziT ubralod cvladebia aRniSnuli da araferi saerTo ar 
aqvs SeuRlebis operaciasTan. es cvladebi sruliad damoukidebelni 
arian erTmaneTisagan.  
     ganvixiloT integrali  

        









ji

jijinn AddddddI
,

2211 exp...  ,                    (VIII-2.25) 

sadac ijA  aris raime nn  arasingularuli ricxviTi matrica, romlis 

diagonalizacia SeiZlebodes, vTqvaT, gardaqmniT 

                       klkjlijki BAB 1                           (VIII-2.26) 

aq k -ebi arian A  matricis sakuTari mniSvnelobebi. 

    ganvsazRvroT grasmanis axali cvladebi  nn  ,...,,,...,, 21;21 . Semo- 

vitanoT Semdegnairi wrfivi Secvla 

                      jiji B                                     (VIII-2.27) 

da misgan damoukideblad 

                        ikiiki

T

k BB 11 
                        (VIII-2.28) 

axla CavataroT zemoTmoyvanili Secvla, risTvisac gamoviyenoT 

   
nn

nn
T

nn

dddd

dddd
BB

dddd





...

...
detdet

1
....

11

11111









                    (VII-2.29) 

 
       amave dros, Tu gamoviyenebT (VIII-2.26)-s, romelic ase CavweroT   

    ,1  BAB  miiReba  
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k

kkkljlijkikjiji BABA  1  

amrigad: 

    









k

kkknnddddI  exp...11                        (VIII-2.30) 

                     =    
k k

kkk Add det      

Tu amas SevadarebT c -ricxvovan gausis integrals n  cvladisgan, 

miviRebdiT   ;det
2/1

A   n2  cvladis SemTxvevaSi ki _   1
det


A .  vxedavT, rom 

grasmanuli bunebis gamo integralSi determinanti Cndeba mricxvelSi.  
 
    amis Semdeg naTelia, rom fermionuli velebis dakvantvisaTvis 

funqcionaluri integraliT klasikuri fermionuli velebi  x  da  x  
unda CavTvaloT grasmanis usasrulo ganzomilebiani algebris elemen- 
tebad. zemoT miRebuli Sedegebi advilad gadaitaneba am SemTxvevaze.  
“klasikuri zRvari” SeiZleba ganimartos, rogorc  0 , roca yvela 
antikomutatori nulad gadaiqceva. am zRvarSi fermionuli velebi aRar 
arian aratrivialuri kvanturi operatorebi, arc Cveulebrivi c -ricxvo- 
vani velebi, radgan erTmaneTTan antikomutireben komutaciis nacvlad. 
isini SeiZleba iyvnen grasmanis ricxvebi.  

     Cven aRvniSneT, rom nG  algebris warmomqmneli grasmanis ricxvebi 

upirveles yovlisa arian raime diskretuli obieqtebi, da ara cvladebi, 
romlebic iReben mniSvnelobebs raRac diapazonSi. magram am SezRudvas 

ar aqvs adgili nG  algebris nebismieri elementisaTvis. nebismier 

f elements aqvs c -ricxvovani koeficientebi:      .,...,, 10 nfff  am ricxvebs 
SeuZliaT icvlebodnen uwyvetad, SeiZleba damokidebuli iyvnen sxva 
ricxviT cvladebze, maT Soris sivrcul da droiT koordinatebze. am 

SemTxvevaSi nG -is elementebi agreTve SeiZleba icvlebodnen dro-

sivrceSi. 
    kerZod, SegviZlia ganvixiloT wrfivi funqcia  

                    
i

ii txftxf ,, 1 
 

esaa antikomutirebadi veli  

                           0,,,  txftxf


 

  SevniSnoT, rom SeiZleba misi diferencireba an integracia Cveulebrivi 
SinaarsiT.  
   rom miviRoT Cveni dirakis “klasikuri” veli, unda ganvixiloT 
grasmanis algebra generatorTa usasrulo raodenobiT, romlebsac 

CavwerT wyvilur aRniSvnebSi,   nnn ;,,...,, 11   urTierTdamoukidebe- 

li grasmanuli generatorebiT. ganvixiloT agreTve raime orTonormire- 

buli c - ricxvovani funqciebis sruli krebuli  txi ,


 ,  

                   ijji txtxdtxd   
 ,,


 

ganvsazRvroT 

           








 
1

,
i i

iiii xxxx   

    arsebiTad es aris dirakis klasikuri velebi. maTi meSveobiT avagebT 
lagranJians. lagranJianSi fermionuli velebi, rogorc wesi, 
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kvadratulad Sedian:   AL , . amitom (VIII-2.1) SeiZleba CavTvaloT 

gausianis ganzogadebad. maSin zemoT miRebuli Sedegebis Tanaxmad, 
miviRebT 

               AAxdDDW detexp 4                         (VIII-2.31) 

aq ar CavrTeT wevrebi wyaroebiT. es sidide aris vakuum-vakuumuri 
gadasvlis amplituda da, bmuli diagramebi, romlebsac warmoqmnis Wln , 
adgenen grafikebis erTobliobas erTi Caketili fermionuli maryuJiT(ix. 
qvemoT araabeluri yalibruli velebis dakvantvisas) 
    
   roca Cveulebrivi funqcionaluri integralidan  gadavdivarT 
fermionul funqcionalur integralze antikomutirebadi cvladebiT, 
mniSvnelis nacvlad mricxvelSi Cndeba determinanti, rac iwvevs Wln -s 
saerTo niSnis Secvlas. aqedan gamomdinareobs feinmanis kargad cnobili 
wesi, rom yovel Caketil fermionul maryuJs unda mivakuTvnoT minus 
niSani.  
     vxedavT, rom Teoriis regularuli dakvantvisaTvis feinmanis 
fuqcionaluri integrali asrulebs ganmsazRvrel rols, saxeldobr, 
TeoriaSi Catarebulia dakvantva,  Tu gadasvlis amplituda an vakuumuri 
funqcionali Cawerilia funqcionaluri integralis saxiT. am meTodma 
gansakuTrebiT win waswia Teoria e.w. yalibruli velebis SemTxvevaSi, 
romlis ganxilvazec axla gadavalT. 
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Tavi IX.  yalibruli  velebis  dakvantva 

 

 

 

   yalibruli Teoriebis (iang-milsis tipis velebis) mTavari Tviseba _ 
yalibruli invariantuloba _ dakvantvisas amJRavnebs sakmao sirTuleebs 
imis gamo, rom arseboben zedmeti Tavisuflebis xarisxebi, romelTa 
Sesabamisi arafizikuri cvladebisagan damoukidebeli unda iyvnen 
dakvirvebadi fizikuri sidideebi. 
         

