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0.1 Introduction

Two dimensional quantum field theories which are invariant under conformal transformations
are referred as two dimensional conformal field theories (CEFT). The applications of two di-
mensional CFTs to various topic of physics are numerous, here we will list two of the most
important ones.

The first branch of application of CFTs is in statistical physics. Historically conformal
symmetry was introduced in quantum field theory nearly fifty years ago under the influence of
ideas of scaling and universality in the theory of second-order phase transitions. According to
the scaling postulate at the critical point the interaction of fields corresponding to the order
parameters of transitionally invariant and isotropic statistical systems become scale invariant.
The energy-momentum tensor of such theories is traceless. As a consequence this kind of
theories are also invariant with respect to a larger class of coordinate transformations under
which metric tensor gets multiplied by an arbitrary function. Such coordinate transformations
form the conformal group.

The second branch of applications of CFTs is string theory. It is well known that string
theory is the most well developed candidate which may unify all known interactions included
gravity. In this context CFT describes the world sheet dynamics of a string.

This dissertation is organized in the following way.

The dissertation consists of 6 chapters. In chapter 1 we review the material necessary to
present our findings. In chapters 2-6 we deliver our findings.

In chapter [1) we collect and review the basik stuff of two-dimensional CFT. In section
we review two-dimensional conformal field theory, in particular we show that the generators
of conformal transformations obey the Witt algebra. In section we study: The energy-
momentum tensor, radial quantization, OPE of operators and two, three- point functions.
In section we examine the Virasoro algebra and illustrate the construction of the Verma

module.



The Chapter [2|is based on the paper [4].

The existence of a RG flow between two CF'T’s suggests that this theories could be connected
by a non-trivial interface which encodes the map from the UV observables to the IR ones
[8,9] In particular in [9] such an interface (RG domain wall) was constructed for the N = 2
superconformal models using matrix factorisation technique.

Later in [10] an algebraic construction of a RG domain wall for the unitary minimal CFT

models was proposed and was shown that the results agree with those of the leading order
perturbative analysis performed by A. Zamolodchikov in [11]. The leading order perturbative
calculation of the mixing coefficients for the wider class of local fields including non-primary
ones again is in an impressive agreement with the RG domain wall approach [12]. Higher order
perturbative calculations [13,/14] further confirm the validity of this construction. In the same
paper [10] Gaiotto suggests that a similar construction should be valid also for more general
coset CFT models. The N = 1 minimal superconformal CFT models [130-132], which are the
main subject of this paper, are among these cosets. The Renormalisation Group (RG) flow
between minimal N = 1 superconformal models SM, and SM,_, initialised by the pertur-
bation with the top component of the Neveu-Schwarz superfield ®, 3 in leading order of the
perturbation theory has been investigated in [18] (see also [19,120]). Recently, extending the
technique developed in [13] for the minimal models to the supersymmetric case, in [21] the
analysis of this RG flow has been sharpened even further by including also the next to leading
order corrections.
In this chapter we specialise Gaiotto’s proposal to the case of the minimal N=1 SCFT models.
The method we use is based directly on the current algebra construction and, in this sense,
is more general than the one originally employed by Gaiotto for the case of minimal models.
Namely he heavily exploited the fact that the product of successive minimal models can be al-
ternatively represented as a product of N = 1 superconformal and Ising models. We explicitly
calculate the mixing coeflicients for several classes of fields and compare the results with the
perturbative analysis of [1821] finding a complete agreement.

It is organized as follows: section is a brief review of the 2d N = 1 super-conformal
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filed theories. Section [2.2.3]is devoted to the description of the coset construction of N = 1
SCFT. In section [2.2.4] we formulate Gaiotto’s general proposal for a class of coset CFT models.
Section [2.2.5]is the main part of our paper. We explicitly calculate the mixing coefficients for
the several classes of local fields in the case of the super-symmetric RG flow discussed above
using RG domain wall proposal. Then we compare this with the perturbation theory results
available in the literature finding a complete agreement.

The chapter [3|is based on the paper [100]. It is organized in the following way.

In section 3.1 we analyze classical Liouville theory with defects. In subsection|3.1.1|we review
general solutions of the Liouville equation. In subsection we present general solution of
the defect equations of motion. In subsection [3.1.3| we present Lagrangian of the product of the
Liouville theories on half-plane with the boundary condition specified by a permutation brane.
In section we review defects and permutation branes in quantum Liouville theory. In section
3.3 we review heavy and light asymptotic semiclassical limits. In section [3.4 we calculate defect
two-point function in the light asymptotic limit. In section [3.5| we calculate defect two-point
function in the heavy asymptotic limit.

The chapter [4is based on the paper [5].

During the last decades we got deep understanding of the properties of rational CFTs having
a finite number of primaries. Many important relations were obtained between basic notions
of RCFT. In particular we would like to mention the Verlinde formula [50], relating matrix
of modular transformation and fusion coefficients, Moore-Seiberg relations between elements
of fusion matrix, braiding matrix and matrix of modular transformations [51-53]. We have
formulas for boundary states [54], and defects [55,/56] in rational conformal field theories.
Situation in non-rational CFTs is much more complicated. The infinite and even uncountable
number of primary fields is the main reason that progress in this direction is very slow. One
of the well studied non-rational theories is Liouville field theory. Here three-point correlation
function (DOZZ formula) [57,95] and fusing matrix [59,/139] were found exactly. An other
important examples of the non-rational CFT is N = 1 superconformal Liouville theory. Many

data have been collected also in N = 1 superconformal Liouville theory. In particular three-

7



point functions [69.|70] and the NS sector fusion matrices [71,72] have been found exactly.

In this paper we study some of the Moore-Seiberg relations for the fusion matrix of the N=1
Super Liouville field theory. Recall some basic facts on the fusion matrix. It is defined as a
matrix of transformation of conformal blocks [119] in s and ¢ channels [53]:

f;kJ:ZFpﬁqk]ﬁlj : (1)
[ 1 v 1k
Here we write all formulas in the absence of the multiplicities i.e. for the fusion numbers
N ;k = 0, 1. Fusion matrix plays an important role in conformal field theories, e.g. it enters in
the conformal bootstrap [53,74], and Cardy-Lewellen [?] equations.
Our task here is to study the following relations, proved in rational CFT, in N = 1 super

Liouville field theory:

J k k* k F.F,
Fo; Fio = jF a5 (2)
J ok JoJ ’
where
v 1F S
Fi = F070 = SOO (3)
. 0i
1 1
and
i J o1
Ch = I Fop i =\ Cin | F; (4)
77077p ] i*

which using can be written also as

§i&; 1
Cf) = ! )
! fOfp ]* .
E

p,0

& =ik =\ Cin . (5)

Let us explain notations. First of all 0 denotes vacuum field and ¢* is the field conjugate to ¢ in

a sense that N, = 1. Then S,; is a matrix of the modular transformations, C}; are structure

1%

constants, Cj;« are two-point functions.



The relation ([2]) is a consequence of the pentagon identity for fusion matrix [51-53]. The
expression results from the two different ways of calculation of the quantum dimension [52].
The equations and result from the bootstrap equation combined with the pentagon
identity [54.[74-76].

These relations were examined in the Liouville field theory. The eq. in the Liouville
field theory was tested in [77]. The expressions and were examined in the Liouville
field theory in [76,78]. In [76], and (5)) in the Liouville field theory were checked using the
relation of the fusion matrix with boundary three-point function. In |7§]|, eq. was checked

using the following star-triangle integral identity for the double Sine-functions Sy(x):

/dzx 1:[1 Sp(z +a;)Sy(—z +b;) = [ Splai +)), (6)

ij=1

where

i
Recently it was found in [81] the supersymmetric generalization of this formula (eq.(4.56) in
text).

Our first aim here is to calculate the elements of the fusion matrix in the NS sector con-
structed in [71,72] with one of the intermediate entries set to the vacuum. For this purpose
we find convenient to define general expressions for the fusion matrix and structure constants,
composed from the supersymmetric double Gamma and double Sine-functions, which reduce
to the known elements of the NS sector fusion matrix and structure constants for the certain
choices of the types of the supersymmetric double functions. Using the supersymmetric version
of the star-triangle identity we found constraints which should be satisfied by the types
of the supesymmetric double functions to ensure that the elements of the fusion matrix with
one of the entries set to the vacuum give rise to the corresponding structure constant according
to the pattern of the equations and . We checked that the elements of the fusion matrix

in the NS sector indeed satisfy these constraints, and thus established equations and for



the NS sector of the N=1 Super Liouville field theory.

Next we turn to the fusion matrix in the Ramond sector. Since the general expression
for fusion matrix in the Ramond sector is absent, we check the equations and for
the elements of the fusion matrix with a degenerate entry, computed in [79,80]. Setting the
intermediate state to the vacuum we find that at least these particular elements of the fusion
matrix in the Ramond sector again satisfy . This drastically simplifies the Cardy-Lewllen
equations. It enables us easily to construct topological defects in the N=1 super Liouville field
theory. In section we review basic facts on N = 1 super-Liouville theory. In section we
compute the elements of an Ansatz for the fusion matrices with one of intermediate states set
to the vacuum state. In section 4.3| we specialize the formulae obtained in section to the
fusion matrices of the NS sector found in [71]. In section we analyze the Ramond sector.
In section [4.5 we apply formulae obtained in section to solve the Cardy-Lewellen equations
for topological defects.

The chapter [5is based on the paper [6].

Semiclassical limits play important role since they link quantum physics to the Lagrangian
approach. In the Liouville and Toda field theories there are three semiclassical limits: mini-
superspace [90-93|, the light and heavy [93-95]. All three asymptotics are the large central
charge limits. The difference comes in the treatment of the primary fields. In the minisuper-
space limit one considers a limit where only the zero mode dynamics survives. In this limit
the Liouville and Toda field theories reduce to the corresponding quantum mechanical prob-
lems [90,91,93]. In the light asymptotic limit one keeps the conformal dimensions fixed. Then
the correlation functions are given by the finite dimensional path integral over solutions of
the equations of motion with a vanishing energy-momentum tensor. And finally in the heavy
asymptotic limit the conformal dimensions blow up, scaling as the classical action and correla-
tion functions are given by the exponential of the action evaluated over the singular solutions.
To be more specific recall that primary fields in the Liouville and Toda field theories are re-
lated to the vertex operators V,, = €'®®. The spectrum is given by o = % + ¢P. In the light

asymptotic limit we set o = n;b and keep 7, fixed for b — 0, whereas in the heavy asymptotic
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Nh

limit we take o = ;

and hold ny, fixed again for b — 0. In the minisuperpsace limit one should
take for some of the vertex operators a = 1,,b and for some P = n,,b.

The discovery of AGT correspondence [102H104}/123] relating 2d CFT conformal blocks to
the Nekrasov partition function [105,124] in N/ = 2 supersymmetric gauge theory provides
powerful tools to investigate CFT correlators using gauge theory methods or alternatively to
apply advanced CFT methods in gauge theory (see e.g. [107,108]). The essential point here is the
fact that there are explicit combinatorial formulas for the Nekrasov partition function [1104/127],
which now can be successfully applied in 2d CFT.

In this chapter we consider the light asymptotic limit of the U(n) Nekrasov partition func-
tions for an arbitrary n. We find that for the certain choice of fields the Nekrasov partition
functions in the light asymptotic limit are simplified drastically and given by the sum over
Young diagrams having at most n — 1 rows. We compute the corresponding W3 conformal
block using the light asymptotic integral representation and found perfect agreement with the
two-row Nekrasov partition functions. Note that in the light asymptotic limit the W,, symme-
try reduces to SL(n) group [115,[118] and this already hints on the existence of the limiting
procedure where survive only Young diagrams corresponding to the SL(n) representations.

In section |5.1] we compute the light asymptotic limit of the Nekrasov partition functions.
In subsection [5.1.1] we review the necessary facts on the Nekrasov partition functions. In
subsection we review Toda conformal field theory and the AGT relation. In subsection
[6.3.2] we explain the details on the light asymptotic limit and show that choosing the data as it is
specified in eq. and truncates the Nekrasov functions in the light asymptotic limit
to the sum over Young tableaux containing at most n — 1 rows. In subsection we compute
the Nekrasov partition function in the light asymptotic limit. The formula is our main
result. In section [5.2] we compute the corresponding conformal block in Ay Toda field theory
using that in the light asymptotic limit conformal blocks admit an integral representations.

The chapter [6]is based on the paper [7].

N =1 SLFT besides the spin two conserved currents (energy-momentum tensor) includes

also spin 3/2 currents (the super-currents). These currents generate super conformal symmetry
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which in 2d is described by the Neveu-Schwarz-Ramond algebra [129,131,[132]. If upon encircling
a field by the super-current an extra multiplier —1 is produced, one refers to this field as a
Ramond field. Those fields which are local with respect to the super current are called Neveu-
Schwarz fields.

In this chapter different N/ = 1 SLFT blocks in the light limit are derived by using the above
mentioned duality between super Yang-Mills theory and 2d SCFT. We obtained that in the case
of SLFT the analysis of the light limit is more subtle and complicated compare to the bosonic
Lioville theory. In particular we found that in the light limit to the conformal blocks contribute
not only one row diagrams. For instance the instanton partition functions that correspond to
the conformal blocks with four Ramond fields also get contribution from the diagrams, like
those in figures and below.

The paper is organized as follows. In section the expression for the instanton partition
functions of N' = 2 SYM on R*/Z, [136}[137] is reviewed. In section we bring known
facts for N' = 1 SLFT and its light asymptotic limit that will be useful for us. In subsection
the map between N = 1 super Liouville conformal blocks and N' = 2 SYM on R*/Z, is
given. In subsection the rules for the light asymptotic limit are written. In section
we present new results on various partition function in the light limit. In section by using

these partition functions we give the corresponding conformal blocks in the light limit.
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Chapter 1

Basics of conformal field theory in two

dimensions

1.1 The two dimensional conformal group

Consider a diffeomorphism f : x — 2/, where xz,2/ € M and M is a differentiable manifold.
Suppose M is endowed with a metric g,, (z). Then one can construct another symmetric second

rank tensor g, (2') such that f.g' =g, i.e.

, 02 0x'P
00 () = g (a) 2O (1)

The map f is called conformal if the metric tensor satisfies

g (@) = Aa")g, (). (1.2)

Since we are interested in the two dimensional flat metric, it follows from (1.1)) and (1.2)) that

ox'™ Ox'P

g,\p@@ = AGuv - (1-3)
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Now we want to examine the consequences of definition on the infinitesimal level:
t — ot =t + (). (1.4)
The left hand side of up to the first order in € can be written as
I (G + 0u€*) (00 + 0,€”) ~ g + Dvu + Dy (1.5)
Therefore the requirement that this map is conformal implies that
Du€y + Ovey = h(x) g (1.6)

where h(x) is some function that can be determined by taking trace on both sides of the last

expression, which yields

h(z) = zﬁpe”. (1.7)

For Euclidean metric i.e. g,, = diag(1,1), we can rewrite (1.6) as

0161 = 8262; 6162 = —(9261 s (18)

which are the Cauchy-Riemann equations. A complex function whose real and imaginary parts
satisfy the Cauchy-Riemann condition is a holomorphic function. Thus it is natural to introduce

complex coordinates

z=x+1y; zZ=x—1y,

€(z) = €1 +ieg; €(z) =€ —ieg. (1.9)
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Since €(z) is holomorphic, the function f(z) = z + €(z) is holomorphic too. So we can say
that complex analytic coordinate transformations give rise to two dimensional conformal trans-
formations. One could arrive to same conclusion by taking a different approach, namely by
rewriting the metric in the complex coordinates: ds?> = dzdz. Indeed, under a holomorphic

transformation z — f(z) this metric transforms as:

2
ds* = dzdz — |(;f dzdz . (1.10)
2

Let us perform a Laurent expansion of €(z). Then the infinitesimal conformal transformation

can be written as

2 =z+¢€(z2); e(z) = > 2"t (1.11)
neZ

7 =z+€32); éz)=> ez, (1.12)
neZ

The operators that generate this transformations for a particular n are

l, = —2""10,, l, = —z""o;. (1.13)

These generators obey commutation relations:

Iy ) = (0= )iy oy bn] = (0 — M)y, [lny b =0, (1.14)

the first and second commutation relations are two copies of the so called Witt algebra. As
one can see from the last commutation relation the algebras {I,,} and {I,} can be regarded as
independent from each other provided one treats z and Z as independent variables. But this
is just a complexification of the initial space: C = R? — C2. Nevertheless at some point we
have to identify zZ with z*. From now on we will discuss the holomorphic dependence only and
ignore the similar anti-holomorphic dependence.

In general, the generators [, are not well defined everywhere and do not generate invertible
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transformations. Even on the Riemann sphere S? = C U oo, there are only few generators that
are globally defined. Let us find them.

The analytic conformal transformations are generated by the vector fields:

v(z) = = aply =) a,2"0, . (1.15)

The non-singularity of v(z) as z — 0 requires that a, # 0 only if n > —1. To understand the

behavior of v(z) as z — 0o, let us perform the transformation z = —=

bl

o2 =Y, (—i)nl Dy (1.16)

The non-singularity as w — 0 implies that a,, # 0 if n < 1. We conclude that only the subset
{lo, 141} generates conformal transformations that are globally defined on the Riemann sphere

S? = C U oco. These generators satisfy the commutation relation:

[507171] =1_y; [l[)all] = —ly; [llalfl] = 2l (1-17)

which is the si(2,C) algebra.

Let us examine also the group structure. Note that l[; = —z0, and [, = —Z0; and hence
introducing the polar coordinates z = re? we obtain
0 0 0 - 0 0 0 _
e b = = mp — g = —i(ly — 1) . 1.1
T =, + 755 (lo + o), 50 = %5, " %5; i(lo — lo) (1.18)

Thus (I + ly) generates dilatations and i(ly — ly) generates rotations. From (1.13)) it is obvious

that:
e [_; and [_; are generators of translations (globally z — z + a);

e [y and [y are generators of dilatations (globally z — A\z);

e [, and [; are generators of the special conformal transformations (globally z — l—zﬁz) .

16



Together these transformations form a group known as the complex Mobius group:

az+b
%

- 1.1
e d (1.19)

where a, b, c,d € C and ad — bc = 1. This is the group SL(2,C)/Zy. The quotient by Zs is due

to the fact that (1.19) is unchanged uder simultaneous flip of signs of the parameters a, b, c, d.

1.2 The energy-momentum tensor, radial quantization,

OPE of operators and two, three- point functions

Energy-momentum tensor
Here we want to find the constraints on the energy-momentum tensor that are due to the
conformal symmetry z# — x* + €#(x) of our theory. Under this coordinate transformation the

action changes in the following way:
1
68 = [ a0, = 5 [ BT (Be, + Dy (1.20)

where T" is the symmetric energy-momentum tensor. The definition (|1.6)) of the infinitesimal

conformal mapping implies that corresponding variation of the action reads
1 2 THA P
58 = 5/d TT1 0 (1.21)

The vanishing of the trace of the energy-momentum tensor thus implies the invariance of the
action under the conformal transformation. The conserved current of conformal symmetry can

be written as

ju = quV(x)- (122)

Lets go back to CFTs with Euclidean signature. The metric in the complex coordinates has
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the form (1.10). Obviously g.. = gzz = 0, g.z = gz» = 3. We will show that the energy-

momentum tensor has two non-vanishing components and that one of them is holomorphic

while the other is antiholomorphic. By using 7}, = %gif T, we can express the components

of the energy-momentum tensor in the complex coordinates in terms of they initial Euclidean

components:

Tzz = i(TOO — QZ‘TIO — Tll) X Tg* == i(TOO + 22.jﬁlo - Tll) ; (123)

Tzé = Tzz - i(TOO + Tll) - iTﬁ .

Therefore the tracelessness implies

The conservation law 0T, = 0 gives:
aETzz + azTZZ = 07 aZTzz = 07
=
0.1z + 0.1,z = 0; 0.1%: = 0.

We see that the two non-vanishing components of the energy-momentum tensor

T(z)=T.(z) and  T(2) = To(3) (1.25)

have holomorphic and anti-holomorphic dependence on their arguments respectively.

To avoid infrared divergences we compactify the space coordinate. Thus we consider our
system to live on a cylinder ¥ = R x S!' = (¢°, ¢! mod 27), where ¢° € R is the Euclidean
time and ¢! is the compactified space coordinate. Then we can go back to the complex plain

by the exponential map

z=¢e", w=o0"+iot. (1.26)

0

The infinite past and future on a cylinder, 0” = —o00, 00 are mapped to points z = 0,00 on a

0

plane correspondingly. The equal time surfaces ¢” = const become circles of constant radii on
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z-plane. Dilatation on the plane e becomes time translation 6+4-a on the cylinder, and rotation
on the plane e is space translation o! + o on the cylinder. Therefore the dilatation generator
on the conformal plane can be considered as the Hamiltonian, and the rotation generator as
momentum.

As we see from ([1.25)) the current of conformal transformations is:
J.=T(2)e(z) and J; =T(2)€(z). (1.27)

The arguments we gave above make it reasonable to choose the radial arrays as time directions.
Then the fixed time surfaces correspond to circles around the origin. So, the conserving charge
of a conformal transformations is:

Q= 21 dzT(2)e(2) + ;TifdzT(z)é(z) : (1.28)

Y

where the contour integrals are taken along circles mentioned above.