IX-1.     kvanturi eleqtrodinamika  ( )QED  

 

kvantur eleqtrodinamikaSi yalibruli kovariantuli lagranJianiT  

                    


 FFL
4

1
                                  (IX-1.1) 

impulsuri sivrcis grinis funqciisaTvis miiReba gantoleba 

                 

 igkDkkgk 

~2                              (IX-1.2) 

am operators ar gaaCnia Sebrunebuli. marTlac, Tu aRvniSnavT 

          kkgkK  2 ,                                        (IX-1.3) 

advilad davadgenT, rom  

            

 KKK ~                                           (IX-1.4) 

es niSnavs, rom saqme gvaqvs proeqtirebis operatorTan (is aproeqtirebs 
yalibruli velis ganiv Tavisuflebis xarisxebze) da amitom ar gaaCnia 
Sebrunebuli.   
    am problemidan Tavis dasaRwevad gamoiyeneba martivi meTodi, 
romelic mdgomareobs garkveuli yalibrebis arCevaSi (anu yalibrebis 

dafiqsirebaSi). ase, magaliTad, lorencis yalibrebaSi, 0 
 A , gvaqvs 

                       0
~

kDk 


                                    (IX-1.5) 

amitom (IX-1.2) gantolebidan gvrCeba  

           
2

2 ~~

k

g
ikDigkDk



                  (IX-1.6) 

magram aseTi midgoma arRvevs yalibrul invariantulobas, rasac SeuZlia 
Seqmnas seriozuli siZneleebi ganSladobaTa analizis dros. zogad 
SemTxvevaSi (IX-1.2) gantolebis amonaxsni aracalsaxaa, raki marcxena 
mxareSi mdgom operators ar aqvs Sebrunebuli.  
   rom movindomoT am gantolebis analizi, gamovyoT masSi ganivi da 
gaswvrivi nawilebi anu (IX-1.2) gantolebis amonaxsni veZeboT ase: 

    Ltr D
k

kk
D

k

kk
gkD
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                                  (IX-1.7) 

maSin (IX-1.2) gantolebaSi Casmis Semdeg miviRebT: 

        


 igD
k

kk
gk tr 










~
2

2                                     (IX-1.8) 

aqedanac ver vipoviT LD
~

-s, is rCeba ganusazRvreli. amitom mivdivarT 

imis aucileblobamde, rom D
~

 funqciis gansazRvrisaTvis unda 

davarRvioT yalibruli invariantuloba, e.i. unda avirCioT romelime 
yalibruli piroba. kerZo SemTxvevaSi, is SeiZleba iyos, magaliTad, 
lorencis yalibreba (Tumca es ar aris aucilebeli): 
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                   0


 Dk                                         (IX-1.9) 

    zogad SemTxvevaSi yalibrebis dafiqsireba miiRweva lagranJianSi 
damatebiTi wevris SetaniT, romelic arRvevs yalibrul 
invariantulobas: 

                     2
2

1 



ALgf                                  (IX-1.10) 

 -s arCeva SeiZleba nebismierad. mas uwodeben yalibrebis parametrs. amis 
Sedegad miRebuli sruli lagranJianidan  

              2
2

1

4

1 








AFFLL gf                            (IX-1.11) 

velisTvis gamomdinareobs Semdegi gantolebebi: 

                0
1

12 







 




AA                                 (IX-1.12) 

aqedan impulsur sivrceSi propagatorisaTvis miiReba gantoleba: 
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                        (IX-1.13) 

   Tu axla aq (IX-1.7) gantolebas gamoviyenebT, ganvsazRvravT 

        
2

~

k

i
D tr          da       

2

~

k

i
D L 

                          (I-1.14) 

bunebrivia, rom  -is sxvadasxva arCeviT sxvadasxva yalibreba miiReba. 

yalibruli wevris gfL  gaqroba xdeba zRvarSi  . am dros LD
~

. 

amitomac gamoTvlebis dros sasurvelia   SevinarCunoT bolomde da 

mere aviRoT zRvari. radgan yvela fizikuri (dakvirvebadi) sidide aris 
yalibrulad invariantuli da amitom ar aris damokidebuli yalibrebis 
parametrze, ar Cndeba zRvarze gadasvlis aucilebloba. literaturaSi 
yvelaze xSirad gvxvdeba Semdegi arCevani:  

  ,1           g
k

i
kD

2

~
     (feinmanis an fizikuri yalibreba)  

                                                                    (IX-1.15) 

 ,0       
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 ,  (landaus anu ganivi yalibreba)  

                                                                     (IX-1.16) 

ismis kiTxva: ras iwvevs gfL  wevris gaTvaliswineba amplitudebSi? 

   ganvixiloT infinitezimaluri yalibruli gardaqmna: 

      x
e

AA  
1

,            x
e

AA 





21
             (IX-1.17) 

raki L  invariantulia, es wevri wvlils ar Seitans qmedebis 
cvlilebaSi.  
amitom  
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Tu aq nawilobiT integracias CavatarebT, miviRebT 
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 Axxd

e
S 241

 

anu Tu moviTxovT (invariantulobas)   0


S
, miiReba 

                    02  
 A                                        (IX-1.18) 

esaa gantoleba Semdegi velisaTvis (an “nawilakisaTvis”)  
 A , 

romelic Tavisufalia anu ar urTierTqmedebs arc erT velTan. Tu 
ganvixilavT misTvis koSis amocanas  

                 00tx      da       00tx             

miviRebT trivialur amonaxsns 0  yvela t -sTvis.  

     amrigad,  " - nawilakebi” SegviZlia ar ganvixiloT (radgan ar 

urTierTqmedeben aravisTan), xolo yalibrebis damafiqsirebeli wevri 
yofila lagranJianSi araarsebiTi danamati.  
   kvantur eleqtrodinamikaSi ase iqcevian. dalamberis gantolebis 

02     amonaxsns warmoadgenen dadebiT da uaryofiT sixSirul nawilTa 
jamad:  

                xxx        
da dakvantvisas fizikur mdgomareobebs adeben damatebiT pirobas (gupta- 
bleileris piroba):  

                        0

physx                                    (IX-1.19) 

anu fizikur mdgomareobebSi ar unda gvqondes  “ -nawilakebi”.  

 
 
 
   IX-2.      araabeluri (iang-milsis) velebis SemTxveva   
 
 
vnaxoT axla rogoria mdgomareoba araabeluri yalibruli (iang-milsis) 
velebis SemTxvevaSi.  am dros yalibrebis damafiqsirebel wevrs eqneba 
saxe: 

         2
2

1 



agf AL                                               (IX_2.1) 

xolo infinitezimalur gardaqmnebs - 

              a

aa

a T
g

ATiA   
1

,                                  (IX-2.2) 

sadac  

                     b

bTAA                                          (IX-2.3) 

amitom miiReba 

                  a

abab

a

a T
g

TTAiA   
1

,            

da radgan  

                        c

abc

ba TifTT ,                                   (IX-2.4) 

miviRebT 

                 a

c

babca

g
AfA   

1
                                (IX-2.5) 

anu    
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                 aa D
g

A  

1
                                          (IX-2.6) 

   ganvixiloT axla qmedebis variacia imis gaTvaliswinebiT, rom masSi 

aranulovani wvlili mxolod gfL -dan SeiZleba movides: 

         







 aaaa D

g
AxdAAxdS 





 












111 44  

nawilobiTi integraciiT da kovariantuli warmoebulis ganmartebis 
gaTvaliswinebiT es gamosaxuleba miiyvaneba saxeze:  

          abcba

caa AfAgAxd
g

S 


 






241

 

             aa Dxd
g





41

 

sadac  
 aa A . aviRoT  0

a

S




. gveqneba  

                   0 aD 
                                           (IX-2.7) 

esaa gantoleba a  velisaTvis. cxadi saxiT  

           02  cbabca Agf  
                                          (IX-2.8) 

vxedavT, rom QED-sgan gansxvavebiT aq Semodis arawrfivi wevri, romelic 

Seicavs iang-milsis vels, 
bA . amitom aa  , QsidideebisTvis nulovani 

sawyisi pirobebis SemTxvevaSic ki a  veli kvlav generirdeba A - velebis 

mier. kvantur enaze es niSnavs, rom 
bA  veli aRagznebs a Evelis kvantur 

fluqtuaciebs da warmoSobs a  nawilakebs, romlebic SeiZleba gvqondes 

rogorc realur (asimptotur) mdgomareobebSi, aseve Sualedur 
(virtualur) mdgomareobebSi ( e.i. maryuJebSi). 

   QED-Si fizikuri mdgomareobebis arCeviT (IX-1.19) gavaZeveT a  velebi. 

rac Seexeba iang-milsis Teorias, aq gantoleba aseTia  

                         cbabca Agf  
2  

 igi Seicavs wyaros, romelsac SeuZlia gaaCinos  -nawilakebi. am 

gantolebis amonaxsni aRar daiSleba    sixSirul nawilebad da 
amdenad SeuZlebelia mTlianad gamoiricxos  -nawilakebis gamoCena. 

sawyis da saboloo asimptotur mdgomareobebSi jer kidev SegviZlia 

aviRoT 0 
 aA ,rac gaswvrivi polarizaciebis gamoricxvas niSnavs da 

amitom asimptotur mdgomareobebSi  -nawilakebi ar gveqneba. magram 

fluqtuaciebis gamo aseTi nawilakebi SeiZleba gaCndnen rogorc 
fluqtuaciebi, anu maryuJebSi isini SeiZleba monawileobdnen. amis gamo 
dairRvevoda fizikis erT-erTi fundamenturi principi – unitaroba. 
   am arafizikuri mdgomareobebis CasaxSobad gamoiyeneba fadeevisa da 
popovis meTodi. misi saboloo Sedegi imaze daiyvaneba, rom lagranJianSi 
arsebul velebTan erTad unda SemoviyvanoT damatebiTi arafizikuri 
velebi, e.w. “sulebi”. magaliTad, SeiZleba SemovitanoT skalarul 

nawilakTa multipleti   a , romelic iseTsave gantolebas 

akmayofilebs, rogorsac  a  veli 

                               0  a
D 

                             (IX-2.9) 
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amave dros unda CavTvaloT, rom   a  velebi emorCilebian fermis 

statistikas. amis Sedegad am velebis Caketili maryuJi zedmet (-) niSans 
Seicavs  -nawilakis maryuJTan SedarebiT. da radgan es orive veli 
erTsadaimave gantolebas emorCileba, maTi maryuJebi erTmaneTs 
gaabaTileben. amrigad maryuJebSi gaqreba  -velebis wvlili. rac Seexeba 
gare asimptotur (realur) mdgomareobebs, unda CavTvaloT, rom 

  velebs isini ar Seicaven. am gziT Tavidan aicileba yvela 
arafizikuri xarisxi. 
 