Radial ordering
In QFT correlation function are defined as a time ordered product. We know that passing from
a cylinder to a plane, Euclidean time coordinate is mapped to radial coordinate, and the time
ordering becomes the radial ordering. Thus it is reasonable to choose as the analog of time
ordering on the complex plane radial ordering

A(z)B(w) if |z w
P By — | AV 11>

B(w)A(z) if |z| < |w|

The variation of any field generated by the conserved charge () is given by the commutator

with this charge. Making use of ([1.28]), we will get

5. 0w, @) = [Q, D(w, B)] = — ¢ dzle(=)T(2), D(w, @] + 217” § de()T(2)(w, w)].(1.29)

271
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We will discuss the holomorphic part, the antiholomorphic part is similar. In the expression
above the products of operators is defined in the regions where the operators are radial ordered,

thus:

$dze(2)[T(2), P(w,w)] = (1.30)

27rz

lim <2m§‘ > | 42€(2) (T(2)®(w, w)) — = $ol<jw) dz€(2) (P(w, w)T(z))> :

2| = w]

We can rewrite this as

1 v)| = lim z€(z w, W
o d'zd”[T(Z)v@(w’wﬂ—.Z|L|w|(zm [fm 7|{z|<|w|]d (T(2)( >>). (1.31)

One can deform the contours to get

21, dze(2)[T(2), B(w, w)] = lim (1, / dze(z)R(T(z)CI)(w,w))) | (1.32)

v |z|=|w|] \ 277

Obviously this integral does not vanish only if there is a singularity at the point w. Recollecting

everything, we obtain that (1.29) is given

See(w, @) = lim (217” 72 dze(2) R(T(2)®(w, @) + QL f; dz€(2)R(T(2)<I>(w,w))>  (1.33)

T

Fields transforming under the conformal transformation z — f(z) according to

o9 - (%) (;) B(7(). F(2). (134

are called primary fields with conformal dimension (h,h). But if (1.34) is true for global
conformal transformations only, then ® is called a quasi-primary field.
Under infinitesimal conformal transformation z — z + €(z) primary fields of conformal

weight (h, h) transform as:

0ec®(w, ) = (e(w)d + hde(w)) ®(w, ) + (&(w)d + hoe(w) ) B(w,w). (1.35)



Comparing (1.33) and (1.35) we get OPE of the energy-momentum tensor with the primary
field of the weights (h, k). afterwards we will omitted the R symbol and assume that products

of operators are always radial ordered.

Q(w,w) + ... L.
—0u@(w, @) + ..., (1.36)

_ h 1
+

Op®(w,w) + ... . (1.37)

Z—Ww

The operator product expansion between the energymomentum tensors and ®(z, z) and
is equivalent to so it can be considered as the definition of a primary field ®(z, 2)
with conformal dimensions (h, k) as well.

Asymptotic States
Let us consider the field ®(z, z), with conformal dimension (h, h), its Laurent expansion around

20 =20 = 0 is
O(z,2) = Y e, L (1.38)

Since we have directed the time axis in the radial direction, the infinite past coincides with

zo = Zp = 0 it is natural to define the in-states as:
[in) = lim &(z,2)]0) . (1.39)

It follows from ([1.38)) that in order to get a well defined in-state the vacuum must satisfy the

condition

®,7|0) =0 forall n>—h, m>—h. (1.40)

On the Riemann sphere S? = C U oo the parametrization near oo is related to the one near the

origin by the conformal map z = 1/w. Therefore, it is reasonable to introduce the out-state as
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follows:

(Dous| = lim (0|®(w, @), (1.41)

w,w—0

where ®(w, W) is the transformed field in w coordinates. For primary fields, applying (1.34)) for

the transformation w — z = 1/w, one gets a relation between ®(w,w) ant ®(z, 2):

& (w, w) = ()" (@) (1/w,1/) . (1.42)

Inserting this into (1.41)), we will get

(@ou| = lim (0], )22 (1.43)
On the other hand
T
P, N — |7 7 _ 1 1T
(@l = )" = | lim, @z, 2)[0)] = lim (0][(=,2)]" (1.44)

The consistency with ([1.43]) implies that
11y 1 1
@(2,2)) = @ ( ) | (1.45)
Using the expansion (|1.38)) we get

of(z,2) = 2z > z"+h2m+7’<bn7m: > z”_him_il(l)mm. (1.46)
n,meL n,meL

Comparing this result with ((1.38)), we will obtain:

(@) =P, (1.47)
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By similar considerations, using ((1.44) and (|1.46)) for the out-states we get

(0|®,m =0 forall n<h, m<h. (1.48)

Two and three point functions
The invariance under SL(2, C)/Zs transformations determine the two and three- point functions
of quasi-primary fields up to some constants.

For the two-point functions one gets

012 5h1,h2

(D121, 21)Po(22, 22)) = W ;

(1.49)

where z;; = 2z, — z;, h1 = hg = h and C)5 are constants that can be absorbed into normalization

of the fields. And for the three-point function the result is

Ci23

hi4+ha—hs ho+h3—hi hs+hi—ha sh1+ha—hs sha+hs—hy shs+h1—hs
212 293 213 212 223 213

(P1(21, 21) Pa(22, 22) P3(23, 23)) = .(1.50)

The numerical coefficients are important dynamical characteristics of the theory. Global con-
formal invariance does not fix the precise form of the four or higher point functions. We will

discuss such correlation functions in detail later.

1.3 Virasoro algebra

Schwarzian derivative
Dimensional analysis and closedness condition predict the following general form for the OPE

of the energy-momentum tensor with itself (cf. [1.30])

w0t (z_w)p - OT(w)+..., (1.51)

where ¢ is a numerical constant which is called the central charge or conformal anomaly. Its

value, in general, will depend on the particular theory under consideration. The second term
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on the rhs of (1.51)) indicates that T'(z) is a field with conformal weight (2,0). According to
(1.49) the two point correlation function of energy-momentum tensors is given by

o)=L (152

Note that if we would not have a central extension term i.e. ¢ = 0 then the two point correlation
function (|1.52)) would vanish. Thus the energy-momentum tensor of our theory would always
be zero. Thus the central extension term ensures the non triviality of our theory. According to

(1.33) the variation of 7" under infinitesimal conformal transformation is

0.1 (w) = 217” ]{e(z)T(z)T(w) = 11208536(10) + 2T (w)Oype(w) + €(w) 0, T(w) , (1.53)

where we used the OPE of two energy-momentum tensors (1.51). One can exponentiate this

and find how 7" transforms under a finite transformation z — w(z):

T(z) — (‘f;:) T(w(z)) + %S(w;z), (1.54)

where the so called Schwarzian derivative is introduced:

Bw/dz?) 3 ((dPw/dz?)’
S(w; 2) = (Lw/dz) 3 ((dw/d=") )" (1.55)
(dw/dz) 2\ (dw/dz)
The energy-momentum tensor is an example of a field that is quasi-primary but not primary.
The Schwarzian derivative is, in fact, a unique weight two object that vanishes when restricted
to the global SL(2,C') subgroup of 2D conformal group. It satisfies the following composition
law:
df\?

z

For the exponential map w — z = €%, which maps the cylinder to the plain, one has

S(e",w)=-1/2, (1.57)
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therefore ((1.54]) will give

0z\" c 9 c
Tepi(w) = <8w> T(z) + ES(Z, w) =zT(z) — 21 (1.58)
Inserting mode expansion T'(z) = 3> L,2~""2, one obtains
—-n C c —nw
To) = 3 L™ = 57 = % (Ln - 245%0) e (1.59)

In particular the translation generator (Lg)ey on a cylinder is then given in terms of the gen-

erator Lo on plane as:

C
(LO)cyl = LO - ﬁ . (160)

The central charge is seen to be proportional to the Casimir energy, the change in the vacuum
energy density due to the finite circumference of the cylinder.

Virasoro algebra
As we saw in the current of conformal transformations is J(z) = T'(z)e(z). Since €(z)
is an arbitrary holomorphic function, it is natural to expand it in its modes. We expect that
the current T'(2)z""! generates the transformation z — 2 + ¢,2"™!. According to the

corresponding charges are:
[ 7{dzT(,z)z"Jrl (1.61)
" 2mi ' '
The commutator of the charges is

1 1
[Ly, L] = i) %dwwm'ﬂ?{ dz2"TT(2)T(w) = Ecn(n2 — 1)0n4mo0 + (n —m)Lyyn . (1.62)
0 w

The classical generators of the local conformal transformations obey the Witt algebra (|1.14)).

The quantum generators L,, obey an identical algebra, except for a central term:

1
(L, Lin] = (n — m) Ly + ¢ n(n* — 1)0pimo; (1.63)
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- 1
(L, L) = (n—m)Lpyn + ﬁén(n2 — 1)0ntm0; (1.64)

(L, L] = 0. (1.65)

The central extension of the Witt algebra is known as the Virasoro algebra. One can derive
the last commutation relation similarly by applying the fact that 7'(z) and T'(z) have no
singularity in their OPE. Note that for n = 0, +£1 the central extension term vanishes and the
quantum version of the global conformal group is still SL(2,C)/Zs.

Highest weight states
The vacuum state |0) should be invariant under global conformal transformations. This means

that it must be annihilated by Ly and L4, and their antiholomorphic counterparts. Combining

this with (1.40) we get
Lyl0) =0 and L,|0) =0, foralln > —1. (1.66)

It is reasonable to expect that the energy of our theory is bounded from below. Since Ly + Ly
is the Hamiltonian, we will assume that our representation contains a state with smallest value
of Ly. This state is called the highest weight state. The highest weight states are related to the
primary fields. More precisely every primary filed gives rise to a highest weight state. To see
this let us consider a primary field ®(z, 2) of dimensions (h, h). From the OPE between

T'(z) and the primary field ®(z, z) one finds:

[Lp, d(w,w)] = ﬁz”“T(zﬁb(w, w) = h(n+ Dw"o(w, w) + w1 0ud(w,w),  (1.67)

211

Inserting ([1.38)) for the modes of ®(w) we get

L, @] = (n(h — 1) —m) Spppo (1.68)
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A spacial case of which is

(Lo, @) = —m,y, . (1.69)

Thus, it seems reasonable to define

|h, h) = ®(0,0)|0). (1.70)

Applying (1.67)) to this state we see that

Lolh,B) = Rlh,BY; Lol B) = hlh,B). (L.71)

Again from (|1.67) we get

(L, ®(0,0)] =0 forall n>0. (1.72)

Thus it is obvious that

Ln|h,h) =0, L,|lh,h) =0 forall n>0. (1.73)

A state satisfying ([1.71)) and ((1.73]) is called a highest weight state. It follows from ([1.63|) that

the negative modes L,,, n < 0, can be used to generate other states with larger dimensions:
LoLy|h,h) = ([Lo, Ly] + LnLo) |h, h) = (h —n) L,|h, h), withn < 0. (1.74)

This means that excited states may be obtained by successive applications of these operators

on the highest weight state:

Lo L gy L g |h), where S k= N. (1.75)

i=1
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We may in fact assume that the generators are ordered as: 1 < k; < ... < k,, since any
incorrectly ordered product could be reduced to the ordered ones with the help of the Virasoro

algebra commutation relations ([1.63]). The state ((1.75)) is an eigenstate of Lo with the eigenvalue

h + N. They are called descendants of the highest weight state |h). The collection of states

(1.75) for all n > 0 could be ordered as:

level | dimension state # of states
0 h |h) 1
1 h+1 L_4|h) 1
2 h+2 L%,|h), L_5|h) 2
3 h+3 L_3|h), L_yL_o|h), L?|h) 3
N | h+N P(N)

The linear span of these states constitute the so called Verma module V (¢, h) of |h). In the
table above we have denoted by P(N) the number of partitions of N into positive integer parts.

It is not difficult to see that

1

- 0T

i P(n)q" = (1.76)

In a similar manner we could construct a Verma module V(c, h) also with the antiholomorphic
generators L,. In general the Hilbert space of a CFT is the direct sum of V ® V, over the set

of all conformal dimensions of primary states:

Z V(e,h) @ V(c,h).

h,h

(1.77)
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Chapter 2

RG domain wall for the N=1 minimal

superconformal models

2.1 Minimal models

The simplest of all conformal theories are the so called minimal models. In these theories the
number of conformal families is finite. A well known example of a theory described by a unitary
minimal model is the Ising model. Though in QFTs, unitarity is a fundamental requirement,
in statistical mechanical systems it does not play such a central a role. Nevertheless in what

follows we will restrict our attention to the unitary theories.

2.2 Unitary CFTs

In this section we will investigate the values of ¢ and h for which the Virasoro algebra has
unitary representations. By definition a representation of the Virasoro algebra is said to be
unitary, if it does not contain negative-norm states.

Let us consider the norm of the state L_,|h):

(lLaL ) = (bl (L) 1) = (200 + 1126n (w2 = 1)) aln), (2.1)
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where in the last step we applied ((1.63) and ((1.71). Unitarity requires (2.1)) to be positive for

all n > 0. Thus:
e when n = 1, the conformal weight must be positive i.e. h > 0,
e when n > 1, the central charge must be positive i.e. ¢ > 0.

We conclude that for unitary theories h > 0, and ¢ > 0.
Null states and the Gram matrix
A descendant state is called a null state (or a singular vector) if it is a highest-weight state as

well. Thus |x) is a null state if
Lolx) = (h+ N)|x), Ln|x)=0 foraln>0. (2.2)

Singular vectors are orthogonal to the entire Verma module (this can be seen with the help of
the Virasoro algebra relations and the definitions of the highest weight states and the
null states). As a consequence all descendants of a singular vector have zero norm too. To find
the null states, and to find necessary and sufficient conditions for the unitarity it is helpful to
consider the so called Gram matrix (denoted by M) of inner products between all basis states.

Let us introduce some notations
li)=L 4, L gy...L_g, |h), M;; = (1)) . (2.3)

Note that the Gram matrix is Hermitian (MT = M) and it is block diagonal with blocks
MW corresponding to states of level I. Then the norm of a generic state |a) = 3, a;i) is

(ala) = a’Ma. Since M is Hermitian it can be diagonalized by a unitary matrix U:
M =U'AU, hence (ala) = A;b;|*, where b=Ua. (2.4)

where the eigenvalues A; are real numbers.

Let us calculate the matrices M® for the cases [ =0, 1, 2:
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e | =0, we have M = (h|h) =1
e | =1, we have MY = (h|L,L_|h) = (h|[L1, L_1]|h) = 2h ;

e [ =2, we have two descendants L%, |h) and L_,|h), thus

212 2
o [ (IREZIR. RERLoln) | [ 4h@h+D), 6 .

<h|L2L2_1|h>, <h|L2L_2|h> 6h,, 4h+0/2

We get no additional information from M©. M® is a special case of so we get no
additional information again. As we know the determinant is equal to the product of its eigen-
values, in particular if one of the eigenvalues of M) is negative and the remaining eigenvalues
are positive then detM® is negative. Thus the negativity of the determinant indicates that

the theory is not unitary. Explicitly
det M® = 32n% — 20h* + 4h%c + 2he = 32 (h — h11) (h — his) (b — hay) | (2.6)
where

hl,l = O, (27)

ha=5(B-c—JI-0@5—0); ma=%(5-ct/(1-25-0))

Another useful indicator is the trace of the Gram matrix which is equal to the sum of its

eigenvalues:

trM® = 8h(h + 1) +¢/2. (2.8)

whenever the det M) or trM®) is negative, we conclude that the representation is not unitary.

31



2.2.1 Kac determinant

The generalization of (2.6 is

det MO =y TT (B = hys(e))"") (2.9)

rs<l

this formula is due to Kac and is called the Kac determinant. Where P(I — rs) is the number

of partitions of the integer [ — rs and «; is a positive constant independent of A and c,

o = H ((27‘)83!)7"(7"’8) where, m(r,s) = P(l—rs)— P(l—r(s+1)). (2.10)

rs<l

The products in (2.9) and ([2.10)) are over all positive integers r, s such that r s < [. The function
h,s(c) may be represented in various ways. Below we will give one of them that is convenient

for our purposes.

(p+1)r —ps)® — 1

hralp) = dp(p+1)

, (2.11)

where the the central charge ¢ is parametrized in terms of (in general complex) quantity p:

6
¢, = 1—m. (2.12)

It is easy to check that coincides with when [ = 2. Let us point out that the values
of h, s(p) in do not change under replacement r - p—1r, s > p+1—s.
To summarize if at any given level the Kac determinant is negative then there exist are neg-
ative norm states and the representation is not unitary. Instead if the Kac determinant is
positive or equal to zero, then more subtle analysis is required to determine whether or not the
representation is unitary at that level.

It can be proven that for the region ¢ < 1 and h > 0, the necessary and sufficient conditions

for a representations to be unitary are:
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a) The central charge assumes one of the following values:

6
¢cp=1——— where p=3,4,.... 2.13
ETPESY 219

Note that p = 2 just means ¢ = 0.

b) To each ¢, there are p(p — 1)/2 primary fields, with conformal dimension:

((p+1)n—pm)® -1

hnm:
’ dp(p +1)

: (2.14)

where two integers take values n € {1,2,---,p — 1}, m € {1,2,---,p}. The corresponding

primary fields will be denoted as ¢, .

2.2.2 N=1 minimal superconformal field theory

In any conformal field theory the energy-momentum tensor has two nonzero components: the
holomorphic field 7'(z) with conformal dimension (2,0) and its anti-holomorphic counterpart
T(z) with dimensions (0,2). In N = 1 superconformal field theories one has in addition su-
perconformal currents G(z) and G(z) with dimensions (3/2,0) and (0, 3/2) respectively. These

fields satisfy the OPE rules

¢ 2T(0) T'(0)

TETO) = G+~ +—+ (2.15)
T(2)G(0) = 3§§S)+G/§O>+---, (2.16)
G(2)G(0) = ;Z‘;+2TZ(O)+---. (2.17)

The corresponding expressions for the anti-chiral fields look exactly the same. Omne should
simply substitute z by z. Further on we’ll mainly concentrate on the holomorphic part assuming
similar expressions for anti-holomorphic quantities implicitly.

Due to the fermionic nature of the super current, there are two distinct possibilities for its
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behavior under the rotation of the argument around 0 by the angle 27

G(e™z) = G(2) Neveu - Schwarz sector (NS), (2.18)

G(e*™2) =—G(2) Ramond sector (R). (2.19)

The space of fields A of the superconformal theory decomposes into a direct sum

A={NS} @ (R}, (2.20)

where the subspaces {NS} and {R} consist of the Neveu-Shwarz and the Ramond fields re-
spectively. By definition, the monodromy of G(z) around a Neveu-Schwarz field is trivial (the
case of eq. ([2.18])) and its monodromy around a Ramond field produces a minus sign (the case

of eq. (2.19)). Because of these two possibilities the Laurent expansions for the super-current

will be
Giz) = Y Zlﬁ:];/z Neveu-Schwarz sector (NS),
keZ+1/2
G
G(z) = > zk+§/2 Ramond sector (R).

keZ

The OPE’s (2.15)), (2.16)), (2.17)) are equivalent to the Neveu-Schwarz-Ramond algebra relations

C
Ln Lm = - Ln m —(n?

1
Lo, G] = 5(n = 2K)Gos. (2.21)

(n - n)(sn—i-m,o )

c
{Gr,.Gi} = 2Ly + 3 <k2 - 1/4) Ok+1,0 »

where {, } denotes the anticommutator. In this paper we’ll deal with minimal super-conformal

series denoted as SM, (p =3,4,5...) corresponding to the choice of the central charge

¢, = 2 <1 - p<pi2>> . (2.22)
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The main distinctive mark of the minimal super-conformal theories is that they have finitely
many super primary fields. These fields are numerated by two integers n € {1,2,---,p — 1},
m € {1,2,---,p+1} and will be denoted as ¢y, ,,,. It is assumed that ¢, pro_m = Pn.m , hence
the number of super primaries is equal to [p?/2] ([x] is the integer part of X). ¢p_1 41 = P11 is
the identity operator. For even (odd) n —m the super-conformal classes [¢y, | form irreducible

representations of the Neveu-Schwarz (Ramond) algebra. The fields ¢, ,,, have dimensions

((p+2)n —pm)* —4 Lo ymemy. (2.23)

hnm =
’ 8p(p + 2) 32

2.2.3 Current algebra and the coset construction

We will use the coset construction [23}24] of super-minimal models in terms of SU (2)r WZNW
models [25,26].
Recall that WZNW models are endowed with spin one holomorphic currents. The OPE

relations of these currents specified to the case of SU(2); read:

k/2

JY(2)J°(0) = ey + reg,
JO(2)JE(0) = + JiZ(O) +reg, (2.24)
JH(2)J(0) = 52 + ZJZ(O) + reg,

where k is the level. The isotopic indices +,0 convenient for the later use are related to the

usual Euclidean indices as:

JO = B and  JF=J 447, (2.25)

The Laurent expansion of the currents reads

Jz2) =Y Znil (2.26)

35



and the OPE rules (2.24) imply that the current algebra generators are subject to the Kac¢ — Moody

algebra commutation relations

n+m

{

15 T0] = knduimo + 23
[ (2.27)
[

Notice that the subalgebra generated by J§ is simply the Lie algebra su(2).
The energy momentum tensor can be expressed through the currents with the help of the
Sugawara construction
T(z) = b (JOJO + L + 1J—J+> (2.28)
k+2 2 2 ' '
As it is custom in CFT above and in what follows we assume that any product of local fields

taken at coinciding points is regularised subtracting singular parts of the respective OPE. The

central charge of the Virasoro algebra can be easily computed using ([2.28]). The result is:

3k
— 9.9
* Tk (2:29)

The primary fields of the theory ¢;., and corresponding states |j,m) are labeled by the spin
of the representation j = 0,1/2,1,...,k/2 and its projection m = —j,—j + 1,...,j. The

corresponding conformal dimensions are given by

(2.30)
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The zero modes of the currents act on the states |7, m) as[]

TEjm) = i+ 1) —m@m£1)|jmE1),

Jlj,m) = mlj,m). (2.31)

We'll need also the explicit form of the su(2) WZNW modular matrices

2 TTNnm
k) — i . 2.32
Sim =\ 2 (2:32)

It is well known that the NV = 1 super-minimal models can be represented as a coset [23,24]

su(2)g X su(2)y

SMiio = 2.33
In particular the energy momentum tensor of SM, 5 is given by
Tsu@pxsu))fsu@ire = Tsu@y + Tsu@y = Tsu@ps - (2.34)

Indeed the combination of the central charges corresponding to these three terms matches
with the central charge of the super-minimal models .