 
 
   
yalibruli velebis dakvantva funqcionaluri integraliT 
 

 

    zemoT aRwerili ideis demonstrireba avtomaturad SegviZlia 
funqcionaluri integralis meSveobiT.  
    viciT, rom mawarmoebeli funqcionaluri integrali ase Caiwereba 

                    xAxJxLxdiAdJW YM 


4exp                           (IX-2.10) 

problema warmoiqmneba imis gamo, rom integracia tardeba yalibruli 
velebis yvela mniSvnelobebiT. maT Soris gvxvdeba iseTebic, romlebic 
erTmaneTs yalibruli gardaqmnebiT ukavSirdebian. amrigad, erTsadaimaves 
viTvliT usasrulod bevrjer, raki yalibruli jgufi aris uwyveti. Cveni 
amocanaa gamovyoT yalibrulad araekvivalenturi klasebi da mxolod 
maTze CavataroT funqcionaluri integracia.  
   ganvixiloT sailustracio magaliTi: 
 
     moculobiTi mamravlis gamoyofa funqcionaluri integraciis dros 
 
      ganvixiloT organzomilebiani integrali 

                     riSrdyxiSdxdyW exp,exp


                     (IX-2.11) 

eqsponentaSi dgas organzomilebian sivrceSi mobrunebebis mimarT 
invariantuli sidide, romelic mxolod manZilzea damokidebuli 

               rSrSrS  


               ,rr 


                     (IX-2.12) 

mobruneba asea ganmartebuli 

                       ,rrr


                               (IX-2.13) 

ityvian, rom ori konfiguracia, romlebic erTmaneTTan dakavSirebulia 
jgufuri gardaqmniT, erTsadaimave jgufur “orbitaze” imyofeba. Cvens 

magaliTSi   rS  mudmivia orbitaze (wrewirze). Tu am SemTxvevaSi gvsurs 

gaviTvaliswinoT integralSi wvlili marto  rS -is araekvivalenturi 
mniSvnelobebidan, unda gamovyoT e.w. “moculobiTi mamravli”, romelic 

eTanadeba integracias kuTxeebis mixedviT:     2d . amisaTvis 

ganvixiloT Semdegi procedura, romlis ganzogadeba CvenTvis saintereso 
SemTxvevaze SesaZlebeli iqneba.  
     pirvel rigSi ganvixiloT Tanafardoba  

                            d1                                (IX-2.14) 

da CavsvaT (IX-2.11)-Si: 
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                    WdriSrddriSdrdW expexp


,       (IX-2.15) 

sadac 

                riSrdW exp


                                     (IX-2.16) 

es sidide gamoiTvleba  kuTxis mocemuli mniSvnelobisaTvis _ amrigad, 

viTvliT W -s  -kuTxis erTi garkveuli mniSvnelobisaTvis ,   xolo 

Semdeg vaintegrebT   kuTxis yvela mniSvnelobebis mixedviT. “orbitebi” 
wrewirebia _ nebismieri 2 wertili orbitaze erTmaneTTan dakavSirebu- 
lia brunviT (ix. naxazi 11,a) 

 
 

 
naxazi 11. a   da b 

 
 
brunvis mimarT invariantulobis (IX-2.12) Tvisebidan vadgenT, rom  

                           WW                                     (IX-2.17) 

amrigad, orbitis moculoba faqtiurad gamovyaviT  

                       WdWWdW 2                            (Ix-2.18) 

   axla movaxdinoT am martivi magaliTis ganzogadeba. zogad SemTxve- 
vaSi SegviZlia avirCioT ufro rTuli kavSiri, vidre   . es kavSiri 
gadmovceT wiris gantolebiT:  

                     0rg


                                            (IX-2.19) 
da moviTxovoT, rom es wiri kveTdes TiToeul orbitas mxolod erTxel, 

rac niSnavs, rom   0rg


 gantolebas unda hqondes mxolod erTi 

amonaxsni -   radiusis mocemuli mniSvnelobisaTvis (ix. naxazi 11 b).  

 
       
   SevadginoT axla erTianis, anu (IX-2.14) tipis gamosaxuleba  

                     1 rgdrg


                                    (IX-2.20) 

esaa g -s ganmarteba. aqedan Cans, rom  

             
 

0



 gg

rg
r






                                         (IX-2.21) 

es formula gamomdinareobs  -funqciis cnobili Tvisebidan  

                 
 
 

nxx

n

n xf

xx
xf








  

xolo TviTon  rg


  invariantulia 2-ganzomilebiani brunvebis mimarT. 

marTlac  

               






 
11

rrgdrgdr gg


                       (IX-2.22) 
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gaviaroT axla danarCeni etapebi: SevitanoT integralqveS erTiani, anu 
Tanafardoba (39) da gadavsvaT integraciebis rigi (SeadareT zemoT 
aRweril droze damokidebuli cvladebis Secvlis meTods radialur 
funqcionalur integralSi kvantur meqanikaSi, (V-1.2)):  

           WdW  

sadac 

                      rgrriSrdW g


exp                              (IX-2.23) 

es sididec invariantulia brunvebis mimarT:  

                        WrgrriSrdrgrriSrdW gg


expexp       (IX-2.24) 

aq Cven SemovitaneT cvladi   ,rr


 da visargebleT imiT, rom    rrS g


,  

da integraciis zoma  rd

 arian invariantuli brunvebis mimarT. amrigad, 

integralqveS “moculobiTi” mamravlis gamosayofad SeiZleba SevitanoT 

SemzRudavi  -funqcia da gavamravloT g  funqciaze, romelic zemoT 

ganvmarteT.  
 
 
 moculobiTi mamravli yalibruli Teoriis funqcionalur integralSi  
 
  SevudgeT axla yalibruli velis dakvantvas. Cveni amocanaa gamovyoT 
moculobiTi mamravli funqcionalur integralSi da mawarmoebel 
funqcionalSi.  
   Pprocedura TiTqmis daemTxveva zemoT aRwerils.  
    qmedeba invariantulia yalibruli gardaqmnis mimarT 

             )()( xAxA 



 , 

sadac gardaqmna aseTia 

              









111

22











 UUU

ig
AUA


                   (IX-2.25) 

                  2/exp 

 xiU  

 

aq 

 sidideebi arian jgufis parametrebi, romlebic dro-sivrcis 

wertilebzea damokidebuli. qmedeba mudmivia yalibruli jgufis 

orbitaze, romelic warmoadgens yvela im 
A


-s erTobliobas, romlebic 

miiReba romelime fiqsirebuli A


 konfiguraciidan )2(SU  jgufis raime 

 U  gardaqmniT. swori dakvantvisas funqcionaluri integrali unda 
gavrceldes marto im “hiperzedapirze”, romelic TiToeul orbitas 
kveTs marto erTxel. es ki niSnavs Semdegs: Tu hiperzedapiris 
gantolebas CavwerT Semdegi saxiT:  

                    ,3,2,1,0  aAfa 


                         (IX-2.26) 

maSin gantolebas 

                   0
Afa


                                        (IX-2.27) 

unda hqondes erTaderTi amonaxsni, 

, velis mocemuli A


 konfigura- 

ciisaTvis. TavisTavad (IX-2.26) aris yalibrebis damafiqsirebeli piroba.  
      pirvel rigSi aucilebelia ganimartos integracia jgufze. 
amisaTvis CavTvaloT, rom    da    iyvnen jgufis elementebi, e.i. 
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rogorc es xSirad aris xolme miRebuli, aRniSvnebis gadatvirTvis 
Tavidan asacileblad jgufis elementebi da parametrebi erTnairad 

aRvniSnoT. Tu  U  aris )2(SU  jgufis raime warmodgenis matrica, maSin 
jgufSi gamravleba SeiZleba ase warmovadginoT: 

                              UUU                            (IX-2.28) 
   erTeulovani elementis maxloblobaSi vwerT 

               22/1  OiU 


                                 (IX-2.29) 
jgufze integraciis zoma SeiZleba ase avirCioT: 

                      



3

1a

add                                     (IX-2.30) 

es zoma invariantulia Semdegi SinaarsiT:  

                   dd  

 
   axla ukve SegviZlia vizrunoT moculobiTi mamravlis gamoyofaze. 

SemovitanoT funqcionali  Af


 : 

                       
  AfxdA af


1                            (IX-2.31) 

amrigad  

                  ff MA det 


                                   (IX-2.32) 

sadac 

                    
b

a

abf

f
M




                                   (IX-2.33) 

    amrigad, fM  matrica dakavSirebulia  Af a


 funqciebis usasrulod 

mcire yalibrul gardaqmnebTan. ufro zustad, usasrulod mcire yalib- 
rul gardaqmnebTan, romlebsac (IX-2.29)-is Tanaxmad aqvT saxe: 

             acbabcaa

g
AAA  


 

1
,                          (IX-2.34) 

maSin yalibrebis mafiqsirebuli funqciebi ase Seicvleba  

                      24 , 

 OyyxMydAfAf babfaa


               (IX-2.35) 

(IX-2.26) gantolebis amonaxsnis erTaderTobis moTxovnidan 

gamomdinareobs, rom  
fMdet  gansxvavdeba nulisagan.  

    vaCvenoT axla, rom  Af


  funqcia yalibrulad invariantulia. 

amisaTvis (IX-2.31) gadavweroT ase 

                           
  

  AfxdA af


1                       (IX-2.36) 

maSin  

                        
 






  AfxxdxAfxdA aaf


1     

                            


 

 AxAfxd fa


1                   (IX-2.37) 

    CavsvaT erTiani vakuumidan vakuumSi gadasvlis amplitudaSi, 
romelic Cawerilia funqcionaluri integralis saxiT 

                          xxLdiAfAxAdxdxxLdiAd af

44 expexp 
 


                  

                          xxLdiAfAxAdxd af

4exp 


              (IX-2.38) 

am gamosaxulebis misaRebad Cven visargebleT aq Semavali faqtorebis 
invariantulobiT yalibruli gardaqmnebis mimarT. axla naTelia, rom 

integralqveSa gamosaxuleba damoukidebelia  x -ze da mis mixedviT 
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integracia iZleva orbitis usasrulo moculobas, risi gamoyofisaken 
miviswrafodiT Cven.  
   amrigad, yalibruli velebis mawarmoebeli funqcionali SegviZlia 
CavweroT ase: 

                      
  AJxLxdiAfMAdJW aff


4expdet          (IX-2.39) 

 
   amas uwodeben fadeev-popovis anzatcs anu Casmas.  
   vxedavT, rom aseTnairad gamoiricxa yvela zedmeti integracia 

funqcionalur zomaSi Semdegi mamravlis SetaniT   



Af

f




det . 

 
ganvixiloT konkretuli gamoyenebani: 
 
 
pirvel rigSi aRvniSnoT, rom velis kvantur TeoriaSi gamoiyeneba 
sxvadaxva yalibrebebi, maT Soris yvelaze gavrcelebulia Semdegi: 
       

    * aqsialuri yalibreba          03 aA  

    * kulonuri yalibreba          0 a

ii A  

    *  hamiltonuri yalibreba       00 aA  

    * zogadi aqsialuri yalibreba   0,0 2  nAn a  

    * sinaTlismagvari yalibreba; rogorc zemoT, oRond 02 n  

ukanasknel or yalibrebaSi n  aris nebismieri mudmivi 4-veqtori, xolo 

yalibrebis damafiqsiebel wevrs lagranJianSi aqvs saxe  22

2

1
nA


 . 

    * zemoT CamoTvlili yalibrebebi arian arakovariantuli. 
kovariantuli yalibrebebidan yvelaze xSirad gamoiyeneba lorencis 

yalibreba: 0 aA
 , xolo yalibrebis mafiqsirebul wevrSi  2

2

1 aA



  

aiReba:  
    _ landaus yalibrebaSi       0  

    _ feinmanis yalibrebaSi      1  

    _ unitaruli yalibrebaSi      

    
  am cnobebis Semdeg sasurvelia fadeev-popovis meTodis sailustraciod 
ganvixiloT dakvantvis magaliTi romelime konkretul yalibrebaSi: 
 
       
 a) fadeev-popovis anzatci aqsialur yalibrebaSi 
 
yalibruli pirobis saxiT aviRoT Semdegi mafiqsirebeli funqcia  

                  03  a

a Af  

maSin (IX-2.34) iRebs saxes 

                   aacbabca

a
gg

AAAf 
 3333

11
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aqedan gamomdinareobs, rom matrica abf
g

M 3
1
  ar aris damokidebuli 

yalibrul velze. am dros SegviZlia ugulvebelvyoT iakobianis mamravli 

 
fMdet  da davweroT 

                  JiSAAdJW f


exp3  

                     







 


aaa AJFxdJS

24

4

1
 

    ufro mosaxerxebelia vimuSavoT funqcionalis gansxvavebuli formiT 

                       JSiAAdFdJW f


exp3 , 

sadac 

            



  aacbabcaaaa AJAAgAAFFxdJS 








  4

1

2

1 24


 