The construction of the super-current G is more subtle; it involves the primary fields ¢ ,,
of the level k = 2 WZNW theory (we denote the currents of this theory as K and summation

over the index a = £,0 is assumed):

G(2) = Cod(2)P1,-a(2) + Da K 101, —a(2) . (2.35)

The coefficients C,, D, can be fixed requiring that the respective state be the highest weight

state of the diagonal current algebra J + K. In other words both Ji + K and J;” + K

*Note that a consistent with eq. 1) conjugation rule for the primary fields would be qﬁ];m =(=)""¢j —m
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annihilate the state

O J,|0Y1, —a) + D2[0YK® |1, —a). (2.36)

Up to an overall constant x we get

K K
D = T = Dy = ) D—:_ia
LG 0= /2
3ky/2 6 3k0/2
O, V2o O B2 (2.37)

The value of k may be determined using the normalization condition of the the super-current

fixed by the OPE ({2.17)

(B2 +4)
" J (k + 6)(5k + 54) (2:38)

but this won’t be of importance for our goals.

2.2.4 Perturbative RG flows and domain walls

In a well known paper A. Zamolodchikov |11] has investigated the RG flow from minimal model
M, to M,,_; initiated by the relevant field ¢, 3. Using leading order perturbation theory valid
for p >> 1, for the several classes of local fields he calculated the mixing coefficients specifying
the UV - IR map.

It was shown in [18] that a similar RG trajectory connecting N = 1 super-minimal models
SM, to SM,_, exists. In this case the RG flow is initiated by the top component of the
Neveu-Schwartz superfield ®; 3. For us it will be important that also in this case a detailed
analysis of some classes of fields has been carried out.

As it became clear later [19,22], above two examples are just the first simplest cases of more
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general RG flows. A wide class of CF'T coset models

Toy = 279m sy (2.39)
gi+m

under perturbation by the relevant field ¢ = qbfffj [22] at the IR limit flow to the theories

g1 X Gy
Tin = glgg’. (2.40)

Recently in [10] Gaiotto constructed a nontrivial conformal interface between successive
minimal CFT models and made a striking proposal that this interface (RG domain wall) encodes
the UV - IR map resulting through the RG flow discussed above. It was shown that the proposal
agrees with the leading order perturbative analysis of [11].

Generalization of leading order calculations to a wider class of local fields [12] as well as
next to leading order calculations |13}[14] further confirm the validity of this construction.

Actually in [10] Gaiotto suggests also a candidate for RG domain wall for the much more
general RG flow between and . Let us briefly recall the construction. Since a
conformal interface between two CFT models is equivalent to some conformal boundary for
the direct product of these theories (folding trick), it is natural to consider the product theory
Tov x Tir

g X gm " 9 X Gm—1 Gm—1 X g1 X g

Im+1 9m Ji+m

(2.41)

Notice the appearance of two identical factors §; so one has a natural Z, automorphism. Es-

sentially the proposal of Gaiotto boils down to the statement that the boundary of the theory

g1 X g1 X Gy
7}3:91 g1 X Gm—1

’ . om>1 (2.42)
Gi+m

acts as a Zy twisting mirror. Explicitly the RG boundary condition is the image of the Z,
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twisted 75 brane

1B) = >S" /S VSISt d, d, 53 B, Z)), (2.43)
s,t d

where the indices t, d, s refer to the representations of §,,_;, g1, girm respectively and kar) are
the modular matrices of the g, WZNW model.

In what follows we will examine in details the case of RG flow between NV = 1 super-minimal
models. The method we apply directly explores the current algebra representation in contrary
to the analysis in [10] where a specific representation applicable only for the unitary minimal

series was used.

2.2.5 RG domain walls for super minimal models

In the case of the N' = 1 super-minimal models one should consider

@(2)k X @(2)2 @(2)]@,2 X @(2)2 @(2%,2 X @(2)2 X §’Z\j,(2)2

S5U(2)k42 su(2)r, SU(2) k42

, (2.44)

where the first coset on lhs corresponds to the UV super conformal model SMj.5 and the
second one to the IR theory SM;. We denote by K(z) and K(z) the WZNW currents of
5u(2), entering in the cosets of the IR and UV theories respectively. The current of 5u(2)x_2
WZNW theory will be denoted as J(z). Using and the Sugawara construction, for the

energy-momentum tensor of the IR theory (the second factor of the lhs of (2.44)) we get

To(z) = 2 () + KK () = 5 (K () + (),
which can be rewritten as
Ty () = %QWJ@J@) _ 2ikJ<z)K(z> + MK(Z)K(Z). (2.45)

40



Similarly the energy-momentum tensor for the UV theory is equal to

2 2
(2+@@+@J@N@%%@+@M+kf(ZK
2K~ k ~, =

4(k+4)

4 2 .
Termasr’ WEE - BEE). (2.46)

Tw(z) =

In order to get the one-point functions of the theory SMj o X SM; in the presence of RG
boundary, one needs explicit expressions of the states corresponding to fields ¢'#¢V" in terms

of the states of the coset theory

@(Q)k_g X @(2)2 X @(2)2
= ) 2.47
7 2o (247)

Let us denote the highest weight representation spaces of the current algebras J(z), K(z) and
K (2) as V;-(‘]), V,C(K) and VE(I?) respectively (the lower indices specify the spins of the highest
weight states). It is convenient to fix a unique representative of a state of the coset Tz in the
space Vj(‘]) ® Vk(K) ® Vé%) requiring that the state under consideration be a highest weight state

of the diagonal current J + K + K. The simplest case to analyse are the states corresponding

to ¢l ). Since

Bir nr-1 n®—1
w4k 4(k+2)°
e — n?—1 _n2—1

4(k+2) 4k+4)’
the total dimension of the product field is

n?>—1 n®—1

hir huv  — _
nn i = T T A Ay

(2.48)
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so that the corresponding state is readily identified with (|7, m) denotes a primary state of spin

j and projection m)

n—1n-1
2 7 2

| }10,0)[0,0) € vﬂ @ Vi @ V. (2.49)

Indeed, this is a spin ”T_l highest weight state of the combined current J + K + K and its T3

dimension

h% + h(()K) + h(()K) i h(J+K+K)

n—1

2 2

coincides with (2.48]). Notice that Zs action (i.e. permutation of the second and third factors)
on this state is trivial. Thus the overlap of this state with its Z, image is equal to 1 and from

[-43)

S(k_2)5£k+2)

1n N
(oI RG) = Lo (2.50)

In

For large k and for n ~ O(1) this gives 1+3/k*+ O(1/k?). We conclude that up to 1/k? terms,
the fields ¢} flow to ¢/ without mixing with other fields, in complete agreement with both

leading order [1§] and next to leading order [21] perturbative calculations.

Next let us examine the more interesting case of Ramond fields ¢}, which are expected

to flow to certain combinations of the fields ¢}, , [18].

i Uv
n—1ln*rnn—1-

Consider the state corresponding to From ([2.23) we get

3 (n—12%-1 n*-1

R = 2.51
T IT? Wit 2) (251)
3 (n—1)2%-1 =n?-1
hat | = — — . 2.52
w6 4(k + 4) * 4(k +2) (252)
Hence the conformal dimension of this product field will be

. 3 (n—12-1 (n—-12-1
hr hat | = — — . 2.53
n—1,n + n,n—1 8 + 4k 4<k + 4) ( )
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There are three primaries in su(2), WZNW theory with j = 0, 1,2 representations and

conformal dimensions 0, 1% and % respectively. So, to get the right dimension one should

choose a combination of states |2 — 1,m)|3,a)|3, ). In addition this combination must be the

spin § — 1 highest weight state of J + K + K (to match with the last, negative term of l}

). Thus we are lead to

n n
Cogle — 1,2 —
5|2

1 1
9 l—a—5>|§,ﬁ>|§,ﬂ>, (254)

where a summation over the indices «, f = £1/2 is assumed. The highest weight condition

that the operator Ji + K + K, annihilates this state, implies
Vn—20,, +C_,+C._=0.
A further constraint
Ciy —Vn—20_,=0,

one obtains imposing the condition that this state should be an eigenstate of the Virasoro

operator L{™ constructed from the energy-momentum tensor Tj, ([2.45) with eigenvalue h?/

n,n—1
(2.51)). Thus we get
Ciy =vVn—-20_4, Cio=—(n-1)C_,

(of course, the undefined overall multiplier could be fixed from the normalization condition).

Taking (normalized) scalar product of the state (2.54)) with its Z, image we find

k— k
-1 St ' '

< IRG) = ——

n—1lnvnn—1
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Consideration of the product ¢y, ,¢u ., fields is quite similar and leads to the state

1 1

Wl 5 —a=Bl5.a)l5.8).

with the coefficients

C+_:0, C++:— C_+.

<

So, in this case

k 2 k 2
1 /st st

ir RG
< n+1,n nn+1| > TL—}-]_ Sl,n

(2.56)

Constructing the states corresponding to ¢l _; ,¢u%,, and ¢, | %" | is even simpler and one

easily gets |2 — 1,2 — 1)[3,3)[3,3) and |2, 2)|3, —1)|3, —3) respectively. In both cases the Zs

action is trivial, hence

< v nn+1|RG>

n—1n

A /S (k— 2)S k+2)
< i |RG> Lnt1~1n—1 . (258)

n+1ln"vnn—1 S
1n

(2.57)

In the large k limit we get

(10 RG) =~ +O(U/R), (2.59)
(Gni1 O 1| RG) = \/TJFO(WC?), (2.60)
G 1ndialBG) = YL oue), (2.61)
(D01 1|RG) = _711+O<1/k2)’ (2.62)

in complete agreement with the second order perturbation theory results [21].

We have analysed also the more complicated case of mixing of the primary Neveu-Schwartz
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superfields ®,, ,,+o and the descendant superfield DD@n,n (here D and D are the super-derivatives).

The details of calculations are presented in the appendix. Here are the final results:

ir 2 Slkn-f2 Slkrjfg
< n+2,n nn+2|RG> (TL + 1)(7’L + 2) Sl ) ’ (263)
s S
Sy, = : : 2.64
< n+2, nG ,n’RG> n4+1 SYQ ) ( 6 )
<wn+2,n n,n— Q‘RG> ,S-gk) ) (265)
AT UV 2 kan_m S£k77—,:—22)
<G—% n,n n,n+2|RG> = n+1 Sgk) ) (266)
i ir UV LUV n2 -5 Si{fn_Q)Sgﬁrj_Q)
<G7% n,nté n,n’RG> = n2 —1 ka) ) (267)
ir ir Uv 2 S . 2>S(k+2
<G—% n,n n,n72|RG> = _TL —1 karz ) (268)
ir S§kn7—235§k7:r2%
<1/}n72 nrn n+2|RG> Tﬂ_ ) (269)
1n
- 9 Slkn 22)S(k+2
ir w 9
< n—2,n |RG> -1 SL” ) ( 70)
4 2 SiaSims
n- RG ’ ’ 2.71
< n—2n*rnn— 2’ > (n . 1)(71, - 2) an ( )
At the large k limit we get
ir 2 2
< n+2,n nn+2|RG> n(n + 1) + O(l/k ) ) (272)
<¢ir uvl ¢uv |RG> — L n+2 O(l/l{}2) (273)
n+2,n —5 rnyn n—+1 9
ir \4 n? —4
< n+2,n¥n,n— 2|RG> T + 0(1/k2) ) (274)
o p
(G20 Do RG) = W\F +0(1/k%), (2.75)
2 _
(G 6, G 6 | RGY = 5 L+ O(1/K), (2.76)
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o 2 In—2
BT v — _ 1 ]{;2 2.
<G—§ n,n n,n—2|RG> n—1 n + O( / ) ) ( 77)

ir uv \ n? —4

Wn_an¥nin2l RG) = ————+ O(1/k?), (2.78)
; 2 n—2 9

(60, G 0 IRG) = ——= +O(1/k?), (2.79)
ir uv _ 2 2

Again, the results are in complete agreement with the next to leading order perturbative cal-
culations of [21].

It is interesting to note that, though the mixing coefficients computed here in the large
k limit coincide with the respective cases of the ¢, 3 perturbed minimal models, the exact k
dependence in supersymmetric case enters solely through the modular matrices, in contrary to

the quite complicated k£ dependence of the non supersymmetric case.
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Chapter 3

Classical and semiclassical properties

of the Liouville theory with defects

3.1 Classical Liouville theory with defects

3.1.1 Review of Liouville solution

Let us recall some facts on classical Liouville theory.

The action of the Liouville theory is

S = 217” / (8(]§5¢ -+ uﬂe%d’) d*z. (3.1)

Here we use a complex coordinate z = 7 + io, and d*z = dz A dZ is volume form.

The field ¢(z, z) satisfies the classical Liouville equation of motion
D0¢ = mpbe™® (3.2)

The general solution to (3.2)) was given by Liouville in terms of two arbitrary functions A(z)

and B(z) [46]

¢:1m< 1 0A(2)dB(z) ) (33)



The solution (3.3) is invariant if one transforms A and B simultaneously by the following

constant Mobius transformations:

A B —
N + 5 o) B

(Classical expressions for left and right components of the energy-momentum tensor are
T =—(0¢)* + b '0%¢ (3.5)

T =—(0¢)* +b'0%¢ (3.6)

Substituting (3.3]) in (3.5) and (3.6) we get, that components of the energy-momentum tensor

are given by the Schwarzian derivatives of A(z) and B(Z):

1 'A/// 3 <A1/>2
T={Az}=—|— —= :
Wb =op |7 "2y (3.7)
B 1 _B/I/ 3 (BH)2
T={B;z2}=—|—= — = :
B =5 |5 2By (3:8)
The Schwarzian derivative is invariant under arbitrary constant Mobius transformation:
aF + (5
sz ={F; 0—pBy=1 :
et BB N (3.9)

Solutions of the Liouville equation (3.2)) can be described also via linear combination of
some holomorphic and anti-holomorphic functions. Let us introduce the function V = =%,

One can write the Liouville equation (3.2)) as equation for V'

VAoV — VoV = —mub? (3.10)

Also the left and right components of the energy-momentum tensor (3.5) and (3.6) can be
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wrtitten via V

O’V = —b’VT (3.11)
O’V = —b*VT (3.12)

It is straightforward to check that general solution of eq. (3.10]) is given by linear combination

of two holomorphic a;(z), i = 1,2, and two anti-holomorphic b;(z), i = 1,2 functions

V = \/7ub? (al(z)bl(z) - a2(2)52(2)> (3.13)

satisfying the condition

(ala’Q - a’lag)(blb'z — b/lbg) =1 (314)

Usually the fields a;(z) and b;(2), ¢ = 1,2 are normalized to have the unit Wronskian:
ajay — ajas =1 (3.15)

and

bybly, — biby = 1 (3.16)

It is easy to see that the left and right components of the energy-momentum tensor can be

expressed via a; and b; in the very simple form:

1 82a1 1 82612
R —— 3.17
b2 ay b2 as ( )
and
52 52
Fo_ Lo 10 (3.18)

b by b? by
The solutions (3.3)) and (3.13)) can be related in the following way. One can solve the unit

Wronskian conditions (3.15) and (3.16)) via holomorphic A(z) and anti-holomorphic function
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B(z)

! d A (3.19)
a] = —— an Ay = ——— )
VY *T VoA
and
B 1
b = — and b = ——— 320
' VOB T VOB (3.20)

Inserting (3.19) and (3.20) in (3.13) we get (3.3). Note that Mébius transformations of A and
B (3.4) become linear SL(2,C') transformations of a; and b;:

ay, = day + yas (3.21)

&2 = Bal —+ as
and

by = aby + b, (3.22)

52 = ’}/bl + 5b2

It is straightforward to check that indeed (3.13]) is invariant under (3.21)) and (3.22)), and

both of them keep the unit Wronskian condition.

One can also check, that both component of the energy-momentum tensor and
are invariant under these transformations as well.

We finish this section with a remark which will be important in the parts devoted to light
asymptotic limit. In that parts we will consider an analytic continuation p — —pu. At this

point the solution (3.13) is convenient to write as:

V =\/—mub? (al(z)bl(i) + ag(z)b2(2)> (3.23)

It is easy to check (3.23) again solves the Liouville equation given that a; and b;, i = 1,2 obey
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the condition ((3.14)).

3.1.2 Lagrangian of the Liouville theory with defect

Recently in [89] the action of the Liouville theory with topological defects was suggested:

1 - 1 _
top—def _ 2bo1 2 2bdo 2
S o /E 1 (061961 + e ) a2 + /E (062005 + pme®®) Pz + (3.24)
1 1 “ oo _ L RS } dr
/321 [ 27T¢287¢1 + 27TAaT<¢1 b2) + 7Tb26 (cosh(¢r — 2)b — k) )

Here 33 is lower half-plane ¢ = Imz < 0, Y5 is upper half-plane ¢ = Imz > 0, and the defect is
located along their common boundary, which is the real axis ¢ = 0 parametrized by 7 = Rez.

Note that A(7) here is additional field associated with the defect itself. The action (3.24]) yields

the following defect equations of motion at o = 0:

b 1
o (a d)¢1 +5-0-2 — 5-0-A + %e<¢1+¢2—“b — %e“’ sinh(¢; — ¢2)b =0 (3.25)
1 1 po (p1+d2—A)b Lo s
—g(a a)QbQ T¢1 + o (9 A + ?e + %6 Slnh<§b1 — ¢2)b =0 (326)
1 e(P1+d2—A)b L ab
0n O 0 (91 — ¢2) — - %6 (cosh(¢y — ¢2)b— k) =0 (3.27)

The last equation is derived taking variation by A.
Using that 9, = 9 4+ 0 and forming various linear combinations of equations (3.25)-(3.27)

we can bring them to the form:

Py — o) = mube?@r+92) o= (3.28)
A — o) = ieAb (cosh(ér — é)b — k) (3.29)
D(r + o) — DA — ieAb sinh(b(61 — b)) (3.30)
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It is shown in [89] that requiring that defect equations of motion hold for every o brings

additionally to the condition, that A is restriction to the real axis of a holomorphic field
ON =0 (3.31)
This condition allows to rewrite in the form
061 + 62— A) = 5V sinh(b(o1 — 62) (332)

It is checked in [89] that the system of the defect equations of motion (3.28))-(3.32) guarantees
that both components of the energy-momentum tensor are continuous across the defects and

therefore describes topological defects:
—(0¢1)* + b1 = —(02)” + b0y (3.33)

—(01)? + b7 '0P¢1 = —(0¢h2)* 4+ b~ 0o (3.34)

Another interesting consequence of the defect equations of motion found in [89] is existence

together with holomorphic field A(z) an anti-holomorphic field =:

0==0 (3.35)
where
= = e b0t DA (cosh b(¢y — ¢o) — k) (3.36)
or alternatively
b
== *eib(¢1+¢2)a(¢1 — ¢2) (337)

2

Now we will present general solution of the defect equations of motion (3.28)-(3.32)).
We will follow essentially the same strategy which was used in [47] for analyzing the bound-

ary Liouville problem. On the one hand since the defect is topological both components of the
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energy-momentum tensor are equal being computed in terms of ¢; or ¢5. On the other hand
each component of the energy-momentum tensor is given by the Schwarzian derivative, which

is invariant under the Mobius transformation. This naturally leads to the following Ansatz:

1 1 0AOB
) D<WMW(A4—BV> (3.38)
1 1 9CoD
¢2= 2b In (7r,ub2 (C + D)2> (3:39)
where
aA+ o'B+ [
= d D=——"— 4
C=TAvs ™ VBt (3.40)

Remembering that the ¢9 is invariant under the simultaneous Mébius transformation (3.4]) of

C and D, we can set B = D. Therefore without loosing generality we can consider an ansatz:

1 1  OQAOB
& = %m <7rub2 e B)2> (3.41)

1 1 0COB
= — 42
Z 2% <7T,ub2 (C+ B)2> (342)
where
aA+
C=— 3.43
YA +0 (3.43)
Substituting (3.41) and (3.42) in (3.28) we find that it is satisfied with
A—
e = ¢ (3.44)

VOAOC

Since A and C' are holomorphic functions, A is holomorphic as well, as it is stated in (3.31)).