Tu am gamosaxulebas vaintegrebT aF -s mixedviT fW  -is gamosaxuleba 

gadava fW -Si. 

    axla aucilebelia davrwmundeT, rom fadeev-popovis formulireba 
TviTSeTanxmebulia anu Tavsebadia kanonikur dakvantvasTan. sxva 
sityvebiT rom vTqvaT, unda davrwmundeT, rom funqcionalur integralSi 
ganxilul SezRudvebs mivyavarT dinamikuri cvladebis imave krebulTan, 
rasac iZleoda kanonikuri dakvantva.  
    amisaTvis jer CamovTvaloT damoukidebeli kanonikuri cvladebi 

arCeul yalibrebaSi 03 aA . lagranJians S  -Si aqvs saxe  

     
   

     aaa

i

aic

i

aabca

i

a

i

aoi

c

j

b

i

abca

ij

a

ji

aija

AFAFAAgAAF

AAgAAFFL

03

03

3

3

000

2

2

1

2

1








 

sadac 2,1, ji . 
     eiler-lagranJis gantolebebi  
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L

A

L

F

L

F
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iZlevian Semdeg bmebis gantolebebs (anu gantolebebs, romlebic ar 
Seicaven drois mixedviT warmoebuls):  
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garda amisa dinamikuri gantolebebi aseTia  
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     aqedan vaskvniT, rom aa

i

a

ij

a FFFA 0330 ,,,  arian damokidebuli cvladebi. 

zemo moyvanili bmebis gantolebebiT isini SegviZlia gamovricxoT S  -is 

gamosaxulebidan, gamovxatavT ra danarCeni cvladebiT a

iA  da a

iF0 . 

damoukidebel kanonikur cvladTa aseT identifikacias mivyavarT 
mawarmoebeli funqcionalis Semdeg gamosaxulebamde 

                         JSiAdAdFdFdJW f


exp210201  
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fadeev-popovis anzatcis Tavsebadoba kanonikuri dakvantvis 
procedurasTan damtkicebuli iqneba, Tu vaCvenebT, rom es 
funqcionaluri integrali ekvivalenturia W  -is, da amitomac W -si. 
amisaTvis aucilebelia davamtkicoT, rom Tu dinamikuri cvladi 
qmedebaSi Sedis sul mcire kvadratulad (mudmivi koeficientiT), maSin 
mis mixedviT integracia tolfasia misi gamoricxvisa qmedebidan eiler-
lagranJis gantolebebis daxmarebiT. 
    am daskvnis samarTlianoba Cans Semdegi sailustracio magaliTiT: 
ganvixiloT (gausis) funqcionaluri integrali  

                     
















 xxfxaxdidiSd  24
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eiler-lagranJis gantoleba, romelic am qmedebidan miiReba, Semdegi 
saxisaa 

               0 xfxa  

       qmedebidan  x -is gamoricxviT miviRebT tolobas  

                 
24

2

1
xfxd

a
S , 

romelic kvlav gvabrunebs zemoTmoyvanil qmedebasTan. es asrulebs imis 
demonstrirebas, rom fadeev-popovis anzatci namdvilad iZleva swor 
SezRudvebs integraciis zomaze. rogorc ukve viciT am Tavis 
dasawyisidan, hamiltonis formalizmi, romelic emyareba Semdeg 
mawarmoebel funqcionals  

                    JHxdiddJW ,exp~ 0

4  

ekvivalenturia lagranJis formalizmisa, romelSic  

                      JLxdidJW ,exp~ 4  

    advilad davrwmundebiT, rom zemoT miRebuli W   funqcionali 

Seesabameba hamiltonur formulirebas, romelSic a

iF0  komponentebi arian 

ganivi kanonikuri impulsebi.  
    radgan aqsialur yalibrebaSi fadeev-popovis determnanti SegviZlia 
CamovuSvaT, dakvantvis procedura am yalibrebaSi gamoiyureba sakmaod 
martivad. advilia imaSi darwmuneba, rom asevea nebismier arakovariantul 
yalibrebebSi. oRond arakovariantul yalibrebebSi cxadi saxiT ikargeba 
lorenc-invariantuloba da, amitom, feinmanis wesebs aqvT sakmaod rTuli 
saxe.  
 
 
 
 
 

b.  abeluri yalibruli Teoria 
 
 
    Cven zemoT ganvixileT eleqtromagnituri velis dakvantva. 
bunebrivia, rom funqcionaluri integraliT dakvantvis meTodi, romelic 
axlaxan aRvwereT, SeiZleba gamoviyenoT ufro martiv SemTxvevaSic _ 
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abeluri yalibruli Teoria. am SemTxvevaSi gardaqmnas aqvs Cveulebrivi 
)1(U  saxe: 

                      .x
g

i
AA 


                                 (IX2.40) 

gasagebia, rom yalibruli pirobis nebismieri SerCevisas, romelic iqneba 

wrfivi yalibruli  xA  velis mixedviT, fM  matrica, Semoyvanili (IX-

2.32) an (IX-2.33) TanafardobiT, ar iqneba damokidebuli A -ze. amis gamo, 

fadeev-popovis mamravli  
fMdet  araarsebiTi iqneba fizikuri 

TvalsazrisiT da SegviZlia CamovuSvaT funqcionalur integralSi: 

                     xAxJxLxdiAfdAJW f


 

4exp                      (IX-2.41) 

  
 

a) feinmanis wesebi kovariantul yalibrebebSi  
 
      yvelaze meti praqtikuli interesi gaaCnia kovariantul yalibrebas, 
romelSic sxvadasxva arakovariantuli yalibrebebisagan gansxvavebiT, 
aucilebeli xdeba xolme arafizikuri “sulebis velebis” Semoyvana.  
  amosavali mawarmoebeli funqcionalis misaRebad ramdenadme 
gardavqmnaT (IX-2.39) gamosaxuleba. saxeldobr, damatebiTi fadeev-popovis 
mamravli unda avitanoT eqsponentaSi.  
  