It is straightforward to check that (3.32) is satisfied as well with ¢, ¢» and A given by
(13.41)), (3.42) and (3.44)) respectively. And finally inserting (3.41)), (3.42)) and (3.44) in (3.29)
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we see that it is also fulfilled with

P i (3.45)
2
Inserting (3.41)), (3.42) in (3.37) one can check that
::W,ubQ’yB2+BEa—5)—ﬁ (3.46)

4 0B

Remembering that B is anti-holomorphic we see that = is anti-holomorphic as well.

We can write the solution of the defect equations of motion also using solutions of the
Liouville equation in the form (3.13). Recalling that the Mobius transformation of functions
A and B becomes linear SL(2,C) transformation of functions a; and b;, which leaves the
component of the energy-momentum tensor and invariant, we can write the ansatz

in the form

e U =\ Jrub? <a1(z)b1(z) - ag(z)bg(z)> (3.47)

e =\ b2 (cl(z)bl(z) - CQ(Z)bQ(Z)) (3.48)

where denoting @ = (ay, as), ¢ = (¢1,¢2), and D = , one has
b «
¢= Di (3.49)
and
2k =TrD (3.50)

3.1.3 Lagrangian of the Liouville theory with permutation branes

We can construct also folded version of the action (3.24)) describing product of Liouville theories

on half-plane with boundary condition given by permutation branes:

1 _ _
Sperm—brane _ Tm/z (8¢18¢1 +,u71’€2b¢1 +a¢28¢2 +;L7T€2b¢2) d22+ (351)
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A)b + ieAb (COSh(Cbl — ¢2)b — /‘f) dl

_i i 'u (p1+02—
/82 { 27r¢287¢1 + QWAaT(QS — ) - 2 mh?

> denotes here upper half-plane o > 0, and 7 parameterizes boundary located at ¢ = 0. This

action gives rise to boundary equations

(a d) ¢ + 5 0rs — W&)TA _ D (rtoa-niy + 7r1z)6Ab sinh(¢y — ¢2)b =0 (3.52)

2m 2

N Loy 1 g L b _
—(0— )¢ —W&qﬁl + %@A —e - e sinh(¢1 — ¢2)b =0 (3.53)

27 2

S0 (61 — ) + BN LM (cosh(y — 62)b— k) = 0 (3.54)

Again using that 0, = 0 4+ 0 and taking various linear combinations, one can bring the

system (3.52)-(3.54) to the form

Oy — Oy = mpbeb(@1192)e=Ab (3.55)
061 — Doy — —ieAb (cosh(éy — d»)b — k) (3.56)
061+ Dy — DA = —2 bsinh(b(é) — éo) (3.57)

One can check that equations (3.55))-(3.57)) imply the permutation branes conditions:

T = T@) _, (3.58)
T(l) = |O’ 0
or using and (3.6)
—(061)% + b 10%h1 = —(9¢2)? + b1 0%y (3.59)
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—(0¢1)* + b1 0Ph1 = —(0¢2) + b1 07y (3.60)

We can solve equations ([3.55))-(3.57)) using the same strategy, with only difference that now

Mobius transformation relates holomorphic and antiholomorphic functions:

1 1 0AOB
¢1= 2b I <7T,ub2 (A+ B)2> (3:61)

1 1  0BOC
Py = % In (ﬂub2 Cx B)2> (3.62)
and
_aA+j
C = SAL0 (3.63)

One can check that this ansatz satisfies the equation (3.55)) with the A given by the relation

Cc—-A

—Ab

e = —— 3.64

VIAIC (3.64)
It is straightforward to see that the ansatz (3.61))-(3.63)) together with the A given by (3.64))

solves also eq. (3.57)).

And finally inserting ¢1, ¢ and A given by (3.61)), (3.62) and (3.64]) respectively in eq.
(3.56)) one can check that it is satisfied as well with the following

5
K:Q; (3.65)
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3.2 Permutation branes and defects in Quantum Liou-

ville

3.2.1 Review of quantum Liouville

Liouville field theory is conformal field theory with the Virasoro algebra

(Lo, Ly = (m —n)Lopyn + —= (0 —1)6p_m (3.66)

cr
12
with central charge

cr =1+ 60Q? (3.67)

Primary fields V,, in this theory, which are associated with exponential fields e?*?, have
conformal dimensions

A, =ao(Q — ) (3.68)

The fields V, and Vj_, have the same conformal dimensions and represent the same primary

field, i.e. they are proportional to each other:
Vo = S()Vg-a (3.69)

with the reflection function

(mruy(02)” 9 T (1 = b(Q — 20))T(=b1(Q — 2a))

S(a) = 3.70
() 2 T(b(Q — 2a))T(1+ b 1(Q — 2a)) (3.70)
Two-point functions of Liouville theory are given by the reflection function ((3.70)):
S(a
<Va(21, Zl)Va(ZQ, 22» == ( ) (371)

(Zl _ ZQ)2AO‘(21 _ EQ)QA"‘
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Introducing ZZ function [48]:

2172 mpiy (1))~ (Q — 20)

W(a) =

two-point function can be compactly written as

Another useful property of ZZ function is

W(Q — a)W(a) = —i2v2sinmb~! (20 — Q) sinwh(2a — Q).

The spectrum of the Liouville theory has the form

H :/0 ar R%HP ® R%—l—iP

where R, is the highest weight representation with respect to the Virasoro algebra.

3.2.2 Permutation branes and defects in quantum Liouville

(1= 0(Q — 2a))0(1 — b 1(Q — 2a))

(3.72)

(3.73)

(3.74)

(3.75)

Let us recall the form of continuous family of defects and permutation branes in the Liou-

ville field theory computed in [76,[82] using appropriate generalization of the Cardy-Lewellen

equation [56).

Topological defects are intertwining operators X commuting with the Virasoro generators

L, X]=[L,,X]=0

Such operators have the form

X = / do D(a) P
2 1R

28

(3.76)

(3.77)



where P are projectors on a subspace R, ® Ry:

IP’C“:]%;(]a,]\U@|a,M))((oc,N]®<a,M\) (3.78)

Here |a, N) and |or, M) are vectors of orthonormal bases of left and right copy of R,, respectively.

The eigenvalues D(«) can be determined via the two-point functions computed in the presence

of defect X
_ N D(a)S(a)
<Va(Zl7 ZI)XVQ(227 ZZ)) - (21 . 22)2Aa (21 _ 22>2Aa (379)
It is shown in [82] that
_ _ 1 2Y%icosh(2ms(2a — Q))

(Va(21, 21) XV (22, 22)) = “T2(0) (51 — 2P (51 — )2 (3.80)

and therefore for D(«) one can write using (3.73)) and (3.74)
Ds(Oé) _ 91/2 Cosh(Qﬂ'S(Qa — Q)) _ . fOSh(Qﬂ'S(QOé.— Q)) (381)

S(a)W?(«a) 2sinmh~1(2a — Q) sin wb(2ae — Q)

Parameter s is continuous parameter labeling a defect. Defects can be characterized also by the
value of two-point function of a degenerate field —b/2 in the presence of defect. It is a function

A(D) of b. It is shown in [82] that parameter s related to the A(b) by the equation:

2 cosh 2mbs = A(b) <M/ISV_(Z())/)2>> : (3.82)

Permutation branes on product L; X Ls of two Liouville theories are given by gluing condition:

LW L® — o, (3.83)
L? -1 =0

Comparing gluing conditions (3.83)) and (3.76)) one can see that topological defects related to

permutation branes by folding trick, consisting of exchanging left and right components of the
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second copy, and hence these branes are characterized by the same two-point functions ((3.80))

with 2z, and z; exchanged

1 2Y2jcosh(27s(2a — Q))

VO (s 290V (2 5))p — — 3.84
Vol 2 Ve G 2 ))r = ) G = ey — e 350
3.3 Semiclassical limits
3.3.1 Heavy asymptotic limit
Let us consider the action (3.1)) for the rescaled variable ¢ = 2b¢
S [ (000 +a3e%) 2. (3.85)
8mib?

where A = wub?.

This form shows that % plays in the Liuoville theory the role of the Planck constant, and
one can study semiclassical limit taking the limit b — 0, in such a way that the value of the A
is kept fixed.

Now consider the correlation functions in the path integral formalism:

<Va1(zl, z1) - Vi, (2, Zn)> = /Dgp e ﬁ exp (W) (3.86)

=1

We would like to calculate this integral in the semiclassical limit b — 0 using the method of
steepest descent, and we should decide how a; scales with b. Since S scales b~2, for operator
to affect saddle point, we should take a; = n;/b, with 7; fixed. The conformal weights A, =
n(1—n)/b* scale like b=2 as well. This is heavy asymptotic limit. Another choice of the operator
scaling will be discussed in the next subsection.

We see from (3.86)) that in the semiclasscial limit the correlation function is given by e~
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where, at least naively, in a sense which will be clarified below, S is the action

1

S = [ (0000 + 4re?) a2+ Z (i, 2) (3.87)

evaluated on the solution of its equation of motion:
D0p = 2)\e¥ — 47?2772 z—z;) (3.88)

Assuming that in the vicinity of the insertion point z;, one can ignore the exponential term we

get that in the vicinity of the point z; ¢ has the following behavior
0(z,2) = —4n;log |z — z| + Xi  as 2z — z (3.89)

One can insert this solution back into the equation of motion to check, if indeed the expo-

nential term is subleading. We find, that this happens when

1
Ren; <3 (3.90)

This constraint is known as Seiberg bound [94]. It is semiclassial version of the quantum
condition stating that V,, and Vy_, represent the same quantum operator. Either a or
@) — « always obey Seiberg bound.

Remembering that in the Liouville theory we have also background charge at infinity, con-

ditions ([3.89) should be complemented by the behavior at the infinity:
©(z,2) = —2log|z]* as |z| = o (3.91)

Since the energy-momentum tensor in the presence of the primary fields acquires quadratic
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singularity, functions a;, ¢ = 1,2, should solve the equation

0*a; +b*Ta; =0 (3.92)

where
pr -y Ck 3.93
kzl (z — 2zx)? (z — ) ( )

where ¢, are so called accessory parameters.
If one tries naively to evaluate the action ([3.87)) on a solution obeying ([3.89)), we find that

it diverges. Therefore we should consider a regularized action. It was constructed in [95]:

1 — 1
prores — /D ) (9 +4Ne?) d*z + o 7{917 pdf + 2log R (3.94)
Uidy;

811

— Z (7717{ @db; + 2n? log ei)
2m Jod;

i=1

Here D is a disc of radius R, d; is a disc of radius ¢; around z;. It was shown in [95] that the

action (3.94) satisfies the equation

0

— b3S = X 3.95
o (3.95)

where X; is defined by the boundary condition (|3.89).

The Polyakov’s conjecture proved in [49] states, that the action (3.94)) also obeys the relation:

6 2 Qreg
D re —_ — ) 396
- b*S c ( )

Let us write down regularized version of the action with defect.

First of all let us write it in the terms of A = wub?, ©1 = 2b¢, Yo = 2bgs, and A = 2bA:

1 1 _
p2Gtop—def _ _~ / (0101 + 4Xe? ) &2 + — / (02002 + 4Xe??) 2 + (3.97)
8mi Jx, 81 Jx,
1 1 - A 1 % — d
/ _790287'901 + 7Aa'r(901 - @2) + 76(901+¢2_A)/2 . 7€A/2 (COSh <§01 g02> — /f) l
o1 8 KU 21 T 2 )
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Since we consider here only insertion of the bulk field, and do not consider insertion of the

defect or boundary fields, the regularized action takes the form:

1

b2 Stop—def —
871

/ (00101 +4re™) dP= + (3.98)
E?*Uidi

Z i 1
- > <77 p1df; + 217 log €¢> + 7/ ©1df + log R
i=1 27 Jad; 21 Jsp,

1 —
87 020 ANe??) @2
- > &7{ p2db; + 20 loge; | + */ ©2d0 + log R
j:l 27]- 8(1] J 27]' s
" / L st + R0 (1 — o) + etz Lde (cOsh (%01—%02) - Fu) dr
ox, | 8m ST o . : .

where ¥ is a half-disc of the radius R and sg; is a semicircle of the radius R in the half-plane

Eia Z == 1,2

3.3.2 Light asymptotic limit

Another limit is so called light asymptotic limit. Here we take

a="bn (3.99)

In this limit the operator insertions have no influence and components of the energy-momentum
tensor are (anti-) holomorphic and regular functions everywhere on sphere and thus vanish. Eq.
(3.11) and (3.12) imply that V = 7% should be at the most first degree of 2z and Zz, hence

leading to the solutions [ :

V(z,Z; R) = V—=A(szZ + tz + uz +v), R = (3.100)

where

detR=sv—ut =1 (3.101)

*It is shown in [93] that to have solution in light limit one needs to perform analytical continuation p — —p.
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Thus the path integral in the light limit becomes finite-dimensional integral over parameters
(s,t,u,v) which besides constraint may satisfy some additional constraints like reality
and defect/boundary condition. The reality of V requires the matrix R to be Hermitian. A
way to parameterize hermitian matrices R is

Xo— X1 Xo+iX;s
R= (3.102)

Xo—1Xs; Xo+ Xy

where X2 — X7 — X7 — X7 = 1, makes clear that moduli space of solutions is three-dimensional
hyperboloid H; . Hence, fox example in the bulk Liouville theory, correlation function in the

light asymptotic limit takes the form

light n
<%U1(21721)"'%nn<zn72n)> o /H+ dRT] V™" (2, 2; R) (3.103)
3 =1

3.4 Defects in light asymptotic limit

Let us now specialize the light asymptotic limit rules to the defects. We should find solutions

for ¢; and ¢ in the form (3.100|) satisfying the defect equations of motion. One can check that

expressions
s1
‘/1(2,5; Rl) =V —)\(slz2+t1z+u12+vl), Rl = s detR1 =1 (3104)
Uy Y1
S to
‘/2(2, Z; Rg) =V —/\<8222 + tQZ + uoZ + UQ) y R2 = 5 detR2 =1 (3105)
U V9
satisfy the defect equations of motion (3.28))-(3.32)) with
2k ="Tr (RQRII) = S1V9 + SV — u1t2 - U2t1 (3106)
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and

B_bA = Z2<81t2 — Sztl) + Z(Sﬂ)g — SoU71 + u1t2 — Ugtl) + UV — UV (3107)

Let us show that the relation (3.106|) results from the general formula (3.50). Note that one

can write the solution (3.104)) in the general form (|3.23))

Vi(z,Z; R) =V —=A(s12Z + tiz+ w1z +v1) = V—=Az(512 + t1) + (w12 + v1)] (3.108)
with
a; =z, as =1 (3.109)
blelf—i—tl, b2:u12+vl

Remember that topological defects can be obtained rotating the pair ay, as by a SL(2,C)

o
matrix D = , namely taking

v 6

a; =az+f (3.110)

&2:"}/2""(5

and keeping the same b; and by as in (3.109). Using (3.110) we obtain new solution with
Ry = DRy, Recalling that according to (3.50) 2k = Tr D we arrive to (3.106).
We would like to mention also folded version of the defect solution, obeying the permutation

brane boundary conditions. One can see that the expressions (3.104)) and (3.105)) satisfy the

permutation branes boundary conditions (3.55))-(3.57)) with

2Kk = TI'(RgRl_l) = S1V9 + SoU1 — tltg — U1U2 (3111)

and

e = 72 (syty — s1ug) + T(S9v1 — 5105 + tits — uyuy) + tovy — UyVs (3.112)
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Note that equations and are in fact folded version of the corresponding
defect expressions and and derived exchanging uy <> t5, as result of the 2o <> 29
exchange. The relation can be justified again using general formalism developed in
section 2.3.

It is interesting to note that in the parameterization for hermitian matrices R; and

Ry

Xo— X1 Xo+1iX3 Yo—Y1 Yo+iY3
R, = Ry = (3.113)

Xo—1Xs Xo+ Xy Yo —1Y; Yo+ Y)

the defect parameter x is equal to the Minkowski inner product of the vectors X* and Y*
R = X()YE) - X1Yi - XQ}/Q - XgYEg (3114)
We are in position to write two-point correlation function in the presence of a defect:

(Va(z1, 21) XV (22, 22)) 8 = (3.115)

/ ARy AR (Tr (RoR;Y) — 26) Vi (21, 215 Ri) Vs (2, 203 Ro)
HfxHF

Here dR;, i = 1,2 denotes integration measure on the 3D hyperboloid Hy . This expression

allows to establish conformal invariance of defect two-point function. Let us perform the trans-

formation
R, — LR L' and Ry — LRyL' (3.116)
m n
where L is a SL(2,C) matrix: L = . Recall the transformation rule of the functions
k1
V=21(z, z; R) under L:
1 k
V(e 5 LRI = ——ya (2R R (3.117)
Inz + 1|4 nz +1

Performing the change of the integration variables (3.116]), using that the -function arguments
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is invariant under (3.116)) and the transformation rule (3.117) we obtain

<Va(217 El)XVa(Z% 22)>light = (31].8)
1 1 mz + k mzy + k light
v (DY e ) xv, (2T e
|nzl+l|4"]n22+l]4”< <n21+l CC) <n22+l CC>>

which is the standard consequence of the conformal invariance, when we remember that in the

light asymptotic limit limy_,0A,;, = 7. This calculation shows that the fact that the defect
parameter s is invariant under (3.116)) is related to the conformal invariance of the defect
two-point function.

Using conformal invariance we can set z; to oo and 25 to 0 to derive:

. A2
)X 5 )\light _ 11
(Vin(21, 21) X Vi (22, 22)) (21 — 20)21(2, — 25)2" (3.119)
-1 —2n —2n
/H - dRidRy3(Tr (RoRy™) — 26) (Ry)1 " (R)o
To calculate this integral we express Hermitian matrices R; and Ry as products
Ry =gg', Ry=gg', g,§€SL2C) (3.120)

implying that

Vi=y —77,“5209112 + g’ + 9122 + 922|2> (3.121)
Vo = \/—7r,ub2(|§112 + go1|® + |12z + §22|2> (3.122)

At the next step we will parametrize ¢ as a product of matrices g and U:

9=4U, (3.123)
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where U is SL(2,C) matrix

Uil Uiz
U= and U11U22 — U2U21 = 1 (3124)

U1 U2

Inserting (3.120) and (3.123) in (3.106)) we obtain

2k = Tr UUT (3.125)

This can be understood noting that solutions (3.121)) and ([3.122)) correspond to

bi(Z) = G1iZ + Gos bi(2) = G1,Z + G 1=1,2 (3.127)

It is obvious that

a; = Y uja; (3.128)
j=1

5 2
j=1

We see that passing from g to g = gU brings to the simultaneous rotations of a; and b;, i = 1, 2,
by matrices U and U. Therefore the defect parameter & is equal indeed to the trace of the

product UUT. In this variables the integral (3.119)) simplifies and reads

. \2n
> = \\light __
(Vo (21, 21) X Vi (22, 22)) 8" = CED IR (3.130)

/053165(](5(|Un|2 + Juna]? + [uat [* + [uas|® — 26) (R1) 17" (Ro)as”

where dR; and dU corresponding integration measures which will be elaborated below.
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Using SU(2) freedom in the choice of g we can adopt the parameterization

P ay
9= 1 (3.131)
0 P1
and
pri+laf pa
. (3.132)
p1a1 1%
Parameterizing ¢ in the same way
5 Pgl Qg
g= (3.133)
0 po
we find that the elements of the matrix U = ¢g~!g satisfy the relations
Uzzzuﬁlzu ueR
P2 = p1u
ag = py turg + aju
(3.135)
Eq. (3.134) implies
-2 92 -1 2 -1
P w4 | pr ure + arul® pru(py Tugs + aju)
Ro=|"" ' ' (3.136)

pru(py M + ayu) pru’

Using the volume form on the 3D hyperboloid H; computed in appendix B (??), one obtains
for the integration measure

deng = pldp1d2audud2u12 (3137)
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Now the integral (3.130]) takes the form

. A2
(Vi (21, 21) X Vi (22, 22) ) 18" = X (3.138)

(21 — 22)?1(21 — Z2)0

1
/pldpldzaududQuué (u2 + 2 + [ua|* — 25)

1 1

(p12 + |ar|2)1 piutn

Performing the integral over u;5 and then over u we obtain

(Vi (21, Zl)X%n(22,52)>hght = (3.139)
. ((/-a + VK2 =172 — (k= VK2 — 1)1_2"7)

A2 y
" 2(1 —2n)(z1 — 22)*1(Z1 — Z9)*"
1 1
dp1d*a il
oo
Performing the integral over a one gets
1 1 1 dp 1

dnd'a *:7/*2 o(0 3.140
/m P o Pl 21 p T (0) (3.140)

This integral diverges. This divergence was analyzed in [94] and related to the infinite volume
of the dilation group. It brings in fact to the §(0) which appears in the two-point function of

coincident fields of the continuous spectrum. We can get finite result taking the relation

<%7](21, ZI)X‘/bn<Z27 22)>light _ )\_277 sinh 271'0'(1 — 27})
<%(21, zl)X‘/O(ZQ, 22)>light (1 — 277)2(21 — 22)277(51 — 22)277 sinh 270

(3.141)

Here we set k = cosh 27o.
Using the properties of the I' functions collected in appendix A one can calculate the light
asymptotic limit of the ZZ function ((3.72)):

-1
a=nb 1
-1
W.Zo

(3.142)

g

and setting s = ¢ and a = nb we obtain
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cosh 27s(2a — Q) R

—dmmlo] 3.143
cosh 27s(Q) c ( )

Hence, recalling (3.80) we get in the light asymptotic limit for the defect two-point function

derived via the bootstrap program

(Vi (21, 21) X Vi (22, Z2)) . \—2n o—4mnlo|
(Vo(z1, 21) XVo (22, 22)) (27— 1)2 (21 — 22)?1(21 — 22)"

(3.144)

In the limit of the large o we get full agreement between ((3.141]) and ([3.144)).