         _ fadeev-popovis “sulebi”    

    sidide fMdet  SeiZleba pirdapir Caiweros Semdegi eqsponentis saxiT; 

                    ff MtrM lnexpdet                                 (IX-2.42) 

Tu aq Semaval matricas ase warmovadgenT LM f 1 , maSin SegviZlia 

davweroT: 
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              (IX-2.43) 

es mwkrivi SegviZlia ganvixiloT, rogorc mwkrivi maryuJebad, romlis 

wevrebi Seesabamebian fiqtiuri kompleqsuri skalaruli  xc  velebis 

izotriplets.  
 
                    

 
 

naxazi 12 
 
 

   imis  gamo, rom gausis tipis integrali grasmanuli cvladebis 
SemTxvevaSi udris saTanado operatoris determinants mricxvelSi, 
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SegviZlia fadeev-popovis determinanti warmovadginoT damxmare 
grasmanuli velebis saSualebiT Semdegnairad: 

              










ba

babfaf ycyxMxcyxddidcdcM
,

44 ,exp~det                 (IX-2.44) 

amrigad, fadeev-popovis determinanti atanilia eqsponentaSi, rac 
gaamartivebs mis fizikur (diagramul) interpretacias.  
  
 
   _  yalibrebis damafiqsirebeli wevri 
 
axla eqsponentaSi avitanoT yalibrebis damafiqsirebeli faqtori. amis 
misaRwevad jer ganvazogadoT yalibrebis piroba, romelic aviRoT ase 

                           xBAf aa 


                                 (IX-2.45) 

sadac  xBa  aris nebismieri funqcia, damoukidebeli yalibrul velze. 

pirvel rigSi unda ganvazogadoT f  funqcia (IX-2.45) pirobis 

Sesabamisad, 

                          1xBAfAxd aaf


 


                         (IX-2.46) 

es ganmarteba, cxadia, iZleva imave f  funqcias, rasac (IX-2.36).  

    orbitis usasrulo moculobis gamosayofad mawarmoebeli 
funqcionali ase gadavweroT 

             
















 xBAJxLxdiBAfMBdAdJW aaf
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      (IX-2.47) 

Cven am integralSi CavrTeT agreTve araarsebiTi mudmivi  

           







 xBxdBdconst 2

2

1
exp~




,  

sadac   aris nebismieri mudmivi koeficienti _ yalibruli parametri. 
miRebuli mawarmoebeli funqcionali (IX-2.47) fadeev-popovis anzatcis 
(IX-2.39) funqcionalisagan gansxvavdeba araarsebiTi normirebis 
mamravliT.  

   axla ukve SegviZlia movxsnaT   xBd


 integracia. amave dros 
gaviTvaliswinoT (IX-2.44). vpoulobT: 

                 
 JiScdcdAdJW eff


exp                                  (IX-2.48) 

aq   

          FPgfeff SSJSJS 


                                            (IX-2.49) 

xolo efeqtur qmedebaSi damatebiTi wevrebia: 
(a) yalibrebis damafiqsirebeli wevri 

           
24
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1
xAfxdS agf 




                                    (IX-2.50) 

(b) fadeev-popovis sulebis wevri 

                
ba

babfaFP ycyxMxcyxddS
,

44 ,                           (IX-2.51) 
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_kovariantuli yalibreba  
 
ganvixiloT axla specialuri SerCeva _ kovariantuli anu lorencis 
yalibreba: 

                   3,2,1,0  aAAf aa





                      (IX-2.52) 

  infinitezimaluri yalibruli gardaqmnebisas 
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gvaqvs 
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                             (IX-2.54) 

amitom  

             yxAg
g

yxM cabcab

abf  41
,  

                     (IX-2.55) 

am gamosaxulebaTa meSveobiT SegviZlia gamovTvaloT damatebiTi 
wevrebi efeqtur qmedebaSi:  
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                                   (IX-2.56) 
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                  (IX-2.57) 

Tu sulebis velebisaTvisac SemovitanT wyaroebs aa  , , mawarmoebeli 

funqcionalis saboloo forma ase gamoiyureba: 
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am formulaSi sulebis velebi gadanormilia g/1  mamravliT.       
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IX-3.   SeSfoTebis Teoriuli gaSla kovariantul yalibrebaSi 
 
 
SeSfoTebis Teoriis mwkrivis misaRebad, upirveles yovlisa, 
warmovadginoT efeqturi qmedeba iang-milsis TeoriaSi Semdegi jamis 

saxiT Ieff SSS  0 , sadac Tavisufali qmedeba 0S  - kvadratulia velebis 

mixedviT:  
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xolo urTierTqmedebis aRmweri wevria  
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              )bcabca cAigc 
                             (IX-3.2) 

mawarmoebeli funqcionali SeiZleba CavweroT Semdegi saxiT:   
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sadac  
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       (IX-3.4) 
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                  (IX-3.5) 

 
 
 
 
   
    _  propagatorebi: 
   
am kvadratuli formebidan SegviZlia movZebnoT calkeuli velebis 

propagatorebi. A


 velis propagatoris sapovnelad gadavweroT 0

AW  ase: 
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sadac operators  
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gaaCnia Sebrunebuli. axla AD


 integracias CavatarebT da miiReba  
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advilad SevamowmebT, rom es sidide grinis funqciis gantolebas 
akmayofilebs: 

                    yxgzyGyxyKd c

a

bc

ab

44 
                   (IX-3.10) 

     
    analogiurad vipoviT “fadeev-popovis sulebis” velis propagatorsac: 

              yyxGxyxddiW baba

c     440 exp,


 

sadac  
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. 
am formulebze dayrdnobiT gvaqvs feinmanis Semdegi wesebi:  
 
1. veqtoruli (iang-milsis) bozonebis propagatori  
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2. fadeev-popovis “sulebis” propagatori  
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   amave dros unda SevniSnoT, rom “sulebis” vels, iseve rogorc 
fermionul vels, aqvs mimarTuleba, e.i. “suli” gansxvavdeba Tavisi 
antinawilakisagan.  
 
            
 
yalibruli velebis urTierTqmedeba (wveroebi):  
 
araabelur yalibrul TeoriebSi yalibuli velebi urTierTqmedeben 
TavisTavTan, aqvT TviTzemoqmedeba. es polarizaciis veqtorebiT 
(velebis talRuri funqciebiT) aRiwereba Semdegnairad  

                    321321 ,, kkkkkk abc


    

da 

                  43214321 ,,, kkkkkkkk abcd


    

   wveroebisTvis feinmanis wesebi gamomdinareobs IS -is 
gamosaxulebidan. yvelaze advilad maTi miReba SeiZleba velebis 
gadasmis mimarT simetriebis mosazrebebis gamoyenebiT. impulsur 

warmodgenaSi IS -is pirveli wevri aseTi saxisaa  

                 321321 ,,
~~~

!3

1
kkkkAkAkA abccba


  ,  

sadac A
~
 funqciebi arian yalibruli velebis furie-saxeebi, xolo   - 

wveroebi, romlebic unda iyvnen sruliad simetriuli yalibruli 
velebis gadasmis mimarT. rac Seexeba struqturas yalibrul )2(SU  
jgufTan dakavSirebiT, is ase fiqsirdeba  



 95 

                321321 ,,,, kkkkkk abcabc

   ,  

xolo am funqciis lorenc-struqtura SeiZleba gamoviyvanoT. is 

Sedgeba wevrebisagan, romelTac aqvT saxe  gka . am wevrebis zusti 

kombinaciis dadgena SegviZlia am faqtoris antisimetriulobidan 

,21,   da a.S., indeqsebis gadasmis mimarT, radgan tenzori abc  
Tavis mxriv sruliad antisimetriulia. ase Tu moviqceviT, vipoviT  
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   “sulis” da bozonis wvero 
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   sulebis xazebi diagramebSi Sedian marto maryuJebis saxiT. 
 
 
 
  fermionebi:  
 
wminda iang-milsis TeoriaSi fermionebis Semotana advilia _ sakmarisia 
lagranJians daematos yvela SesaZlo yalibrulad- invariantuli wevrebi, 
romelTa ganzomileba ar aRemateba oTxs:  

              
 mDiL f  , 

 
 
sadac 

 
aa AigTD   

matrica aT  Seesabameba generators mocemul warmodgenaSi. magaliTad, 

Tu   aris )2(SU  dubleti, maSin 2/aaT  . amrigad, fermionebisaTvis 
gvaqvs feinmanis wesebi 
    fermionuli propagatori          

 



imp

piS mnmnF



1

                      

  
 
 
   fermion-yalibruli bozonis wvero:      
 

        nm

aa

nm Tigi                                    

 
 
 
 
 
 
 
 

X. daskvnebis nacvlad 

 

 

rogorc zemoT moyvanili masalidan Cans, funqcionaluri meTodi 
kvantur fizikaSi erT-erTi mniSvnelovani da mZlavri meTodia. misi 
meSveobiT xerxdeba Caketili gamosaxulebebis miReba Teoriis iseTi 
kritikuli sidideebisaTvis, rogoricaa sxvadasxva grinis da 
korelaciuri funqciebi. agreTve mniSvnelovania is garemoeba, rom 
yvelaferi es Caiwereba feinmanis funqcionaluri integralis 
saSualebiT. marTalia funqcionaluri anu wirebze integralebis 
gamoTvla arc ise advilia, amis miuxedavad mTavari fizikuri 
faqtorebisaTvis Caketili gamosaxulebebis arsebobis faqti ukve metad 
misasalmebelia, radgan droTa ganmavlobaSi wirebze integralebis 
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gamoTvlis teqnika viTardeba da sul ufro meti amocanebis amoxsna 
xerxdeba. gavixsenoT Tundac kulonuri potencialis istoria, romlis 
cxadi saxiT amoxsna moxerxda feinmanis meTodis Seqmnidan daaxloebiT 
30 wlis Semdeg, risTvisac unda damuSavebuliyo iseTi aratrivialuri 
teqnikuri sakiTxi, rogoric aris cvladTa gardaqmna wirebze 
integralSi. Caketili gamosaxulebis arseboba, bunebrivia, niSnavs 
saTanado faqtorebisaTvis amoxsnis cxadi saxiT warmodgenas, romlis 
Semdgomi Seswavla SesaZlebeli iqneba sul mcire, ricxobrivad 
dRevandeli gamoTvliTi teqnikis gamoyenebiT.  
    aRvniSnoT agreTve, rom funqcionaluri warmodgenebi mosaxerxebelia 
sxvadasxva grinis funqciebis asimptoturi yofaqcevis Sesaswavlad, rac 
aranakleb mniSvnelovania.  
    winamdebare wignSi moviyvaneT funqcionalur integralebTan 
mopyrobis arsebuli meTodebi, agreTve amoxsnadi magaliTebi. 
gansakuTrebuli simZlavre funqcionalurma meTodebma gamoamJRavna 
velis kvantur Teoriasa da statistikur fizikaSi, yalibruli velebis 
Tanamedrove kvanturi Teoria aigo ZiriTadad funqcionalur, saxeldobr, 
feinmanis wirze integralze dayrdnobiT. aq arsebiTi mniSvneloba hqonda 
fadeevisa da popovis mier ganviTarebul meTods yalibrulad 
ekvivalentur orbitebze integraciebis gamocalkevebis Sesaxeb. ramac 
gamoiwvia yalibrul jgufze regularuli integracia da araerTi 
ZvelisZveli problemebis moxsna. rogorc aRvniSneT, fadeev-popovis 
meTodma gadamwyveti roli Seasrula cvladTa gardaqmnis Teoriis 
ganzogadebaSi funqcionalur midgomaSi.   misi gamoyenebis arealSi 
moeqca Tanamedrove simetriebis Teoriis iseTi mniSvnelovani problema, 
rogoricaa simetriebis spontanuri da dinamikuri darRvevebi, rac 
Tanamedrove Teoriuli azrovnebis qvakuTxeds warmoadgens.  
  da bolos, aRvniSnoT, rom teqstSi sxvadasxva adgilas miTiTebuli 
naSromebis garda funqcionalur meTodebze arsebobs sakmaod mdidari 
literatura, romelTa udidesi nawili gadmocemulia velis kvanturi 
Teoriis saxelmZRvaneloebSi da monografiebSi.   
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