3.5 Defects in heavy asymptotic limit

3.5.1 Heavy asymptotic limit of the correlation functions

In this section we consider the heavy asymptotic limit of the two-point functions in the pres-

ence of defects (3.80). Now we should compute the inverse ZZ function (3.72)) and the factor

cosh(2ms(2a — Q)) in the limit b — 0, setting aw = ¢, and s = ¢. In the heavy asymptotic limit

we should keep only terms having the form ~ e/ v
Here we find very useful to consider in the spirit of [99] analytic continuation of the Liouville
theory with complex 1 and complex saddle points.

Taking the 7 satisfying the Seiberg bound (3.90)), using properties of T" functions collected

in appendix A, and keeping only terms important in the heavy asymptotic limit we obtain

Smﬂ(l%l) P (27];)21 [In(1 —20) - 1}) (3.145)

1—2n
2

Wl ~ X\
=%

The importance of the term % is explained in [99]. It was shown there that this
1n bT
term in the semiclassical interpretation arises as sum over some “instanton” like sectors. As a

preparation to this point we will expand this term in two ways as suggested in [99]. Denoting
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; _ 2 .
y = ™21~ D/Y one can write

— - —) 7(2k+1) — ) 2k+1
o (277—1) p—— 2i Eﬁ y 2i gﬁ Yy (3.146)
b k=0 k=0

One expansion is valid for |y| > 1 and one for |y| < 1. So either way, there is a set T" of integers
with

1 . 2im(MF1/2)(2n—1)/b?
— T =20 ) e " (3.147)
S1n b2 MeT

T consists of nonnegative integers if Im(21n—1)/0* > 0 and of nonpositive ones if Im(2n—1)/b* <

0.

g

7 we easily obtain:

Setting o = { and s =

cosh27s(2a — Q) — ez lol01=20) (3.148)

Now we are position to write down the limiting form of the defects correlation functions.

Inserting (3.145)), (3.148) in (3.80]) we can write in the heavy asymptotic limit

(Vi(z1,21) X Vi (22, 22)) ~ (21 — 29) 210700 (31 — 7))~ 200=m/0% o (3.149)
1-2q 1 4n — 2 2 rlol(1=2n)
A2 ———————exp < In(1—-2n)—1 >6b27r|0|( n
sin? (2’51) b? { ( ) }

Using also ([3.147]) we get

(Valz1,2) X Va2, 2)) ~ . exp (=St ) (3.150)
Ml,MQET
where
bQS](\iji% = —2im(My+ My F1)(2n— 1) + 4n(1 — n) log |21 — 29| — (3.151)

(1 —2n)log A — (4n — 2)log(1 — 2n) + (41 — 2) — 2x|o|(1 — 2n)

It is instructive to compare the heavy asymptotic limit of the defect two-point function with
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the corresponding limit of usual two-point function, computed in [99]

(Val21, 21) Va2, 22)) ~ |21 — 29| 1070/ ¢ (3.152)

sin 7T(27)1— 1)/b? P <4nb2 (1 —2n) - 1]>

(12082

The relation of (3.149) to (3.152)) naturally gives the heavy asymptotic limit of the eigenvalues

D(«) of the defect operator:

Va(21,2) X Vi (20, 52))  es™lol1=20)

SO VA N AN R Ty

(3.153)

b2

3.5.2 Evaluation of the action for classical solutions

According to general prescription of the semiclassical heavy asymptotic limit, we should find
solutions of the Liouville equation, satisfying the defect equations of motion and possessing
the logarithmic singularities at points z; and z3. The form of the solution of the defect
equations of motions and implies that we should find functions A(z), C(z) and
B(Zz) in such a way that ¢; has logarithmic singularity at point z; and and ¢ has logarithmic
singularity at point zo. Since the energy-momentum tensor is continuous across a defect this
implies that we should find solutions possessing two singular points. Two-point solutions are
well known (see for example [99]) and we can build from them the ansatz satisfying the defect
equations of motion.

Let us take as A(z)

A(2) = (2 — 2)217 (2 — )72 (3.154)
One has also
a ! " (z—20)' (2 — 2)" (3.155)
1= = -2 ) -
VOA ;- )2y - 1)
t1
as A ¢ (z—21)"(z — z)' 7" (3.156)

VA [ -2 1)
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Inserting (3.155)) or (3.156]) in (3.17]) we obtain the energy-momentum tensor

o (L=m)  (l—=m) 21 —n) ( 1 !
T eap s oww)

indeed possessing two singular points.

The anti-holomorphic part is essentially the same with 7 replaced by 1 — n:

B(z) = (2 —z)"%(z — z)* !

B 1
h=—F== z—7z) 7z = z)"
b2 = — 1 = — 1 (2 _ 51)77(2 _ 52)1—77

VOB (2 - 2)(1 - 2)

Let us take the holomorphic part for ¢, as
C(2) = e¥2(z — 20) 17 Yz — )17 = 2271 A(2)

and the antiholomorphic part again given by (3.158)). Using (3.45)) one gets

k = cosh(ty — t;)

Inserting (3.154)), (3.161) and (3.158) in (3.41)) and (3.42)) we obtain:

A

2
o (et1|z Py — P et — P — ZQ|277)

(27— 1)?|21 — 2o

A

2
o2 _ (et2|Z )y — T ety — 2 — Z2|277>

(27} - 1)2|Zl — 22|2

(3.157)

(3.158)

(3.159)

(3.160)

(3.161)

(3.162)

(3.163)

(3.164)

It is easy to see that ¢; and ¢, given by (3.163)) and (3.164]) have the required singularity

around z; and 2z, respectively. In fact each of the functions ¢; or o given by (3.163) and

(3.164) coincides with the solution describing saddle point for two-point function considered

in [99]. But in [99] this solution was considered on a full plane with the same parameter ¢
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everywhere, whereas here each of them is considered on a corresponding half-plane, namely in
(3.163]) 2 belongs to the upper half-plane ¥, and in (3.164]) 2 belongs to the lower half-plane
Y9, and we should also remember that, z; € ¥; and 2z, € 5. The defect is created by the

choice of different parameters t; and t, t1 # t.

To evaluate the action on solutions (3.163)), (3.164]), we will use the strategy used in [95].

Namely we will write the system of differential equations which this action should satisfy. The

first equation is which given that 1, = 1, = n reads
bzai:1lef =-X; - X, (3.165)
where X, defined in . The leading terms of ¢, around z; are
1 — —4nlog |z — 21| + Xy (3.166)
where

1
Xy =2mi (2N1 + 2) —log A+ 2log(1 — 2n) — (2 — 4n)log |21 — 23| — 2t4 (3.167)

Here Nj is an integer. The possibility to add the term 4im N results from the invariance of the
action under the transformation ¢; — ¢ + 4milN;, + = 1,2. Note that the corresponding
transformation in the bulk Liouville theory reads ¢ — ¢ + 2w N, and broken to the ¢ —
¢ + 41N due to presence of exponential terms on the defect.

The leading terms of py around z; similarly are
wo — —Anlog |z — 2| + Xo (3.168)
where
Xy = 2mi <2N2 + 2) —log A+ 2log(1 — 2n) — (2 — 4n) log |21 — 2zo| + 2t (3.169)
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where Ny € Z . Inserting (3.167) and (3.169)) in (3.165]) one obtains

o83t

C

on

b? = —2mi (2Ny + 2Ny + 2)+2log A—4log(1—2n)+(4—8n) log |21 — 22| +2(t1 —t2) (3.170)
Here we would like to emphasize yet another difference from the two-point function calculation
in [99]. In two-point calculation the integers N; and N, are equal since we have one continuous
function ¢. Here they can be different since we have two different functions ¢ and ,.

The action with defect (3.98]) implies also

asdef 1
b2 cl _ Ab 171
oK i Jox, c (3.171)

Inserting (3.154) and (3.161)) in eq. (3.44) one obtains

1 2n—1 —
€Ab — . ( n )(Zl 22) (3172)
2sinh(t; —t3) (2 — 21)(2 — 22)
Using that
1 d 2
- / : - (3.173)
iJosy (z—21)(z2—29) (21— 29)
we obtain
054t 2n —1
v = 3.174
Ok sinh(t; — t2) ( )
The Polyakov’s relation ([3.96]) additionally implies
St 2n(1 —
RIS _ 2 =m (3.175)
8zi Z1 — k9
Integrating equations (3.170)), (3.174]) and (3.175)) we obtain:
VSV n, = —2im(2N1 + 2N, + 2)n + 4n(1 — ) log |21 — 2o + (3.176)

2nlog A — (4n — 2)log(1 — 2n) +4n — (t1 — t2)(1 —2n) + C
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where C'is a constant. To derive the penultimate term we should remember the relation (3.162)).

To fix the constant term we can directly compute the action (3.98)) for the ansatz (3.163))-(3.164])
with n =0

t1 —t1
1 =i + 4imNy —log A — 2log <€|z — P+ 67|z — 21|2> (3.177)
|21 — 2 |21 — 22
- : e 2 e " 2
w2 = 3im + 4itNy —log A\ — 2log | ———— |2 — 20" + ——— |2 — 21| (3.178)
|21 — 22 |21 — 22

The solutions (3.177)) and (3.178)) can be derived by the SL(2,C') conformal transformation

z — % from the solutions:

1 = im + 4imNy — log A — 2log (e + e 22) (3.179)

g = 3im + 4im Ny — log A — 2log (et2 + 6_t222) (3.180)

Evaluating the action (3.98)) on the ansatz (3.179)), (3.180) we obtain

b?Sp = 2im(Ny + Ny +1) —log A — 2 — (t; — t3) (3.181)

Comparing (3.181f) with (3.176)) fixes the constant C:
C =2imr(Ny+ Na+1) —log A —2 (3.182)
Inserting this value of C' in (3.176]) we indeed obtain (3.151]) if we set

N; = M;, i=1,2 (3.183)
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and

2mo = tl - tQ (3184)

The discussion above of the difference points between calculation of two-point function with
and without defect suggests nice interpretation of the defect operator. We have seen that there
exist two sources of discontinuity giving rise to the corresponding terms in the defect operators.
The heavy asymptotic limit of D(«) has numerator and denominator. The exponential

term in numerator as we have seen originates from the discontinuity created by the choice of

the different parameters ¢; and t5. The denominator sin w (22;1) reflects the possibility of the
choice of different logarithmic branches. The final quantum expression (3.81]) results from the
quantum corrections restoring b <+ b=! duality of the Liouville theory.

Let us analyze in the heavy asymptotic limit also the relation (3.82)) between parameter s

and A(b)

2 cosh 2mbs = A(D) <VVI§V_(%2)>2 . (3.185)

It is easy to compute that

1imb%w = —\/QX (3.186)

Setting that s = 7, we get
2A(0)

cosh 2mo = N (3.187)

This implies that parameter x is proportional to A(0):
g = 220) (3.188)

Note that as in the light asymptotic limit as well as in the heavy asymptotic limit we get the
same relation between o and

k = cosh 270 (3.189)
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Chapter 4

Comments on fusion matrix in N=1

super Liouville fieldtheory

4.1 N=1 Super Liouville field theory

Let us review basic facts on the N = 1 Super Liouville field theory. Liouville field theory is

defined on a two-dimensional surface with metric g,, by the local Lagrangian density
1 L5 a7 - 227 b 272 2
L= 5 9as0apOyp + o (YO +Y0Y) + 2ipb™ppe™® + 2mpbe™ (4.1)
The energy-momentum tensor and the superconformal current are

T = (000 — Qg+ b0V) (12

G = i(Ydp — Q) (4.3)

The superconformal algebra is

(L L] = (m — 1) Lo + 1—62m(m2 — Doin (4.4)
Y
[Lon, Gh] = =G (4.5)
1
{Gk, Gl} =20+ g (kz — 4) 5k+l (46)
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with the central charge

crp = — +3Q*%. (4.7)

where

Q=b+2. (4.8)

where k and [ take integer values for the Ramond algebra and half-integer values for the
Neveu-Schwarz algebra.

NS-NS primary fields N, (z, 2) in this theory, N,(z,%) = e*?*?) have conformal dimensions
ns _ 1
ALY = 5&(@ —a). (4.9)

The physical states have a = % +1P.
Introduce also the field

Na(Z, 2) = G_l/gé_l/gNa(Z, 2) (410)

The R-R is defined as

Ro(2,2) = 0(z, 2)e*¥?) (4.11)

where o is the spin field.

The dimension of the R-R operator is

AR = 116 + ;Oé(Q —a) (4.12)

The NS-NS and R-R operators with the same conformal dimensions are proportional to

each other, namely we have

No = Gns(a)Ng—a (4.13)
Ry = Gr(@)Rg—q (4.14)

Gns(a) and Gr(a) are called reflection functions. They also give two-point functions. The

elegant way to write the reflection functions is to introduce NS and R generalization of the ZZ
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function:

2(mpy(bQ/2))” T 1 — Q/2)

Wis(a) = L(1+b(a—Q/2))T(1+ %(Oz - Q/2))
Wg(a) = 2m(mpy (bQ/2)) 5

- T(1/2+b(a = Q/2))T(1/2 + §(a = Q/2))

The reflection functions can be written

Gxs() = ey
Gr(a) = W

The functions (4.15) and (4.16)) satisfy also the relations
1
Wis(a)Wys(Q — ) = —4sinwb(a — Q/2) sin ﬂg(a —Q/2)

Wr(a)Wg(Q — a) = 4cosmb(a — QQ/2) cos ﬂi(a —Q/2)

The degenerate states are given by the momenta:
1 b
mmn — ~1 1-— —(1—
Umn = 5y (1=m)+5(1—n)

with even m — n in the NS sector and odd m — n in the R sector.

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

For the super conformal theory, characters are defined for the NS sector, for the R sector

and the NS sector. The corresponding characters for generic P which have no null-states are

NS(-) — ‘93(Q) qP2/2
X2 =\ ) )
NS ) — 04(q) QP2/2
xpo(r) = n(q) n(r)’

(4.22)

(4.23)



02(q) ¢/

Ry
xp(7) 2n(q) n(r) "’

where ¢ = exp(2miT) and
Rt
n=1

Modular transformation of characters (4.22)) - (4.24)) is well-known:

) = [ (-1 m)e B P

() = [ad=1m)e T ap.

V() = [ (=1r)e P ap,

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

For degenerate representations, the characters are given by those of the corresponding Verma

modules subtracted by those of null submodules:

_ NS NS
Xmn = X%(anrmb_l) Xl(nb mb—1)

(= )rslev(ib mb=1)

_ S
Xmmn = X%(anrmb_l)

R _ R R
Xmmn = X%(anrmb—l) X%(nbfmb—l)

Modular transformations of (4.29)) - 4.31)) are

Xm ( /X —1/7)2sinh(7mP/b) sinh(mnbP)dP .

an /XP —1/7)2sinh(mmP/b) sinh(7mnbP)dP, m,n even

an /XP —1/7)2 cosh(mmP/b) cosh(mnbP)dP. m,n odd

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

Note that the vacuum component of the matrix of modular transformation specified by (m, n) =

(1,1) in formulae (4.32)) - (4.34) coincide with the right hand side of (4.19)) and (4.20]) similar

to the bosonic Liouville theory.
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The structure constants in N = 1 super Liouville field theory are computed in [69,70]:

(Nay (21, 21) Nay (22, 22) Nag (23, 23)) = (4.35)

CNS(Oéb Qg, 043)

N N _AN
3‘2(Aa2+Aa3 Aal)yzl

‘2(AO¢N1 +AY, -AL

N N _AN
UPA S [PON AT, -A)

| 212 1

(Nay (21, 21) Nay (22, 22) Nog (23, 23)) = (4.36)

Cns(ar, ag, as)
[OLFAE, AT, 172

N N N N N _AN
|2(AQI+AQ27AO¢3+1/2 |2(AQI+AQ3 AN, +1/2)

|Z12 )|Z )|Z13

<Ra1 (Zlv Zl)Raz (22, EQ)NQS (237 Z3>> = (437)

Cr(oq, as)as) + OR(ah as|as)

212 ‘2(A§1+A52_A53) |223‘2(A§2+AQNS—A§1) 213 ,2(A§1+A£3—A§2)
where z;; = 2; — 25,
and
3
Cis(ar, an, ag) = N@ 2100/ (4.38)

T/NS(O)TNS(2@1)TNS<2CY2)TN5(26Y3)
Tns(ar 4+ oo+ a3 — Q)Y ns(og + ay — az)Tng(ao + a3 — aq) Tng(as + g — )’

Crs(an, g, a3) = AQ@-Ey e/ (4.39)

Tvs(0)Y ns(201) T vs(200) T ivs(2003)
Tr(ap +as +as — Q)Tr(ag + ag — az)Yr(ae + az — ag) Tr(as + ay — ag)’

CR(al, Oég|0(3) = )\(Qizi;l @) /b X (440)

Tys(0)Tr(201) T R(202) T v (203)
TR<a1 + g+ a3 — Q)TR(OQ + ap — ag)TNs(Oég + a3 — al)TNs(Oég + o — CKQ) 7
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éR(Oél, 062|O./3) = /\(Q_Zg;l @) /b X (441)

T o(0) Y R(201) Y r(200) T ns(2as)
TNs(Oél + g + (g — Q)TNS(Oél + Qg — Oég)TR(OéQ + a3 — Ofl)TR(Ozg + a1 — 042) ’

and

A =y <sz> b= (4.42)

Fusion matrix in NS sector is computed in [71},72]. Let us denote

_ 1 - - - -2 - -
Q3 Qg Na3 Na2 a3 Q9 Na3 Na2
Fas,at - FNas,Nat ) Famat — FNQS,Nat
Qg O . Na4 ]\/voé1 gy O . Na4 Nal
(4.43)
- 1 - - - 42 - -
a3 (9 Na3 Nag a3 Qo Na3 NOcz
Fo,on = Fy,. ~., N = Fy,. 5.,
Qg Q7 ) Na4 ]\/'oé1 [e7es] ) Na4 Nal
(4.44)

To write the fusion matrix we use the following convention. The functions Y;, I';, S; will be
understood Y g, 'ng, Sns for 2 = 1 mod 2, and T, ', Sg for i = 0 mod 2. Now we can write

the fusion matrix:

a3 Q9

Fo, o = (4.45)
Gy Qq |
J
[i(2Q — o — g — a3)T5(Q — o + a3 — ) 1i(Q + ap — g — ag) (s + i — )
F](QQ — ] — Qg — O!Q)Fj(Q — 0 — Qg+ O!l)rj(Q — Q] — Qg + OZS)FJ‘(O{S + oy — 042)
Fz(Q — O — (1 + Q4)Fi(061 + gy — ()ét>Fi<Oét + gy — ozl)Fi(ozt + aq =+ Qg — Q)
Fi(Q—as—as+ay)lj(as+ag — as)l(as +aq —as)lj(as +as+ oy — Q)

%

X

I'ns(2Q — 2a4)'ns(20) 1 /ioo ir] a3 Oy
- Tors 0
Ins(@ — 204)ns (20 — Q) @ J—ico N
4 01 |
J
1
Q3 Qg
Jave - (4.46)
(67 e s]
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SNs(Q + 7= Ozl)SNs(T + Oy + g — Oég)SNs(T + Ofl)SNs(T + Oy + (6] + a3 — Q)

Sns(Q 4+ 74 ag — ay) Sns(T + oy + o) Sys(Q + 7 + g — ) Svs (7 + g + )
N Sr(Q+7—a1)Ser(T + ay + ag — a3)Sr(T + a1)SrR(T + @y + s + a3 — Q)

Sr(Q + 7+ ay — a)Sp(T + ay + ) Sr(Q + 7 + ay — ) Sr(T + as + )

Q3 Q9
‘]ozs,at =

(4.47)
ay O

Sns(Q + 7 — 1) Sns(T + g + ag — a3)Sns(T + a1)Sns (T + ay + @ + a3 — Q)
Sns(Q + 7+ ay — ay)Sns(T + g + ay)Sp(Q + 7 + an — ) Sr(T + as + a)
 SrR(@+ 7 —01)Sk(T + s+ az — a3)Sr(T + a1)Sr(T + au + as + a3 — Q)
Sr(Q+ 7+ ay —ay)Sr(T+ ay + ) Sns(Q + T+ s — as) Sns(T + ag + )

3 Q9

Jas,at =

(4.48)
Qy O

Sns(Q + 7 — a1)Sns(T + ay + az — a3)Sys(T + 1) Sns(T + ag + as + as — Q)
Sr(Q + 7+ oy — ) Sg(T + ag + ) Sns(Q + 7+ s — ) Sys(T + g + ay)

 Sr(Q+T —a1)Sk(T + as + az — a3)SR(T + 1) Se(T + s + a2 + a3 — Q)

+

Sns(Q + 7+ ay — ay)Sns(T + ay + o) Sr(Q + 7 + o — a) Sr(T + ag + )

a3 Q9

Jas,at =

ay O
2

(4.49)

Sns(Q + 7 — a1)Sns(T + ay + az — a3)Sns (T + a1)Sns(T + s + s + a3 — Q)

Sr(Q + 7+ ay — ) Sg(T + ag + ) Sr(Q + 7+ ag — ag)Sr(T + ag + ay)
)Sk(
)

Sr(Q + 7 — a1)Sg(T+ ag + ag — a3)Sr(T + 1) Sgr(T + as + as + az — Q)
Sns(Q 4+ 7+ ayg — ay)Sys(T + ay + @) Sys(Q + 7 + ag — ag)Sns (T + as + )
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4.2 Values of fusion matrix for intermediate vacuum states

421 a;—0

Motivated by the form of structure constants (4.38)-(4.41]) and fusing matrix (4.45) we define

the following general expressions for the fusion matrix:

FI

Qs,0¢

drJ.. (4.50)

Q4 O a4

with

M* = (4.51)

FA2Q — oy — g — a3)I'p(Q — oy + a3 — )l o(Q + oy — ag — a3)p(as + oy — az)
I'p(2Q — a1 — o — a2)Tng(Q — oy — g + 1) TE(Q — a1 — g + o) g (as + a1 — @)

Ip(Q—a; —ag +ay)To(ar +as —a)Tplag + ay —aq)Talay + a1 + a4 — Q)
Ins(Q — o — ag + ag)lp(as + oy — ) Tng(as + ag — ag)Tp(os + s+ ay — Q)

I'ns(2Q — 2a) s (20)

I'L(Q — 204)T'L (204 — Q)

3 Q9

Jz _ (4.52)

gy
Sy (Q+T—0a1)Sk(T+ g+ ag —az) S, (T 4+ a1) Sy, (T + g + as + a3 — Q)
Spn+1(Q + 7+ s — ) Syy1 (T 4+ o + ) Spg11(Q + 7+ g — ) Sk (T + 2 + )
Sp+1(Q + T — 1) Sk1 (T + g + g — 3) Sy 11 (T + 1) Sy 11 (T + g + g + a3 — Q)
S (Q+ T+ au — ay) Sy, (T4 au + ) S, (Q + 7+ g — ) k1 (T + o + )

_|_

where 7 = (—1)(1+Zz‘(”i+“i))/ 2. T denotes fusion matrices of different structures, and capital
Latin letters here take values NS and R.

Define also the following general expression for structure constants:
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CZ(OQ, Q, Oég) = )\(Qizg:;l ai)/b X (453)

T/NS(O)TL(2041)TE(QQQ)TF(2043)
TA(Oél + (0%)] + g — Q)TB(Oél + g — Oég)Tc<OéQ + g — Oél)TD(Oég + ] — 042) ’

Now consider the limit:

as =€ — 0, a3 = Qy, ap = Q. (4.54)

In this limit using formulae from appendix and the definition (4.53) we get for the factor in

front of integral:

MT = Cr(ar, s, ) WNSQ(SV)VVZ{ Cgo‘j)Z§(o‘t) (4.55)
SB(Q — oy + 3 — al)SD(Oég + ap — Oél)SE<20él)
SF(QOég)SNs(G)

Let us now evaluate the integral part of (4.50)) in the limit (4.54)). For this purpose we will

use the formula [81]

s dw 2
Z (_1)1/(14-21-(1/14-#1))/2 / 7 H SV+Vi (.l’ + az‘)Sl—i-v—i-m(_x + bl) =2 H SVH-HJ' (CLi + b]) (456)

v=0,1 i=1 ij=1

> (v + p;) = 1 mod 2 (4.57)

)

and

Y o(ai+b;) =@ (4.58)

)

First note that in the limit (4.54) the arguments of Sk’s in numerator and denominator
coincide and they get canceled.

For the rest of S’s in this limit we get for a; in the argument of S, (7 + a;) and b; in the
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argument of S, 11(—7 + b;):

ay — Q — 1 bl = O — (3 (459)
a2 = 1 by=Q —a3z— o
a3:2a3+a1—Q b3:—0./1
From (4.59) we obtain
a1+ble—a1+at—a3 (460)

ai +by =2Q — oy —az — oy

a1+b3:Q—2041

a2+bl =1+ o — Qg (461)
as +bo=0Q + a1 —ag — o

a2+b3:€

a3+b1:a3—|—at+a1—@ (462)
a3+b22061+063—04t

a3+63:2a3—Q

Note that

a; + bl = Q — ((13 + bg) (463)

ar + by =Q — (az + by)
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and

Sai+b) =Q (4.64)

Let us impose also

v+ py = vz + pg mod 2 (4.65)
vy + g = v3+ ;. mod 2

Vo +p3 =1 mod 2

Assuming also that (4.57) is satisfied we get from (4.56)) using formulas (4.60))-(|4.65)

l /7,00 dTJfS o Qs Q2 - 2SV2+H1 (O{l + ar — 0[3)51,3_’_#3(2063 B Q>SNS(€) (466)
v J—ico 7 ay oy SV1+,LL3 (2@1)5,,24_#2 (043 +ap — al)
Requiring additionally that
Vo + H1 = B (467)
Vo + Mo = D
vit+ps=~E
vs+pu3 =F

where these equalities as before understood in a sense, that odd sums identified with the NS

sector, and even sums identified with the Ramond sectors, we get

as o | Wis(Q)Wi(on)
B, = Crlan, o1, a3)7TWE(Q — a))Wr(Q — as)

O,Qt
Qa3 O

(4.68)
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4.2.2 o — 0 limit

Consider the same fusing matrix, but parametrized in the form

a3 Q9 RZ 100 a3 Q9

FI ., — [ drJl (4.69)
oy o b s oy o

with

RL = (4.70)

I'p(2Q — oy — g — a3)ng(Q — ap + ag — @) TE(Q + oy — g — a3)Tvg(as + ap — az)
Fa2Q —ap —ay — a)Tp(Q — as — as + 1) Te(Q — an — as + as)Tp(as + a; — az)
Pns(Q — ay — ar + ay)lp(ar + ay — ) Unvs(oy + oy — aq)lp(ar +ar +ay — Q)
Ip(Q —as —asz+ ay)le(as + oy — as)Tplas + ay — ag)Talas + ag + g — Q)
% FL(2Q — 2045)FL(2(){S)
Ins(Q — 204)ns (20 — Q)

X

0 B (4.71)
gy
S (Q+T—0a1)Sk(T+ g+ ag —a3)S,, (T 4+ a1)Sy, (T + ay + an + az — Q)
Su+1(Q + 7 + ay — ) Sk (T + o + ) Sy 1 (Q + 7 + a2 — ) Sy 1 (T + a2 + )
Soi+1(Q +7 — a1) Sk (T + g + ag — @3) Sy, 11 (T + 1) Spy1 (T + s + g + a3 — Q)
S (Q+ T+ as —ay)Sk1 (T + ag 4+ ) S, (Q + 7+ ag — ) Sy (T + g + )

where = (—1)0F2itr))/2,

We change here notations for the capital Latin letters denoting different spin structures.
This is done to keep parametrization for the capital Latin letters in the formula for structure
constants . Alternatively we could keep the same parametrization in formula for fusing
matrix and change the notations in formula for structure constants.

Consider the limit

ap =¢— 0, a3 = o, oy = oy (4.72)
In this limit using formulas in appendix and (4.53|) we have for the factor in front of integral
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2 Wis(O)Wr(Q — az)Wi(Q — as)
we2Cr (s, g, 0rq) We(ay)
Sr(2a)
Sp(Q — as — as + a1)Sp(as + a1 — as)Sg(2a2)Sns(€)

Consider now the limit of the integrand (4.71)).

In the limit (4.72) the arguments of Sk ’s in numerator and denominator coincide and they

get canceled.

For the rest of S’s in this limit we get for a; in the argument of S,,(7 + a;) and b; in the

argument of S, 11(—7 + b;):

Clle—Oél bl

—a (4.74)
a9 = (1 b2:as_a2

az = 2as +a; — Q by = Q — az — ay

From (4.74) we easily obtain:

CL1+b1 :Q—20é1 (475)
CL1+62:Q—061+065—O[2

a1+ b3 =20 —a; — oy — Qs

as + b1 = € (476)
a2+b2:a1+015—a2

as +b3 =0Q —as — a,+ aq
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a3+b1 :2042—62 (477)
a3+172:052+@1+065—@

a3+b3:a2—|—a1—a5

Note that
aq + b5 = Q — (CL3 + bz) (478)
ar +by = Q — (as + b3)
and
D (ai+b)=Q (4.79)
Assume that
v+ pu3 =3+ g mod 2 (4.80)

v+ pg = v3+ 3 mod 2

Va4 =1 mod2

Under these conditions we get from the theorem (4.56]) , using formulas (4.75)-(4.80)

1/200 dTJCi . a3 Q2 _ 25V2+H2 (CYl + o — CYQ)S,,3+M1 (20(2 — Q)SNs(E) (481)
1 J—ico v ay o SV1+M1 (2a1)5V2+M3 (aQ + o — al)
Requiring additionally that
vo+ s =B (4.82)
Vo + g =D
vs+p =FE
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I/1+M1:F

where these equalities as before understood in a sense, that odd sums identified with the NS
sector, and even sums identified with the Ramond sectors, we get
R Q2 4 Wis(0)WL(Q — ay)

FT = lim,_,ge2F% = 4.83
06 Fa e Crlamoman)  Welon)Wa(a) 83

a1 (g Q) g

4.3 NS sector fusion matrix

Recall that structure constants in the NS sector are given by eq. and and fusion
matrix by .

Remember that NS =1, mod2 and R = 0, mod2. Putting A=B=C=D=L=F =
F=NS,vi=vy=v3=1, 1 = pis = p3 = 0, and using ([£.68)), we obtain for the (i = 1, j = 1)

component of the NS sector fusing matrices in the limit (4.54)

as g Wis(Q)Wns(ay)
F at - C g, 0, &
0, ws(a, o 3)7TVVNS(Q — a1)Wis(Q — ag)

Q3 (7
1

(4.84)

Puttng A=B=C=D=R, L=FE=F=NS, vy=1vm=v3=1,u =pu =1, u3 =0,
and using (4.68), we obtain for the (i = 2,j = 1) component of the NS sector fusing matrices

in the limit (4.54))

as o . Wis(Q)Wns(ay)
F o = C (07 5 (6% 5 (0
0, NS( e B)FWNs(Q—CYl)WNS(Q_O@)

Q3 g
1

(4.85)

It is obvious to see that both choices of the v; and p; satisfy the conditions (4.65)), (4.57)), (4.67)).

Putting A=B=C=D=L=F=F=NS,vyy=1vy=v3=1, ug =y = u3 =0, and

using (4.83), we obtain for the (i = 1,j = 1) component of the NS fusing matrices in the limit
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E72)

- Qg Qg Qo Q9 4 W (00)%% — Oy
FOLs,O - lim€—>062Fas,€ = NS( ) NS(Q c )(486)
N mCOns(as, ao, 1) Wyg(oq)Whs(az)
1 O a1 Qaq

1 1

Puttng A=B=C=D=R, L=FE=F=NS,vy=1v=v3=1,u1 =0, up = u3 =1, and
using (4.83]), we obtain for the (i = 1,5 = 2) component of the NS fusing matrix in the limit

@72)

. Qs o as _
Fas,O : ’ = hm6~>062Fa5,€ : ’ = —= 1 WNS(O)WNS(Q as>(4'87)
7Cys(a, ag, 1) Whis(a1)Wrs(asz)

a1 g a1 g
2 2

It is again obvious to see that both sets of the values of v; and u; satisfy the conditions (4.57)),

(.30) and (£.82).

Note also the relations:

ooy | Qy S(0)S(as)
Foo F,. == 4.88
b i 725 (a1)S(as) (4.88)
a1 Q9 a1 (71
L 49 : 41
- -2 - -1
a; ag | Qay Qg S(0)S(as)
Fi F = ="' 4.
0,05 as,0 7TQS<051)S(CY2) ( 89)
a1 Q9 a1 (7
L 41 . 49

where S(a) = sinmb(o — Q/2) sinmy (o — Q/2).
We see that the relations (1.84)-(4.89) indeed have the structure of the equations (2), (4 and

@

4.4 Fusion matrix in the Ramond sector

The fusion matrix in the Ramond sector unfortunately is not known in general. Although for
some attempts see [73]. But for the degenerate primaries (4.21)) fusion matrix can be computed

via direct solutions of the corresponding differential equation for conformal blocks. In particular
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the necessary elements of the fusion matrix when one of the entries is the simplest degenerate

field R_;/ are computed in [79,80]. The degenerate field R_y/5 possesses the OPE:

R, _ R,
NOéR*b/Z = CNQRI)_/:/QRafb/Q + CNaEb_/j/QRa+b/2 (490)
Nafb/Z Na+b/2
ROCbe/2 == CRQR_b/QNafb/Q + CRQR_b/2Na+b/2 (491)

The corresponding structure constant can be computed in the Coulomb gas formalism using

the screening integrals:

Cﬁzl—{/jﬂ -1 (4.92)

O, = w2 (00217 (1 — b —0Q/2) = 5 5B (1
Nt oy Gr(a +b/2) |

Cpopl?, =1 (4.94)

C2 = 2imuba (bQ/2)(1/2 — ba) (b — 12/2) = 209 (4.95)
RaR_ys Gns(a+0/2) '

The fusion matrices can be computed having explicit expression of the conformal blocks with

degenerate entries:

R_y2 R- — v —b’
Py | b/2 b/2 _ F(Oéb b /2 + 1/2>F( b ) (496)

afb/ZO — b2 —?
NN T(ab— )T (1/2 — b2/2)
. Ry Ry | T(—ab+b2/2 +3/2)0 (=) (4.97)
Rotb/2,0 - — — b? '
P [(1—ab)[(1/2 = 12/2)
. R_yjs Ry T(ab — b?/2)0(—b?) (4.98)
Na b/270 o — b2 — —? .
R T(ab— b2 —1/2)T(1/2 — b2/2)
F R_yo R_y)o _ D(=ad+0?/2+1)T(=0%) (4.99)
Yot | AT (1/2 - ab)T(1/2 ~ 1/2) '
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It is an easy exercise to check that the values of the structure constants (4.92))-(4.95|) and fusion

matrices (4.96))-(4.99) satisfy the relations

R_p2 Ry C(ab—0*/2+1/2)T(=b*)  Wys(0)Wr(a —b/2)

CRafb/Q FR 0 — =
e I T(ab—02)0(1/2—02/2)  Wys(a)Wr(—b/2)
(4.100)
Cleson p Revyy Bz | opb?y(bQ/2)T(=b*)T(ab — b*/2 = 1/2) _ Wis(0)Wh(a +b/2
Nolizpya® Host/z ['(1/2 = 0%/2)(ab) Wis(@)Wr(=b/2)
No  Ng
(4.101)
Chove Rz Ry | T(ab — b%/2)T(—b?)  Was(0)Wys(a — b/2)
RaByya™ Nob/20 R R " T(ab—b2—1/2)0(1/2 - 02/2)  Wg(a)Wgr(—b/2)
_ — (4.102)
O Notir2 . Ropp By _ Tub*y(bQ/2)T (b — b*/2)I'(=b°) _ Wis(0)Wns(a+b/2)
RaR o F N R R T(ab+1/2)T(1/2 — b?2/2) Wr(a)Wgr(—b/2)

(4.103)
One expects that similar relations should hold also for general expressions of the corresponding
elements of fusion matrix in the RR sector. For example the fusions matrix with four RR

entries should satisfy the relations

R., R, _
hmGHOFNQ 7N€ _ 4 _ WNS(())WNS(Q Oés) (4104)
° R R 7e2(Crlas|az, ar) + Cr(as|ar, ag))  Wr(a1)Wr(az)
Ra;  Ra, ~ Wis(Q)Wis(ay)
E = (Cr(ay|ay, ag) + Crlag|ay, a 4.105
0,Nay ( R( tl 1 3) R( t| 1 3))7TWR(Q—(11)WR(Q—O!3) ( )
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One can hope that constraints like (4.104)) and (4.105) may help to obtain the general expres-

sions for the corresponding elements of the fusion matrix.

4.5 Defects in Super-Liouville theory
Two-point functions with a defect X insertion can be written as

Di
(21 — 29)28i (21 — Zp)%8 7

(Di(z1,21) X @22, 22)) = (4.106)

where

D! = D'C, (4.107)

and Cj; is a two-point function. They satisfy the Cardy-Lewellen equation for defects [56,|76),

82,100]
2
0 Mk k J imyj
> D°DF | CfiFro =D'D’. (4.108)
k 11
Denote

DNS(Q) = <NaXNa> (4109)
Dr(a) = (Re X R,) (4.110)

Let us take j = R_/,. Using (4.90), (4.91) and (4.100)-(4.103)) one can obtain:

Ue(a)Ur(—b/2) = Uns(a —b/2) + Uns(a+b/2), (4.112)
where
gﬁiﬁ; = Uys(a) <$§§((2))> : (4.113)
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Dg(a) Wys(0)\?
Drs(0) Ur(a) ( Walo) ) (4.114)
The solution of the equations and is
' _ sin(mmb ™! (a — Q/2)) sin(mnb(a — Q/2))
Ung(o;m,n) = Sin(ﬂ'mb;lQ) Sin (22 : (4.115)
_ _sin(mm(z 407" (a — Q/2))) sin(mn(s + bla — Q/2)))
Yrlasm,n) = sin(”me_lQ) Sin(mng) ’ (4-116)
with m —n is even.
Substituting and (£.116) in (4.113) and we obtain
i b Ha—Q/2))si bla—Q/2
Duvs(cv:m,n) = sin(rmb™ (« M//N;zzl)r;(ﬂn (cv /2)) (4.117)
i L4+ Y a—Q/2)))si L4 b(a—Q)2
D, n) = sin(mm(; + b7 (« QICI/;)(LS)I;(Wn(Q +b(a—Q/2))) (4.118)
Dividing by two-point functions (4.17]) and (4.18]) we obtain
. _sin(mmb™ ! (a — Q/2)) sin(rnb(a — Q/2))
Dys(a;m,n) = Sin(rb1(a = Q/2)) sm(rb{a — 02)) (4.119)
D) = sin(mm(5 + b~ (a — Q/2))) sin(mn(5 + b(a — Q/2))) (4.120)

cos(mb~(a — Q/2)) cos(mb(ar — Q/2))
To obtain the continuous family of defects we use the strategy developed in [88,96]. Namely

consider Dr(—b/2) as a parameter characterizing a defect. More precisely we define

_ Dr(=b/2) (Wr(=b/2)\"
A= (o) )
Denoting also
Dvs(e) = 200 (4.122)
Dr(a) = v‘lvjjéz)z . (4.123)



we obtain

AU yg(a) = Ug(a—b/2) + Ur(a+b/2), (4.124)
AV () = Uys(a —b/2) + Ung(a + b/2), (4.125)

The solution of (4.124)) and (4.125)) is given by
U ys(o;u) = cosh(m(20 — Q)u) (4.126)

Ur(a;u) = cosh(m(2a — Q)u) (4.127)

with a parameter u related to A by

2cosh2mbu = A. (4.128)

Substituting (4.126|) and (4.127) in (4.122) and (4.123) we obtain

cosh(m(2a — Q)u)

D Ju) = 4.12
NS(av u) WNS(OZ)Q ( 9)
cosh(m(2a — Q)u)
Dr(a;u) = 4.1
R(av 'LL) WR(O&)Q ( 30)
Dividing by two-point functions (4.17) and (4.18]) we obtain
h(m(2a0 —
Dys(a;u) = cosh(m (2o — Q)u) (4.131)

sin(mb=(a — Q/2)) sin(rb(a — Q/2))

) = cosh(m(2a — Q)u)
Dr(asu) = cos(mb—Ha — Q/2)) cos(mb(a — Q/2)) (4.132)
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Chapter 5

The light asymptotic limit of

Conformal blocks in Toda field theory

5.1 The light asymptotic limit of the Nekrasov partition

functions

5.1.1 The Nekrasov partition functions of N'=2 SYM theory

Consider N' = 2 SYM theory with gauge group U(n) and 2n fundamental (more precisely n
fundamental plus n anti-fundamental) hypermultiplets in Q-background. The instanton part

of the partition of this theory can be represented as
mst Z F" (51)

where Y is an array of n Young diagrams, |§7| is the total number of boxes and z is the instanton
counting parameter related to the gauge coupling in a standard manner. The coefficients Fy

are given by

n be @ | CL Y)be(a(l) Y, ’(l(z) @)

H H (1? . (5.2)

u=1v=1 be(au aYu|aU ,Y;))
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53

Figure 5.1: Arm and leg length with respect to a Young diagram (pictured in gray): A(s;) =1,
L(Sl) = 2, A(SQ) = —2, L(SQ) = —3, A(Sg) = —2, L(S3) = —4.

where

be(a,)\ | b, /L) = (53)

[T (a=b—eLus)+e(l+Axs)) [[(a—b+e(l+Las)) — e2du(s)).

SEA sEN

Here A)(s) and Ly(s) are correspondingly the arm-length and leg-length of the square s towards
the Young tableau A, defined as oriented vertical and horizontal distances of the square s to
outer boundary of the Young tableau A (see Fig5.1]).

(07172) u = 17 27 e 7n. The

Let us clarify our conventions on gauge theory parameters ay, ,

parameters a{!) are expectation values of the scalar field in vector multiplet. Without loss of

generality we’ll assume that the “center of mass” of these expectation values is zero

C_L(l) —

SalV =0, (5.4)

1
n u=1

In fact this is not a loss of generality since a nonzero center of mass can be absorbed by
shifting hypermultiplet masses. Furthermore a{”) (a(?)) are the masses of fundamental (anti-
fundamental) hypers. Finally the €, €5 are the 2-background parameters. Sometimes we will
use the notation € = ¢; + €.

Due to AGT duality, this partition function is directly related to specific four point conformal
block in 2d A,,_; Toda field theory. Before describing this relation let us briefly recall few facts

about Toda theory.
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5.1.2 Preliminaries on A,,_; Toda CFT and AGT relation

These are 2d CFT theories which besides the spin 2 holomorphic energy momentum W®)(z) =
T(z) are endowed with additional higher spin s = 3,4,...,n currents W® . . W@ with

Virasoro central charge conventionally parameterised as

c=n—1+12Q%,

where the vector “background charge”

Q= p(b+1/b)

with p being the Weyl vector of the algebra A, _; and b is the dimensionless coupling constant of
Toda theory. In what follows it would be convenient to represent the roots, weights and Cartan
elements of A,,_; as n-component vectors with the usual Kronecker scalar product, subject to
the condition that sum of components is zero. Of course this is equivalent to more conventional
representation of these quantities as diagonal traceless n x n matrices with the pairing given

by trace. In this representation the Weyl vector is given by

—1n-3 1-— 1
p:<n2 ’n2 e 2n> or pu:n+ —u (5.5)

and for the central charge we‘ll get
c=(n—-1)1+n(n+1)¢),
where for the later use we have introduced the parameter

1
=b+—.
q +b
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For further reference let us quote here explicit expressions for the highest weight w; of the first

fundamental representation and for its complete set of weights hy, ..., h, (hy = w)

(w1)k = 51,k - l/n;

(hl)k = 6[,]@ — 1/n (56)

The primary fields V,, (here we concentrate only on left moving holomorphic parts) are pa-

rameterized by vectors o with vanishing center of mass. Their conformal weights are given

by

In what follows a special role is played by the fields V)., with the dimensions:

ST o

A four point block:

ha—=h_1y—h_(2) /\(3)w1 )\(2)('01
(Ve (00) VAo, (DVa@w, () Vaw (0))a = g " 7o "o Fy (9) (5.9)
a® o
where « specifies the W-family running in s-channel, is closely related to the gauge partition
function Z;,s see (5.15) (AGT relation). First of all, the instanton counting parameter ¢ gets

identified with the cross ratio of insertion points in CF'T block as it was already anticipated in

(5.9) and the Toda parameter b is related to Q-background parameters via

= |2, (5.10)

€2

The map between the gauge parameters in (5.1) and conformal block parameters in ([5.9)

should be established from the following rules (see Fig[6.2)). To formulate them we define the
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(4) ay (1)
Figure 5.2: On the left: the quiver diagram for the conformal U(n) gauge theory. On the right:

the diagram of the conformal block for the dual Toda field theory.

rescaled gauge parameters

A0) ay AWM ay! A®) u (5.11)
VG v Jae’ RNVGET ‘

e The differences between the “centers of mases” of the successive rescaled gauge parameters

(6.26)) give the charges of the “vertical” entries of the conformal block:

o )
A® _ 40 An . (5.12)

A0 _ 40 _ 2
n )

e The rescaled gauge parameters with the subtracted centers of masses give the momenta

of the “horizontal” entries of the conformal block:

AY(LO) _ A(O) — Qu — 041(;1) ; (513)

Using (6.2]), (5.5) and (6.26)-(6.28|) we obtain the relation between the gauge and conformal

parameters:

0 3

2
. n+1
e

Y
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2 A® 1
a, 0 _%q<"+’«—u). (5.14)

With all these preparations one can write the AGT correspondence between the Nekrasov

function defined in (5.1)) and the conformal block in (5.9) (see [102}/104]):

AB) (q_ﬁ> ABw; Ay
Zinst = (1 — 2) ") Fy, (2). (5.15)
a® 4

5.1.3 Light asymptotic limit

In this paper we are interested in so called "light” asymptotic limit i.e. the central charge is
sent to infinity (i.e. b — 0) while keeping the dimensions finite. It follows from ({5.7) that to

reach this limit one can simply put
ol = pp; aW =W, Q= by, (5.16)

keeping all the parameters 7 finite. As for the parameters A of the special fields V), , there are

two inequivalent alternatives:

(i) A= bn
or
(i) ng — X = bn.

Though in both cases the conformal dimension takes the same value (see eq. (5.8))

n(n—1)

h = :
2

these fields are not identical, which can be seen e.g. from the fact that the zero mode eigenvalues
of odd W-currents for these fields have the same absolute values but opposite signs. In fact the
fields V)., and V{(,4-)w, can be considered as conjugate to each other in the usual sense, since

their two point function is non-zero. It is easy to check that V(,,_x)., is equivalent to V), ,
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(wn—1 is the highest weight of the anti-fundamental representation) since the corresponding
momentum parameters () — Aw; and @ — (ng — A\)w,_1 are related by a Weyl transformation.
In this paper we will investigate in great detail the case when V)., is a light field of type

(i) while V., is of type (ii). In other words we set

A — pp®), ng — A2 = @ (5.17)

For such choice we will see below, that the corresponding instanton sum simplifies drastically
and leads to a simple explicit expression for the conformal block. Note that this choice is very
convenient since the prefactor in front of conformal block in now goes to 1 in the light
asymptotic limit. The opposite case when two special fields are of the same type, has been
investigated in |115] in particular case of A; Toda. In the case considered in |115] the above
mentioned prefactor survives.

Coming back to our case of interest using ([5.17)), (6.30)) we can rewrite the AGT map ((6.29)

as

(3) 1
a® = —¢ <n£4)+”>+€<n+ _u>;
n 2
1
al) = —6177u—|‘€(n;r —U) ;
(2) 3
a) = —e <m§1)+n> +€<n42r —U>. (5.18)
n

In view of the small b limit is equivalent to e; — 0. Hence we are interested in the e; — 0
limit of . We will see that the degree of €; (denote it by N) is non-negative for arbitrary
array of Young diagrams Y, and that the degree N = 0 (hence a finite non-zero limit exists) if
and only if each Young diagram Y, (v =1,2,...,n) has at most v — 1 rows.

From ([6.3]) we see that

N = Ny + No — N3 (519)
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Figure 5.3: This picture shows that there are Y, ; boxes such that Ay, = 0 (painted black) and
Y, 2 boxes with Ay, = 1 (painted grey).
with ny, no being the € degrees of the first and second factors in the numerator of (6.3))

respectively and ns is the €; degree of its denominator.

Let us derive ny, using (6.4) for Zy;(al”, @ | al,V,) and inserting (5.18)) we'll get

Zys(a), 2 | al))Y,) = (5.20)

Maey, (e1(1+ Lo(s) + 1y — 1 — Z2) 4 e(v — ) — e34y, (s)).

A factor in ([5.20]) contributes to the degree of € if its part proportional to €5 vanishes. Evidently
this happens when Ay, (s) = v — u. Since the box s € Y,,, Ay, (s) > 0, we see that when v = 1
the only admissible value for u is u = 1. It is obvious from Fig. that there are exactly Y; ;
boxes in Y; for which the arm-length vanishes (here and below we denote by Y,,; the number
of boxes in the 7’th row of diagram Y,). When v = 2, there are two admissible values u = 1 or
u = 2. As in the previous case the number of the boxes with zero arm-length (case u = 2) is
equal Y5 ;. Similarly, a simple inspection shows that the number of boxes with unit arm-lengths
(case u = 2) are equal to Yao. This analysis can be easily continued for other values of v with

result summarized in the table below




Obviously the degree n; is nothing but the sum of all entries of this table.

ny =

> Yk (5.21)
k=1

n
u=1
With almost identical arguments it is possible to show that ns = n;. Finally, an analogous

consideration for the degree ns gives

n o u n u—l1
ng=> % Yuu+> Y Y. (5.22)
u=1 k=1 u=1 k=1
Thus for the total degree (5.19) we get
N = Z Yiu- (5.23)

u=1

Each term here is non-negative and in order to get a vanishing total degree N = 0, the array
of Young diagrams should satisfy the conditions Y1 = Y35 = ---Y,,,, = 0, which means that

each Young diagram Y,, consists of at most u — 1 rows.

5.1.4 Nekrasov partition function of A’ =2 SYM theory in the light
asymptotic limit

Now our purpose is to derive Fyy explicitly in the light asymptotic limit. To do this let us study

the first factor in the numerator of (6.3)) which, according to (6.4)) and (5.18)), is given by

Zs(a), @ | oV, Y,) = (5.24)

Maey, (e1(1+ Lo(s) + 0 — 1 — Z2) 4 e(v — ) — ea4y, (s)).

Let Y,V be the set of such boxes s of the Young diagram Y, (with at most v — 1 rows) that the

coefficient of €, vanishes in the respective factor of (5.24))), i.e.

v—u— Ay, (s)=0. (5.25)
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This can happen only when ¢ = v —u > 0. Thus for the part of (5.24]) under discussion we get

n

Zpp(al?, o | oV, Y1) = ey e(L+ Lo(s) + 1, — nid — 12 4y — u). (5.26)

We have already seen in previous chapter that there are exactly Y, ;11 boxes, satisfying ([5.25)).
These boxes are distributed in Y, in such a way that there is a single box on j-th column

(denote it by s;) for each j =1,...,Y, ;41 (see Fig)5.3). Taking into account that Ly(s;) = —J,

we can rewrite (5.26)) as
Zop(a?, @ | ol Y, ) = TG e — s = 50 1= 5 +1). (5.27)

Now let’s look on the alternative case of the set Y2 of those boxes which do not satisfy (5.25])

so that in the related factors we can safely set e; = 0. Again from ([5.20]) we’ll get
be(ago), | aVY?)) = [,y ea(v —u — Ay, (8)). (5.28)
Carefully examining the cases v —u — Ay, (s) > 0 and v — u — Ay, (s) < 0 separately we get

[Ty ey Zop(al), @ | oD, V) = (5.29)

n v— n—uv—1—1 - - n—1 v,
LTI () = v — 1= i) (0 — )y )

Combining (5.27) with (5.29) we obtain

HZ:I H::l be(al(LO)’ 2 | az(;l)v Y;;) = (530)
n v— Yvi (3) . .
v=2 i:(]2 Hj=’1+1 e1(ny — 777(14—)1' - nT +1—j+1)x

n LTI (=) i — v — 1= i)l (v — i) ley )
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Similar arguments for the second factor in the denominator of (6.3)) lead to the expression

i A Yo 0 2) = 5.31)
LTI (67 (it — 1 )

n UuU— Yuz (2) . .
Y | by L (Uil)z N+ 1= +j—i—1).

The derivation of the denominator of (6.3]) though somewhat lengthier but still is quite straight-

forward and leads to

| iy | be(ai(})Yu | agl)}/;) = (5.32)
H ( ) v Hv+l 1 I Uﬁ-%/u.u . (771)” N+ 1+ Y;,,kfprl — Z) X

el § P S izl Hz 1Yy Mo = Mot H U+ 1+ Yoy oy —4) X

Mo TS (71 ()1 = DY = )Y ()" (= 0 = 1= )Mo — )l e,

where the products on the second (third) line comes from the terms v < v (v > v) and the last
line results in from diagonal v = v terms. Notice that, as we have already proved earlier, the
order in €; of the numerator and the denominator coincide safely providing a finite ¢; — 0 limit.

Also dependence of the ratio in €, disappears (as it should from scaling arguments). Inserting

(5.30)), (5.31)) and (5.32) in (6.3)) for F} in the light asymptotic limit we finally get

Y;L v—1
LTI u u—v+1 ’
F - ly=2 Hv:Q (n—u—f—v—l) (533)
’LL u—v 1 (3> . ( )
e ( u+771(,4>+"——u+v+z) (77 —m(,l) 7’ +u—v— z)

k1L N
Hk —u— v+1H u uk+1(77u Nv—1+u—v+Y,_ 1,k4+v— u_Z)(nu Ny +uU— 'U+Yv k4+v—u— )

where Y, ; is the number of boxes in the i’th row of diagram Y,. As already mentioned in the

case under consideration the prefactor in (5.15)) becomes 1, hence

-FCFT znst Z F Z (534)
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The sum is taken over all Young diagrams Y,,, v = 2,...,n, with at most v — 1 rows, i.e. over
all allowed row lengths Y, ; > Y, 2 > ... > Y, ,1 > 0.

Let us consider the particular cases when n = 2 (Liouville) and n = 3 separately.

When n = 2 we have a single sum

®) )
(77§4>+771+"T) _ <"§1>+"1+"T) .

i 7
A2, “

00
FLiouv — 24i=0

(2) (3)
=P (8 +m + e s o+ T 2 2) (5.35)

where oFi(a,b;c;x) is the Gauss hyper-geometric function. This is a well known result in
Liouville theory |114-117].

When n = 3 we get

Fivy = 32 ()12 22+ (5.36)

< (g —metns), (5 —m = 1) (% -t

(2) (2) (2)
("T—nfrnél)) ("T—naﬂél)—l)l("T—naJrnél)) l
: j+

X = 4 :
il (n—n2);(m—n3—1),(n2—ns); (n2—ns—i—1),(n2—n3+i—i); ’

This formula completes the result of [115] where the light four-point function of Wj-theory has
been computed in the case when both the second and the third insertions were light primaries

of the same sort:

A®) = ppl®). A — @ (5.37)

whereas ([5.36]) is obtained with the choice specified in (5.17)). In the next section we present an
alternative calculation of (5.36)) based on the integral representation of the conformal blocks in

the light asymptotic limit used in [115].
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5.2 Light asymptotic limit for the four point block in W3

It has been shown in [115] that the multi-point conformal blocks of the W3 theory in the light
asymptotic limit can be constructed in the terms of s/(3) three-point invariant functions. For
the details we refer the reader to the original paper. Here we’ll introduce the necessary notations
and state the relevant results.

It is well known that the sl(3) generators can be represented as operators acting on the
triple of the isospin variables Z = (w,z,y). To construct a multi-point block one should
multiply several three-point functions then identify pairs of isospin variables corresponding
to the internal states and integrate them out with an appropriate measure. At the end one

specializes the external leg variables putting
L,
7 = (22 ,z,z) : (5.38)

where z is the insertion point.

In particular the four-point block can be represented as
F= [ 2 a1, I\ 20, 21, 260 s, 37, T2\ 2 2, 22), (5.39)

where &, and &, are the appropriate three point invariants given by

E1(J1, J2, J3| 21, Za, Z3) = X1_2°§P1_2J_T2+83P1_3J_r3+82Pg3_82/0§72_83 )
82(j17j27j3|217 Za, ZB) = ‘71J23P2J1+r3_52ngrm_sg’Pz_g_TSP?EJ_r? (5-40)

*We have different three point invariants, since the second and third light fields are of different kinds as
specified in (5.17)). The case of fields of the same kind is analysed in [115].
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with

pij = Yi (xs — ;) — (Wi — wy)

Oijk = xiwj — wi:r;j — T;WE + wW; T — w]-xk -+ xjwk ;

Xijk = YiWj — Wiy, + Y;Y; (@ — ﬂfj) — YWk + Wik + Yiyk (T — ;)

—w;yk + yjwi + Yy (25 — k)

(5.41)

the quantities j = (r,s), j* = (2 —1r,2 — s), 7¥ = (s,r) (see [115]) specify the primary fields

and are related to the charge vectors 7, introduced in section (6.3.2)) as

T=1mn1—12; S=12—"3; m+n2+mn3=0

and, finally,

—_

J = (ho,j1+jo+js) = 5 (s1+ 82+ 83 =11 — 19 —73).

3

Due to (5.42)) and (6.30)), (5.17)) for our case we have

Ts =T —72; Ss =12 — 733
ro=nt =g s =g =g
ra=nt =y s =y =g

s2=n®; 1y =0;
rs =08 s3=0.

As usual, using projective invariance we can specify the insertion points as

(5.42)

(5.43)

(5.44)

(24, 23, 22, 21) — (00,1, x,0), see Fig Under this specification, after dropping out an unim-
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portant constant (infinite ) factor, & gets simplified

13, s o 1 re—ra— ratss—rs—r3—sy o
g2<‘73’jjf’ JSM|Z37 Zy, Zs) = (1 - $S>3(T4+ss rs—T3—54) Ps,3 3 +sa+r . (545)
Putting
Ty —> 2 Yo — 2 w2—>§; 2 =0
y1_>07 w1_>0, .T3—>17 y3_>17 w3_>%’

as instructed in ((5.38)) and dropping out the usual factor

has—h 1y —h _ _ . o .
2z aM TRy — prstss=(ntsi)=s2 yp to an unimportant constant multiplier we get the inte-

gral

«F = / d$s dys dws (ws —Ys <$s - ;)) %(T1+SS_81_82_TS) (546)

—r1—8s—281+52+7s 1o o _ P —
sts( ) (1 _ 1’5) 3(=r3—satsstra—rs) (ws _ wsys) 3(=r1—ss+s1+s2—2rs)

X (ws —z (xs - ;)) §(r1=28s+281 =52 2) (ws — (v —1)ys — ;) 3(orotZsatsutratn) =2,

After the change of the variables

x 1
L 5.47
x 5 w 5w y Ty — w ( )
we’ll get
F = / dz dy dww%(rs+54+2ssfr4+rs)f2(1 _ yz)%(T1+Ss*51*527Ts) (5.48)
C
l(—7"3—S4-i-55-"-7“4—1”5) L(r1—2s542s1—s2—7s
X (w—;C)S (wz2—x2+1)3(1 T

X (Q;y - w)%('r37284*3577'4+7'8)(_w + (CC _ 2)y + 1)%(77‘3+234+ss+r4+27-s),2.
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Here is the result of the integration (for the details of the calculation see appendix:?7)

F = Z?fin,k:O Zﬁo(_)kHQn_mZszJm

< (§(ss+2rs—rs—sa+ry)) (3 (=ss+ri—r+si+s)) (5.49)

(§ (285+rs—r1—281 +52))k+n ( $(2s54rs+r3—254—74) ) . ( (255475 +r3+84—r4—3))

k—l4+m
EUn (m—0)(rs)1(55)kh—i4m (Ss+7s— L) ktm ’

X

Though this expression looks different from (5.36)) below we argue that in fact they coincide.

First we will prove this analytically up to the second order in z. It is convenient to rewrite

(5.49) and (5.36) in terms of parameters Ay, Ay, By, By defined as

1 1

A1:§(T—T1—8+81+82)§ BlZg(T_T1+23_231+32); (5.50)
1 1

A2:§(r+r3+s4—s—r4); 3225(7‘4-7“3—234‘1‘23—7“4)- (5.51)

For ([5.49) we will get

00 m (=1)F o= (A, (s — A2) 1 (B1) ke (B2) g n (A2 485 —1) g1y 22K tm+7
F = Zk,n,m:O Zl:O( : ( li!)l!n(!(mfl)Q!)(lT(S);():s—;kflf,)llzjsJ£53271)k+,,3k - (552)

and ((5.36)) is given

) —1)kom—n 4 n(A2)n(A1+ss—1 Ao+ss—1 B m (B m22k+m+n
FW?) - Zk,n,m:(] ( ) li!ré?n!((ssz))k((Ts)ln(*ﬂrFk)?]:(*lz)k(T‘s+S)skf(1)1k)(kk+*n(~i>823))k»,: (553)

It is easy to see from ([5.52)) that the term proportional to z is

(1) _ Al(AQ + Sg — 1) . Al(SS — 1)(7‘8 - AQ) + QBlBQ

F 5.54
2(rs +ss— 1) 2rg(rs + ss — 1) S ( )
and for (5.53)) it is
AA 2B,B
F) =24 22 (5.55)

27, S
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Combining the first two terms in we will get . The details of the second order
calculations can be found in [6].

Using Mathematica code we have checked up to the 8th order in z, that agrees with
(15.49).

Note that the expression , besides physical poles at ry € Z<y, S5 € Z<,
rs+ss—1 € Z<, has apparent poles at positive integer values of s;. In fact explicit calculations

ensure that these apparent poles get canceled in final expressions.
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Chapter 6

The light asymptotic limit of conformal
blocks in N = 1 super Liouville field

theory

6.1 The partition functions of N'=2 SYM on R*/Z,

Let us consider N' = 2 SYM theory with a U(2) gauge group on the space R*/Z,. The instanton

part of the partition function for this theory can be represented as (see [1364|137])

ZéZi:ZZ)),(UI,vz)(a(O)’ a®. 6(2)|q) _ Z F? ((5112122))’(”1’”2) (5(0)7 a®, 5(2)) q@ ) (6.1)

{ya}
The sum goes over the pairs of Young diagrams Y7 = (Y}, Y5”) colored in chess like order. To
each diagram one ascribes a Zs charge ¢;, 1 = 1,2 which indicates the color of the corner and
takes values 0 or 1 (white or black correspondingly). [Y] is the total number of boxes in ¥; and
Y5, and ¢ is the instanton counting parameter. Let us clarify our conventions on gauge theory

(1)

i

(0,1,2)

; , 1 = 1,2. The parameters a, ' are expectation values of the scalar field in

parameters a

vector multiplet. Without loss of generality we will assume that the “center of mass” of these
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S1

53

52

Figure 6.1: Arm and leg length with respect to the Young diagram whose borders are outlined
by dark black: A(sy) = —2, L(s1) = =2, A(s2) =2, L(s2) = 3, A(s3) = —3, L(s3) = —4.

expectation values is zero
1
(1) _ * (1) Ly _
a 2( +a2)_0, (6.2)

since a nonzero center of mass can be absorbed by shifting hypermultiplet masses. Furthermore

i (o

.~') are the masses of fundamental (anti-fundamental) hypers.

The expansion coefficient of the instanton partition function (6.1)) is given by

(a1,02) #0) 21 2(2)) —
F? (u1,u2),(v1,v2) (a a7, a4 ) (6'3)
1) 2
HHbe Ui, A S >®‘CJJ7 ])’}G>be(q” 1( ,Y ‘/037 5)’®)
i=1j=1 Z%f(q“ a; 7}/| gj,a ])’}9)
where
Zyp(x,a, N [ y,b, 1) = (6.4)

[T (a—b—eLu(s) +ex(1+ Ax(s) [ (a—b+er(1+ La(s)) — e24,(s))

SEA* sep*

Here €; and €, are the Q-background parameters. We will use the notation € = €; + €5. A)(s)
(La(s)) is the arm-length (leg-length) of the square s towards the Young diagram \, defined as
oriented vertical (horizontal) distance of the square s to outer boundary of the Young tableau

A (see figure . A*, p* are subsets of boxes A and p respectively such that, a box of A (i)
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belongs to \* (u*) if and only if the replacement
€e,e—> 1 a—x b—y (i=1,2) (6.5)

in the first (second) multiplier of results in 0 (mod2) (remind that u; and v; (i = 1,2)
take values 0 or 1). For more details see [7].

According to the duality between N'=2 SYM on R*/Z, and N/ = 1 SLFT these partition
functions are directly related to four point conformal blocks in A" = 1 SLFT. Before describing

this relation let us briefly recall few facts about N =1 SLFT itself.

6.2 More known facts on N = 1 SLFT and its light
asymptotic limit

In N = 1 super-Liouville field theory there are many kinds of primary fields let me list them
in slightly more details then in

NS primary fields ®,(z, Z) in this theory, ®,(z,Z) = e*?(*?) have conformal dimensions
ANS — ;a(Q —a). (6.6)
Introduce also the field that is the highest component of the NS superfield build from &,
(2, 2) = G_1/2G_12P4(2,2), (6.7)
with dimension

ANS = ANS 1 1/2, (6.8)

119



and as well as the Ramond primary fields defined as
RE(2,2) = 0% (2, 2)e?®?) (6.9)

where o* is the spin field with dimension 1/16. Thus the dimension of a Ramond operator is

r_ 1 1 _
Aa = E + 50[(@ Oé) . (610)

6.3 N = 1 Super Liouville conformal blocks and their

relation to the N'=2 SYM on R*/Z,

Let us schematically denote by (W (00)Ws(1)Ws(q)W4(0))ar conformal block of W;, i =1...4,
fields with intermediary field ¥ of conformal weight AY.
Four point blocks where all four fields are bosonic primaries ®; with conformal weights A,

are connected with the Z;,s partition function in the following way (see [134])
NS, ANS_AN
*Zio 00 = T (L - 0) (@4(00)25(1) 81 (4)2(0)) axs (6.11)
and for A = A + :

A{VS+A${‘97ANS

Y200 = (1~ )" (B4(00)@5(1)B1 (9)B(0) zvs (6.12)

The index ¢ shows that the number of black and white boxes (the number of boxes in both

diagrams together) are equal and the index ¢ show the number differ by one. In the expressions

(6.11) and (6.12)) U is given by

U=ay(Q —a3) . (6.13)

We will see that in the light asymptotic limit U is just one. So in this limit the corresponding
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partiton function gives the four point conformal block for bosonic fields.
Let us look at the (R®PPR) type conformal block. According to [133] this conformal blocks are

connected to the instanton partition function in the following way
R NS_AR _3 —Ao—
V200 0y = g TATAN (1 = g) VR A A (B (00) by (1)D4(g) B (0)) s (6.14)

Now let us look at the (RRRR) conformal blocks [133]. For the partition functions with equal

numbers of black and white cells

Z80 0@ = (1= (Gue (@H-(9) + Gax (@) H (a)) , (6.15)
*Ziomo(@) = (1= )" (G () He(a) + G (@) H(9)) | (6.16)
Zi0 0@ = (1= 0" (Gae (O F-(0) + Ga (0)F-(—q)) , (6.17)
260 00(@) = (1= )" (Gae (9 F1(9) + CGa (@) Fi(—q)) - (6.18)

(Gae (@) H(a) + Gaey (@) Hi(a)) | (6.19)
(G @H-(0) + Gan () H(2)) (6.20)
*Zio (@ = (1 —q)" (ésl(2)<Q)F+(Q) + Ga)(q) +(—q)) , (6.21)
(

G (@) F-_(q) + Gsl(Q)(Q)F*(_Q)) : (6.22)

Here H., Fy, Hy and F, are related to the conformal blocks containing four Ramond fields,
for their definition see . G(q) and G(q) are certain conformal blocks of the suA(Z)2 WZW

model, which are given by

Li+vIi=q), (6.23)

Gla) = (1—a) H /3 (1- vT=0). (6.24)
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Figure 6.2: On the left: the quiver diagram for the conformal SU(2) gauge theory. On the
right: the diagram of the conformal block for the dual AV =1 SLFT .

Below is given the map that connects the gauge parameters of the instanton partition functions

for N'=2 SYM on R*/Z, to the primary fields in the A" =1 SLFT conformal blocks.

6.3.1 The map relating partition functions to conformal blocks

First of all, the instanton counting parameter ¢ gets identified with the cross ratio of insertion
points, as already anticipated in formulas (6.15])-(6.22), for CET block. The Liouville parameter

b is related to the 2-background parameters via

b= /2. (6.25)
€2

The map between the gauge parameters (6.1)) and conformal block parameters can be estab-

lished from the following rules (see Fig. First define the rescaled gauge parameters

I (6.26)

where i = 1, 2.

Then

e The differences between the “centers of masses” of the successive rescaled gauge param-
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eters ((6.26]) give the charges of the “vertical” entries of the conformal block:

AD A0 — gy A Z A0 — o (6.27)

e The rescaled gauge parameters with the subtracted centers of masses give the momenta

of the “horizontal” entries of the conformal block:

A _ 40 _ (_yit (al - g) ; (6.28)
AD _ 40 (it (a _ 622) :
AP =40 = () (- 2.

Using (6.2) and ((6.26)-(6.28]) we obtain the relation between the gauge and conformal param-

eters:

Gy <a_ Q) ; (6.29)

6.3.2 Light asymptotic limit of the gauge parameters

In this paper we are interested in so called "light” asymptotic limit i.e. the central charge is
sent to infinity (i.e. b — 0) while keeping the dimensions finite. It follows from and (/6.10))

that to reach this limit one can simply put

a = bn; o =0bny; where [ =1;2; 4, (6.30)
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Figure 6.3: the possible nonempty Young diagrams

by keeping all the parameters 7 finite. If we exchange o with () — « the conformal dimension

remains the same (see and (6.10))), so for a3 we can take as its light asymptotic limit

Q —az = b (6.31)

By taking the limit in this way we get rid of the U(1) factor defined in (6.13)). Using (6.30)),

(6.31) we can rewrite the AGT map (6.29) as

A €

a® = (—)it! <€17}1 _ 2) — (6.32)
O (6177_ ;) : (6.33)
a? = (—)i+t (61774 _ ;) te— e (6.34)

6.4 Partition function in the light asymptotic limit

It is shown in [7] that for the light asymptotic limit only a restricted set of Young diagrams
contributes to the instanton partition function. This set varies depending on the charges and
the differences of black and white cells of the related Young diagrams. Below are given all pairs
of Y7 and Y5 for which the coefficient of the instanton expansion is non zero in the light
limit. In order to compute these coefficients for a given pair of diagrams Y; and Y5 one makes

use of (6.3)), (6.4)), (6.32)-(6.34) and then goes to the light limit ¢; — 0. The results are given

below (detailed calculation for some of the coefficients can be found in [7]).
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6.4.1 Partition functions corresponding to conformal blocks with

four Neveu-Schwarz fields.

The expansion coefficient QF(((S ’(())))7(070) does not vanish in the light asymptotic limit if Y5 is a

empty Young diagram and Y] (see figure [6.3(a)) has only one row with 2k boxes, where k can

be zero or any positive integer. It is equal to

%F(((%))),(o,o) _ (% (n—ns+ 773)1{;!,?75)5:77 — 7+ 772)),C ' (6.35)
Inserting in (6.1)), we derive
%Z(((()):(()))),(O,O)(Q) = 2F1 (A, B;n;q) - (6.36)
Here A and B are
A=;(n—n1+n2)and3=;(n—n4+n3)7 (6.37)
and oFi(a,b;c;x) is the hypergeometric function. It has the series expansion
o Fi(a,b;c;x) = i (a>k(b>kxk ,where(u), =u(u+1)...(u+k—1). (6.38)

k=0 k'(c)k

In the case of ‘F((Olbl){(o’o) for some set of pairs Y7, Y5 one gets large coefficients of order i Thus
one should take into account these pairs and neglect those pairs whose contributions are of
order O(1) or bigger. An can show that Y3 should be an empty and Y; must have a single row

with 2k + 1 boxes (see figure [6.3(a))). Their contribution is

¢ ~(1,1) 1 (%(77_774‘1‘7734—1 (%(7]_771+n2_|_1>)k
00 |

_ ),
00,(00) 7 ¢ ¢, 2k (n),

(6.39)
+1
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After inserting it in (6.1]), we will get

¢ 0D _ 1 Ve 1 1 1

6.4.2 Partition function corresponding to the conformal block with

two Neveu-Schwarz and two Ramond fields.

The coefficients of OZ(%:S))’(QO) do not vanish in the light limit if Y5 is empty and Y] (see figure

6.3(a)]) is a diagram with only one row with 2k boxes. Their contributions are

(r=ntm0), (o= o),

2 Fam00 = (6.41)
L*(0,0),(0,0) = 1 .
£ (n+3)
k
The corresponding partition function is
9 7(1,0) _ 1 11
£Z00),0, )( )= 2F <A+27B+2,77+2,Q> . (6.42)

The case of OZ((S”(%)),(O’O) is more subtle. Its coefficient do not vanish if Y; (see figure [6.3(a)|) is

a one row diagram with 2k boxes and Y3 (see figure [6.3(b)) is a one column diagram with 2m

boxes. Here one should consider the cases m = 0 ans m # 0 separately:

e when m =0

L(p—p@ £ p®)) (L (g —n® + 5@
<>F(((())ol))(o 0) ~ (2 ( k|)()77k£2;§k >)k ; (6.43)
e when m # 0
4) 4 1 1) 4 p@
2 Fons00) = 2m1+ 1 iUl Uk )877 <2$§k G )>’“ : (6.44)

126



The corresponding instanton partition function is

1 tanh™' (/g 1
2 Z00) 00)(@) = 2F1 (A, B+ 5 q) + \/6() oy (A, By — 5 q) : (6.45)

6.4.3 Partition functions corresponding to conformal blokes with

four Ramond fields.

OF((g ’10))’(071) differs from zero in the light asymptotic limit if Y3 (see figure [6.3(b)) is a single

column diagram with 2m boxes, and Y (see figure|6.3(a))) a single row diagram with 2k boxes,

where m and k can be zero or any positive integer. Their contribution is

Gm—m+m),

0 p00 ((1/2)m>2 (5 00— ma+ms)

k
LE@0,00 =\ T (), (6.46)
Its instanton partition function is
2
0,0
%Z((O,l)),(0,1)<q) = ;K(Q) oI (A, Bym; q) (6.47)

K(z) and E(x) are complete elliptic integrals of the first and second kind correspondingly.
They can be expressed in terms of the Gauss hypergeometric function, as

T 11 T 1 1
K(z) = 3 2F1(§, 5 L;z)andE(x) = B o F <2, —5 1;x> (6.48)

In the case of OF((ﬂ é))),(1,0) for pairs of Young diagrams Ys, Y, with Y5 empty and Y; (see figure
6.3(c)) possessing one column with 2m boxes and other 2k columns with only one box, one gets
1

large coefficients of order - in the light limit. In total Y¥; consists of 2m + 2k boxes. These

pairs give the main contribution. These terms are

op0) € (%)m (‘%)m (% (N —na+m3+ 1))k (% (n—m +m+ 1))k
L2 @0,(10) 7 ¢ (m —1)lm! kln(n+1), :

(6.49)
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Its partition function is given by

00 €2 (E(g) — K(g)) 1 1
%Z((LO)),O,O)(Q) T - 211 (A T B+ >+ L q) : (6.50)

%F((g ’10))’(170) differs from zero if Y5 is empty and Y] is a one row diagram (see figure |6.3(a)

with 2k boxes. Their contribution is

1 1
000 _ (5(77—774+773+1)>k(5(77—771+772))k (6.51)
¥ 0,1),01,0) kL (n)y, ' '

Its instanton partition function is given by

0,0 1
22((0,1)),(1,0)@) = oF} (A,B + 2§77§Q) . (6.52)

OF ((R ’00))7(0,1) is not zero if Y, is empty and Y7 (see figure 6.3(a)|) is a one row diagram with 2k

boxes. Their contribution is

1 1
o p(0.0) o (5 (m—m+mn+ 1))k (5 (n—ma+ 773)>k (6.53)
L*(1,0),(0,1) = (), : ,
Its partition function is given by
1
0,0
%Z((l,o)),(og)(q) = o (A + bR BSU?Q) . (6.54)

In the case of *F, ((&7’11))7(071) for some set of pairs Y7, Y5 one gets large coefficients of order é in the
light limit. These coefficients will give the main contribution in the partition function. These
terms are obtained when Y, is empty and Y] (see figure has one column with 2m + 1
boxes and 2k columns with only one box, the total number of boxes is equal to 2m + 2k + 1.

They are given by

(6.55)

(0,1),(0,1) —

€ ((§)m>2 Go—m+m+1) Go—m+m+1)
' .

‘F(l’l) 4
Lo er \ m! —2nk! (n + 1),
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For its partition function, we receive

; €2 1 1
zZ((é,ll)),(m)(Q) = —*i K(q) 11 <A +3 B+ g+t 1;Cl> : (6.56)

€1 7N

‘F((l 0))(1 o) differs from zero if Y5 is a one column diagram (see figure [6.3(b))) with 2m + 1

boxes and Y] is a one row diagram (see figure [6.3(a)|) with 2k boxes. Their contribution is

3 1 L(
¢py 1 (§)m (5 (n—na+ms)), (5 -+ 772)>k
L (1,0)»(1,0) (2 + 2m>(1 + 2m) m' k' (n)k
(6.57)
For the corresponding instanton partition function, we will get
1,1 2(E(q) — K(q))
zZ((l,o)),(Lo)(q) == 2F1 (A, B;n;q) (6.58)

Vi

Both ’F((llol)) (0.1 and EF((ol,’ll)),(l,o) do not vanish if Y5 is empty and Y] (see figure [6.3(a))) is a

one row diagram with 2k + 1 boxes. Their contributions are

(3(n— 771+772+1) (3 (0 —na+ms))

(1,1) &
‘F(o 1),(1,0) — K1), = (6.59)
1 1
¢py (3 r=m+me )kﬂ (G —m+m+1)), (6.60)
L4 (1,0),0,1) = kL), )
Their partition functions are
B 1
* Zon) 10)(61):?\/621’1 (A+27B+1;n+1;q) : (6.61)
A 1
’Zfié)(m)(q):nﬂm (A+1,B+2;n+1;q). (6.62)
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6.5 Conformal blocks for N =1 SLFT in the light asymp-
totic limit

Applying (6.36) and - to ( - ) and - we will get the conformal blocks with all four

fields being NS in the light limit:

(©4(00)P5(1)®1(q)P2(0)) s ns = 2771V By (A, Bimsq) | (6.63)

g3 (+n—n® ) 1
(4(00) (1), (q)Bo(0))E e = . JF, <A + 5B+

1
2;77+1;q> . (6.64)

These results are in agreement with |138].

By applying (6.45)) for (6.14)) we get the conformal blocks with two R fields and two NS fields

(B3 (00)@1 (1)@ (a) R (0)) 5 = g2 1) (1 — g) =30 e

1 tanh™! q 1

where the intermediate field is a Ramond field.

As it was already mentioned the conformal blocks with four R fields are expressed in terms
of Hy, Hy, Fy, Fy. Their connection to the instanton partition is given in —.
Applying —, we can derive them. Their expressions get slightly simplified when one

takes ¢ = sin®(t) with t € (O : g)

5 cos(%) (E(sin2 (t))fcos(t)K(sinQ(t))) 2Fy (A+l,B+%;n+1;sin2(t))

HE(sin(t)) = & o e 2 , (6.66)
FrL e 2 _ e sin(t) (cos(t)K(sin2(t))+E(sin2(t))) 2 F1 (A+%,B+%;n+1;sin2(t))
H= (Sln <t)) T e V2 %/cos(t)\/cos(t)-i—l ’ (667)
sec( ) (cos sin?(t sin im;sin?
H_"L_(SiHQ(t)) _ (2)( (t)K( (¢ ));'jgos )( )))2F1(A,B7777 (t)) : (668)
f{_‘[_/(SiHQ (t)) _ csc(§)<cos(t)K(sin (75))7r \/Ezlsnt)(t))) 2 FYy (A,B;n;sin (t)) 7 (669)
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sec(%) (n(cos(t)Jrl) 2 (A,BJr%;n;sinQ(t)) —Asin?(t) 2 F1 (A+1,B+%;n+1;sin2 (t)))

FL(sin’(t)) = V] ,  (6.70)
sec( ) (n(cos 1 Bim;sin?(t) )— B sin? i in+1;sin?

FL(sin2(t)) = (£) (n(cos(t)+1) 2 1 (A+3,Bim; y (z\zt/)():osﬁ) (t) 21 (A+3,B+1in+1;sin?(t))) C(671)

FE(—sin(t)) = sin(t)(A(cos(t)+1)2F1(A;;B&E;:(;i-)l\jfs((i)))—i_—lngﬂ(A,B—Q—%;n;sinQ(t))) 7 (6.72)

FL(— sin(1)) = sin(t)(B(cos(t)+1)2F1(A;§;n,$1;sn(:\irfs((i))l—ln2F1(A+;,Bm;sin2(t))) (6.73)

6.6 Super Liouville conformal blocks of four R-fields

Here, following [133] we define the functions Hy, F, Hy and F., which are used in the main

text. The OPEs for two Ramond fields can be written as

Rf(2)Ry(0) = 22721722 3" 2NN ) (6.74)
N=0

RE(2)RE(0) = 2272722 3" 2NN ). (6.75)
N=0

In the NS sector at level zero there is only one state, namely the NS primary state of dimension

A. Thus |N;++) states are proportional to this N.S state

|0; ) = 7[0) - (6.76)
By definition
IN;£) = |N;++) £|N;—) ifNeZ (6.77)
IN;+—) FiN;—+) ifNeZ+1/2 (6.78)
In this notations
|0;£) = T'4[0) where T'y = (y4£7-). (6.79)

Hy F., H + and Fi are related to the conformal blocks with four Ramond fields in the following
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way (below ¢ is the cross ratio of insertion points)

1
Fy = q"(N;£|N;+); Hy
Pl N=0,1,...
By =470 NN L)
I.ly N=13

2020

1

= 5T S ¢V (N;EIN;F), (6.80)
=t F N=0,1,...
1
= > V(NN F), (6.81)
I'ilz N=13..

where conformal blocks are divided by I'y so that if one takes the normalization (0|0) = 1,

then the expansion of Fy starts as 14+ Fiiiq+....

should consult |133].
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